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1 Review of OLS Regression

1.1 Administrative/Review

o Administrative

Welcome back. Everyone introduce themselves as we have some new faces.

My goal in this class is to give you breadth rather than depth. I think it is more impor-
tant at this stage in your graduate career to be able to read and understand a variety
of methods at a basic level, than to invest in knowing a particular one forwards and
backwards. Each of the topics we discuss in this class are themselves the subjects of

full-length book treatment.

The book: Powers and Xie is my bible. For the most part, its explanations are very clearly
written. Some of the material is too technical for our level (sometimes using calculus),

but these portions of the text can be skimmed with little loss of information.

Powers and Xie provide the datasets used in most of their examples on the book’s website

- often with STATA code showing how to do the example. The website is
www.la.utexas.edu/research/faculty /dpowers/book.

This class will be organized very differently from the previous class.
Course will be split into modules based on topics.

* Most modules will last about two weeks.
* For each module, we will focus on one research article that uses the topical technique.

* We will attempt to replicate the results of these articles in lab using the same or
different data sources.

* There will be six modules altogether, but the second module and fourth module will
have no assignment in order to allow time for students to work on their papers. So
there will be four assignments due at the conclusion of each module (actually at the
beginning of the next module)

* The module assignments should be done using a word processor and should be neat

and clean.
The paper

x At the conclusion of the class, each student should turn in an original research paper

using a technique learned in class.



x The statistical technique used should be something we have learned in class. OLS
regression is OK, but most of you will probably find your questions better addressed
by other methods.

x Develop your substantive question and then ask what method to use to address it.

Avoid mindless empiricism.

* Quality over quantity - I don’t expect the scope I would expect from a master’s

paper, but I do expect a nice, tight statistical analysis.
x Where to get your data?

- If the data address your question, you can use one of the datasets we will be
using this semester or last: The Public Use Microdata Samples, the General
Social Survey, the NLSY79, and the National Election Study.

- Some other good data sets are: the Current Population Survey, the Panel Study
of Income Dynamics, Demographic and Health Surveys, AddHealth

- Government and major NGOs (like the UN) are good sources for data.
- A good place to search for data is the ICPSR

- Data does not have to be survey data to be analyzed statistically - creativity is

encouraged
* Due dates

- At the end of the third week of class (2/2), students will turn in a one-page

summary of their research question in broad terms.

- At the end of the sixth week (2/23), students will identify a dataset that they

will use for their research project.

- At the end of the eighth week (3/9), students will turn in a literature review

portion of their paper.
- On the last day of class (4/27), students will turn in the full paper.

x The last two weeks of class will provide an opportunity for each student to present

their findings to the class.
* Structure of the paper
1. Introduction
- Introduce the substantive question of interest and how you are going to address
it.
- This is a sales pitch - state up front the relevance of the research agenda

- don’ t expect your audience to ”get it” and don’t wait until the conclusion.



2. Literature review
- don’t actually use this as a title (its a death wish).

- The purpose of the lit review is to establish the state of research on this issue
right up until your intervention.

- The lit review should look like a funnel. It may start somewhat broad, but it
should eventually (and rather quickly) narrow to the very specific issue you

are addressing. It should conclude with where exactly you are advancing the
field.

3. Data and methods

- You should describe where your data come from and address any potential

concerns users might have about their quality and/or applicability.
- You should also describe the method you are using to address the question.

- Be specific - equations are useful, sociology is a broad discipline and even
statistically-knowledgeable colleauges might not be familiar with your exact
method. Do not just give a title and a citation (i.e. we are using seemingly
unrelated regression (Greene 2001)).

- It is also good to provide any information such that your method would be
easily reproducible, but you also have to excercise care in not boring your

audience with details - it should not read like a narrative of your stata
do file!!.

- Some people integrate this section with their results in a general ”analysis”
section. This can be nice if done right, but can be dangerous. Some readers
will be suspicious about the lack of initial clarity of data and method.

4. Results

- Present your results. For quantitatively-oriented papers, this will generally

involve tables.
- Don’t forget figures - pictures are worth a thousand words.

- Label tables and figures very well. Both tables and figures should be generally
understandable to someone who has not read the text. Titles should explain
exactly what the numbers are. The columns and rows should be labeled with
intelligible words, not stata output. The data source should be given in the title
or at the bottom. Footnotes on tables and figures can help explain potentially

complicated and confusing issues.



- On the other hand, don’t assume in the text that the table/figure speaks for
itself. If you include it, you need to talk about it. Point the reader to the

important part of the table (usually there will be one or two key numbers.)
- Put explanations of statistics in as common of english as possible:

(a) don’t say the coefficient between education and SEI is 3.2. Say ” The model
indicates, that on average a year of education raises a person’s occupational
prestige score by 3.2 points.”

(b) Don’t say ”the result is statistically significant.” Say ”the parameter esti-
mate is statistically distinguishable from zero.”

(¢) Don’t make your results look overly precise by including too many decimal

places.

- Don’t get caught up on describing everything - stay on message.

5. Conclusions
- Summarize what you have found - if you have said it once, say it again.
- Provide pithy commentary on the meaning of existence
- say " Further research needed”

— There will be a take-home final exam handed out on the last day of class and due a week
later (5/4).

— Any other administrative questions?
e Review of OLS Regression

— Module Readings: Chapter 1, Chapter 2, and Appendix A (skim 2.2.2)

— Attempting to understand how a set of independent variables affect a particular de-
pendent variable:

observed=structural+stochastic

— There are different ways to view the above schematic:
Causation: observed=true process+disturbance
Prediction: observed=predicted+error

Description: observed=summary+residual

— Formula is always the same, but way of thinking about what you are doing is not - we

will generally prefer the last method as it involves the least amount of baggage.

— The ”observed” portion of the above equation is given by the observed values of the

dependent variable, y;.



— The structural portion of the model is given by a linear equation for the expected value

of the dependent variable given certain vallues of the independent variables:
Ui = Bo + Bixi1 + Boxiz + ... + BpTip

— We saw last semester how to easily incorporate categorical independent variables, inter-

action terms, and even polynomial terms into this linear equation.

— To get the full equation you have to add on the stochastic ”tail”.
Yi = Bo + Brwir + Pexia + ... + BpTip + €

— Assumptions on the error term

* In practice, it is necessary to assume that the error term is uncorrelated with the
independent variables in order to produce unbiased and consistent (estimate ap-
proaches parameter in large samples) parameter estimates.

*x We also usually usually assume that the error terms are i.i.d. (homeoskadasticity and
no autocorrelation) which means that our OLS estimator is also the most efficient
(smallest variance among unbiased estimators).

* Assuming error terms are also normally distributed is a handy, but unnecessary

condition in samples of sufficient size.

— The beta values give the intercept and slope terms which give us information about the
relationship between the dependent variable and each independent variable controlling

for the other independent variables.

— We also estimate o - the variance of the error term, to see how far the actual values of

y are spread out around the predicted values.

— These beta values are parameters for some population, but we normally have to estimate

them from a sample - thus all of our rules of statistical inference come into play.

[505/817"' 7ﬂp70]7 > [bOabla"' abpvs]

x The general form used to estimate these parameters can be represented in linear
algebraic form as:
b= (X'X)"'X'y
Where X is the matrix of independent variables and y is the vector of the dependent

variable. This formula minimizes the sum of squared residuals:

(yi — X;ﬁ)z



x The b values are random variables because they will differ from sample to sample.
In order to make statistical inferences, we need to know the sampling distribution
of these statistics. I turns out that the variance of these sampling distributions are
given by:

o =*(X'X)!

o? is estimated by s? the observed variance of the residuals:

22— 9i)°
n—p—1

One can then use these estimates to construct a test statistic:

t:bk/sbk

which, when the sample is sufficiently large, will roughly be distributed as a t-
distribution with n — p — 1 degrees of freedom. Thus, we can run a hypothesis test

to determine whether there is a relationship between zj and y.
— Remember that there are three major assumptions of OLS regression. (go through the
consequences)
1. Linearity (poor fit)
2. independence of dependent variables and error terms (not unbiased or consistent)

3. i.i.d. of error terms (not efficient)

1.2 Model Selection
e When two models are “nested”, we can formally compare them using the F-test.

— Recall the F-test for one model, The null hypothesis is that none of the independent

variables are related to the dependent variable (all B;=0).
F=MSM/MSE

If the null hypothesis is true, then this term is distributed as an F-distribution with p

DF in the numerator and n — p — 1 in the denominator.

— Essentially the F-test is a test of the current model vs. the null model. We can also
use the F-test to compare two non-null models. Consider two models, where model 2 is
nested within model 1. then:

(SSEl — SSEQ)/Q

F= st /n—k-1)




Where g is the number of parameters added in model 2 and k is the number of parameters
in model 1. Under the null hypothesis that none of the variables added in the second
model is related to the dependent variable, this term is distributed as an F-distribution

with ¢ DF in the numerator and n — k — 1 in the denominator.

— If model 2 adds only a single parameter then this F-test is equivalent to simply looking

at the p-value for this new variable in model 2.

— this technique is not reliable in deciding among a possible set of predictors because
the effect size and standard error of each variable will differ depending on what other
variables are included. There is an uncertainty about the appropriate model that we need

to account for.

e We are often interested in a comparison between models, or in including the right control
variables to get the best estimate of the net effect of a particular independent variable. Mlodel
selection plays a large role in social science research - where is the right model between the
null model

Yi = Bo + € = [y

and the saturated model?

e Example: state-level crime data from Ehrlich (1973). The question of interest is whether
rational incentives like the probability of being caught and the length of imprisonment affect
crime rates. In order to assess the effects of these variables we want a model that can control

for other important predictors of crime rates. Our candidate variables are:

—_

percent of males aged 14-24
south indicator variable
mean years of schooling
police expenditures in 1960
police expenditures in 1959
labor force participation rate
M/F sex ratio

population

© ® N e w W

nonwhites per 1000 population

,_.
e

unemployment rate of urban males 14-24

[
—_

. unemployment rate of urban males 35-39



12. GDP
13. income inequality
14. probability of imprisonment

15. average time served in state prisons

The full model with all variables and Ehrlich’s chosen model are shown in the table. It is clear
that the effects are much smaller in the full model than in the model Ehrlich chose, which

makes us wonder if his effects are measured using the right model.

e We assess the goodness of fit of the OLS model generally by R2, but we have to balance

goodness-of-fit with parsimony.

e We can always get a better fit (or at least not a worse fit) by adding more variables to the
model, so R? is not helpful in and of itself. One technique for balancing parsimony is to use

the adjusted R?:
n—1 SSE

nfpfl)(SST)

The expression before the sum of squares ratio will always be less than one when k is greater

adj.R? =1 — (

than zero, so this expression ”penalizes” R? for including more variables into the model. We

could try choosing the model which maximizes our adjusted R2.
e Another technique is to proceed in a stepwise fashion. There are three basic approaches:

1. Forward Selection. Begin with the variable with the highest single R? value. Next
search for the variable to add which will lead to the next greatest increment in R?, and
continue this process until all possible variables are added or some stopping criterion is

reached (typically that the next added value is not stat. sig. at some level).

2. Backward Selection. Begin with the full model. Remove one variable based on some
criterion (typically the smallest t-value). Continue this process until all remaining vari-

ables are above some pre-established threshold.

3. Stepwise Selection. Begin like forward selection, but at the end of each step, remove
any variables that have fallen below a certain threshold (typically on the t-value) before

moving forward another step.

— These methods can sometimes give different results.
— Elimination is purely on statistical significance.

— What about things like interactions or polynomial terms?

10
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Variable Full Ehrlich Adj. R?
Intercept -15.59 0.12 | -19.56 0| -14.78 0.09
% male 14-24 1.57 0 1.17  0.05 1.56 0
south 0.06 0.64

years of education 2.15 0 2.21

police exp., 1960 0.82 0.3 0.79

police exp. 1959 -0.04 0.96

labor force particip. 0.6 0.39 0.61 0.3

M/F sex ratio -2.39 0.21 -2.12 0.4
population -0.08 0.13 -0.08 0.11
% nonwhites 0.11 0.02 0.2 0 0.12 0
unemp. rate, 14-24 -0.13  0.69 0.09 0.69

unemp. rate, 35-39 0.45 0.06 0.3 0.03
GDP 0.67 0.11 1.74 0 0.72 0.07
income inequality 1.59 0 0.93 0.03 1.68 0
imprisonment prob. -0.3 0] -0.43 0 -0.3 0
average time served -0.27 0.13 | -0.53 0.01 | -0.25 0.13
R2 0.870 0.700 0.863




e Bayesian Information Criterion (BIC)

— The mathematics behind BIC are fairly complex, but it is fairly intuitive to understand
in practice - In addition it can be applied to a wide range of linear models besides OLS

regression with the same interpretation, making it very versatile.

— For OLS regression, BIC’ (the punctuation indicates our comparison is the null model)
is calculated as:
BIC' = nlog(1 — R?) + plog(n)

This equation balances parsimony and goodness-of-fit.

— BIC’ is implicitly compared to the null model. The smaller BIC’ is, the better. If
BIC’ <0, then the current model is preferred over the null model.

— BIC’ can also be used to compare two non-null models, even if they are non-nested. The

model with a smaller (generally, more negative) BIC" is preferred.
e The best approach depends on what you are doing with the model.

— Its best to have a theoretical reason for fitting the model as you are, rather than just
throwing in variables randomly and seeing what happens (monkeys and computers can

do that—you are supposed to be the brains of the operation)

— Generally we are interested in a particular variable or a small set of variables and the
others are included as controls. Even if these controls look not statistically distinguishable
from zero, it may still be good to include them in the equation. Show the full model and

let your readers make their own decisions.

— In some social science research, the key issue is a comparison of models which present
competing explanations of the process. In these cases, model selection is very important,
and you should carefully consider your options. Generally it is best here to present several

techniques.

1.3 Missing data/Weighting
1. Missing Data

e Up until now, we have ignored one of the major difficulties with observational data: it is
quite common to have a substantial number of missing values for variables that you
care about. In order to perform any statistical analysis, you will need to handle these

missing values somehow.
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e How you handle them depends to some extent on why they might be missing.

(a) The missing values are missing completely at random (MCAR). Missing values
are randomly drawn from the sample and do not depend on other variables. This
assumption can be roughly tested by running t-tests between the missing and non-
missing group on other variables.

(b) The missing values are missing at random (MAR). In this case, the missing values
are randomly distributed conditional on some other measured variables. In other
words, missingness is only a function of the observed data.

(¢) The missing values are missing not at random (MNAR). Given the observed data,

Missingness is still a function of the unobserved observations themselves.

e There are a variety of methods for handling missing data, but most of them are prob-
lematic.
— Deletion. Delete cases with missing values. There are two possibilities:

(a) Casewise deletion: delete all cases with missing values on any of the variables

you will use in the analysis.

(b) Pairwise deletion: delete cases for each statistical run, depending upon which
variables are used in which run. This improves the sample size for most pro-
cedures, but it is very dangerous because differences across models can be the

result of adding different variables or the differential deletion of cases.
This method assumes the data are MCAR. It has many problems:
x It can produce biased results if even a moderate number of cases are missing

x If a large number of variables are used, small numbers of missing values per
variable can add up to a lot of missing cases on the whole. This means a lot of

non-missing data will be thrown out.

— Mean Imputation: Simply substitute the mean value for all missing values. This

method also assumes MCAR. This is also an extremely problematic method:
* Variance will be underestimated.
x Typically, correlations and regression coefficients will also be underestimated.

— Imputation with dummy: Substitute any constant value for all missing values.
Also include a dummy variable into the regression model indicating where imputation
occurred. This method also assumes MCAR.

x The coefficient on the dummy variable measures how far off your imputation was

from what would be expected based on the non-missing values. (draw a picture)

13



x It shares the problem of underestimating variance with the previous method,
but regression coefficients will be estimated based only on the set of non-missing
values (as if casewise deletion had been used).

— Regression imputation: Using this technique, other variables are used to predict
the value of the variable where data are missing and then the fitted values are
imputed. This method assumes MAR. It is less likely to produce bias, but still will
underestimate variance.

— Random Regression imputation: This technique is like the previous one, but a
random component is added to each imputation (usually based on the residuals of

the model) in order to better estimate the variance. This technique

— Multiple imputation: The problem with all of the other techniques is they do not
account for imputation variability - that is the uncertainty in our estimate due
to the imputations used - this variability must be reflected in the standard errors of
our estimates. Multiple imputation does this by running each statistical procedure
multiple times with different imputed values each time. The results from each run

are then pooled to produce final estimates which account for imputation variability.
2. Weighting

e As we discussed last term, many surveys use a stratified and/or cluster design. When
the sample drawn is no longer a simple random sample, one has to take account of each

observation’s probability of being sampled.
e The inverse of the probability of being sampled give the population weights (p;). Dividing
the population weight by its mean gives sampling weights:

w; = pi/p

e In order to produce unbiased estimates for the population, one must account for these

sampling weights. In order to estimate the mean from weighted data, for example:

> (wi x x)
dowi

o Weights can be used in regression as well to produce unbiased estimates. Instead of

T =

minimizing the sum of squared residuals, one wants to minimize the weighted sum of

squared residuals. In matrix form, we want to minimize:

Zwi(%‘ —x;0)? = (i — x,8) W (y; — x;3)

14



Where W is an nxn matrix where the diagonal gives the weights for each individual.

The solution for minimizing this formula is given by:
b = (X'WX) 'X'Wy
and
s?2 = s2(X'WX) !
These weights can be implemented in STATA using the pweights command.

e Some cautions are in order:

— If the variables on which the weighting occurs are properly specified in the model,
then regular OLS will also produce unbiased estimates and its standard errors will
be smaller. For example, if the weights came about simply by taking an oversample
of blacks, then an indicator variable for being black would be sufficient to account
for the weighting as long as there are no important interaction effects between black
and other variables that are left unspecified.

— In some cases, complex stratified and cluster sampling designs can lead to larger
standard errors on the estimates than can be accounted for just by weighting. These
kind of design effects can be handled in STATA with the svy* set of commands.

1.4 Advanced Techniques
1.4.1 Multilevel Models
e Much of the data that we analyze in the social sciences has a hierarchical or "nested” structure.

— Students within a school

Individuals within a neighborhood
— Workers within a labor market
— Firms within an industry

children within a household

e Nested can be more than two levels such as students within a school within a school district

or children within a household within a village.

e The nested nature of the data allow us to ask a question that has prime sociological signficance:

how does larger context affect individuals - i.e. relating macro and micro processes.

e Each of the nesting structures above has been used to address contextual effects:

15



— Students within a school - school resources effect on educational outcomes

— individuals within a neighborhood - effect of neighborhood dynamics on criminal activity

Workers within a labor market - the effect of racial composition on racial wage inequality

Firms within an industry - industrial context on organizational form?

children within a household - household health effects on child mortality.
There are two ways to think about how context might matter:

— Macro-level ontext might directly predict a particular micro-level dependent variable.

— Macro-level context might mediate the relationship between a micro-level independent

and dependent variable.
The first formulation can be thought of as a direct effect of context on an outcome.
The second formulation can be thought of as an interaction term.

Intuitively, contextual effects are straightforward. We should be able to just add them to our

regression model as independent variables and interaction terms.

Let’s take as an example. We will use a sample of data from the National Educational Longi-
tudinal Study (1988) to predict scores on a standardized math test. The data consist of 519
students nested within 23 schools. We know that parental SES (here measured on an abstract
scale) is important for school success as is non-white status, so let’s fit a model predicting

math scores from parental SES.

Yi = Bo + B1xs1 + Paxiz + €

Where x; is SES score and z» is an indicator variable for non-white status. So far we have
a straightforward OLS regression model. It shows that being non-white has a substantial

negative effect, while SES has a large positive effect.

Variable Estimate
Intercept 52.63 (0.47)
Non-White | -3.61 (0.98)
SES 5.42 (0.48)

Now, we would also like to know how the racial composition of the school, operationalized

as the percent minority, affects math scores. This is a direct macro-level effect that operates

16



apart from each individual student’s race. A simple approach would be to simply append the

percent minority of the school to each student’s record and then include it in the model.

Yij = Bo + Brzi1 + Baxio + B33 + €45

We now have the added j as a subscript for each school.

Variable Estimate
Intercept 53.00 (0.65)
Non-White -2.90 (1.29)
SES 5.50 (0.49)
% non-white | -0.022 (0.026)

The point estimate suggests that being in a minority-concentrated school has a negative effect

on math scores, but the results are not statistically distinguishable from zero.

Now let’s take this one step further. We might suspect that the effect of each student’s SES
will differ depending upon the racial composition of the school. What if the affect of each
student’s SES differed by the average SES of the school? Then we need an interaction effect:

Yij = Bo + L1xi1 + Poxio + P3x53 + B3xi1253 + €45

Let’s look at the parts of this model. Controlling for contextual effects, 5; gives us the effect
of each student’s SES on math scores when minority percentage is zero. 3 gives us the effect
of minority composition on math scores when individual SES is zero. (4 tells us the synergy
between the two. A negative effect would indicate that individual SES is less important in

high minority concentration schools (and vice versa).

Variable Estimate
Intercept 53.58 (0.67)
Non-White -3.48 (1.29)
SES 7.70 (0.83)
% non-white -0.042 (0.026)
%non-white*SES | -0.079 (0.024)

These results suggest that the value of SES in achieving high math scores is reduced as the

percentage minority in the school increases. This is shown graphically in the picture below:

17



e Make sure you understand this model. The extensions I will now introduce are largely for
the purpose of generating more realistic standard errors - they don’t change the underlying

meaning of the regression.

e The problem with this model is that the students’ percentage minority values are not in-
dividually drawn - they are clustered within sets of schools. Unless we take account of this

clustering, our estimates of the standard error on these variables will be far too optimistic.

e So let’s think about this a different way. Let me rewrite the micro-level model:

Yij = Boj + BT + BaTiz + €

Notice that this model only has the individual components, but I have subset the coefficients
by j. This means that I expect different coefficients within each school. If I left the model in
this form, it would be purely what is called a random effects model. These types of models
don’t assume that each individual has the same coefficient (fixed effect), but rather that the
higher-level units draw their values from some distribution. In this case, students within the

same school all draw the same value.

18



e In the random effects framework, the coefficients can be represented by school-level equations
as well:
Boj = ao + ¢;

B1j = a1 +wj

oy and oy give us the mean value for the intercept and SES effect, respectively. ¢; and w;
give us the errors - the variance of these errors tells us how variable overall math achievement
(Boj) and the SES effect (81;) is across schools.

e In practice it is necessary to specify a distribution for the error terms in the school-level
model (typically the normal distribution). This has important implications for the fitting of
the model, because it forces the observed slopes across schools to conform to a pre-determined

distribution. This can be useful because it will reduce the effect of outliers.

e This is all nice, but we want to expand on these equations by including school-level variables
into our prediction of the 3’s.

Boj = o + 0125 + @
Bij = a1 + o125 + wj

o1 tells us how minority percentage in a school affects overall math achievement. ;1 tells

us how minority percentage affects the effect of individual SES on overall math achievement.

e To see how this all fits together, plug these equations into our individual level equation.
Yij = Qoo + 0125 + @5 + a10%i + 112z + w;zj + PaTio + €

Yij = 0o + 0o + ao12j + o125 + Poxio(+¢; +wjzi) + €

Don’t be fooled by the fancy equations!! Except for the ¢ and w terms, this equation is

identical to our previous simplistic equation, Gy = agg, 01 = a10, 83 = o1, B4 = Q11-

e The only difference is that this model includes random effects of the schools which we leave
unaccounted for in the model. It is easy to see that if we leave off the error terms in our
coefficient models:

Boj = oo + 125
B1j = a10 + 1175

We are right back to the fixed effect formulation. So the difference is that we are not assuming
any longer that our fixed effect terms for the school district completely explain school-level

context. By assuming this we will correct our standard errors. Let’s compare our results:

19



Variable OLS Estimate | Multilevel Estimate
Intercept 53.58 (0.67) 53.53 (1.20)
Non-White -3.48 (1.29) -2.72 (1.24)
SES 7.70 (0.83) 6.13 (0.96)
% non-white -0.042 (0.026) -0.070 (0.040)
Y%mnon-white*SES | -0.079 (0.024) -0.075 (0.028)

Notice that our standard errors have gone up somewhat for the percent nonwhite variables.
Also, to be accurate our t-tests for significance on these variables should be based on 21

degrees of freedom (23 schools - 2 parameters).

e We have two random effects terms in our model: a random intercept given by ¢; and a
random coefficient given by w;. These random effects are combined with our fixed o effects.
This is called a mixed effects model because it includes both random and fixed effects. It’s
estimation is tricky and we will not concern ourselves with it here. There are several specific
computer programs designed explicitly to handle multilevel models (most notably HLM), but
mixed effects model can also be estimated in most standard statistical packages as well. In

stata this requires downloading the gllamm package.

1.4.2 Factor Analysis and Structural Equation Models

1. Factor Analysis

e Factor analysis is a part of a larger group of methods that differ substantially in their

focus from the regression models we have been using so far.

e The key question in this set of methods is "how do things (observations/variables) go

together?

e Take as an example, the welfare state data provided by Esping-Andersen (pass out
sheets). Esping-Andersen measures several characteristics of welfare states and argues
that certain kinds of characteristics cluster together and define three types of welfare

state: liberal, conservative, and social democratic.
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Corp. Etatism | Means test Priv. Pensions Priv. Health | Universalism
Australia 1 0.7 3.3 30 36 33
Austria 7 3.8 2.8 3 36 72
Belgium 5 3 4.5 8 13 67
Canada 2 0.2 15.6 38 26 93
Denmark 2 1.1 1 17 15 87
Finland 4 2.5 1.9 3 21 88
France 10 3.1 11.2 8 28 70
Germany 6 2.2 4.9 11 20 72
Ireland 1 2.2 5.9 10 6 60
Ttaly 12 2.2 9.3 2 12 59
Japan 7 0.9 7 23 28 63
Netherlands 3 1.8 6.9 13 22 87
NewZealand 1 0.8 2.3 4 18 33
Norway 4 0.9 2.1 8 1 95
Sweden 2 1 1.1 6 7 90
Switzerland 2 1 8.8 20 35 96
UnitedKingdom 2 2 6.9 12 10 76
USA 2 1.5 18.2 21 57 54

One can roughly look at the correlation matrix between these variables to provide evi-

dence of such clustering.

Corp. Etatism | Means test Priv. Pensions Priv. Health | Universalism
Corp. 1 0.55 0.13 -0.39 -0.02 -0.02
Etatism 0.55 1 -0.09 -0.64 0.01 -0.03
Means test 0.13 -0.09 1 0.49 0.56 -0.03
Priv. Pensions | -0.39 -0.64 0.49 1 0.45 0
Priv. Health -0.02 0.01 0.56 0.45 1 -0.28
Universalism -0.02 -0.03 -0.03 0 -0.28 1

There is some evidence that the characteristics correlate as Esping-Andersen predicted
but it would be nice to have some more formal evidence.

e We could use the technique of cluster analysis to create a dendogram which will create
a branching tree based on observations that tend to share similar values vs. ones that
are far apart. We won’t go into technical details about how such trees are constructed,

but here is an example of one:
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e But that’s not necessarily what we want. The argument is really that the relationships
between these variables are driven by underlying latent variables which measure the
degree of social-democracy, liberalism, and corporatism in each country. This leads us to

factor analysis.
e Let’s start with an example with two variables and one common factor:

— Let’s turn our variables x1 and x5 into standardized variables, z; and z2. Now let’s say
that the actual observed values of these variables are determined by some common
underlying factor (F) and a unique factor for each variable, y; and y,. (draw a
picture)

z21 = b1 Fy + uryy;
Z9; = baFy + Ugyo;

— We will assume that F' and both y’s are standardized and that they are all uncorre-

lated with one another.

— Let’s ask what is the variance of z;. Since, z1 is in standard form, this variance is
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simply given by E(2%), so:
B(z}) = E(bYF? + uiy + 2bjui Fyn)
E(z7) = YE(F?) + u E(y}) + 26 ui E(Fy1)
var(z1) = byvar(F) + uvar(y;) + 203u?covar(F, yy)

Assuming variances are one and covariance is zero:
var(z) = b + u?

_ 32 2

1=5b7+uy

Therefore, the variance in variable z; is determined by the contribution of the com-

mon factor and the unique factor.

— What about the covariance between z; and F"
covar(z1,F) = E(x1 F)

covar(z1, F) = E((b1 F 4+ uyy1) F)
covar(zy, F) = (b E(F?) + u  E(y1)F)
covar(z1, F) = (byvar(F) + uicovar(y1), F)
covar(z1, F) = by

Since both F and z; are standardized, the covariance is the same as the correlation.

So r between z; and F' is simply given by b;.

— How about the covariance between z; and zs:
covar(z1, z2) = E(z122)

covar(z1,22) = E((01 F + u1y1) (b2 F + u2y2))
covar(z1, 22) = E(bibaF? + byuy Fyy + uyugy1ya)
covar(zi, za) = bibavar(F) + byuicov(F, y1) + uiuzcov(y1, y2)
covar(z1, ze) = biby
T21,20 = b1ba

So the correlation matrix between a set of variables is completely determined by

their common factors.
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— From the decomposition of the variance in z;, we can define the communality
(h?) of each variable as b?. This is the proportion of the variance explained by the

common factor. The uniqueness of the variable is given by 1 — h?.

— This framework can be generalized to a set of j variables and m factors.
Zji = bj1F1i + bjoFo; + ...+ bjm P + u;Ys

draw a picture
p

With multiple common factors, communality is given by:
m
2 _ 2
B =3 b
p=1

This setup is called common-factor analysis. One can also assume that factors
explain everything and there are no unique factors. In this case the number of factors

will equal the number of variables.
zji = bj1Fiy + bjoFoi + ...+ bjnFs

The difference between the methods is that the common-factor approach only at-
tempts to explain the covariation between observed variables, the principal-component
approach attempts to explain all of the variation in the observed variables.

— The b’s are called factor loadings. They tell us the correlation coefficient between
each factor and the observed variables.

— The values of each observation on the factor Fj are sometimes called the factor

scores.

e The fundamental problem is that we never have the factors, we have the observed corre-
lation matrix between variables and we think it may be produced by a set of common

factors.

e If we are given a set of factors and their factor loadings for certain variables then we
can reproduce the one and only one correlation matrix for these variables, but given a

correlation matrix, we cannot deduce a single set of factor loadings.

e There are three related problems of indeterminacy in determining the factor structure

from the correlation matrix

— Competing causal structures: the relationship between z; and x5 may be produced
by their relationship to one another rather than by a common factor (draw a picture)

- must have a theoretically-based model. This is the most serious problem.
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— It is possible for the same covariance structure to be generated by differing numbers
of factors. So how many factors are producing the process - we generally go for
parsimony - decision is driven by goodness-of-fit.

— Even with the same number of factors, an infinite number of combinations of fac-
tor loadings could produce the same correlation matrix. This sounds like a serious
problem, but it is actually not. Those infinite factor loadings actually all produce the
same basic information, but they need to be rotated to be made more interpretable.

(discuss US cities example)

e We won’t go through how factor loadings are estimated, but suffice it to say they are
initially estimated from the correlation matrix and then they need to be rotated to

maximize the differences between the factors.

e The idea is to get factors which load highly on clusters of variables and have no loadings

for other variables.

e Go through an example with esping-andersen data. The fitting of the factor analysis
suggests that most of the variation in the observed variables can be explained by three
latent factors - this is good because three is what we want.

Number of factors ‘ 1 2 3 4 5 6

Variance explained ‘ 0.39 0.66 0.83 0.91 0.97 1.00
Here are the rotated factor loadings for the three factors:

Variable Factor 1 Factor 2 Factor 3 | Uniqueness
Corporatism 0.85 0.15 0.07 0.25
Etatism 0.89 0.08 0.07 0.20
Means testing -0.02 0.91 0.08 0.17
Private pensions -0.68 0.63 0.05 0.14
Private health 0.02 0.80 -0.35 0.23
Average universalism 0.02 -0.05 0.97 0.06

These factors correspond quite nicely to Esping-Andersen’s typology( factor 1=conser-
vative, factor 2=liberal, factor 3=social democratic). The only potential issues are the
high negative factor loading on private pensions for factor 1 and the moderately negative
factor on private health for factor 3, but these are not completely unexpected and in fact

are somewhat understandable within Esping-Andersen’s framework.

e [ have already discussed the two major variants of factor analysis: common-factors and

principal components - there is another way factor analysis varies:

— exploratory factor analysis - seeing how things go together
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— confirmatory factor analysis - setting an expectation about the underlying factors

and their association with the observed variables and then testing that expectation.

e Factor analysis traditionally did not consider the issue of sampling variability and thus

statistical inference.

e Factor analysis only works properly for continuous variables.
2. Structural Equation Models
e Structural equation models can be thought of as the model specifications for a path
analysis diagram.

e Let’s begin with the most famous path analysis of all time: Blau and Duncan, the occu-
pational structure - a model was made showing how father’s education and occupation
affected respondent’s current occupation through the intervening variables of education
and first job.

26



The numbers on the diagrams are partial correlation coefficients.
There are two kinds of variables here : exogenous and endogenous.

Endogenous variables are determined by other variables in the sytem. R’s education,

first job and occupation in 1962 are endogenous.

Exogenous variables are those who enter in as determining variables but whose own

determination is outside the system. Father’s characteristics are exogenous here.
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— This path diagram implies a set of equations that need to be estimated.
Y1i = Y10 + 11121 + Y1222 + Cui

Y2i = Y20 + V21210 + V222 + Ba1y1i + Coi
Y31 = Y30 + V32x2i + Ba1y1i + Pa2y2i + i
— the 7’s are coefficients from exogenous to endogenous variables, and the 3’s are
coefficients between endogenous variables. (draw on board)
— Estimating this model is straightforward. This is an example of a recursive model,
meaning;:
* There are no reciprocal paths or feedback loops in the path diagram.

* The error terms are independent of one another (which is why they have no

arrows).

When the system of equations is recursive, then each model can be estimated sep-
arately using OLS regression. In order to get our coefficients as partial correlation

coeflicients, we would simply standardize each of our variables first.

— This model can be used to determine the direct and indirect effects of different

variables.

— Father’s occupation has a direct effect on occupation of 0.115. But it also has a
fairly significant indirect effect through its effect on getting a first job and through
its association with father’s education.

Through the first job:
(.224)(.281) = .063

Through father’s education
(.516)(.310)(.394) + (.516)(.310)(.281) = .108
So the total indirect effect is:
.063 4+ .108 = .171
Thus, the total effect of father’s occupation on occupation in 1962 is:
0.115+ 0.171 = 0.286

This is the correlation coefficient we would find between the two variables. The path

analysis allows us to partition that total correlation into different paths.
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e Non-recursive models create greater complications.

e Non-recursive models cannot be estimated as separate models because their error struc-
tures are correlated with one another. This can be done using a technique we will discuss
later called generalized least squares. In economics, these kinds of models are called

simultaneous equation models.

e SEM takes this issue one step further, by including latent unobserved variables into the
path analysis. In effect, this method combines regression and factor analysis in one model.
— The underlying idea is that our relationships in the path analysis are about some
underlying concepts which are not measured perfectly by a set of observed variable.

— Bollen uses the example of political democracy in industrialization. He creates a
model where the level of political democracy in 1960 is related to the level of political
democracy in 1965 and both of these are related to the level of industrialization in
1960.

— The problem is that neither the level of political democracy or industrialization can
be measured exactly. But we do have numerous observed variables which we think
measure the underlying concept with some error.

* For political democracy, we have expert ratings of (1) freedom of the press, (2)
freedom of political opposition, (3) fairness of elections, (4) and effectiveness of
elected legislatures.

x For industrialization, we have GNP per capita, inanimate energy consumption
per capita, and the percentage of the labor force in industry.

— The model can be broken into two parts:

x first we have the structural model, which gives us the relationship between the

underlying concepts. In our case:

m ="v11& + G

N2 = Porm + Y2161 + (2

Where 7; and 7y are the latent measures of political democracy in 1960 and

1965, respectively, and &; is the latent measure of industrialization in 1960.

* Then, we have what is called the measurement model, which measures the
relationship between the latent variables and the observed variables.

We start by relating industrialization to the three observed measures

T = )\151 + 51
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Ty = A&y + 02
3 = A3&1 + 03

Now we relate the latent measure of political democracy to our observed measures

of political democracy.

y1=Am + €
Y2 = A5t + €2
Ys = Xen + €3
Ya = At + €4
Y1 = ATz + €5
Y2 = Ao7)2 + €6

Y3 = A1o72 + €7
Ya = A172 + €8

— This can all be shown in the following diagram.
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— Now our only task is to estimate this set of simultaneous equations which involve

both observed and latent variables :)

— We won’t cover how this estimation works, but the intuitive ideas should be straight-

forward.
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1.4.3 Addressing ”endogeneity”

We have not talked much about one of the major assumptions of the OLS regression technique.

Let’s say we have the following simple model.

Yi = Bo + iz + €

One major assumption of OLS regression is that the x; values are uncorrelated with the error
terms. Note that this is impossible to confirm because we only have estimates of the error

terms and if correlation exists, then these estimates will be incorrect.

What brings about this problem? Well, in general this problem is brought about by omitted
variable bias. There is another variable which is correlated with both x and y so that after

fitting the model above there is still a relationship with this other variable and the residuals.

The omitted variable bias is the major difficulty of observational data. It is a major problem
because we are generally interested in whether the model above represents a causal relationship
between x and y. A frequent interpretation of the model above is that if we could manipulate

x by raising it one unit, y would increase by ; units. This is a causal argument.

Omitted variable bias is the most common illustration of what economists refer to as endo-
geneity. endogenous variables are variables determined by other variables in the system,
while exogenous variables are variables which can be considered external shocks to the

system (draw a picture).
The other most important source of endogeneity is reverse causality.

To truly be able to make a causal claim, we need a truly exogenous variable - that is, a variable
which is not related to any of the other variables in the system, unobserved and observed. The
problem with observational data is that there are an infinite number of unobserved variables
which could render our observed relationship endogenous. This is the problem of unobserved

heterogeneity in our sample.

As an example, let’s look at a simple question. Do private schools improve student’s test
performance? Let’s say we had a sample of public and private school students’ math test
scores. We could look at the difference in the average score between groups. But it would
be dangerous to assume that such a difference reflected the ”treatment” of private schools,

because it seems likely that more apt students are more likely to self-select into private schools.

One standard solution is to control for all the observed measures that might lead to such

self-selection which are available to us. The problem is that we are unlikely to effectively
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control for all of this selectivity, because some variables associated with the selection process
are probably unobserved. Even if all the important variables were observed, we would only
completely control for them if we correctly specified the functional form of their relationship

to test scores.

This problem has led to much wailing and gnashing of teeth among economists. Although
aware of the problem, sociologists have been traditionally less concerned with the issue. I would
argue this is due to a different conception of how arguments are presented and empirically
tested in sociology. I would say the traditional model (for all empirical methods, not just

statistical) follows this basic format:

1. Make an argument about how and why things ARE AS THEY ARE.
2. Show that the available empirical data are consistent with your argument.

3. Demonstrate that the available empirical data are inconsistent with counter-arguments
for how and why things ARE AS THEY ARE.

The key issue here is the last one. The focus is on a debate between real concrete stories not

on some generalized debate that some unspecified counter-story could plausibly exist.

Although I actually tend to prefer this kind of conception of what we do, the problem of
endogeneity is a real one and it behooves us to take a look at some of the ways in which
people (partially) address it. The bottom line is that no method can perfectly recover causality
from observational data, but in certain cases we can effectively reduce the range of plausible

counter-stories. Let’s focus on two common methods:

1. Fixed Effects Models

— Fixed effects models come primarily out of longitudinal data designs in which we
have repeated observations on an individual over time. However, they can be applied
more broadly than this.

— To continue with our example, lets say we had repeated observations on a set of
high school student over their entire four-year high school period (to make it simple
lets say none drop out or repeat a grade). We also have recorded test scores for
each individual over this time period. Some students during this period have also
migrated between public and private schools.

— Let’s define some variables.
y;+ is the test score for individual 7 in time period t.

sit is the private school indicator variable for individual ¢ in time period ¢.
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Xjt 1S a set of observed time-varying variables for individual 4 in time period ¢.

U

X;; is a set of unobserved time-varying variables for individual ¢ in time period ¢.

z; 18 a set of time-constant observed variables for individual i.

in is a set of time-constant unobserved variable for individual 1.
We could start with the same model we had above, but this time we will also control

for any observed variables which may be confounding our relationship.
Yit = Bo + B15it + Azir + vz + €

This model estimates the average difference between private and public students’
math scores with 31, controlling for all observed time-varying and time-constant
covariates.

This model is problematic because it doesn’t take account of the fact that we have
repeated observations on the same students, which will likely lead to correlated
error terms within students. Putting this issue aside, however, the model is still
problematic in that it doesn’t address the unobserved variables that may lead to
self-selection into school type and better or worse test performance.

We can take advantage of our longitudinal design to eliminate some of this unob-
served heterogeneity (and to correct the issue with error terms). First, let’s define a
set of dummy terms, D;, which will be one if the observation comes from individual

1 and zero otherwise. Add these dummy terms to the models and we have:
Yit = Bo + B18it + Avit + a; D + €4t

Or, more concisely
Yit = Bo + Pr1Sit + ATit + @ + €3

These dummy variables allow us to fit a term for every individual. Because we
have multiple observations per individual, doing this will not saturate the model.
Essentially, we are trying to explain variation within individuals. The « terms are
our ”fixed effects.”

Note that we are no longer explicitly including the observed z; terms in the model.
This is because our d; terms explain all time-constant variation across individuals,

so they supercede our z;. In technical terms:
o =12 +yezd

So the fixed effects can account for both observed and unobserved time-constant
variables. Thus we can be certain that our new estimate of (3; is not the result of

lurking variables that are constant across time.
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— Another way of looking at this is that we are using the migrations of certain students
as information about the effect of public and private schools. This is an improvement
over the cross-sectional approach because we can rule out unobserved heterogeneity
that is time-constant. However, we cannot rule out time-varying unobserved hetero-
geneity. In particular, we might think other events in students lives may be associated
both with movements to and from private schools and test scores. A family disrup-
tion for example might reduce the resources to pay for private school and reduce
test scores through stress and distraction.

— This approach can be applied to other data of a hierarchical structure. Longitudinal
data are hierarchical data where time observations are nested within students. The
fixed effects approach can be used on all data of this type to rule out any unobserved
heterogeneity at the higher level. For example, if we had information on female
siblings, we might use a fixed effects approach to rule out any family effects on the

observed relationship between teen pregnancy and educational attainment.
2. Instrumental variables

— In some cases we may not be able to rule out that x is partially endogenous but we
may have another variable z which we can be fairly certain has an effect on x but
not on y. (draw a picture)

— The best situation is when we know that z has been completely randomized. Let’s
say for example that an experiment was done which randomly selected some families
to receive private school vouchers. It is likely that these vouchers will induce some
public school students to move to private school, thus there will be a relationship
between z and z. However, we can be fairly certain (because we know assignment

was random), that voucher assignment itself is not directly related to test scores.

— This situation is rare. The more common situation is a natural experiment in
which for some historical reason we oberve a shock to a system which can reasonably
be treated as random. The most famous example here is the use of birthdates in the
question of whether military service affected subsequent labor market experience.
Because the draft was assigned on the basis of birthdates, it is highly correlated
with military service, but unlikely to be correlated with labor market experience.

— If this relationship holds, then we can treat z as an instrument for inducement into
the "treatment” of z.

— Mathematically, the basic reasoning is as follows. We have the basic relationship:

y; = Bo + P1x; + €; But since z; might be endogenous we cannot trust our estimate

35



of B1. We can get an instrumental variable estimate of (3; as:

v _ Cooly,2) _ Covlfo+fr +e,2) _ Covlw, 2)51 + Coule, )
! Cov(z,z) Cov(z, ) Cov(z,z)
If we are correct in our assumptions about the instrument z, then Cou(e, z) = 0, and

therefore:
pV Cov(z,z)B1 + Cov(e,z)  Cou(x,z2)B
v =

Cov(z, z) ~ Cov(z,2)

So that the IV estimator will be an unbiased estimator of 3;. In essence we have used

=p

the exogeneous shock of the instrument to ”clean out” any endogenous relationship

between x and y.

The most common method for doing the actual estimation, two-stage least squares

(2SLS), will help clarify this issue.

(a) As a first step, predict the value of z; from z;. If you plan on including other
terms in your final model for y, say w;, it is typical to include them at this stage
as well:

T; = ag + a1z + aow;

(b) Now use the predicted value of z rather than its real value in an OLS regression
predicting y
Yi = Po + B1&i + Pawi + €

Because you are using the predicted value of x you are essentially leaving behind
the residuals from the first equation. Since z is an exogenous shock on x, those
residuals are the part of x which are potentially endogenous with y. You have
stripped them away.
In cases where you have strong reasons to believe in the exogeneity of z, the instru-
mental variables technique is quite clever. In practice, however, such instruments are
often hard to find. This has led to the degradation of the method using what are
called weak instruments which are only moderately correlated with « and where
the assumption of no relationship between z and y may be dubious. In these cases,
precise estimation is only possible when samples are large. Even then, IV generally
doesn’t solve the problem but rather re-focuses debate from the possible endogeneity
of x to the validity of z as an instrument. Since this latter argument is likely to be
more esoteric, the value of the IV approach becomes questionable.
My personal recommendation is that IV only be used in cases where the endogeneity
of x is clear and unresolvable. In these cases, IV should be used as a complement to
rather than a substitute for OLS.

36



e This field of what is called ”causal modeling” or ”causal inference” is very large and active,
so I have only been able to touch on its surface. I have not even touched on a thrid major
method, propensity score matching, nor have I discussed probably the major innovation of
the last few years - the issue of counterfactual causality and treatment heterogeneity,
which would be critical of all of these methods. If you are interested in it, I have provided

some further readings on Courseworks.
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2 Generalized Linear Models

2.1 Linear Probability Models and Generalized Least Squares

e So far we know how to use both continuous and categorical variables to predict continuous
variables. What if we want to predict categorical variables? (i.e. use them as the dependent

variable) In sociology much of what we care about comes as categorical not continuous.

e Let’s say we are interested in explaining why individuals fall into different categories of a

dichotomous variable.

— Lets take our titanic example. Let y; equal 1 if the person survived the titanic and 0 if
the person did not. Let’s look at how survivorship varied as a function of the fare (in
british pounds) that a person payed:

Variable Coefficient
Constant 0.3058 (19.27)
Fared paid (in british pounds) | 0.0023 (9.10)

— What do the intercept and slope mean in this particular case? The slope is the the change
in your probability associated with paying one more pound for your fare. In this case,
for every extra pound paid, your probability of surviving goes up by about 0.22%. Those
who paid no fare are estimated to have a probability of survivorship of 30.58%. This is
called the Linear Probability Model.

— The IQR for fare payed was approximately 17 pounds and the maximum fared payed
was 512 pounds. so it seems that fare had a fairly sizeable effect on survivorship, which

is not surprising given that fare is a good proxy for the social class of passengers.
— There are two problems with the linear probability model.

* Thei.i.d. assumption is violated. The variable y; is distributed as a bernoulli variable.
The variance of a bernoulli variable depends on the true probability of a ”yes.” Thus
the variance of the error term will not be constant. In technical terms, this is the

problem of heteroskadasticity.

* The linear probability model can produce fitted values that are outside the range of

[0,1]. Take the passenger who paid the highest fare.
.3058 +.0023 * 512 = 1.48

— The first problem can be dealt with using the technique of generalized least squares.
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Generalized least squares allows for a weighting matrix to be included into the esti-
mation of §’s.
Before, we had:
b= (X'X)"'X'y

Now, we have:

b=Xv X)) X'¥ 1y
U1 is the weighting matrix. It has the effect of basically transforming the y and
x variables. If we put the right values into our weighting matrix, we will recover our
i.i.d. assumptions, even in the face of heteroskadasticity and autocorrelation.
The diagonals of the weighting matrix tell us how to adjust our variance to reflect

heteroskadasticity. The off-diagonal cells tell us about the autocorrelation between

error terms.
Let’s just focus on the heteroskadasticity part for now - time-series models make use
of GLS to estimate autocorrelation.
Because we only have sample data, we don’t know exactly what values to put into
our weighting matrix. We have to estimate them from our data. When we do that,
we call it feasible generalized least squares (FGLS).
The values to put into the diagonal should be the inverse of the variation in our
error terms (let’s take an example).
In our binary case above, the variation in y; is proportional to the underlying true
p; for the ith observation.

V(yi) = pi(1 —pi)
If we put the inverse of these values into our weighting matrix, we will recover our

i.i.d. assumption.

1
p1(1—p1) 0 0 0
1
0 p2(1—p2) 0 0
_ 1
vl = 0 0 p3(1—p3) 0 (1)
1
O 0 O 0 Pn(1=pn)

Of course, we don’t know what the true p; is for each observation, so we have to use
an estimate. How do we get it? Run a linear probability model and use the resulting

p; in place of p;. Then we have FGLS.
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x FGLS can usually be improved by iterating the result, when it becomes Iteratively
Reweighted Least Squares (IRLS).

1. Run linear probability model using OLS. Get the predicted values of p; from this
run.

2. Use p; in the weighting matrix to run an FGLS. Get the predicted values of p;
from this run.

3. Use the updated p; in the weighting matrix of another FGLS. Get the predicted

values of p; from this run.
4. Repeat step 3 until the estimates of 5 no longer change very much.

* Let’s try it out on our titanic data:

Coefficient 1 2 3 4 5 6 7 8
Intercept 0.30588 0.31292  0.3074 0.30987 0.30857 0.30921 0.30888 0.30905
Slope 0.00229 0.00186 0.00211 0.00199 0.00205 0.00202 0.00204 0.00203
Coeflicient 9 10 11 12 13 14 15
Intercept 0.30896 0.30901 0.30898 0.30899 0.30899 0.30899 0.30899
Slope 0.00203  0.00203 0.00203 0.00203 0.00203 0.00203 0.00203

* You can still run into problems with FGLS if your estimated values of p; extend
beyond the range of [0,1] because it can lead to negative weights. In this example,
I had to "hack” a few observations that were outside the range by substituting the

maximum value observed within the range.

— GLS can resolve the problem of error terms which are not i.i.d., but it still can produce
fitted values outside the range of the dependent variable. This second problem requires
us to move to Generalized linear models.

2.2 Generalized Linear Models

e Our OLS regression equation is:
Yi = Bo + Prxin + Boxio + ... + BpTip + €

e For this model, we assume:

1. The relationship between the independent variables and dependent variables is a linear

function.

2. The errors are distributed identically with a constant variance.

e These assumptions become problematic for categorical dependent variables because:
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1. Predictions can fall outside the range of the of the dependent variable (linearity problem)

2. The variance of the error term is often related to the expected value (y;) for each ob-

servation (true for both binomial and poisson distributed variables), meaning we have

non-constant variance, or heteroskadasticity (i.i.d. problem). To put it more formally:

Viyle) = V(9) = f(9)

e The generalized linear model deals with this problem by two extensions of the linear regression

model.

1. We have a link function that relates our linear function of the independent variables

not to y; directly, but rather to some function of y;, given by ¢(y;). The idea of the link

function is to expand the range of y from some limited range to the range of (—oo, 00).

Take our titanic example. We are interested in modeling p;, each individual’s prob-
ability of survival. However, p; is bounded by 0 and 1.
We can improve this by looking at the odds of survival rather than the probability

of survival. (we will discuss odds in more depth in the next module)

0; = P

L—pi
While probabilities are bounded by 0 and 1, odds are bounded by 0 and oo. This is
an improvement, but we still could get results outside of the lower bounds. We can

resolve this problem by logging the odds:

logit(p;) = log(o;) = log(pi(1 — p;))

This is called the logit transformation. Rather than related our x variables linearly

to p;, we relate them linearly to the logit transformation of p;.

2. Rather than assume i.i.d., we specify a particular error distribution for our errors.

This distribution is based on what we think is driving the categorical distinctions we

observe in y. (i.e. binomial for dichotomous variables)

Once again from our example. We believe each observation has an underlying p;,
but we actually only observe ones and zeroes (success and failures). Therefore, the
error distribution from our predicted to actual values will be given by the bino-

mial/bernoulli distribution.
y; is given by binom(p;)

Vpi) = pi(1 —ps)
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e Once we do this we have a slightly different form for the equation:

9(pi) = Bo + Brxzi + Poxio + ... + Bpxip

e Generally, certain link and error functions go together.

Type of category link function error dist. name
continuous identity normal /gaussian  OLS regression
dichotomous logit binomial logistic/logit regression
probit binomial probit regression
discrete counts log poisson log-linear models/possion regression
polytomous (unordered) logit multinomial multinomial logit
polytomous (ordered) logit multinomical ordered logit
survival times/counts of events | log poisson continuous-time hazard model

(discuss each of the items on the table)

2.3 Maximum Likelihood Estimation

e How do we actually estimate parameters for generalized linear models?

— Take our titanic example. You might think that we could simply take the logit transfor-

mations of our y’s and then use GLS to correct for heteroskedastacity.

— The problem here is that our y’s only take the values of one and zero which will both be

undefined in the logit transformation.

— Therefore, we need a new technique - this is where maximum likelihood estimation comes

in.

e Crash couse in Calculus

— It helps to know a few basic things from calculus.

— The derivative

* Start with a function f(z). This is some mathematical equation involving x.

f(x) =5+ 28z — 7a?
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* Every function has a derivative. The derivative is basically the exact slope of the

function at x.
df (z)
dx

* Local minimums and maximums of the function f(x) will occur when the slope is

=28 — 14z

zero. (show graphically).

0 = 28— 14x
1l4x = 28
r = 2

* You can tell if it is a local minimum or maximum by looking at the second derivative,
which is the derivative of the derivative. If this is positive at that point, then it is a
minimum. If it is negative, then it is a maximum.

&> f(x)

=-14
dx

* So this is a maximum.
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e The logic of maximum likelihood estimation is as follows:

1.

We have some process governed by some parameter(s), (say #) which generates a set of

observed data (x1, 2, ..., %, or something).

We ask what is the likelihood, given the process, that we observe the given data? This
leads to a likelihood function, L(9).

The trick is we don’t know 6. Rather it is usally the data we have and 6 that we want to

estimate. We choose a 6 such that it maximizes our likelihood function given the data.

e Example with a binomial proportion.

— We have observed the outcome from a series of n coin tosses. From this coin toss, we

have observed x heads. n and z are our observed data.

We know that the process of generating heads on coin tosses is a binomial process,
because we only have two possible outcomes, and the probability p is the same on each

coin toss. p (the probability of a heads on a single coin toss) is our unknown parameter.
Since this is a binomial process our likelihood of observing a particular number of heads
in n trials is given by the following likelihood function:

n
T

L(p) = ( )p””(l -p)""

(review this formula a bit)

We don’t know the value of p, but we want to estimate it by choosing p that maximizes

L(p) for the given n and x.

For particular values of n and p, we could get p by trial and error, but that might take

a long time. A computer might simplify it.

Let’s take the example, where x = 13 and n = 50. We can use the computer to calculate

the likelihood functions for every p at intervals of 0.01 from 0 to 1.

44



The p which would maximize our likelihood of actually observing 13 heads on 50 tosses

is about 0.26 - this is what we would expect by common sense.

— Even so, we would like to get a general result that can be expressed in the abstract terms
n and p.

— Thus, we need to find the maximum of the likelihood function for p. We can do this using
calculus. The point where the derivative of the likelihood function is zero and the second
derivative is negative is the maximum.

— It turns out, that working with the log of the likelihood function is usually easier than

working with the likelihood function itself. The results for the log-likelihood function hold

for the likelihood function (the maximum is the same), so logging it does no damage.
n
log L(p) = log (I) + zlog(p) + (n — x)log(1 — p)

— We take the derivative of this function with respect to p.

OlogL(p) _ = n-—uz

Op p 1-p
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— When this function equals zero, we will have either a minimum or a maximum. So solve

for p.
0 — T n-—z
p 1l-p
n—r
1-p P
pn—z) = =z(1-p)
pn—pr = T —px
pm = x
T
p = =
n

— It turns out the second derivative at this point is negative (not shown), so this is indeed
a maximum. Thus our best estimate of p is p = x/n. The same as our intuition would

have told us.

This example was relatively straightforward. But we can use the same technique with the

linear model.
Our parameters are the 3’s, which relate our = variables to our y variable.

For some sample, we have observed data on the y variable and the set of x variables. Given
this data, there are some [ values which would have maximized our likelihood of observing

it. By MLE, these values are our estimates of the 8 parameters.

How do we figure out what §’s would have maximized our likelihood of observing the actual
data? That is complicated. The remainder of appendix B provides a good introduction to the
general technique, but it is highly technical. All we need to know for now is that computers
are very good at finding such things. We just need to know intuitively what process guides

their decision.
The use of MLE gives us a new method of model selection.

— We can think of the actual log-likelihood returned from maximizing the likelihood func-

tion as a measure of how well it fits.

— However, we can’t use the log-likelihood LogL directly, because different sample sizes
will have different likelihoods.

— What we can use is what is called deviance or G2, which measures how much our current

model deviates from the saturated model. If L is the likelihood of the saturated model,
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then:
G? = —2log(Lc)/Ly) = —2(log L. — log Ly)

The log of the likelihood will always be negative or zero, so multiplying it by a negative
number will create a positive number. The closer this deviance is to zero, the closer our

likelihood is to the saturated model.

For most of the individual-level data we work with the likelihood of the saturated model

is 1, so log Ly = 0, so our deviance simplifies:
G? = —2log L,

We can use deviances to compare two nested models using the Likelihood Ratio Test
(LRT).

Differens between nested models follow our friend the x? distribution. Therefore, if we
have two models n and u in which n is nested within u, the value G2 — G2 has a x?
distribution with DF of df,, — df,, assuming model u is the correct model. This method

can be used to compare two or more nested models.

You can also use deviances to generate BIC statistics. To generate a BIC against the
saturated model:
BIC = G?* — df logn

In most cases, however we will want BIC’ relative to the null model. To calculate this

first get the deviance for the null model (often reported in statistical software). Then:
BIC' = (G — G*) + plogn

where p is the number of parameters fit in the current model.

Although BIC and BIC’ have different interpretations directly, when you compare the
BIC of BIC’ of two models, you should get the same difference.
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3 Logistic Regression

3.1 Odds and Probabilities

e Odds and probabilities

If there is a p probability of something happening, then the odds can be considered the
number of successes you expect to get for every failure on average. High odds correspond

to high probabilities, low odds to low probabilities.
To calculate the odds:

proportion of successes P

71—p

proportion of failures

To go from odds back to probabilities:
)
T 1+0
While probabilities are bound to [0,1], odds are bound to [0,00)

p

Let’s take the titanic example. What was the overall odds of survival on the Titanic.
38% of passengers survived the Titanic. Therefore:

038 038
1—.38 062

How can we say this in English: ”For every one death on the Titanic, there was on

Odds of survival = 0.61

average 0.61 survivors.”

Let’s see how the odds change across the range of the probability.

p O

0 0
0.01 .010
0.05 .052
0.10 11
0.3333 | 0.5
0.40 0.6667
0.5 1
0.6 1.5
0.6667 | 2
0.75 3
0.9 9
0.95 19
0.999 | 999
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— Odds ratio: the ratio of two odds. If one odds is twice as big as the other, then we say

the odds ratio is 2. If it is half again as big, the odds ratio would be 1.5.

D2

OR = 01/0, = T

1—p

— Let’s go back to the Titanic example. Let’s look at the odds ratio between men and
women on the Titanic. 19% of men survived while 73% of women survived. Let’s look at

this as a bar graph.

Now let’s calculate the odds of survival for each group.
Odds for women = 0.73/(1 — 0.73) = 2.67

Odds for men = 0.19/(1 — 0.19) = 0.24
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The odds of survival for women is 2.67 and the odds of survival for men is 0.24. The
odds ratio is given by:

OR =2.67/0.24 = 11

)

In English: ”Women were eleven times as likely as men to survive the Titanic.’

— Let’s look at some of our previous examples, where we have an odds ratio of 2.

P O1 Oz b2 %f
0.05 .052 .1004  0.912 18.24
0.1 A111 0 .2222 0.1818  18.18
0.3333 0.5 1 0.5 1.5
0.5 1 2 0.6667 1.333
0.75 3 6 0.857 1.14
0.9 9 18 0.947 1.052

0.95 19 38 0974  1.025
0.999 999 1998  0.9995 1.0005

— The odds ratios are constant here, but not the ratios of the probabilities directly. A

doubling of the odds when the odds is already high doesn’t have nearly the effect on the
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probability of doubling the odds when the odds is low. The relationship is reversed if we
halve the odds.

— Our interpretations of the parameters in the logistic regression model will be related to

3.2

this odds ratio.

Logistic Regression

e Logistic regression

When we have a dichotomous variable as the dependent variable, OLS regression won’t
work. The Linear Probability Model can be fit, but
* The relationship is non-linear because the probabilities are bound between 0 and 1.
* The error terms are heteroskadastic because the dependent variable is produce by a
binomial process where the variance depends upon the underlying value.
As we have learned we can correct these problems with a generalized linear model.
We know that the error distribution is given by a binomial distribution. So, we only need

to choose a link function. We know the identity link won’t work because we have the

non-linearity problem.

There are several possible link functions, but the best one (or at least the easiest to

interpret) is the logit function.
The logit is the log of the odds:
. p
logit(p) = log ——
ogit(p) = log -— ’
This function spreads the probabilities over the entire number range.

So, our logistic regression model looks like:

Di
— = Bo + frxin + Boxiz + ... + BpTip
1 —p

log
How do we interpret the 3’s? Well, first lets relate this equation back to odds rather than
the log-odds by exponentiating both sides.

pAi _ = eﬁoeﬁlﬂleﬁéwiz o eﬁpwip
1—pi

How does a one-unit change in z;; affect the predicted odds?

It increases the odds by a multiplicative factor of et.
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— By exponentiating the 3’s we get odds ratios - how much the odds increase multiplica-
tively with a one-unit change in the independent variable. For categorical variables, these
can be interpreted directly as odds ratios between groups. For continuous variables they
are the odds ratios between individuals who are identical on the other variables but differ

by one unit on the variable of interest. (show an example of each)

— Therefore, the 3’s themselves are log-odds ratios. Negative values indicate a negative
relationship between the probability of ”success” and the independent variable; positive
values indicate a positive relationship.

— When you exponentiate them, the dividing line between a positive and negative relation-
ship is 1 not 0.

— Let’s take our titanic example. We have the equation:

Di

log = = o+ bz
I—pi
Where z; is an indicator variable for women vs. men. The results of this model are given
by:
Variable Coeflicient
Constant -1.44 (-16.46)
Gender
Women 2.42 (17.82)
Men (ref.) -

What is the intercept giving us here? The log-odds of survival for the reference group

(Men). To convert this into odds take the exponential:
et =024

What is the slope giving us. The difference in the log-odds ratio of survival between men

and women. To convert this into an odds ratio take the exponential:
e*1? = 11.25

If we want to know the log-odds of survival for women then we have to add the relevant
parameters:
log-odds of a woman’s survival = —1.44 4 2.42 = 0.98

To get this as and odds, exponentiate:
9% = 2,67

These numbers should look familiar. They are precisely what we got before by hand.
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The coefficients returned from a logistic regression model are log-odds ratios. They tell us

how the log-odds of a ”success” change with a one-unit change in the independent variable.

Increasing the log-odds of a success means increasing the probability, and vice-versa decreasing
the log-odds of a success means decreasing the probability. Therefore, the sign of the log-odds
ratio indicates the direction of its relationship: + means a positive relationship between x

and the likelihood of a success, and - means a negative relationship.

In order to get an intuitive sense of how much things are changing, we need to get the

exponential of the log-odds ratio, which gives us the odds ratio itself.

Let’s return to our example from yesterday looking at survival of the Titanic by gender:

Di
1 = o+ Pz
— Pi

log

log — 21 — 144 1 2424,

L —p;
The positive coefficient indicates that women were more likely to survive the Titanic than

men. But our coefficients are related to the log-odds of survival. Let’s exponentiate both sides

to see how they related to the odds of survival.

- Pi_ _ e-tadg2a2m _ (0.94)(11.25)%
—Di

The odds for any individual is a multiplicative function of a ”baseline” odds and ”odds ratios”

of their characteristics. The predicted odds for a man are:

Di 0
——— =1(0.24)(2.42)" =0.24
o= (0.24)(2.42)

The odds for a woman are:

i
1 —pi

= (0.24)(11.25)" = 0.24(11.25) = 2.67

For the log-odds ratios, a negative value indicates a negative relationship. But all odds-ratios
are positive values. The distinction regarding a positive or negative relationship in the odds
ratios is given by which side of 1 they fall on. 1 indicates no relationship. Less than one

indicates a negative relationship and greater than one indicates a positive relationship.

The interpretation is similar with continuous variables. Let’s take the case of predicting sur-

vival by fare paid.
Pi

log 1 = —0.882 4 0.012z;

Di
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Once again let’s exponentiate this to get the results in terms of the odds of survival.

Pi 0882001200 _ (0.414)(1.012)™
1—pi
Once again we have a multiplicative relationship. Let’s take the three cases where the paid

either zero, one, or two pound for his/her ticket.

PL_ = (0.414)(1.012)° = 0.414

I—m

] P2 (0.414)(1.012)' = 0.414(1.012)
— D2

- D3~ (0.414)(1.012)% = 0.414(1.012)(1.012)
— D3

For the first person, the odds of survival is simply given by the exponential of the intercept
term, which in this case leads to an odds of 0.414. For the second person, the odds of survival
increases by a factor of 1.012 because this person paid a pound more than the first. For the
third person, the odds of survival increase a further factor of 1.012 because this person paid

a pound more than the second.

The exponential of the coefficient then gives the expected odds ratios between two individuals

who only differ by one unit on the given independent variable.

We can think of interactions in a similar way: they tell us how much the odds ratio related
to one variable is different between groups. Lets now interact gender and fare in our Titanic

example.
b

log 1 = —1.61 4+ 1.9192;; + 0.006;2 + 0.015x;12412

Dbi

where 7 is a female indicator and x5 is the fare paid Exponentiate again:

- Pi__ (0.20)(6.81)7 (1.006)%2 (1.015)7 172
— Di
For men:

i )

= (0.20)(1.006)7*>
o = (0.20)(1.006)
For women:
- ﬁip = (0.20)(6.81)(1.006)%2 (1.015)%*2 = (1.36)(1.021)%

The exponential of the gender effect (6.81) gives us the level odds ratio between genders, while
the exponential of the interaction term tells us how much lower/higher in a multiplicative sense
the odds ratio between survival and fare is for women than men. In this case, gender differences

in survival increased with fare.
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e Multivariate: change in the odds ratios holding all the other variables constant

e Let’s look at a full example from the Titanic data.

Variable Coefficient SE t-statistic p-value
Intercept -0.0514 0.2139 -0.2404  0.8101
Passenger class

First Class (ref)

Second Class -1.6830 0.3286 -5.1224  0.0000

Third Class -1.6235  0.2906 -5.5871 0.000
Gender

Male

Female 3.9976  0.5031 7.9452 0.000
Gender*Class

Female*2nd Class 0.0611  0.6379 0.0958  0.9237

Female*3rd Class -2.5360 0.5495 -4.6149  0.0000
Age (mean-centered) -0.0454  0.0073 -6.2560  0.0000
Fare (mean-centered) 0.0004 0.0021 0.2003  0.8412
# Siblings/Spouses -0.3349  0.1010 -3.3163  0.0009

— What is the intercept telling us? The reference group is a first-class man at the mean
age and who payed the mean fare and had no siblings or spouse on board. This man had

a log-odds of surviving of -0.0514. This translated into an odds of:
odds of survival = =914 = (0.9499
This translates into a probability of surviving of:

probability of survival = 0.9499/(1 4 .9499) = 0.487

— Let’s plug in the following values: a second-class 35 year-old woman with a husband who
payed 15 pounds for her fare. What are the predicted odds of a person with these values
surviving? How about the probability.

6(70.051471.6830+3.9976+0‘061170.0454*(35729.85)+0.0004*(15733.29)70.3349*1) _ 61'7483 = 5.745

This leads to a probability of 0.887.
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— Let’s change age to 25. How does this change the odds? how does it change the proba-
bilities?

e(—0.0514—1.6830+3.9976+O.0611—0.0454*(25—29485)4-0‘0004*(15—3329)—0.3349*1) _ 62'202 —=9.043

This leads to a probability of 0.900. Note that the difference in the odds is much greater
than the difference in the probability. The difference in the odds is a factor of e0:0454+10 —
1.575. This is because a one-unit change in age leads to a multiplicative change in the

odds of ¢0-0454

— Be careful with the interaction term. Because it is in there, the effects of gender and
passenger class alone only represent the effects for the reference group. So the passenger
class variables give you the log-odds difference in survival between 1st and 2nd (-1.68)

and 1st and 3rd (-1.62) male passengers.

To get the effects for female passengers, we need to add on the female interaction terms,
so the log-odds difference in survival between female 1st and 2nd class passengers is
(-1.6840.061) and between female 1st and 3rd class passengers is (-1.62-2.536).

You would similarly need to calculate the difference between men and women within each
class. 1st (3.998), 2nd (3.998+.061), 3rd (3.998-2.534). Here we see that the difference in

survival between men and women dropped off considerably in the 3rd class.

e Statistical Inference

— Remember our friend, statistical inference? Our estimates in the logistic regression model
are based on a sample and yet we want to measure the values for the population. There-
fore, we need some measure of how secure we are in these numbers, just like for OLS

regression.

— The GLM method for estimating the coefficients handily also returns estimated standard

errors for their sampling distribution.
— Like OLS regression the sampling distribution of these coefficients is a t-distribution, so:

b1

Sby

t =

For all intents and purposes, our tests of statistical significance are identical in the case

of logistic regression as they were for OLS regression, once we have these t-statistics:

x If sample is large enough, then t-statistic is roughly normal (|¢| > 1.96 means p <
.05).
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x Like OLS regression our interest is in whether the parameter is distinguishable from

Zero.
* In this case , zero in the log-odds means one in the odds.
* We have to think about one-sided and two-sided tests in the same way.
* We can construct confidence intervals around our estimates.

— Let’s try a couple of examples.

x Is the effect of fare paid ”statistically distinguishable” from zero at the 5% level?
t =0.200

p — value = 0.84

There is an 84% chance that we would observe a value of 0.0004 or larger on a
sample of this size just by random chance. We cannot distinguish the effect of fare
from zero. Note that we found fare to be important earlier before we controlled for
passenger class. The basic point is that most of the important information on survival
contained in the fare variable is better picked up by knowing each passenger’s class.

x Construct a 95% confidence interval for the odds ratio of the age variable
—.0454 £+ .0072 % 1.962 = (—.0595, —.0312)

(e70595 0312y — (0.9422, 0.9692)

3.3 Goodness-of-fit

e Assessing model fit

— There is no R? measure for logistic regression or any of the models we use with cate-
gorical dependent variables, because we can’t think about explaining the variation in a

categorical dependent variable the same way we do for continuous dependent variables.

— People have created measures of ”pseudo-R? for logistic regression, which basically mea-
sure the proportionate reduction in deviance of the current model over the null model.
— We can use McFadden’s version, D:
G2 — @2
Gt
Our titanic model produces a deviance of 919.27. The null model produces a deviance of
1413.57. Thus,

D =

~ 1413.57 — 919.27

D= 141357 =035
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— Tt is best to use "pseudo-R? with caution, if at all.

— We can use the likelihood ratio test to compare models however. In our previous example,
we have reduced the deviance by 1413.57-919.27=494.3 with the addition of 8 parameters.
If the null model were accurate then that 494.3 would come from a x? distribution with
8 degrees of freedom. Clearly the likelihood of such an extreme value is absurdly small.
Thus, our model is a clear improvement over the null model.

— We can also compare our model using BIC’. Remember BIC’ judges our model relative
to the null model and is a tougher judge than the LRT test. STATA reports BIC which
is judged relative to the saturated model — this is generally a meaningless term for
individual level data.

BIC' = (G* — G3) + plogn

In our case:
BIC' = (919.27 — 1413.57) — 91og(1045) = —494.3 4 62.6 = —431.7

BIC’ is negative indicating that in this case, it prefers our current model to the null

model.

— How about the interaction term? Was this a valuable addition to the model. A model
without the interaction between gender and class had a deviance of 969.97 on 1038

degrees of freedom.
* Well, we could just judge additions based on their significance level, but this tech-
nique doesn’t work very well when our addition includes more than one variable.

x We could also do an LRT test. With two less degrees of freedom, the deviance was
reduced from 919.27 to 969.97, for a change of:

969.97 — 919.27 = 50.7

Is this change unlikely on a x? distribution with two degrees of freedom? There is
a very small probability of getting this much of a reduction in deviance by random
chance.

*x We could also use the tougher BIC’. In this case, we would get a BIC’ of -402.3.
This BIC’ is not as negative as our previous BIC’ therefore we would prefer the

previos model with the interaction term included.

3.4 Other types of link functions (probit)

e The probit function
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— The probit function is the inverse of the standard cumulative normal distribution. Straight-

forward, right? let’s break it down:

— What is the standard cumulative normal distribution. This is the area to the right of the
value z on a standard normal distribution. Let’s say we wanted to find the area to the

right of z =1 on the standard normal.

This can also be graphed as a cumulative density function of the normal.
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— Taking the inverse is like saying, for what z-score is p% of the area of the standard normal

below? Thus, the probit is something like a z-score.

— Like the logit, the probit stretches out from (—oo, 00), and is symmetric around p = .5.
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— Unlike the logit, the probit does not lend itself to easy interpretation. Generally, it will
produce coefficients of similar size to the logit, and we can rely on directionality, but
can’t give a very precise definition. Therefore, there is little reason to prefer it over the
logit link. (Economists use it because they think binary outcomes are a result of a latent

variable which is continuous and normal).
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4 Log-linear Models

4.1 Two-way tables and odds ratios

e Last semester, we discussed contingency tables. Contingency tables give the frequency of
observations that fall into a cross-classification of two or more categorical variables. When
two variables are involved we call it a two-way table. When three categories are involved,

we speak of a three-way table, and so on.

e For most of this module we will focus on two-way tables, but I will also consider the case of

more complicated tables at the conclusions.

e The simplest sort of contingency table is one made up of two dichotomous variables. In
this case, we get a 2x2 table. Powers and Xie give an example of a 2x2 table in which one
category is education ("more than high school”) and the other category is expressed approval

of premarital sex:

Attitude
Education Disapprove Approve | Total
High School or less 873 1190 | 2063
College and above 533 1208 | 1741
Total 1406 2398 | 3804

(discuss column and row marginals, conditional probabilities)
e There is a general syntax for these types of tables.

— fij gives the actual frequency for the ith row and jth column (give example).

— Fj; gives the expected frequency under some model.

— Column and row marginals are written as f;; and f,;, respectively.

— The grand total is written as fy,.

— I and J are the number of categories in the row and column variables, respectively.

e Given this table we can ask whether there is an association between education and attitudes

towards premarital sex. We did this last semester with the x? test.
— If there is no association, then the probability of being in f;; is simply the product of
the probability of being in marginal category i and category j:

fi+ h)/fwr _ fin Sy

St fos ft

Fij = (

62



Use the first cell as an example:
fi+/f++ = 2063/3804 = 0.5423

Fe1/frs = 1406/3804 = 0.3696

Fi1 = (0.5423)(0.3696)(3804)) = 762.5

— We can compare the expected count under independence to the actual count using the

X? = ZZ(FU — 1)/ Fyj

— Under the null hypothesis of independence, this statistic is distributed as a x? with (I-

Pearson y? statistic:

1)(J-1) degrees of freedom. In the case of the 2x2 table, we have one degree of freedom.
In the table above, we get a statistic of 55.5 with 1 degree of freedom. The probability of
this value under the null hypothesis is exceedingly small, so we reject the null hypothesis
that there is no association. Clearly, education and attitudes towards premarital sex are

related.

e But how are they related? We would like some way of measuring the relationship. Last
semester, we used conditional distributions to examine this relationship, but it would be
useful to have something more mathematically concise. For that task we turn to odds ratios,

again.

— First, let’s get the distribution of attitudes conditional on education.

Attitude
Education Disapprove Approve | Total
High School or less 0.423 0.577 1
College and above 0.306 0.694 1
Total 0.370 0.630 1

— Now let’s calculate the odds of approval for each education group:
577/.423 = 1.364

.694/.306 = 2.268

— Now calculate the odds ratio between the educational groups:

2.268/1.364 = 1.66
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— So college-educated individual’s odds of approval are about two-thirds greater than non-

college-educated individual’s odds.

— What if we reversed this and calculated the odds of having attended college conditional

on attitude?

Attitude
Education Disapprove Approve | Total
High School or less 0.621 0.496 | 0.542
College and above 0.379 0.504 | 0.458
Total 1 1 1

0.379/0.621 = 0.610
0.504/0.496 = 1.016

1.016/.610 = 1.66

— The odds ratios are identical! The odds ratio is like the correlation coefficient - it does not
distinguish between the independent and dependent variable. It just provides a measure

of association.
— Odds ratios are also invariant to changes in sample size and marginal distribution.

— We didn’t actually need to calculate the conditional distributions to get this odds ratio.
Let’s say we want to get the odds of approval for each educational group. These odds

are given directly by the counts as:
fi2/f11 = 1190/873 = 1.364

faa/ fa1 = 1208/533 = 2.266
The odds ratio is then given by:

foa/for  foafin  873%1208

= = = 1.66
fiz/fir forfiz 533%1190

— Thus for any 2x2 table, the odds ratio is given by:

_ f22,f11
f21f12

— This is sometimes referred to as the cross-product because one divides the product of

OR

the diagonal elements by the product of the off-diagonal elements.

— As before, we will often see these odds-ratios in logged form.
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— For a 2x2 table, there is only one odds-ratio, but in larger tables, one can identify more

than one possible odds ratio.

Let’s expand the table Powers and Xie are using. In actuality, the two categories they
used for education and attitudes were collapsed from four original categories for both,

giving the followinf 4x4 table:

Is pre-marital sex wrong?
Almost  Some-
Education Always  always times never
Less than HS 332 99 141 311
HS 313 129 258 480
Some College 199 87 218 423
College+ 176 71 208 359

We could look at a lot of different odds ratios in this table, each involving four cells.
However, it turns out that for an Ix.J table there are only (I — 1)(J — 1) non-redundant
odds ratios. By non-redundant, I mean that we can derive all other possible odds ratios
in the table if we have the non-redundant ones. Therefore, all the information about

association in the table is contained in the non-redundant odds ratios.

For convenience, we usually take the local odds ratios:

0. — fii firn)G+n)
fa+vifi+)

Is pre-marital sex wrong?
Education Always vs. almost  almost vs. sometimes sometimes vs. never
LHS vs. HS 1.382 1.404 0.843
HS vs. Some Coll. 1.061 1.253 1.043
Some Coll. vs. College 0.923 1.169 0.890

Any other odds ratio can be calculated from these nine local odds ratios.

Let’s take the odds ratio between less than high school and some college and between

always and sometimes wrong. Calculated directly this odds ratio is:

218 * 332
199 % 141

=2.579

Compared to individuals with less than a high school education, individuals with some

college education are 2.579 times as likely to say that pre-marital sex is sometimes wrong

vs. always wrong.
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We could have derived this from our local odds ratios by multiplication:

(1.382)(1.404)(1.061)(1.253) = 2.579

In essence, we have to “traverse” the horizontal and vertical distance between points on

the table to derive any particular odds ratio.

— Interpreting local odds ratios

*

Lets look at the lower corner of the table. The odds ratio here turns out to be
0.89. What does this mean? College-educated individuals are 0.89 times as likely as
some-college educated individuals to say that pre-marital sex is never vs. sometimes
wrong.

How about the 1.253 in the middle of the table? Some-college educated individuals
are 1.253 times as likely as high school graduates to say that pre-maritial sex is

sometimes vs. almost always wrong.

Because both of our categories are ordinal, we can interpret all of the odds ratios
as indicating how tolerance for pre-marital sex changes as respondents move up in
education. Odds ratios greater than one indicate that tolerance goes up across that
boundary as education goes up across that boundary. Odds ratios less than one
indicate the opposite.

Thus although most of the local odds ratios are greater than one, indicating in-
creasingly liberal attitude with eduation, There are some interesting deviations as
we move across the some college vs. college boundary where tolerance actually ap-
pears to decline at the extremes. In general the greatest shift in attitudes for all

educational comparisons happens at the almost vs. sometimes boundary.

Remember that last semester we looked at a similar question on abortion attitudes
by treating both education and attitudes as quantitative variables. The results here
show the the pitfall of that approach. There are some clear non-linearities in how

education affects attitudes that we would miss if we took the former approach.

— Log-odds ratios

*

As before, we often work with the log of the odds ratios rather than the odds ratios

themselves. For our local odds ratios, this gives:
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Is pre-marital sex wrong?
Education Always vs. almost  almost vs. sometimes sometimes vs. never
LHS vs. HS 0.324 0.340 -0.170
HS vs. Some Coll. 0.059 0.225 0.042
Some Coll. vs. College -0.080 0.156 -0.117

x Whereas before, 1 marked the boundary between a positive and negative relationship,
now 0 marks that boundary.

* When we work with the log of the odds ratios, all of our multiplicative relations from
before become additive.

So, the log of the local odds ratio is given by:

log(0:;) = log(fi;) + log(f(i+1)(j+1)) — log(f(it1);) — log(fi(j+1))

Before, to get from the local odds ratios to any other odds ratio, we multiplied. Now

we add:
log(1.382) + log(1.404) + log(1.061) + log(1.253) = log(2.579)

0.324 + 0.340 + 0.059 + 0.225 = 0.948

* One of the main advantages of the log-odds ratio is that it is easier to derive inferences
for than the odds ratio directly. In large samples, the sampling distribution of the

log-odds ratio is roughly normal with a standard deviation of

L, 1 1
fig  Javv; o figry  Jfarno+

Let’s use this to calculate a 95% confidence interval for the local odds ratio between
LHS and HS respondents for saying almost always vs. always wrong.
First, lets calculate the standard deviation of the sampling distribution for the log-

odds ratio:

2ol s
332799 313 129

Now we use this value to get the confidence interval for our log-odds ratio:
0.324 + 0.155 x 1.96 = (0.020, 0.628)
Now we exponentiate this to get the confidence interval for our odds ratio:

(0020 £0-628y — (102, 1.87)

We are 95% confident that the range of values for the odds ratio in the population
does not include one, so we would reject the hypothesis that there was no assocation

at this level of the two variables.
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4.2 Log-linear models for two-way tables
e Log-linear models
— A more formal way of analyzing the kinds of two-way tables we have been looking at
would be to use log-linear models.
— In a log-linear model, we try to model the expected (log) count of each cell directly.

— The simplest log-linear model is the null model. Here we assume that the frequency in

each cell will simply be the mean of the cell counts.
Fij=Fy /(1)
In log-linear terms, we would write this as:
log(F3;) = A

— It is unlikely that the null model will give a very good fit in most cases, because it does
not even take account of the different marginal distributions of the variables. The next
model would be the independence model which accounts for marginal distributions,
but assumes no association.

log(Fij) = A4+ X + A
This model will fit the marginal distributions in the table exactly, but assumes no asso-
ciation between the categories of ¢ and j.
— Unlike the individual-level data we have been working with, we can also sensibly fit the

saturated model here, which assumes a different parameter for each individual cell.
log(Fij) = A+ X + X+ A5

— Log-linear models are a form of generalized linear model. The link function is the log
because this extends counts over the full number line. How about the error distribution?

We use the poisson distribution because we are dealing with the accumulation of events.

— Therefore, to fit a log-linear model one uses the counts as the dependent variable, and
the row and column variables are entered using the traditional dummy coding. This is
entered into a generalized linear model with a log link and a poisson error distribution.

* To fit the null model, no independent variables are entered
x To fit the independence model, the the row and column variables are entered.

* To fit the saturated model, include an interaction between row and column variables.

68



— Let’s look at the output for the saturated model using our pre-marital sex attitude

example.
Variable Coefficient
Intercept 5.805
Education
LHS (ref) -
HS -0.059
SC -0.512
C -0.63
Attitude
Always (ref)
Almost always -1.210
Sometimes -0.856
Never -0.065
Interaction
HS*Almost 0.324
SC*Almost 0.383
C*Almost 0.302
HS*Sometimes 0.663
SC*Sometimes 0.948
C*Sometimes 1.023
HS*Never 0.493
SC*Never 0.819
C*Never 0.778

The direct coefficients for attitude and education are not so interesting here, because
they just give us information about the marginal distribution of these variables.
The interaction terms are the interesting part because they tell us about the association

between education and attitude. But how do we interpret them?

— The interaction terms are log-odds ratios, but they are not the local log-odds-ratios.
Because we have used dummy coding, these are the log-odds ratios between the given
categories and the reference group, which here is given by LHS and Always wrong. So

we could put these log-odds ratios on a table like so:

69



Is pre-marital sex wrong?
Education Always vs. almost ~ Always vs. sometimes  Always vs. never
LHS vs. HS 0.324 0.663 0.493
LHS vs. Some Coll. 0.383 0.948 0.819
LHS vs. College 0.302 1.023 0.778

So each log-odds ratio is the ratio of the odds of having that attitude vs. Never for that
group relative to the LHS group.

Let’s take the middle number of 0.948 and exponentiate it.
918 = 2,579

So, individuals with some college education are 2.579 times as likely as individuals with
less than a high school education to say that premarital sex is sometimes wrong vs.

always wrong. Note that this is the same odds we found the other day by hand.

What is the relationship between these log-odds ratios and our local log-odds ratios from

before? Remember our local log-odds ratios were given by:

Is pre-marital sex wrong?
Education Always vs. almost  almost vs. sometimes sometimes vs. never
LHS vs. HS 0.324 0.340 -0.170
HS vs. Some Coll. 0.059 0.225 0.042
Some Coll. vs. College -0.080 0.156 -0.117

It turns out that if we cumulatively sum these local log-odds ratios across rows and

columns we will get the log-odds ratios for our log-linear model. (show this for a couple)

The difference between the two reflects the use of a reference category in the log-linear

model, but they both are giving you the same information.

The results from the log-linear model can be represented graphically as the change in

the log-odds for different educational groups relative to the LHS category.
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e Model constraints

— While the saturated model can often tell you interesting information, the beauty of log-
linear models is the ability to easily constrain the parameters of the interaction term to

address theoretical arguments.

— Let’s look at an example with a mobility table derived from the General Social Survey.

Father’s Son’s occupation

Occupation | Upper NM Lower NM  Upper M Lower M Farm
Upper NM 1,342 152 330 394 20
Lower NM 214 82 80 104 5
Upper M 653 120 647 519 21
Lower M 596 158 534 864 17
Farm 289 57 308 457 224

Mobility tables give the joint distribution of son’s and father’s occupation and are a

useful way to think about intergenerational occupational mobility.
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— One problem with mobility tables is that the marginal distribution of occupations can
change considerably between father’s and son’s occupation. This can lead to structural
mobility which we would like to distinguish from circulation mobility. Structural
mobility occurs through the overall upgrading of the labor force (more white collar jobs
available in the son’s generation). Circulation mobility is the association between father’s
and son’s occupation given a certain level of structural mobility.

We can factor out structural mobility by fitting a log-linear model which accounts for
marginal differences.
log(Fij) = A+ X + )

This model assumes that the count in each cell will simply be a result of the marginal
distributions of son’s and father’s occupation but not any association between the two.
In other words, this model assumes perfect mobility.

This model will not fit the data well at all. The X? statistic is 1725.9 on 16 degrees of

freedom, which clearly indicates that there is some association. We are not picking up.

— We could fit this association with the saturated model:
log(Fij) =+ N+ )\j + )\ij

But this model is not very parsimonious. What we are really interested in is under-
standing the pattern of association in the mobility table, especially based on theoretical

considerations about the relationship between particular groupings.

— What we can do is constrain some of the 16 parameters in \;; to be either zero or equal

to one another, to achieve a more parsimonious fit.

— One way to conceptualize this process is to think of the two-way association (after ac-
counting for marginals) table as a topographical map. Where the frequency is high,
there is a strong relationship between the categories, and where it is weaker there is a

weaker relationship. Our saturated model treats each of the cells as being at a different

level:
A A A A A
A B C D E
A F G H I
A J K L M
A N O P Q

Where each of the letters here represents a level. We can fit more constrained models by

assuming that some of these cells are on the same level. Let’s try some models:
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Quasi-Independence or Quasi-Perfect Mobility Model For starters what cells would
you assume to have the strongest relationships to one another? The cells where fa-
ther’s and son’s occupation are the same. These are the diagonal elements of the
table.

The first model we will try is the model which treats each of the diagonal elements
as having a different level and assumes that everywhere else in the table, the cell
frequencies are determined entirely from the marginals:

B A A A A

A C A A A

A A D A A

A A A E A

A A A A F
This model will generally be a vast improvement over the independence model, but
will generally not be sufficient in and of itself. There are relationships among the
off-diagonal cells that need to be accounted for.

Corners Model One argument for why QPM doesn’t fit as well as it should is that
there is excessive short-distance mobility at the extremes of the class distribution.
For example, when sons of Upper Non-Manual fathers don’t move into the Upper
Non-Manual category themselves, they are highly likely to simply move to Lower
Non-Manual. This can be modeled explicitly by not only blocking off the diagonals,
but by blocking off the off-diagonals in the ”corners” of the table.

B H A A A
G C A A A
A A D A A
A A A E J
A A A 1 F
this model allows for relationships among Upper non-manual /Lower non-manual and

Lower-manual and Farm.

Featherman-Hauser Model Featherman and Hauser developed a more complicated
topological model based on the observed pattern of odds ratios in their mobility
table. Their model is:
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This model is a constrained version of the corners distribution. It treats each cor-
ner differently with the E level, and then it posits separate (presumably stronger)
levels for UNM and Farm immobility. Finally there is an asymmetric pattern in the
likelihood of LNM children to move up to UNM status, vs. that same downward
mobility.

— Some models treat the resulting cell frequencies as the result of a combination of effects
that cross cells. The most famous case of this is called the crossing model. In the
crossing model, we assume that shorter moves are more likely than longer moves for all
groups. Furthermore, the boundaries for crossing certain categories may be stronger than
the boundaries for crossing other categories.

This formulation can be operationalized by creating four dummy variables as follows:

01 1 11 0 01 11 0 0011 0
100 00 0 01 11 0 0011 0
B=]10000(C=f11000][D=]00011]I E=]0
10 0 00 110 0 0 11100 0
10 0 00 110 0 0 11100 1

Usually, we block out the diagonals as well. Thus our topological model looks like:

A B B+C B+C+D B+C+D+E
B F C C+D C+D+E
B+C C G D D
B+C+D C+D D H E
B+C+D+E C+D+E D+E E I

— Normally, we don’t assume an ordinal scale to our categories, but it is possible to con-
struct models which treat the variables as ordinal. The question in these types of models
is what is the scale difference between categories? The simplest models assume uniform
scale differences between each category. Thus, you simply assign an integer score to each
category (show).

A different strat literature focuses on the status attainment of individuals and finds

that coming from a high SES background predicts high SES for oneself in a basically
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linear association. If we assume that our occupational categories here are evenly spaced

measures of prestige, then the equivalent model for the mobility table would be:
log(Fij) = A+ Xi + A + 8(6)(4)

The last term is essentially indicating a single linear association between father’s and
son’s occupation. One feature of this model is that it leads to constant local odds ratios
in the fitted table which are simply e®. This model is called the uniform association
model.

It is possible to extend this technique to allow for (a) different levels of change for
each origin category, or (b) different levels of change for each destination category, or
both. These are the row effects, column effects and row-+column effects models.
A further innovation, by Goodman, allows one to estimate within the model the score

for each category as a parameter.

4.3 Model Selection

e Model Selection

— Model selection generally plays a larger role in log-linear model than in other methods.

— The saturated model for the log-linear model is a sensible model: it simply fits the table
frequencies exactly. Therefore, all other models can be seen as attempts to derive the
essential ”structure” of the table without having to fit it exactly. If you can find a table

with acceptable fit relative to the saturated model, then you have succeeded in this task.

— Almost any model will be preferred to the null model. A more interesting comparison
here is between models which fit some association and the independence model which

assumes all of the action is in the marginal distributions.

— For nested models, we can use our LRT test to compare models. We can also compare

any two models using the BIC statistic.

— The saturated model has df = 0 and G? = 0, so it is always easy to compare any model
to the saturated model using the LRT test.
The LRT test versus the saturated model is just given by x?(df., G?), where c is the

current model. In other words, for a model to be acceptable by the LRT test, it must be
reasonable that the model’s overall deviance is a result of random chance.
If two models are nested, their fit can be directly compared with x2(df; — df2, G2 — G3),

where model 2 is nested within model 1. Essentially, we need to show that the reduction
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in deviance resulting from the addition of parameters could not have resulted just by

random chance.

Let’s look at how well different models fit to our mobility table.

Model Deviance (G?) DF BIC
Perfect Mobility 1425.3 16 1281.2
Quasi-Perfect Moblity 151.6 11 52.5
Corners 26.3 7 -36.8
Uniform Association 484.7 15 349.6

All of these models are nested within the perfect mobility model and it is clear at a glance
that they are all a significant improvement over a model which assumes no association.
For example, the LRT test between the perfect mobility and quasi-perfect mobility model
is given by

1425.3 — 151.6 = 1273.7

The QPM model reduced the deviance by 1273.7 with the addition of five parameters
accounting for the diagonal. This clearly is not a result of a sampling variability.

The corners model is nested within the QPM model so we can also directly compare these
two. The difference in deviance is 151.6 — 26.3 = 25.3 with the addition of 4 parameters.
On a x? test, the probability of observing a drop in the deviance of that size due to

sampling variability is 0.000043. So the corners model seems like a clear improvement.

The problem with this technique is that in large samples it is often not possible to
find models preferred to the saturated model because any deviation will be significant.
For example, we could compare the Corners model to the saturated model which has a
deviance of 0 and 0 degrees of freedom. The probability of getting a deviance of 26.3 or
higher on 7 degrees of freedom is 0.00045. So by traditional tests, none of these models

are preferred to the saturated model - even if we find them more conceptually appealing.

A second problem is that the LRT test cannot technically be used to compare non-nested
models. The Corners and Uniform Association model, for example, are not nested so they

cannot be compared directly with LRT

The BIC can solve both of these problems. Because BIC' is more parsimonious, it will
often prefer models to the saturated model that LRT will not. It can also be compared
across non-nested models. Underlying this distinction are some fairly deep differences in

the way inference is conceptualized that are beyond our scope.
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— Remember that BIC without the apostrophe is measured relative to the saturated model.

This is the most logical form of BIC for log-linear models. The formula is:
G? — (df)logn

Negative BIC' indicates that the current model is preferred to the saturated model. Two
models can be compared directly by a comparison of their BIC scores.

Looking at the BIC scores for our mobility models, it is clear that the only one preferred
to the saturated model is the Corners model which seems to clearly be the best model

overall.

4.4 Multiway Tables
e Multi-way tables

— Sometimes a researcher is interested in fitting a table with more than two dimensions.

Generally, there are two reasons to fit three-way or higher order tables:

1. The researcher is interested in whether the association between two variables varies
in the context of a third variable (interaction).

2. The researcher is interested in whether the association between two variables is
explained by a third (controlling).

— Let’s say for example that we had mobility tables for eight industrialized countries. We
would then have a three-way table of father’s occuation by son’s occupation by county
with dimensions 5x5x8. One interesting question for such tables is whether patterns
of mobility are uniform across industrialized nations once we have controlled different
marginal distributions.

In other words, our comparison would be between the following models:
IOg(Fijk) = A+ N+ )\j + A + )\ij + A + )\jk

So \;j gives the association between father’s and son’s occupation in general, and the Ay
and Aji give the different distributions of son’s and father’s occupations across countries,
respectively. It is important to control for these different distributions to get the measure

of association right.
log(Fijk) =+ A+ /\j + Ae + /\ij + Nk + )\jk + /\ijk

This final model is the saturated model. A;j; gives the difference in mobility across

countries. So if our first model is not preferred to the saturated model by standard
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tests, then we need to explore the ways in which mobility differs between nation-states.

Optimally we would find some constrained version of A;jy.
Models for three way tables can be summarized into several categories:

Mutual independence There is no relationship between any of the variables:
log(Fijk) =X+ N+ )\j + Ak

Sometimes this is written as (R,C,L)
Joint Independence This model assumes that there is only one two-way interaction
in the table:
log(Fiji) = A4+ Xi + A5 + A + A5
In this format we have (RC,L). This model is collapsible over the L dimension. There
is no relationship between RL, CL, or RCL.

Conditional Independence This model assumes that there are two two-way interac-

tions in the table:
IOg(Fijk) = A+ N+ )\j + A+ N + )\jk

This model assumes that there is no association between RC once we have accounted
for the distribution of R and C at each level of L (RL, CL).

no three-way interaction
log(Fijk) =N+ AN+ )\j + e + /\ij + Nip + )\jk

This model assumes that there is an association between all three variables, but that
the association between each of them is not affected by the level of the third. This

is the model we start with in trying to explain country-specific levels of mobility.

Powers and Xie give us an example of graduate admissions at UC Berkeley by gender
and major. This can be modeled as a three-way table of sex by admissions outcome by

major (2x2x8). The overall table of sex by admissions indicates a serious sex imbalance.

Sex ‘ No Admit Admit
Men 1480 1211
‘Women 1285 551

But, does this finding hold conditional on differences in major choice between men and
women? Is there an association between sex and admittance once major is accounted

for? To answer this question, Powers and Xie fit the conditional independence model
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(RL, CL). This model had a G? = 21.13 and df = 6. It did not fit by LRT standards,
although BIC liked it well enough (BIC = —29.37).

By examining the actual admission rates by major, Xie and Powers noted that the
admission rate only seemed to differ by gender for Major A. Therefore they fit the

following model:
10g(Fijk) =+ N+ )\j + Mg + A + )\jk + 61’ijk

Where ;5 was equal to one if i=female, j=admitted, and k=major A, and o otherwise.
This model is the same as the conditional independence model, except that it does allow
for gender differences in admission rates for major A.

This model fits the data well (G? = 2.81, df = 5) indicating that except for Major
A, there is no difference in admission rates by gender, once the association between
major choice and gender (RL) and admission rates and major (CL) are accounted for.

Furthermore, the difference by Major A actually favored women (8 = 1.05).
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5 Multinomial and Ordered Logit Models

5.1 Multinomial logit models

e Let’s return to our example from last semester where we used years of education to predict
abortion attitudes. Respondents were asked to respond whether they strongly disagree (1),
disagree (2), had no opinion (3), agree (4), or strongly agree (5) that a woman should be able
to seek an abortion for any reason. Previously we treated these responses as integer scores

and used OLS regression to get:

Variable ‘ Coefficient SE
Intercept 1.912  0.188
Education 0.079 0.014

e We now realize that it is a bit crude to treat what is clearly a categorical response as a
continuous response. We know how to put a dichotomous outcome on the left-hand side
(logistic regression), and we know how to model association when both variables are categorical

(log-linear models), but how do we deal with a polytomous dependent variable?
e What if we broke this question up into four different contrasts.

1. For five categories, create four contrasts: (1) strongly disagree vs. disagree, (2) strongly
disagree vs. no opinion (3) strongly disagree vs. agree, and (4) strongly disagree vs.

strongly agree. (notice I kept one of the categories in each contrast the same).
2. For each contrast run a logistic regression on the individual-level data with the same

independent variables: in our case years of education. Be sure to only use individuals

who fall into one of the categories being contrasted.

3. The results will tell you how education affects the likelihood of being in each category
vs. the reference (strongly disagree). Formally, you will have a set of 3; for the j the

contrast. Then,

log(pij/pi1) = Poj + Bijxi

e If we do this for our data we get the following values:

Disagree vs. No Opinion vs. Agree vs.  Strongly Agree vs.

Strongly Disagree Strongly Disagree Strongly Disagree  Strongly Disagree

Intercept 0.498 -0.865 -0.728 -2.079
Education -0.046 -0.003 0.063 0.139
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e What are these parameters telling us?

— The intercept tells us the expected odds of falling into the given category vs. the reference

category when a person has zero years of education.

— The slope tells us how the log-odds of falling into the given category vs. the reference

changes with every year of education. ’

— It is clear that the effect of education is not uniformly to increase one’s tolerance at all

levels of the dependent variable. It also seems to create greater polarization.

e The model we have fit is not quite right because we don’t correctly specify the error distri-
bution of the polytomous dependent variable. We can do this more effectively by specifying a

multinomial logit model. In practice, it produces very similar results as before.

Disagree vs. No Opinion vs. Agree vs. Strongly Agree vs.

Strongly Disagree Strongly Disagree Strongly Disagree  Strongly Disagree

Intercept 0.542 -0.864 -0.708 -2.131
Education -0.049 -0.003 0.062 0.143

e [ have already shown you the form of this equation. We are fitting the log-odds of membership
in each category of the dependent variable vs. some baseline category as a linear function of

covariates:
log(pij/pi1) = Boj + Brjwi1 + Bojxia + ... + BpjTip
where 7 is the ith individual and j is the jth category of the dependent variable. It is necessary
to make one of the categories the baseline category (5 = 1)
e There are two important cautions in interpreting coefficients from a multinomial model:
1. In our previous models, each covariate had only one coefficient. Now each covariate will
have J — 1 coefficients: one for each contrast.

2. The decision about which category to set as baseline is arbitrary. It will not affect the
overall fit of the model, but will affect interpretation. To get the coefficient for the

contrast between j and j':
ﬂj - ﬁj’
For example, let’s say we were interested in the effect of education on the log-odds of

being in the agree vs no opinion group.

0.062 — (—0.003) = 0.062 4 .003 = 0.065
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e The

And the effect of education on the log-odds of being in the strongly agree vs. agree group
is

0.143 — 0.062 = 0.081
This can also be done by rerunning the model with a different reference group.
Independence of Irrelevant Alternatives (ITA) assumption
The most serious assumption within the multinomial logit frameworks is the assumption
of the textbfindependent of irrelevant alternatives.

This assumption is that the the relative odds between any two outcomes are independent

of the number and nature of other outcomes being simultaneously considered.

The clearest case of a violation of this property is when certain outcomes serve as sub-

stitutes for others.

Let’s say we were interested in individual’s transportation choices for commuting. What

if we broke our transportation categories into four: red bus, blue bus, car, and train.
Now let’s suppose that everyone is equally distributed among these categories, so that:

Choice ‘Red Bus Blue Bus Car Train
Proportion | 0.25 025 025 025

Let’s say we removed blue buses as an option by repainting all of our blue buses red.
If these are truly distinct categories, then the blue bus group should distribute evenly

among the remaining categories:

Choice ‘Red Bus Car Train
Proportion | 0.33 0.33  0.33

What is more likely however is that the blue bus and red bus are perfect substitutes for
one another so that individuals who did use the blue bus will now use the red bus:
Choice ‘ Red Bus Car Train
Proportion ‘ 0.50 0.25 0.25

Multinomial logistic regression assumes that none of the categories can serve as substi-
tutes. If they can serve as substitutes, then the results of multinomial logistic regression

might not be very realistic.

There are methods discussed in the book for testing the IIA assumption. There are
also more complex models which allow the researcher to assess the degree to which two

categories are serving as substitutes for one another.
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5.2 The Conditional Logit model

e Conditional Logit Model

Multinomial logit models help us anwser the question ”how do individual’s characteristics

affect their likelihood of being in certain categories of a dependent variable?”

What if instead we are interested in how the characteristics of the categories affect
individuals likelihood of being in them. The classic examples here are how consumer

choices are made based upon aspects of the products available.

This kind of question can be addressed by the conditional logit model. One can also

combine the conditional logit and multinomial logit models together.

In the conditional logit approach, each individual gets a value for each of the different

potential options available to them. So,

’

log Pij/ Py = (215 — 2;5) «

Where z;; is a set of outcome-varying covariates. The coefficient o measures how these

characteristics of each outcome affect individuals’ choices between them.

The example in the book are the tranportation choices (presumably to work) for individ-
uals. The choices are bus, car, or train. For each individual, each choice has associated
with it a waiting time, in-vehicle time and in-vehicle cost, Also included is a ”value”
measure which includes the subjective value of time spent in each option (it may be
preferable for instance for respondent’s to sit in a car than a subway). The results show
that:

Variable coeflicient
waiting time -0.002
in-vehicle time -0.077
in-vehicle cost -0.435
value of time 0.431

So as cost and time increase, the likelihood of choosing a particular option declines. As
the value of the time spent in each type of option increases the likelihood of choosing

that option increases.

trans | ttme invc invt gc
______ e
train | 34.625 48.61842 608.8158 128.3092

bus | 41.11842 33.14474 633.5 116.2632
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car | 0 20.09211 578.2697 95.90132

Total | 25.24781 33.95175 606.8618 113.4912

— It is possible to consider a model which considers both option and individual-level char-
acteristics in determining the likelihood that certain options are chosen. This model can
be represented as:

log Pij/‘Pij' = (215 — Zij’)/a + (85 — /Bj')

Without the (3’s this model is just the standard conditional logit model. Without the
a’s, this model is simply the standard multinomial logit model. Powers and Xie give an
example where we consider how individual’s income level may factor into their decision

about which transportation option to use.

5.3 Ordered Logit Models

e Ordered Logit Models

— We have been thinking of attitudinal responses to abortion as a set of five unordered
responses, but there is a very clear and intentional ordering to these responses: Strongly

disagree, disagree, no opinion, agree, and strongly agree.

— We call categorical variables that can be ordered ordinal variables. If we know that a
category is ordinal then there are special models that tell us how independent variables

relate to someone being higher or lower on the scale.

— If we had a way of giving some underlying score to each level then we could fit the model

using basic OLS regression. There are different approaches to scoring techniques.

x The simplest, but often problematic, method would be to use integer scoring. We
assign the lowest score a 1 and then move up by an integer for every category. This
method is very crude because we assume that the categories are equally spaced.

* Another approach would be to use what’s called a normal score transformation.
Here we assume that the underlying categories are discrete realizations of some
underlying continuous distribution of attitude. If we assume that this distribution is
normally-distributed, we can assign each category a z-score based on the proportion

of responses at its midpoint.
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Category Integer Score Proportion Cum. Prop. Mid-point Z-score
Strongly Disagree 1 0.235 0.235 0.117  -1.189
Disagree 2 0.216 0.45 0.342  -0.406
No Opinion 3 0.095 0.545 0.498  -0.006
Agree 4 0.262 0.807 0.676 0.456
Strongly Agree 5 0.193 1 0.903 1.301

* Note that the distance between no opinion and agree and disagree is less than the
distance between the stongly disagree/agree categories and the disagree/agree cate-
gories.

x If we plug these scores into an OLS regression, we get

Coef Integer Score Estimate Z-score Estimate
Intercept 1.912 -0.595
Education 0.079 0.045

— We don’t need to use this scoring approach, however. We can use the ordered logit

model so that we can use the categories directly as our dependent variable.

— The ordered logit model depends upon the idea of the cumulative logit. This in turn
relies on the idea of the cumulative probability. You can think of the cumulative

probability C;; as the probability that the ith individual is in the jth or higher category:

J
Cij = Pr(y: <j) =Y _ Pr(y; = k)
k=1

We can then turn this cumulative probability into the cumulative logit:
logit(C’ij) = log(Cij/(l — CZJ))

— Our ordered logit model simply models the cumulative logit as a linear function of inde-
pendent variables:
IOgit(CZ‘j) = Q5 — ﬁfL’Z

— Note that there is a different intercept for each level of the cumulative logit, but that 3
does not vary by the level of the cumulative logit. Also note that 3 is subtracted rather
than added. This means:

* each a; indicates the logit of the odds of being equal to or less than category j for
the baseline group (when all independent variables are zero). Thus, these intercepts

will increase over j. These intercepts are sometimes referred to as cutpoints.
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x The ( tells us how a one-unit increase in the independent variable increases the
log-odds of being higher than category j (due to the negative sign). Because, this 3
is not indexed by j we are assuming that the one unit increase affects the log-odds

the same regardless of which cut-point we are considering.

— Let’s take our example with attitudes:

Coef Estimate
Cutpoints
Strongly Disagree 0.049
Disagree 1.045
No Opinion 1.440
Agree 2.708
Education 0.095

— What do the cutpoints tell us. They tell us about the expected cumulative distribution of
answers for individuals with zero years of education. If we exponentiate these parameters,

we will get the cumulative odds, and if take O/(1 + O) we will get the cumulative

probabilities.
S. Disagree Disagree No Opinion Agree S. Agree
Cutpoints (¢;) 0.049 1.045 1.440  2.708 -
Cumulative Odds (e*7) 1.05 2.84 422 15.00 -
Cumulative Probability 0.51 0.74 0.81 0.94 1
Distribution 0.51 0.23 0.07 0.13 0.06

— The coefficient for education tells us how the log-odds of each of these cutpoints de-
creases with a one year increase in education. The positive value indicates that one year
of education increases the odds of being in a higher category.

What would be the predicted odds of having no opinion or a less tolerant view for

someone with a high school degree:

61'44070'095*12 =1.35

How about for someone with a college degree (16 years)

e1.440—0.095*16 =0.92

We can reverse this and ask what are the odds they will have more than no opinion.
To do this we simply take the inverse of these odds. So the odds of having a more
tolerant attitude than “no opinion” are 1.09 for college graduates and 0.74 for high

school graduates.
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— Be careful. Because the ordered logit forces 8 to be the same across all cutpoints, dif-
ferences in the importance of education across different boundaries will not be observed.
Since we noted some important differences in the multinomial model, an ordered logit

model might not be the best alternative in this case.

5.4 Comparison of the logistic, multinomial, ordered logit, and log-linear

models

e I have presented the generalized linear models thus far as if they were distinct methods, but

they all have strong relations to one another.

e [t is easy to see, for example, that the logistic regression model is just a special case of the

multinomial model in which the dependent variable is dichotomous.
e Logistic vs. Log-linear models

— In order to see the relationship between log-linear models and logistic regression, let’s
return to the Titanic example. let’s examine survivorship by passenger class only. Here

are the results from a logistic regression predicting survivorship:

Variable Coefficient SE
Intercept 0.486 0.115
Passenger Class
1st Class (ref) - -
2nd Class -0.770 0.167
3rd Class -1.557 0.143

— We could have also run this model as a log-linear model on the two-way table between

survivorship and class:

Survived Died
1st Class 200 123
2nd Class 119 158
3rd Class 181 528

Where the model is the saturated model:
log(Fij) = A+ X7+ AF + A%F

This would give us the following results:
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Variable Coefficient SE
Intercept 4.812  0.090
Passenger Class
1st Class (ref) - -
2nd Class 0.250 0.120
3rd Class 1.457 0.100
Survival
Died - -
Survived 0.486 0.115
Interaction
Survived*2nd Class -0.770  0.167
Survived*3rd Class -1.557 0.143

— Notice that the interaction terms here are the same as the class effects for the logistic

regression and the effect for survived is the same as the intercept of the logistic regression.

— What is going on here. Well let’s right out the formula for the logistic regression model.

log(p2/p1) = Bo + Brxy + Boxa

Where ps and p; are the probability of survival and death. Now consider the log-linear
formula for survivors,
log(Faj) = A+ A5 +AF + A5F

And for non-survivors
log(Fij) = A+ A7 + A7+ AT

Now we can model the odds of survival in the log-linear model by:
log(Fa;/Frj) = log(F;)—1og(F1j) = AAS+AT+A5] —(AAT+A] A7) = (A5 =A7)+(A5 =A%)
Since 1 is the reference category for survival (died), then A7 cmd)\fjp =0 and

log(p2/p1) = log(Faj/Fij) = A3 + A3;

Therefore, these models are just different ways of representing the same thing. The
difference is that the log-linear model does not explicitly make either survivorship of
passenger class the dependent variable, but its parameters can easily be rearranged to

make such a relationship explicit.

e Mutinomial logit models and Log-linear models
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— Because multinomial logit models are an extension of ordered logit models, the same
logic just applied carries forward. Log-linear models can easily be rearranged to make

one dimension into the dependent variable.

— Let’s take a saturated log-linear model for a two-way table
log(Fij) = A+ X + Aj + Ay
We could rewrite this formula in the terms of the multinomial logit model:
log(p;/p1) = log(Fij/Fi1) = log(Fij)—log(Fi1) = A X+ A+ Aij—A=Ai=A1=Ai1 = (Aj=A1)+(Aij— i)
Because we have coded one as the reference category for j, those \’s are zero. Therefore,
log(pj/p1) = log(Fij/Fin) = Aj + Xij

— Let’s return to our abortion example. Let’s code education into a 4-category variable
(LHS, HS, SC, C+). Here are the results from a multinomial logit model with attitude

as the dependent variable.

Disagree vs. No Opinion vs. Agree vs.  Strongly Agree vs.

Strongly Disagree Strongly Disagree Strongly Disagree  Strongly Disagree

Intercept 0.00 -1.07 -0.46 -1.07
Education

LHS (ref) - - - -

HS -0.03 0.23 0.61 0.77

SC 0.07 0.41 0.88 1.19

C -0.42 -0.03 0.63 1.19

Here are the results from a log-linear model of the two-way table between attitude and

education:
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Variable Coeflicient
Intercept 4.29
Attitude
Strongly Disagree (ref) -
Disagree 0.00
No Opinion -1.07
Agree -0.46
Strongly Agree -1.07
Education
LHS (ref) -
HS 0.26
SC -0.10
C 0.07
Interaction
Disagree*HS -0.03
No Opinion*HS 0.23
Agree*HS 0.61
Strongly Agree*HS 0.77
Disagree*SC 0.07
No Opinion*SC 0.41
Agree*SC 0.88
Strongly Agree*SC 1.19
Disagree*C -0.42
No Opinion*C -0.03
Agree*C 0.63
Strongly Agree*C 1.19

Note that the interaction terms ()\;;) and the coefficients on attitude (A;)replicate the

multinomial results.
— Thus it is possible to express mutinomial models as log-linear models and vice-versa.

— Multinomial models have the advantage of being able to include continuous predictors,

whereas log-linear models are only useful for categorical independent variables.

— Log-linear models have the advantage of being able to easily specify constrained versions
of the saturated model. This is possible with multinomial models using what are called

“constrained multinomial models” but it is a bit more tedious.
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6.1

Ordered logit models are a further refinement of multinomial and log-linear models in which
the categories of the dependent variable are treated as ordinal. When the independent variables
are categorical, ordered logit models can be specified in a log-linear framework using row

effects, column effects, and the like.

Event History Analysis

Events, rates, and relative risk

When we have information on some units over a period of time (either from retrospective data

or panel data), we may be interested in studying the transitions from one state to another.

from living to dying
— from single to being married
— the passage of a law
— employment changes
— high school drop out

This kind of modeling is known by many names (hazard models, event-history models, dura-

tion analysis, etc.)

The underlying idea is that we would like to know how the underlying rate of an event
occurring is affected by covariates. (i.e. does being black increase your risk of becoming a high

school drop out).
To teach you event-history models, you must first learn a little demography.

What is a rate? A RATE IS NOT A PROBABILITY. A true rate is the number of events

that occur over the overall exposure to risk (as a unit of time).

FEvent

rate = ——
FExposure

Let’s take a simple example. We have observed 8 high school students over 2 school years. 4

of these students are white and four students are black.
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Student Race Exposure time Dropped out
1 White 1 N
2 White 2 N
3 White 2 N
4 White 14 Y
5 Black 2 N
6 Black 0.7 Y
7 Black 2 N
8 Black 1.2 Y

e We have the exact time we observe each of these students in the system as well as an indicator
variable indicating that they dropped out. For individuals that did not drop out, we have
censored observations. Notice that student 1 did not drop out, but he does not have the

full two years of exposure. Why might that be? (he graduated)

Red dots indicate the observation exited due to an event. Blue dots indicate that the obser-

vation was censored.
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e Let’s calculate the overall rate. How many events? How much exposure to risk?
Exposure=1+2+2+4+1442+.7T4+2+12=123

Rate = 3/12.3 = 0.24

This is not a probability!!! It means we expect 0.24 drop-outs per person-school year spent

in the system. It is possible to have rates greater than one.

e Now let’s get a separate rate for the white and black students.
Exposure (black) =2+ .74+2+1.2=5.9

rate (black) = 2/5.9 = 0.3390
Exposure (white) =1+2+4+2+14=64
rate (white) = 1/6.4 = 0.1563

e To compare these two rates, we can calculate what is called the relative risk (RR) which is

simply the ratio of the two rates:
RR =0.3390/0.1563 = 2.17

We see that the black students in this example are twice as likely to drop out as the white

students.

e The rate of drop-out is a form of the hazard rate \(¢). The hazard rate is derived from what
is called the survival curve (S(t)). The survival curve gives the proportion of respondents
who are still “alive” at time ¢. The hazard rate at exact time ¢ is the instantaneous decrement
at time ¢ divided by the exposure (S(t)) at time t.

dS/dt
=50
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e In our previous example, we were assuming that this hazard rate is constant over ¢. It can
be shown from the previous equation, that if A\(t) = A, then S(t) = e~** This is just the

exponential curve.

e We can show these curves for the black and white students by plotting the two equations:
black students: S(t) = ¢~ 0-3390¢

white students: S(t) = ¢~0-1563
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6.2

The dotted lines show what are called Kaplan-Meier curves. These lines plot a stairstep
function based on the actual decrements from the population. You can see that the exponential
curve fits to the Kaplan-Meier curve as best it can.

Parametric survival models

Our example from last time compared the drop-out rate between black and white high school

students over a two-year window.

This is an example of event history analysis. We are essentially asking how the drop-out rate

is affected by a covariate (in this case race).

We could express our relationship as follows:
Ai(t) = Bo + Bi;

x; is a dummy indicating that the student is black. This model says that the individual hazard

rate is a function of race. White students will have a drop-out rate of 5y and black students

95



will have a drop-out rate of By + (1. Since, we are assuming that the harzard rate is constant

across time:

Ai = Bo + Bz

e The hazard rate will always be positive. Therefore, we will generally prefer a model that is

linear in the log of the hazard rate:

log(\i) = Bo + frzs

In this format, the drop-out rate for white students is e and the relative risk for black

students is ef1. We calculated these values by hand last session.
Bo = log(white student drop-out rate) = log(0.1563) = —1.86

(1 = log(relative risk for black students) = log(2.17) = 0.77
So,
log()\l) =—-1.86+0.7T7x;

e From this model, we can develop a general model for the hazard rate:

log(X\i) = Bo + Bizin + Pozio + ... + BpTip

For categorical variables, the exponential of the coefficient gives the relative risk for the groups.
For continuous variables, the exponential of the coefficient gives the relative risk between two
individuals who only differ by one unit on the independent variable. 8y gives the hazard rate

for the baseline group.
e How do we estimate such models?

— The secret lies in breaking A; into it’s component pieces:

_ M

g
t;

Where p; is the expected number of events for observation ¢ and ¢; is the length of time

observation ¢ was observed.

— Plugging, this back into our equation:

log(%) = Bo + Brxin + Boxiz + ... + BpTip

)
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— By algebraic rules:
log(p:) —log(ti) = Bo + Bizir + Baia + ... + Bpip

log(,ui) = log(ti) + Bo + Prxi1 + Poxio + ... + Bpxip

— We are trying to estimate the log of the mean number of events for the ith individual as
a linear function of the independent variables. The only wrinkle is the log(¢;) on the right
hand side. This is referred to as an offset variable - i.e. a variable whose coefficient we

are assuming equals one.

— The only remaining trick is how to model p;. This is an expected number of events (i.e.
counts). That’s right, this is a straightforward GLM with a poisson error, log link, and

an offset of the log of exposure time.

— So in order to model this we treat the number of events for each individual (in most
cases with individual data, it will be one or zero) as the dependent variable and relate
the independent variables to it using a log link, a poisson error distribution, and log-

exposure as an offset. If we apply this to our school data, we get:
Variable | Coefficient (SE)

Intercept -1.86 (1.00)
Black 0.77 (1.22)

This is precisely what we derived by hand earlier.
e Parameteric models

— Our example treats the hazard rate as if it was constant over the duration time.
Alt) = A
This assumption leads to a an exponential survival curve:
S(t) =e M

— This is one form of a parameteric survival model. We refer to it as parametric because
we are assuming some underlying shape to the survival curve. The exponential model is

the simplest form of parametric survival model.

— Most parametric survival models assume proportional hazards. That is they assume

that there is an underlying hazard rate over time, and differences in the covariates simly
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lead to differences in the relative hazard rate at a point in time. in other words, they

assume no interaction between time and covariates. Mathematically,

i (t) — ho(t)eﬁlxil+52Iz‘2+m+ﬁpzip

Where ho(t) is some time function of the hazard rate. Because the hazard rate depends

on the length of times spent in the state, it is called duration dependent.
— Different specifications of this ho(t) lead to different parametric survival models.

* The Weibull model:
ho(t) = Ap(At)P~!

The Weibull distribution leads to hazard rates which either increase or decrease
monotonically over time. If p is greater than one, the hazard rate is increasing, if
p is less than one, the hazard rate is decreasing, and if p = 1, we have a constant
hazard rate.
* The Gompertz model:
hor = e

The hazard rate increases or decreases at an exponential rate. This is a useful model
for mortality at ages past about 30, because mortality rates tend to follow this

pattern.

— These models are all more complex to estimate than the exponential model because, they
require modeling the parameters of the hazard function as well as the covariates, but
intuitively they are similar. Choosing between them often requires a diagnostic analysis
such as the Kaplan-Meier curve. (what do we think about our high school students).

Let’s try fitting these parametric survival models to our data:

Model | log(RR) RR
Exponential 0.77 2.17
Weibull 0.79 2.21
Gompertz 0.78 2.18

e Adding time-varying covariates

— One of the great advantages of longitudinal analysis is that we can observe not only
changes over time in the state of interest, but also change over time in the characteristics

which might predict the state

— In the drop out example, what are some covariates that might affect drop-out rates and

change over time.
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*

Grades last term
* Disciplinary problems
* Grade in school
* Romantic relationships
— We would like to be able to incorporate these changes into our estimates of the effect of

the covariates. There is a straightforward technique for doing this. We have to change

the format of our dataset into a split-episode event data set.
1. Break the overall interval for individual ¢ into sub-intervals broken by each point
where one of individual i’s covariates changed.
2. record the value of each observed covariate at the start of each sub-interval.

3. Treat each sub-interval as an observation in itself. If there are lots of changes, each
individual will contribute many observations to the data. This will not artificially

inflate the size of your sample.

— Let’s take grades in math as an example for our high school students. Since grades are

recorded each semester, we will get 2 observations per school year for each individual.
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Student Race Previous Grade Semester Exposure time Dropped out
1 White A Fall 5 N
1 White A Spring .5 N
2 White B Fall 5 N
2 White A Spring b N
2 White B Fall 5 N
2 White C Spring 5 N
3 White B Fall 5 N
3 White B Spring . N
3 White A Fall .5 N
3 White B Spring .D N
4 White D Fall 5 N
4 White C Spring 5 N
4 White D Fall 4 Y
5 Black B Fall .5 N
5 Black A Spring 5 N
5 Black B Fall 5 N
5 Black C Spring .5 N
6 Black D Fall D N
6 Black F Spring 2 Y
7 Black B Fall . N
7 Black B Spring .D N
7 Black C Fall 5 N
7 Black B Spring . N
8 Black C Fall .D N
8 Black C Spring D N
8 Black D Fall 2 Y

— Now I can run a model which includes both a grade variable and a race variable. I could
also include a semester variable to see whether drop-out rates are higher in the fall or

spring. Let’s include a quantitative grade variable which goes from 0 (F) to 4 (A).

Variable Coefficient (SE)
Intercept 4.49 (2.29)
Black -0.32 (1.41)
Letter Grade -2.26 (0.95)
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Once grades are controlled for, the higher dropout rate of black students goes away (of

course this data is made up).

— In many cases, covariates will be recorded at regular intervals such as this, meaning that

splitting the data will be easier.

6.3 Semi-parametric models

e The assumption of a parametric form to the survival curve is a serious one that can often be
problematic. Two semi-parametric methods have been developed to reduce the importance

of this assumption.
e Piecewise constant exponential model

— This model assumes that the hazard is constant not over the whole range of time, but
within certain specified intervals of time. So, the constant A from the exponential model

becomes \; where j is some interval of time.
log(Aij) = o + B1zi1 + Pazia + ... + Bpip

Each a; gives the constant hazard within time interval j for the baseline group.

— If the time units are small enough or the true hazard rate is not changing too dramatically,

then the piecewise constant model often gives very acceptable results.
— The piecewise constant model approach allows the hazard rate to change in non-parametric
ways.

— Implementing this model is straightforward. The time intervals are just treated as time-
varying covariates. The researcher splits each observation into the J time intervals and

estimates an exponential models with each time inverval as a dummy variable.

— In our example, let’s assume that each student begins the study in the 10th grade. We
have reason to believe that the drop-out rate may differ in the 10th and 11th grade, so

we run a piecewise constant model. Our split episode file looks like this:
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Student Race Grade Exposure time Dropped out
1 White 10 1 N
2 White 10 1 N
2 White 11 1 N
3 White 10 1 N
3 White 11 1 N
4 White 10 1 N
4 White 11 4 Y
5 Black 10 1 N
5 Black 11 1 N
6 Black 10 0.7 Y
7 Black 10 1 N
7 Black 11 1 N
8 Black 11 1 N
8 Black 11 2 Y

— Now we just throw a grade dummy into our poisson GLM as well as a race dummy:

Coefficient Constant Piecewise Constant
Intercept -1.86 -2.49
Grade

10th (ref)

11th 1.21
Race

White (ref)

Black 0.77 0.78

(go through and interpret these results)
e Cox proportional hazards model

— Probably the most popular model for estimating event history is the Cox proportional

hazard model, also called Cox regression.

— Cox regression is popular because it makes no assumptions about the underlying haz-
ard function. It simply assumes that relative risks are constant across all times (thus
" proportional hazards).
A(t) = ho(t)e?

Where ho(t) can be any hazard function.
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— The set up for the Cox regression is similar to that for other models. The model requires
the value of covariates, the status of the individual at the end of the interval, and the

length of the interval. Time-varying covariates can be added in the normal way.

— Estimation of the Cox regression model is complex and requires a technique called partial
likelihood rather than MLE.

— The basic idea is that Cox regression uses information on the rank-ordering of survival
times to look at the likelihood that the ith individual will be the next to experience an

event.

— Caution: when there are many tied event times, Cox regression can give biased results.

e Here is a comparison of the relative risk for black students under various models

Model log(RR) RR
Exponential 0.77 2.17
Weibull 0.79 2.21
Gompertz 0.78 2.18
Piecewise Constant 0.78 2.18
Cox 0.83 2.30

6.4 Discrete time approximation

e Although it is nice to have information on the exact timing of events, we are often not so
lucky. it is very common in longitudinal datasets to have information on an individual’s status
at regular intervals of time, but not information on when status changed in the interval for

cases where it changed. Examples:
— labor force status
— school status
— marital change
e These are cases of what is often called discrete time. In actuality, the data are discrete
time approximations of a continuous time process. That is, we believe that there is some

continuous hazard of a change in labor force status between our recording intervals, but all

we know is whether the change did or did not occur during this interval.

e Because we don’t have information on exact timing, we cannot directly calculate hazard rates,

but we can calculate the probability of an event occurring in the interval.

103



e What is the relationship between the probability and the rate? If we assume that the hazard
rate is constant over the interval, then the probability of an event for individual 7 in time
period t is given by:

pir =1 — e

Where t; is the length of the time period, and A is the constant hazard rate. This follows

directly from the survival curve:
pr=1-=-8t;)==1- e M

e If we relate our covariate x;; linearly to the log of A as before, then

\ = gPotbizie

Then plugging into our previous equation:

Bo+BL1it (t;
(&
pr=1—e R

This is ugly. What we want to is to get a linear expression on the right. Let’s log both sides:
log(pit) — _Potbrzis (t,)
Getting better. Let’s multiply both sides by —1 and log again.

log(—log(pit)) = log(t:) + Bo + izt

On the left we have a link function for the probability known as the complementary log-log
function. On the right we have a linear function of the independen variables, plus an offset

of the log of the length of the time period.

So the discrete time approximation can be run directly on the dichotomous status variable
for each wave using a GLM with a cloglog link and an offset of log(¢;). In many cases, the
data are collected once a year, so that the offset will be log(1) = 0 and need not be explicitly
added.

e Duration dependence can be incorporated directly into this type of model be treating time
(measured as the wave of data) as a covariate. It can be treated as a set of dummies or it can

be modeled using a more parametric approach.

e True discrete time data
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— There are a few (rare) cases where the researcher may believe that the process is truly
governed by a discrete time process. The classical example would be the passage of state
legislation. Whether a bill gets passed early or late in legislative session may not really

give us any information on the hazard of the bill being passed overall.

— When the process is a true discrete time process, then the appropriate way to model it is
using a logit or probit transformation rather than a complementary log-log transforma-
tion. Because, we want to model the probability of transition directly, rather than the

rate.

— Many textbooks do not make a distinction between true discrete time processes and con-
tinuous time processes approximated with discrete time data, and many researchers use
the logit or probit transformation when they should be using the cloglog transformation

- but you know better,

— When the intervals are short and even for everyone the difference between cloglog and
logit is fairly trivial, but cloglog will always give closer estimates to what the continuous

time process would have produced than logit.

— Let’s take our example. Let’s say we didn’t know the exact time students dropped out,
but just whether they had dropped out by the end of the school year. First, we make
our split-episode file

Student Race Length of Inverval Dropped out
1 White 1 N
2 White 1 N
2 White 1 N
3 White 1 N
3 White 1 N
4 White 1 N
4 White 1 Y
5 Black 1 N
5 Black 1 N
6 Black 1 Y
7 Black 1 N
7 Black 1 N
8 Black 1 N
8 Black 1 Y
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6.5

— Now let’s run a discrete time approximation using first the logit and the cloglog. How

do the relative risks compare to our exponential model?

Model Constant  log(RR)
Exponential -1.86 0.77
Discrete logit -1.79 0.88
Discrete cloglog -1.87 0.78

Event count poisson regression

Sometimes researchers directly model the count of repeatable events that occur in evenly-

divided intervals of time (often years).

For example, in a recent Social Forces article, Debrah Minkoff examined the founding of Civil

Rights organizations during and after the Civil Rights period.

This method is straightforward. The dependent variable is the count of events for an observation-
time period (i.e. state-years). The covariates can be contemporary or lagged variables applying

to the observation.

Since counts go from 0 to oo, the dependent variable is usually logged and the error term is

given by a poisson. So we have a straightforward GLM:

10g(Mi,j) = fo + Bizij1 + ... + BpZijp
Where 1,5 is the expected count of events in the given time interval.

Although it is not usually seen as such, this is a form of a hazard model. It appears from the
model structure that we are modeling counts directly, but in fact we are modeling the rate.

The question is what is the exposure?

Using this technique we are really modeling the rate of events per observation-time unit (in
the case of Minkoff, nation-state-year). To show this, let’s use our usual form for the hazard

model where A;; is the rate of events per observation time-unit for observation ¢ in time period
VE

log(Aij) = Bo + Brzijn + - .. + BpTijp
As before, we can break the rate into the number of events (4;;) and the exposure (Ej;)

IOg(:u'ij/Eij) = o + 511'1']'1 +...+ ﬂpl'ijp

log(pij) — log(Ei;) = Bo + frziji + - .. + Bpijp
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log(pij) = log(ei;) + Bo + Brziji + - - . + BpTijp

E;; is the exposure count. What is it in the case of event count models? It is generally 1 unit

of time. Therefore:

log(piz) = log(1) + Bo + Brziji + ... + BpTajp

log(pij) = Bo + Priziji + ... + BpZijp

Event count models implicitly include an offset of log(1) to account for one year’s risk of
exposure. Thus these models are modeling the hazard rate for a particular kind of event as a

function of covariates.

As an example, lets return to our Prussian horsekick fatality data. Remember our data consist
of the count of fatal horsekicks to the head in 14 Prussian military corps over 20 years, giving
us 280 corp-years of observations altogether. Let’s look at how the rate of horsekick fatalities

differed by corp and over time.

Variable Coefficient SE t-stat p-value
Intercept -0.407 0.280 -1.455 0.146
Corp
G (ref) - - - -
I 0.000 0.354  0.000 1.000
11 -0.288 0.382 -0.753 0.451
111 -0.288 0.382 -0.753 0.451
v -0.693 0.433 -1.601 0.109
A% -0.375  0.392  -0.957 0.339
VI 0.061 0.348 0.174 0.862
VII -0.288 0.382 -0.753 0.451
VIII -0.827 0.453 -1.824 0.068
X -0.208 0.373  -0.556 0.578
X -0.065 0.359 -0.180 0.857
X1 0.446 0.320 1.394 0.163
XIV 0.405 0.323  1.256 0.209
XV -0.693 0.433 -1.601 0.109
year (origin=1875) 0.019 0.012 1.510 0.131

The baseline represents the log-rate for corp G in 1875. The rate was e 4% = .67 hosekicks/corp-

year for corp G in 1875. The results don’t give us any conclusive evidence of differences across
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corps or of a trend across years, although there may have been an increase in the rate over

time.

The difference between event count models and the hazard models we were using previously
is that the events in event count models are repeatable. Thus, the populations observed don’t
change states with the occurence of events. They are simply at risk of more events happening

to them (like the Prussian army is subject to more fatal horse kicks to the head).

In most cases, the researcher has the exact date on which events occurred and so these event
count models could be set up more like our other hazard models, where each record would be
the interval between events or until censoring. This type of model provides a better estimate of
the underlying hazard rate and can incorporate autocorrelation better, but many researchers

use the event count model instead because of its simplicity.
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