SELF QUIZ 1 SOLUTION

a. False. (The word “reduced” is missing.) Counterexample:

oy el 2heh

The matrix A is row equivalent to matrices B and C, both in echelon form.

. False. Counterexample: Let A be any nx n matrix with fewer than n pivot columns. Then the equation

Ax = 0 has infinitely many solutions. (Theorem 2 in Section 1.2 says that a system has either zero,
one, or infinitely many solutions, but it does not say that a system with infinitely many solutions
exists. Some counterexample is needed.)

. True. If a linear system has more than one solution, it is a consistent system and has a free variable.

By the Existence and Uniqueness Theorem in Section 1.2, the system has infinitely many solutions.

. False. Counterexample: The following system has no free variables and no solution:

X o+ X =1
X, = 5
X+ X = 2

. True. See the box after the definition of elementary row operations, in Section 1.1. If [A b] is

transformed into [C d] by elementary row operations, then the two augmented matrices are row
equivalent.

True. Theorem 6 in Section 1.5 essentially says that when AX = b is consistent, the solution sets of the
nonhomogeneous equation and the homogeneous equation are translates of each other. In this case,
the two equations have the same number of solutions.

. False. For the columns of A to span R", the equation Ax = b must be consistent for all b in R™, not for

just one vector b in R™.

. False. Any matrix can be transformed by elementary row operations into reduced echelon form, but

not every matrix equation AX = b is consistent.

True. If A is row equivalent to B, then A can be transformed by elementary row operations first into B
and then further transformed into the reduced echelon form U of B. Since the reduced echelon form of
Ais unique, it must be U.

j. False. Every equation AX = 0 has the trivial solution whether or not some variables are free.

K.

True, by Theorem 4 in Section 1.4. If the equation AX = b is consistent for every b in R™, then A must
have a position in every one of its mrows. If A has m pivot positions, then A has m pivot columns,
each containing one pivot position.

False. The word “unique” should be deleted. Let A be any matrix with mpivot columns but more than
m columns altogether. Then the equation AX = b is consistent and has mbasic variables and at least
one free variable. Thus the equation does not does not have a unique solution.

. True. If A has n pivot positions, it has a pivot in each of its n columns and in each of its n rows. The

reduced echelon form has a 1 in each pivot position, so the reduced echelon form is the nxn identity
matrix.

. True. Both matrices A and B can be row reduced to the 3x3 identity matrix, as discussed in the

previous question. Since the row operations that transform B into |; are reversible, A can be
transformed first into |; and then into B.

0. True. The reason is essentially the same as that given for question f.

. True. If the columns of A span R™, then the reduced echelon form of A is a matrix U with a pivot in

each row, by Theorem 4 in Section 1.4. Since B is row equivalent to A, B can be transformed by row
operations first into A and then further transformed into U. Since U has a pivot in each row, so does
B. By Theorem 4, the columns of B span R™.

. False. See Example 5 in Section 1.7.
. True. Any set of three vectors in R* would have to be linearly dependent, by Theorem 8 in

Section 1.7.



s. False. If a set {v|, V,, V3, V4} were to span R®, then the matrix A= [vi V2 V3 V4] would have
a pivot position in each of its five rows, which is impossible since A has only four columns.

t. True. The vector —u is a linear combination of U and v, namely, —u = (—1)u + Ov.
u. False. If u and v are multiples, then Span{u, v} is a line, and W need not be on that line.

v. False. Let U and Vv be any linearly independent pair of vectors and let w = 2v. Then w = 0u + 2V, so W
1s a linear combination of U and v. However, U cannot be a linear combination of v and w because if it
were, U would be a multiple of v. That is not possible since {u, v} is linearly independent.

w. False. The statement would be true if the condition Vv, is not zero were present. See Theorem 7 in
Section 1.7. However, if V| = 0, then {V,, V,, V3} is linearly dependent, no matter what else might be
true about V, and Vvs.

X. True. “Function” is another word used for “transformation” (as mentioned in the definition of
“transformation” in Section 1.8), and a linear transformation is a special type of transformation.

y. True. For the transformation X — AX to map R’ onto R, the matrix A would have to have a pivot in
every row and hence have six pivot columns. This is impossible because A has only five columns.
z. False. For the transformation X — AX to be one-to-one, A must have a pivot in each column. Since

Ahas n columns and m pivots, mmight be less than n.
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