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1. Introduction and main results

It is well-known that Hecke algebras H, (W) of Coxeter groups W do not have inter-
esting Hopf algebra structures since the only available one emerges via a complicated
isomorphism with the group algebra of W and, moreover this would make H, (W) into yet
another cocommutative Hopf algebra. The goal of this paper is to show how to extend
a Hecke algebra H,(W) to a (non-cocommutative) Hopf algebra H(W) that contains
H,(W) as a left coideal subalgebra.

We start with the simplest case when W is the symmetric group S,, generated by s;,
i=1,...,n — 1 subject to the usual Coxeter relations.

Definition 1.1. For n > 2 denote by H(S,,) the Z-algebra generated by s; and D;, i =
1,...,n — 1 subject to relations:

.S%:LSiDi—l—DiSi:Si—l,D%ZDi,i:1,...,n—l.
® S;S; = S;5j, Djsi = SiDj, DjDi = DiDj if |Z —]| > 1.
[ ] SjSiSj = SiSjSi, DzSJSZ = SjSiDj, DjSiDj = SiDjDi +D1D]$Z +SiDjS¢ lf |Z*]| =1.

Remark 1.2. We will leave as an exercise to the reader to show that the braid
relations D;D;11D; = D;11D;D;y1 and Yang-Baxter relations D;s;D;115;Diy1 =

Di+15iDi+1 SiDi hold in H(Sn)

Theorem 1.3. For any n > 2, H(S,,) is a Hopf algebra over Z with the coproduct A, the
counit g, and antipode anti-automorphism S given respectively by (fori=1,...,n—1):

A(Si) = 8; ® 8;, A(Dl) =D;®1+s; ® D;, E(Sz) =1, E(DZ) =0,
S(S,) = S, S(Dl) = —SiDi .

We prove Theorem 1.3 along with its generalization, Theorem 1.25, in Section 7.7.

! In a recent preprint arXiv:1608.07509 the term Hopf-Hecke algebras was used in different context.
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Remark 1.4. In fact, the Hopf algebras H(S,,), n = 3,4, 5 were studied in [1, Section 3.3]
(equations (14)-(18) with A\; = XAy =0, A3 = §) in the context of classification of finite-
dimensional pointed Hopf algebras, with the presentation similar to that in Remark 1.27
below. It would be interesting to see how would the Hopf algebras H(S,,), n > 6 (as well
as H(W), where W is any Coxeter group, see below) fit the classification program of
pointed Hopf algebras started in [2] and, conversely, how would a rich theory of pointed
Hopf algebras enhance the study of H(SS,,) and their representations.

The algebra H(S,,) has some additional symmetries.

Theorem 1.5.

(a) The assignments s; — —s;, D; — 1 — D; define an automorphism of H(S,,).
(b) The assignments s; — —s;, D; — s; + D; define an automorphism of H(S,,).
(¢) The assignments s; — s;, D; — D; define an anti-automorphism of H(S,,).

We prove Theorem 1.5 along with its generalization, Theorem 1.37 in Section 7.6.

Define a family of elements D;; € H(S,), 1 < i < j < n by D;;+1 = D; and
wDjw ™" = Diyy(s),w(;) for any permutation w € S, such that w(i) < w(j) (it follows from
Definition 1.1 that the elements D;; are well-defined). Denote by D(.S,,) the subalgebra
of H(S,) generated by all D;;.

Proposition 1.6. For all n > 2, H(S,,) factors as H(S,) = D(S,,) - ZS,, over Z, i.e., the
multiplication map defines an isomorphism of Z-modules D(Sy,) ® Z.S,,—H(S,,).

We prove Proposition 1.6 in Section 7.7. The algebra D(S,,) is can be viewed as a
deformed Fomin-Kirillov algebra because of the following result (see also Remark 5.26
for more details).

Proposition 1.7. For n > 2 the algebra D(S,,) is generated by D;;, 1 < i < j <n subject
to:

° D”Dkf = -Dk:ZDij whenever {27]} N {k7£} = @
® D;ijDji, = DiyDij + DjxDix, — Dig, DjiDij = DijDix + DigDji, — Dy for 1 < i <
j<k<n.

We prove Proposition 1.7 along with its generalization, Proposition 1.31, in Sec-
tion 7.7.

Remark 1.8. In Section 5 we construct a (Hopf) algebra of symmetries of D(S,,) and of its
generalizations to arbitrary groups. These Hopf algebras can be viewed as generalizations
of Nichols algebras.



4 A. Berenstein, D. Kazhdan / Advances in Mathematics 353 (2019) 1-8/4

Recall that Hecke algebra H,(S,) is generated over Z[q, ¢~ '] by T1,...,T,—1 subject
to relations:

o Braid relations T;T;T; = T, T;T; if |i — j| =1 and T;T; = T;T; if |i — 5| > 1.
e Quadratic relations T? = (1 — ¢)T; + q.

Theorem 1.9. For any n > 2 the assignment T; — s;+(1—q)D;, i =1,...,n—1 defines
an injective homomorphism of Z[q,q™]-algebras ¢ : H,(S,) — H(S,) @ Z[q,q7'].

We prove Theorem 1.9 in Section 7.7.

Thus, it is natural to call H(S,,) the Hecke-Hopf algebra of S,,.

Theorem 1.9 implies that any H(S,,) ® Z[q, ¢~ ']-module is automatically an H,(S,)-
module. That is, the tensor category H(S,) ® Z[q,q '] — Mod of H(S,) ® Z[q,q ']
modules is equivalent to a sub-category of the (non-tensor) category H,(S,)-Mod. We
can strengthen this by noting that the relations A(p(T;)) = s; ® o(T;) + D; @ (1 — q) for
i=1,...,n—1 imply the following result.

Corollary 1.10. In the notation of Theorem 1.3, the image ¢(H,(Sy)) = Hy(Sy) is a left
coideal subalgebra in H(Sy,,), in particular, the assignment T; — s; @ T, + D; @ (1 — q),
i=1,...,n—1, is a (coassociative and counital) homomorphism of Z|q,q ']-algebras:

H,(Sn) = H(S,) @ Hy(S,) . (1.1)

In turn, the coaction (1.1) defines a large family of conservative endo-functors of the
category H,(S,) — Mod.

Corollary 1.11. For any H(S,)-module M the assignments V +— Fpy (V) = M @V
define a family of endo-functors on Hy(S,) — Mod so that Fygn = Far o Fy for all
M,N € H(S,) — Mod.

Remark 1.12. If ¢ = 1, then CJS,, is a Hopf subalgebra of H(S,,) ® C. Of course, this gives
a “classical” analogue F,; : CS,, — Mod — CS,, — Mod of the functors Fy;. However,
we do not expect that, under the equivalence of H,(S,,) — Mod with CS,, — Mod, for a
generic ¢ € C, the functors F); will identify with F;,.

The following result shows the existence of a large number of finite-dimensional
H(S,,)-modules.

Proposition 1.13. For any n > 2, the polynomial algebra Z[xy,...,z,] is an H(S,)-
module algebra via the natural permutation action of S, and
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the i-th Demazure operator. In particular, any graded component of Z[x1,...,xy] is an
H(S,,)-submodule.

We prove Proposition 1.13 in Section 7.8.

As an application, for any quadratic solution of QYBE we construct infinitely many
new quadratic solutions of QYBE (Section 2).

Now we generalize the above constructions to arbitrary Coxeter groups W.

Recall that a Coxeter group W is generated by s;,i € I subject to relations
(s;s5)™9 =1, where m;; = mj; € Z>¢ are such that m;; =1 iff ¢ = j.

Definition 1.14. For any Coxeter group W = (s;]i € I) we define H(W) as the Z-algebra
generated by s;, D;, i € I subject to relations:

(i) Rank 1 relations: s? =1, D? = D;, 8;D; + D;s; = s; — 1 fori € I.
(i) Coxeter relations: (s;s;)™% =1
(iii) Linear braid relations: Disjsi---sj = sj---sysy Dy for all distinct 4, j € I with

My Mg

and {#', '} = {i,j}.

., i if m;; is even
my; # 0, where ¢/ = ¢
j if my; is odd

Example 1.15. The linear braid relation for W = S3 is D1s281 = s2581 Do and linear braid
relations for the dihedral group W of order 8 are D1555182 = s95159D1 and DysySs981 =
518281D2.

Theorem 1.16. For any Cozeter group the algebra ﬂ(W) is a Hopf algebra with the
coproduct A, the counit €, and antipode anti-automorphism S given respectively by (for
1el):

A(SZ) =35; ® s;, A(DZ) =D;®1+s & Di, E(Si) =1, 6(DZ) =0,
S(Sl) = S;, S(Dl) = —SiDi .

We prove Theorem 1.16 with its generalization to other groups, Theorem 3.2, in
Section 7.1.

Define S := {ws;w™! |w € W,i € I'}. This is the set of all reflections in W. It is easy
to see that linear braid relations in ﬂ(W) imply that for any s € S there is a unique
element D, € ﬂ(W) such that Dy, = D, for i € I and Dy, ss, = s;Dss; for any i € I,
s € 8\ {s;} (Lemma 7.18).

Let D(W) be the subalgebra of H(W) generated by all D,, s € S and K(W) :=

N wD(W)w?.
weW

By definition, K(W) is a subalgebra of D(W) and wK(W)w=! = K(W) for all
weWw.



[ A. Berenstein, D. Kazhdan / Advances in Mathematics 353 (2019) 1-8/4

Theorem 1.17. For any Coxeter group W the ideal J(W) generated by K(W) N Ker ¢ is
a Hopf ideal, therefore, the quotient algebra H(W) = H(W)/J(W)is a Hopf algebra.

We prove Theorem 1.17 in Section 7.3.

Remark 1.18. In Section 3 we generalize Theorem 1.17 to arbitrary groups W (Theo-
rem 3.5) and in Section 4 we generalize it even further — to the case when W is replaced
by an arbitrary Hopf algebra H (Theorem 4.5).

We refer to H(W) as the lower Hecke-Hopf algebra of W.

Definition 1.19. Given a Coxeter group W, a commutative unital ring k, and q = (¢;) €
k! such that ¢; = ¢; whenever m;; is odd, a (generalized) Hecke algebra Hq(W) is a
k-algebra generated by T3, i € I, subject to relations:

e quadratic relations: 77 = (1 — ¢;)T; + ¢; for i € I.

e braid relations: 1737} - -- = T;T; - - - for all distinct 4,5 € 1.
—_— ==
m” mf,j

Main Theorem 1.20. For any commutative unital ring k the assignments T; — s; + (1 —
qi)D;, 1 € 1, define an injective homomorphism of k-algebras [ Hq(W) —-HW)®k
(whose image is a left coideal subalgebra in H(W) @ k).

We prove Theorem 1.20 in Section 7.5.
The following is a corollary from the proof of Theorem 1.20 (in the case ¢; are integer
powers of ¢, it was proved in [12, Section 3.1]).

Corollary 1.21. For any commutative unital ring k the Hecke algebra Hq(W) is a free
k-module, moreover, the elements T,,, w € W form a k-basis in Hq(W).

Now we will construct a “Hopf cover” H(W) of H(W) with an easier to control using
the following important structural result.

Theorem 1.22. For any Coxeter group W, the algebra lj(W) is generated by all Dy, s € S
subject to relations D? = Dy, s € S. Furthermore, H(W) factors as H(W) = D(W)-ZW,
i.e., the multiplication map defines an isomorphism of Z-modules f)(W)@ZW:I:I(W)

We prove Theorem 1.22 in Section 7.2.

Remark 1.23. In Section 3 we extend this factorization result to arbitrary groups (The-
orem 3.6) and in Section 4 we generalize it even further (Lemma 4.15).

Using Theorem 1.22, we identify D(W) with a subalgebra of D(W) for any J C I
by claiming that D(W) is generated by all D, with s € SN Wj.
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For distinct 4,5 € I denote by K;;(W) the set of all elements in K(Wy; ;3) N Ker e C
f)(W”) having degree at most m;;, where we view the free algebra D(W) as naturally
filtered by deg D, =1 for s € S (clearly, K;;(W) = {0} if m;; = 0).

Theorem 1.24. For any Cozeter group W the ideal J(W) generated by all K;;(W),
1,7 € 1,4 +# j, is a Hopf ideal, therefore, the quotient algebra H(W) = I:I(W)/J(W) is
a Hopf algebra.

We prove Theorem 1.24 in Section 7.3.

We call H(W) the Hecke-Hopf algebra of W.

When W is simply-laced, i.e., m;; € {0,2,3} for all distinct ¢,j € I, we find the
presentation of H(W), thus generalizing that for S, in Definition 1.1.

Theorem 1.25. Suppose that W is simply-laced. Then the Hecke-Hopf algebra H(W) is
generated by s;, D;, i € I subject to relations:

0512:1,SiDi—FDZ‘Si:Si—l,D?:DifO’l"iEI.
® §5;8; = 8;Sj5, DjSi = SiDj, DjDi = DiDj Zf mi; = 2.
® 5,88 = S;5jS;, DiSjSZ‘ = SjSiDj, DjSiDj = SiDjDi + DZ‘D]‘SZ' + SiDijL' Zf mi; = 3.

We prove Theorem 1.25 in Section 7.7.

Remark 1.26. In Section 5 we show that by “homogenizing” the relations in Theo-
rem 1.25, one obtains a Hopf algebra Hy(WW) (Definition 5.23) which acts on D(W)
via braided derivatives and thus is closely related to the corresponding Nichols algebra.

Remark 1.27. Tt follows from Theorem 1.25 that the algebra H(W)® %Z for simply-laced
W has the following presentation in generators s; and d; = D; + %(sl —1):

o s2=1,sdi+dis;=0,d>=0forie I
® 555 = 8iSj, djsi = Sidj7 dde = dldj if mi; = 2.
® 5;58;8j = 8;5;S;, diSjSi = Sjsidj, djsidj = Sidjdi +didj3i + i(si _ 523j37,> if mi; = 3.

Actually, both H(W) and H(W) can be factored in the sense of Theorem 1.22 as
follows.

Theorem 1.28. H(W) = D(W) - ZW, H(W) = D(W) - ZW for all Cozeter groups
W, where D(W), D(W) are respectively the images of ]5(W) under the projections

H(W) - H(W), H(W) — H(W).
We prove Theorem 1.28 in Section 7.3.

Remark 1.29. It is natural to ask whether D(WW) and D(W) are free as Z-modules.
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We extend Proposition 1.7 and provide an explicit description of D(W) for an arbi-
trary simply-laced Coxeter group W.

Definition 1.30. Given a Coxeter group W, we say that a pair (s, s’) of distinct reflections
is compatible if there are 7,7 € I and w € W such that s = ws;w™!, s’ = wsjwfl,
lws;) = L(w) + 1, L(ws;) = L(w) + 1.

For w,w’ € W denote by my, 4 € Z>¢ the order of ww' in W (if it is infinite, we set
Moy,w' = 0)

Proposition 1.31. In the assumptions of Theorem 1.25, the algebra D(W) is generated
by Ds, s € S subject to relations:

e D2 =Dy foralls€S.
e DDy = DgyD; for all compatible pairs (s,s') € § X S with ms,y = 2.
e D;Dy = DyysDs + Dy Dsys — Dy for all compatible pairs (s,s') € S x S with

Mg g = 3.
We prove Proposition 1.31 in Section 7.7.

Remark 1.32. It would be interesting to find a more explicit characterization of compat-
ible pairs (s,s’) with a given ms . For instance, we expect that in a simply-laced W
each pair (s, s’) of reflections with m, o = 2, i.e., ss’ = §'s, is compatible.

The following is a refinement of Theorem 1.20.

Theorem 1.33. In the notation of Theorem 1.20, the assignments T; — s; + (1 — ¢;) D;,
i € I, define an injective homomorphism of algebras ow : Hq(W) — H(W). More-
over, ... = (mw ® 1) o pw, where my : HW) — H(W) is the canonical surjective
homomorphism of Hopf algebras (which is identity on ZW and myw (D(W)) = D(W)).

We prove Theorem 1.33 in Section 7.5.

It follows from Theorem 1.25 that both 7g,xs, and mg, are the identity maps and
that both definitions of H(S,,) agree. One can ask whether 7g_ is an isomorphism for
n > 4.

It follows from Theorem 1.33 that braid relations

D;Dj---=D;D;--- (1.2)
—_—— N—
mij Wz

hold in D(W). In fact, there are other relations in D(W).

Theorem 1.34. Given a Coxeter group W, for any distinct 1,5 € I withm :=m;; > 2 and
any w € W such that £(ws;) = £(w)+1,4(ws;) = £(w)+1 the following relations hold in
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D(W) for all divisors n of m, r € [L,n] (where we abbreviated Dy := Dy.g;5; - w1 €
2k—1

D(W), k=1,...,m):

(a) Quadratic-linear relations (for 1 <p < 3t ):

Z Dr+anDr+bn

0<a<b<ib—a=""—p

- § Dr+b/nDr+a’n - § Dr+cn 5

0<a/<b'< b —a’=p p<c<—p

Z Drern DrJran

0<a<b< P ib—a=""—p

= Z D'r—f—a’nDr-i-b’n - Z DT+CTL :

0<a’<b'< b’ —a’=p p<c<Tt—p

(b) Yang-Baater type relations (for 0 <t <™ ):

— — — —
H (1 - Dr+an) H Dr-{—bn = H Dr+bn H (1 - Dr—i—an) .
t<a<™—1 0<b<t—1 0<b<t—1 t<a< -1

We prove Theorem 1.34 in Section 7.4.

Remark 1.35. After the first version of the present paper was posted to Arxiv, Dr. Wei-
deng Cui informed us that he found a presentation of D(Wy; ;) for m;; € {4,6} in [7].
That is, if m;; = 4, D(Wy; ;1) is generated by Dy, s € S subject to relations D? = D,
s € S, the braid relations (1.2), and the relations from Theorem 1.34. If m;; = 6, there
are more relations than those prescribed by Theorem 1.34.

Remark 1.36. If W is not crystallographic, i.e., m;; € {b}UZ>7 for some distinct ¢, € I,
we expect even more relations in D(W), e.g., for m;; = 5, one can show that:

D1DsD3sDy + (D1D2D4 + DyD3 Dy — D2D4)(D5 — 1)
= D5D4D3D;y + D5D3Ds Dy — D5 D3 D, (1.3)
where we abbreviated D1 := Ds,;, D2 = Dy,s;s,, D3 = Dss;5;5,5; = Ds;s;8;8;8, Da =
Dy, s;s;, Ds = D, (as in Theorem 1.34). We do not expect (1.3) to follow from the
quadratic relations (Theorem 1.34(a)).

Now we establish a number of symmetries of H(W) and D(W).

Theorem 1.37. For any Cozeter group W one has:
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(a) H(W) and H(W) admit an anti-involution * such that 3; = s;, D; = D; fori € I.
(b) D(W) and D(W) admit the following symmetries.

1—-D. ifs=s
(i) A W-action by automorphisms via s;(Ds) = o Us=s for s € S,
Dsissi ZfS =S
1el.
(ii) An s-derivation ds (i.e., ds(xy) = ds(x)y + s(x)ds(y)) such that ds(Dy) = b5 s,
5,8 €8.

(¢) H(W) admits an involution 0 such that 0(s;) = —s;, 0(D;) =1—D; forie€ 1.

We prove Theorem 1.37 in Section 7.6.

Remark 1.38. Proposition 7.34 implies that for a finite Coxeter group W, the algebra
H(W) also admits an involution 6 as in Theorem 1.37(c). Based on a more general
argument of Proposition 7.31(b), we can conjecture this for all Coxeter groups. In fact,
the “innocently looking” Theorem 1.37(c) is highly nontrivial, in particular, applying 6
in the form # = S=2 (according to Proposition 7.31(a)) to the braid relations (1.2) in
D(W) one can obtain a large number of relations in degrees less than m;.

Using Theorem 1.33, we can extend Corollaries 1.10 and 1.11 to all Coxeter groups.

Corollary 1.39. Let W be a Cozeter group. Then:

(a) Hq(W) is a left H(W)-comodule algebra via T; — s; @ T; + D; @ (1 — ;) forie 1.

(b) For any H(W)-module M the assignments V +— Fy (V) :== M @ V define a family
of (conservative) endo-functors on Hq(W) — Mod so that Fyrgn = Fa o Fiy for all
M,N e HW) — Mod.

Furthermore, let us extend Proposition 1.13 to all W. Recall from [11] that an I x
I-matrix A = (a;5) is a generalized Cartan matrix if a;; = 2, a;; € Z<g for i # j and
ai; - aj; = 0 implies a;; = a;j; = 0.

The following is a (conjectural) generalization of Proposition 1.13 to crystallographic
Coxeter groups W, i.e., such that m;; € {0,2,3,4,6} for all distinct 4,5 € I.

Conjecture 1.40. Let A = (a;5), i,j € I be a generalized Cartan matriz. Let W = W4 be
24 ajjaj;  if aggag; <2
the corresponding crystallographic Coxeter group, i.e., m;; = { 6 if ajjaj; =3
0 if aijaz; >3
fori,jel,i#j andlet L1 = Z[tEY],i € 1. Then the assignments
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1—t 9
si(ty) =t "ty Dilly) = t——5—
K3

fori,j €1 turn Ly into an H(W)-module algebra.

We verified the conjecture in the simply-laced case, i.e., when A is symmetric (Sec-
tion 7.8). We also verified that F(W), indeed, acts on £ via (1.4) (Proposition 7.42) for
any A. After the first version of the present paper was posted to Arxiv, Dr. Weideng Cui
informed us that he proved the conjecture for m;; € {4,6} in [7] using his presentation
of H(W{; ;1) (see Remark 1.35), that is, for all crystallographic Coxeter groups.

It would also be interesting to see if K(W) annihilates £; as well, i.e., if the desired
action of H(W) on L; factors through that of H(W).

We conclude Introduction with the observation that all results of this section extend
to what we call extended Coxeter groups w. Namely, given a Coxeter group (s;|i € I),
we let W be any group generated by §;, ¢ € I such that

e 32 is central for i € I.

e braid relations: 3;5;--- = 5;5; - - - for all distinct %, j € I.
——
Mz mij

e The assignments §; — s;, define a (surjective) group homomorphism W —W.

Clearly, in any extended Coxeter group W one has a relation 57 = 57 whenever m;;
is odd. In particular, S,, is a central extension of S,, with the cyclic center.

Then Definitions 1.1 and 1.14 carry over and give H(S,) and H(W) with the only
modification: the rank 1 relations s; D;+ D;s; = s;—1 are replaced with §;D;+D;§; = §;—
42 because §; is not necessarily an involution. Then Theorems 1.3, 1.5 and Proposition 1.6
hold for H(S,) with D(S,) = D(S,). So do Theorems 1.16, 1.17, 1.22, 1.24, 1.28,
and 1.37 for H(W) with S = {@8,0~" | € W,i e I}, D(W) = D(W), K(W) = K(W),
and K(W) = K(W). By the very construction, the canonical homomorphism W > W
defines surjective homomorphisms of Hopf algebras H(W) — H(W), H(W) — H(W),
and H(W) — H(W).

Finally, to establish analogues of Theorems 1.20 and 1.33 for a given extended Coxeter
group W, in the notation of Definition 1.19, define a (generalized) Hecke algebra Hg(W)

of W, to be generated over a commutative ring k by T}, z;, ¢ € I subject to relations:

e The assignments z; +— §? define an injective homomorphism of algebras k[z;,i €
I] < kW, where k|[z;,i € I] denotes the subalgebra generated by z;, i € I.
e quadratic relations: T2 = (1 — ¢;)T; + ¢;2; for i € I
e braid relations: T;7} - - - = T;T; - - - for all distinct 4,5 € 1.
—_—— N —

mij mMij
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A N

Then Theorems 1.20, 1.33 and Corollary 1.21 hold verbatim for Hq(WW) and H(WW),

2. New solutions of QYBE

We retain the notation of Section 1. The following is immediate.

Lemma 2.1. Let n > 3. Then for a k-module V' and a k-linear map ¥ : VRV - VeV
the following are equivalent.

(i) the assignments T; — U, = Idy @ -+ - Idy QU Idy ® --- Q@ Idy fori=1,...,n—1
N———— N—
i—1 n—i—1

define a structure of an Hy(Sy)-module on V®";

11 sSatisfies € orata equation on an € quaaratic equation on N
ii) ¥ sati the braid ti V@3 and th drati ti ye2
T WUy = U0 Uy, U2 = (1 —q)V +q- Idygy (2.1)
(where ¥y := U @ Idy, Uy :=Idy @ V).

We refer to any ¥ satisfying (2.1) as a quadratic braiding on V.
In a similar fashion, we obtain the following immediate result for H(S,,)-modules.

Lemma 2.2. Let n > 3. Then for any Z-module U and any pair of Z-linear maps s, D :
UU — U®DU the following are equivalent:

(a) the assignments: s; — Idy ® -+ Idy ®s ® Idy ® -+~ ® Idy, D; — Idy ® ---Idy ®
—_—— —_— —_——
i—1 n—i—1 i-1
D@Idy®---®Idy fori=1,...,n—1 define a structure of an H(S,)-module on
—_———
n—i—1

U®7L,.

(b) the assignments s1 — s ® Idy, ss — Idy ® s, D1 — D ® Idy, Dy — Idy ® D
define a structure of an H(S3)-module on U®3.

We refer to any pair of Z-linear maps s, D : U ®@U — U @ U satisfying Lemma 2.2(b)
as an H(Ss5)-structure on U.

Furthermore, given an H(S3)-structure s, D : UQU — U®U on any Z-module U, any
k-module V' and any k-linear map ¥ : V ® V — V ® V define a k-linear endomorphism
Uy of (U ® V)®2 by:

Uy =753 0(s®@V+ (1 -q)D®Idygy) o Tas (2.2)

where 793 : (U@ V)@ (U V)=({U®U)® (V®V) is the permutation of two middle
factors.
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The following result was the starting point of the entire project.

Theorem 2.3. Let ,D : U QU — U @ U be any H(S3)-structure on a Z-module U and
let U : VeV —=>VRV beaquadratic braiding on a k-module V. Then

(a) The linear endomorphism Wy of (U ®@ V)®2 is also a quadratic braiding.

(b) The functor Fyen from Corollary 1.11 satisfies: Fyen (VE™) = (U @ V)™, where
Ve s naturally an Hy(Sy,)-module by Lemma 2.1 via the quadratic braiding ¥ and
(U @ V)®" is naturally an H(S,)-module via the quadratic braiding V.

Proof. Let U : V®V — V®YV be a quadratic braiding. By Lemma 2.1, the assignment
T, — ¥;,i=1,...,n — 1 defines a k-algebra homomorphism H,(S,) — Endy (V™).

Furthermore, let U be a Z-module with an H(S3)-structure s,D : U@ U — U ® U.
Then, clearly, U®" is an H(S,, )-module by Lemma 2.2. Tensoring these homomorphisms,
we obtain an algebra homomorphism H(S,) ® H,(S,) = Endz(U®") @ Ende(V®") C
Endy(U®"@V®™). Composing it with the coaction (1.1) and naturally identifying U®™®
V@ with (U®V)®" we obtain a k-algebra homomorphism Hy(S,) — Endi((U®V)®™)
given by T; — (Uy); for ¢ = 1,...,n — 1. In view of Lemma 2.1, Uy is a quadratic
braiding. This proves (a). Part (b) also follows.

The theorem is proved. O

Remark 2.4. We found a particular case of Theorem 2.3 in [9, Formula (4.8)] and [10,
Formula (32)], but the general case seems to be unavailable in the literature.

The following immediate corollary of Proposition 1.13 provides an example of an
H(S3)-structure.

Corollary 2.5. Let U = Z[x]. Then the permutation of factors s : U U — U QU

T L_(1-5) onU®U = Z[wy,xs] comprise an
—X1Tqy

and the Demazure operator D =
H(S3)-structure on U.

3. Generalization to other groups

In this section we generalize the construction of Hecke-Hopf algebras to all groups.
Indeed, let W be a group and S be a conjugation-invariant subset of W\ {1}, and let R
be an integral domain.

For any functions x,0: W xS — R let IA{X’U(W) be an R-algebra generated by W,
as a group, and by Dy, s € S subject to relations:

wDsw ™ = Yu s - Dysw—1 + Ow,s - (1— wsw™ ) (3.1)

)

forallse S, we W,
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|:Z7:| Ds(ast +b€)(a§D9 +b€(1+a9)) e (aI;ile +b‘3(1+a9 +ee +als€72)) =0 (32)

for all s € S of finite order |s| and k = 1,...,]|s|, where we abbreviated as := Xss,
n k qn+1—i —1
bs == 05,5 and [k’] =l € Z>o[q] is the g-binomial coefficient.
7 — >

a =1
Remark 3.1. If a, = xs,s is an primitive |s|-th root of unity in R*, then the relations
(3.2) simplify:

Dy(asDy + by)(a2Dy 4 bs(1 + ay)) -+ (@1 1Dg + bs(1 4+ as +--- +al*I=2) =0 . (3.3)
Otherwise, if a; is not an |s|-th root of unity and R is a field, then Dy = 0.

The following result generalizes Theorem 1.16.

Theorem 3.2. For any group W, a conjugation-invariant set S C W\ {1}, and any maps
X, 0: Wx8 —= R, I:IXJ(W) is a Hopf algebra with the coproduct A, the counit €, and
the antipode anti-automorphism given respectively by (for s € S):

A(s)=s®s, A(Ds)=Ds®1+s® Dy, e(s) =1, e(Ds) =0,
S(s)=s"1, S(Ds)=—s"'Dj . (3.4)

We prove Theorem 3.2 in Section 7.1.

For any x,0 : W x § — R denote by ]A)Xyg(W) the R-algebra generated by all Dy,
s € S subject to all relations (3.2). By definition, one has an algebra homomorphism
D, (W) — H, ,(W). This homomorphism is sometimes injective and implies a factor-
ization of H, ,(W).

Theorem 3.3. In the notation of Theorem 3.2, suppose that:
e \ and o satisfy

X —
-1 € R, Ouypwy,s = Ows,s + X250 wyswy ! (3.5)

Xwiwa,s = Xwa,s Xw17w28w2

for all wy,w, e W, s€S.
e Foranys €S of finite order and w € W: xluf,ls =1 and there exists Ky,s € Z>q such
that

Ow,s = Oos(14 Xos + -+ X571 (3.6)
Then Hy (W) factors as Hy , (W) = Dy (W) - RW over R (i.e., the multiplication

map defines an isomorphism of R-modules Dy, ,(W) @ RW—=H, ,(W)) and is a free
R-module.
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We prove Theorem 3.3 in Section 7.2.
Remark 3.4. Any pair (x, o) satisfying (3.5) defines:

o A W-action on V = @4esR - Dy via w(Ds) = 0,5 + Xw,s Dwsw-1 for we W, se S
(see also Theorem 3.9(a) below).

e A function v € Homp(RW @ V, RW) given by v(w ® D) = 0y, swsw™! which is a
Hochschild 2-cocycle, i.e., wiy(we @ v)w; * —y(wiws @ v) 4+(w; @ws(v)) = 0 for all
wy,wg € W, v €V (see also Proposition 4.11 with generalization to Hopf algebras).

In particular, for any function ¢: W — R, the map ¢°: W x § — R given by

c .
Uw,s = Ow,s +cs — Xw,sCwsw—1

also satisfies the second condition (3.5) and thus o€ is cohomological to o.

Denote by ]NDXVU(W) the subalgebra of I:IXVU(W) generated by all Dy, s € S (by
definition, this is a homomorphic image of D, , (W) in H, ,(W)) and let

Ky o(W):= ) wDy,,(W)w™". (3.7)
weWw

Denote by H, ,(W) the quotient algebra of I:IXJ(W) by the ideal generated by
K, .(W)nKere.

Theorem 3.5. In the notation of Theorem 3.2, suppose that IA{X’U(W) is a free R-module
(e.g., R is a field). Then H, (W) is naturally a Hopf algebra.

We prove Theorem 3.5 in Section 7.3. We will refer to H,, (W) as a Hopf envelope
of (W, x,0) (provided that H, (W) is a free R-module).
Furthermore, in the notation of Theorem 3.2 denote by D, ,(W) the quotient of

D, (W) by the ideal generated by K, ,(WW). By definition, one has an algebra ho-
momorphism D, (W) — H, ,(W). Similarly to Theorem 3.3, this homomorphism is
sometimes injective and implies a factorization of H, ,(W).
Theorem 3.6. In the assumptions of Theorem 3.2, suppose that

Xs,s 18 a primitive |s|-th root of unity ¥V s € S of finite order |s| . (3.8)

Then Hy, (W) is a Hopf algebra and it factors as Hy (W) = D, (W) - RW.

We prove Theorem 3.6 in Section 7.3. In fact, the lower Hecke-Hopf algebra H(W)
from Theorem 1.17 equals H, (W) for a special choice of x,o (see Proposition 7.4)
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which automatically satisfy (3.5), (3.6), and (3.8). For some groups W, say, complex
reflection ones, we may expect an analogue of the Hecke-Hopf algebra H(W) as well.

Remark 3.7. We believe that classification problem of quadruples (W, S, x, o) with any
s € S of finite order satisfying (3.5), (3.6), and (3.8), is of interest.

Similarly to Theorem 1.37, we can establish some symmetries of H, ,(W) in general.

Theorem 3.8. In the notation of Theorem 3.2, suppose that~ is an involution on R such

that X,y s = Xw,s=15 Ow,s = Ow,s—1 for allw € W, s € S. Then the assignments w = wt,

Dy = Ds-1 forw e W, s €S extends to a unique R-linear anti-involution of H,, ,(W).
The following is a generalization of parts (a) and (b) of Theorem 1.37.

Theorem 3.9. In the assumptions of Theorem 3.3 suppose also that

Owsw—1,wsw—1 — Os,s (39)

forallw e W, s €S of finite order. Then:
(a) Suppose that

Ow,s10wsy,s2 " " Owsysk_1,5, — 0 (3'10)

for any w € W, k > 2, and any s1,...,5x € S such that s1---sx = 1. Then
the algebra D, (W) admits the W-action by automorphisms via w(Ds) = 0,5 +
Xw,sDwsw-1 forw e W, seS.

(b) Suppose that for a given s € S one has

Os=1,6105=151,85 """ Os—lgys_q,80 — 0 (3.11)

for any k> 2 and any s1,...,5, € S such that s1--- sy = s. Then D, (W) admits
an s~ t-derivation s (i.e., Os(xy) = Os(x)y + s~ 1(x)0s(y)) such that ds(Dg) =
05,6005-15, 5,8 €S.

We prove Theorem 3.9 in Section 7.6. In fact, the algebra ]ADXJ(W) has these sym-
metries if (3.9) holds (Proposition 7.27(c)), however, (3.10) is needed for K, , to be
invariant the W-action and (3.11) is needed for K, (W) to be in the kernel of each 0.

Remark 3.10. If R is a field, then the condition (3.10) implies that the transitive closure
of the relation ws < w iff 0y, s # 0 is a partial order on W, which we can think of as a
“generalized Bruhat order.” This is justified by Proposition 7.10(b) which implies that if
W is a Coxeter group and S is the set of all reflections in W, then (3.10) holds and the
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partial order coincides with the strong Bruhat order on W. It is also easy to see that the
condition (3.11) holds for each simple reflection in any Coxeter group. So we can think
of all s satisfying (3.11) as “generalized simple reflections.”

Conjecture 3.11. In the assumptions of Theorem 3.3 suppose that 0 is an R-linear auto-
morphism of RW such that 0(w) € R*-w forw € W and 0(s) = xs,5-5 fors € S. Then §
uniquely extends to an algebra automorphism of Hy, (W) such that 0(Ds) = 05 s+Xs,sDs
forseS.

If one replaces H, (W) with H, , (W), the assertion of the conjecture is true (Propo-
sition 7.27(b)). However, unlike that in Theorem 1.37(c), the question whether 6 preserves
K, o (W) is still, open, which the conjecture, in fact, asserts.

The following is a natural consequence of the above results and constructions.

In the situation of Theorem 3.3 to a subset Sy C S and a function q : So — R (s — ¢s)
we assign a subalgebra Hq (W, Sp) of H, (W) ®k generated by all s+(1—g¢s)Ds, s € Sp.
By the very construction, Hq(W,Sp) is a left coideal subalgebra in H, ,(W).

We say that Hq(W,Sy) is a generalized Hecke algebra if it is a deformation of RWj,
where Wy is the subgroup of W generated by Sy, or, more precisely, the restriction of
the R-linear projection 7 : Hy (W) — RW given by m(zw) = w for x € Dy ,, w € W
to Hgq(W, Sp), is an isomorphism of R-modules Hq(W, So)—=RWj.

Problem 3.12. Classify generalized Hecke algebras.

In Section 6 we solve the problem for finite cyclic groups W via generalized Taft
algebras.

It would be interesting to compare our constructions with the Broue-Malle-Rouquier
Hecke algebras ([6]) attached to complex reflection groups.

4. Generalization to Hopf algebras

In this section we will extend our constructions from algebras H, (W) to Hopf al-
gebras H over a commutative ring R containing a Hopf subalgebra H and a left coideal
subalgebra D.

Recall that, given a coalgebra H over a commutative ring R, an R-submodule K is
called a left (resp. right) coideal if A(K) C H® K (resp. A(K) ¢ K® H).

The following properties of left (and right) coideals are, apparently, well-known.

Proposition 4.1. For any coalgebra H over R, one has:

(a) Sum of left coideals is also a left coideal.
(b) If H is a free R-module, then the intersection of left coideals is also a left coideal.

Proof. Part (a) is immediate.
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To prove (b), we need the following obvious (and, apparently, well-known) fact.

Lemma 4.2. Let A be a free module over a commutative ring R and let B be an R-module

and By, i € I be a family of R-submodules in B. Then (| (A®B;j) = A ® (ﬂ Bi).
il icl

Indeed, if Bj, i € I is a family of left coideals in H, then

A(()B) c(NAB) c((H@B; =H® (ﬂ&) :
i€l iel i€l i€l
by Lemma 4.2 taken with A = B = H. This proves (b).
The proposition is proved. O

Let H be a Hopf algebra over R and let H be an H-module algebra (we denote the
action by h ® x — h(z)). For any R-subalgebra D of H define

K(H,D):={zxeD|H(z) CD}. (4.1)
Lemma 4.3. K(H,D) is a subalgebra of H invariant under the H-action.

Proof. Indeed, for z,y € K(H,D) we have h(zy) = hy(z) - h2)(y) € D for all h € H.
Hence zy € K(H,D) and the first assertion is proved.

Furthermore, given z € K(H,D), h € H we have h/(h(z)) = (Wh)(z) € D for all
K’ € H, therefore, h(xz) € K(H,D) for all x € K(H,D), h € H. This proves the second
assertion.

The lemma is proved. O

The following is immediate.

Lemma 4.4. Suppose that H is a Hopf algebra over R and also a subalgebra of an
R-algebra H. Then the assignments hox = hey - x - S(h), h € H, x € H, turn
H into an H-module algebra.

Replacing, if necessary, an H-module algebra H with the cross product H = H x H,
we see that Lemma 4.4 is applicable to H.

In the following result, we will use the action from Lemma 4.4 for constructing new
Hopf algebras.

Theorem 4.5. Let H be a Hopf algebra over R, H be a Hopf subalgebra of H, and D be
a left coideal subalgebra of H. Suppose that H is free as an R-module. Then the ideal
J(H,D) of H generated by K(H,D)N Ker ¢ is a Hopf ideal, hence H := H/J(H, D) is
naturally a Hopf algebra.
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Proof. We need the following result.

Proposition 4.6. In the assumptions of Theorem /.5, K(H,D) is a left coideal subalgebra
of H.

Proof. For an R-module A and an H-module H define the action of H on A @ H by
he(x®@y) =z @ h(y) for x € A,y € H.
We need the following result.

Lemma 4.7. Let H be a Hopf algebra over R and let H be a Hopf subalgebra of H.
Then heA(z) = (S(hay) ® 1) - A(h@y>x) - (hzy @ 1) (here > is the adjoint action
from Lemma 4.4) for h € H, x € H, with the Sweedler notation (A ® 1) o A(h) =
(1®A) o A(h) = h) @ h(z) @ ha).

(hay®1) = (1@ hay) - Alz) - (1@ S(he))) = h>A(z) because (S(h)) ®@ 1) - A(hz))
S(h(l))-h(g) ®h(3) =1®h and A(S(h(l))) . (h(g) ®1) = S(h(g)) -h(g) ®S(h(1)) = 1®S(h).
The lemma is proved. O

This proves that, in the assumptions of Theorem 4.5, we have H>A(z) C H® D for
all z € K. To finish the proof of Proposition 4.6, we need the following result.

Lemma 4.8. For any free R-module A one has in the assumptions of (4.1):
{ze A®D|HrzCA®D} =A®K(HD). (4.2)

Proof. Indeed, let B be an R-basis of A. Write each z € A ® H as

z:Zb@)xb

beB

where all 2, € D and all but finitely many of them are 0. Then

hoz=Y b@h(wm).

beB

In particular, if Az € H® D for some h € H, then h(z;) € D for all b € B. Therefore,
Hprz C H® D implies that z; € K(H,D) for b € B.

This proves the inclusion of the left hand side of (4.2) into the right hand side. The
opposite inclusion is obvious.

The lemma is proved. O

Therefore, Proposition 4.6 is proved. O
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We need the following (probably, well-known) general result.

Proposition 4.9. Let H be a Hopf algebra over R and let K C H be a left or right
coideal. Then the ideal J generated by K™ := K N Ker € is a Hopf ideal, i.c., A(J) C
HeJ+J®H, S(J)CJ.

Proof. We will prove the assertion when K is a left coideal (for the right ones the proof
is identical). We need the following well-known fact.

Lemma 4.10. For any coalgebra H one has A(h) —h® 1 € H® Ker ¢ for all h € H.

Indeed, taking into account that A(K) C H@ KT ®H®1 for any left coideal K C H,
where we abbreviated K+ := KN Ker ¢, Lemma 4.10 guarantees that

Ah)—h®1cH® K" (4.3)
for all h € K*. Therefore, A(KT) C H® K + K™ ® 1. In turn, this implies that:
A(J) C (HeH)-AKT)-(H®H) c (HoH)-(HKT+K™®1)-(HoH) c HRJ+JoH ,
i.e., J is a bi-ideal.

Furthermore, applying m o (S ® 1) to (4.3) and using the property of the antipode
mo(S®1)oA = ¢, we obtain e(h) — S(h) € S(H) - KTt for all h € KT, therefore,
S(K*t) c H-K™. Hence

ST =H-S(K') HcH-(H-K") - H=1J .

The proposition is proved. O

Clearly, the assertion of Theorem 4.5 follows from Propositions 4.6 and 4.9.
Theorem 4.5 is proved. O

Let H be a Hopf algebra over R, V be an T'(H )-module (i.e., an R-linear map HQV —
V), for an R-bilinear map v : H x V — H satisfying:

v(1,v) =0 (4.4)

for all v € V, let H, be an algebra generated by H (viewed as an algebra) and V' subject
to relations

h(l) SV - S(h(g)) = h(v) + ’y(h, U) (4.5)

for all h € H, v € V. Using the property of the antipode in H, it is easy to see that
relations (4.5) are equivalent to:
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hv = h(l)(v) . h(2) + ﬁ(h ® ’U)

forall h € H, v €V where 3: H®V — H is given by B(h ® v) = y(h(1),v)h(2). This
implies that H, = A, in the notation of (A.10) and of Corollary A.7, where /3 is as
aboveand v: H®V — V@ H is given by v(h®v) = h(1)(v) ® hoy forallh € H,v € V.

If v = 0 and T'(H)-action on V factors through an H-action, then H, = T(V) x H,
the cross product. Using Corollary A.7, we obtain a criterion for factorization of H, into
T(V) and H.

Proposition 4.11. Let v : H x V. — H be an R-bilinear map satisfying (4.4). Then
H, factors as Hy = T(V) - H (i.e., the multiplication map defines an isomorphism of
R-modules T(V) @ H—H, ) as an R-module iff V is an H-module and v satisfies for
allh,hW e H veV:

Y(hl',v) = y(h, B (v)) + he~ (K, v) (4.6)
where > denotes the adjoint action of the Hopf algebra H on itself (as in Lemma 4.4).

Proof. Let us identify both conditions of Corollary A.7 with B = H and v and ~v as
above. Namely, taking into account that v o (mpg ® Idy)(h ® M ® v) = v(hh' ® v) =
(hh) (1) (v) @ (hI) (2),

(IdH ® mH) o (l/ ® IdH) o (IdH ® V)((h & h/ ® U)) = (hh')(l)(v) ® (hh/)(g) y
the first condition of Corollary A.7 reads
(hh") @) (v) @ (RR')(2) = hy(hiy)(v) @ hayhiy (4.7)

forall h,h € T(H),v e V.
Furthermore, taking into account that 8o (my ® Idy)(h® ' @ v) = B(hh' @ v),

mpg o (Idg @ B8)(h®@ bk @v)=hB(N @h),
mpy o (B®Idy)o(Idg @v)(h®@h' ®v)=mpg o (8® Idy)(h @ hiy)(v) ® hiy)
= B(h @ hiyy(v)h(z)

the second condition of Corollary A.7 reads
B(hh @ v) = hB(h' @ v) + B(h @ hiyy(v))h(s) (4.8)

forall h,h' e Hive V.
Let us show that (4.7) is equivalent to

(hh')(v) = h('(v)) (4.9)
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forhe HyveV.

Indeed, multiplying both sides of (4.7) by S((hh')3)) = S(h{3))S(h(s)) on the right we
obtain (4.9) after cancellations. Conversely, by acting with the first factor of A(hh') =
(hh") 1y @ (hR') 2y = h(l)hh) ® h(Q)h’(Q) on v and using (4.9), we obtain (4.7). Thus, (4.9)
and (4.4) assert that V is an H-module (and vice versa).

Finally, let us show that (4.8) is equivalent to (4.6).

1. (4.8) => (4.6). Since f(h ® v) = v(h(1),v)h(2), (4.8) becomes:

V(R ), 0) (R @) = Ry (hiays ) izy + (R By (0) ) gy -

Multiplying both sides by S((hh')(s)) = S(h(3))S(h(s)) on the right, we obtain after
cancellations

Y(hh',v) = hyy(hiyy, v)e(he)) higyS(h(z))S (hs)
+ Ry, b1y (V) )iy S (h(z)) S (hs))
= hayy(R',v)S(h)) +v(h, W' (v)),

which coincides with (4.6).
2. (4.6) => (4.8). Since y(h,v) = B(h(1) ® v)S(h(2)), (4.6) becomes:

B((hh’)m & ’U)S((hh/)(z)) = 5(h(1) & hl(”))s(h@)) + hb(ﬂ(h/(l) ® ”)S(hl(z))) .
Multiplying both sides by (hh') ) = h(3)h23), we obtain after cancellations
B(hh' @ v) = B(hy ® k' (v))S(h2))h)his) + hay - Bh(z) @ v)S(hig) - S(he)h@)hs)
= B(h @ W' (v)) + hB(h{y) ® v)S(h(),

which coincides with (4.8).
The proposition is proved. O

It is well-known that if v = 0, then H, is a Hopf algebra. Now we provide sufficient
conditions on vy (one can show that they are also necessary) for H, to be a Hopf algebra.

Proposition 4.12. Let H be a Hopf algebra over R, V be a T'(H)-module, and vy : HxV —
H be an R-bilinear map satisfying (4.4). Suppose that:

o V has an H-coaction 6 : V — H@V (§(v) = v=D @ v in a Sweedler-like no-
tation) such that for allv € V, h € H the Yetter-Drinfeld condition (see e.g., [2,
Section 1.2]) holds:

5(h(v)) = hayo' "V S (hg) ® hiay (') . (4.10)



A. Berenstein, D. Kazhdan / Advances in Mathematics 353 (2019) 1-8/4 23

o A(y(h,v)) = y(h,v) @ 1 4+ kv "V S (k) @ v(hey,v @) and e(y(h,v)) = 0 for
veV,heH.

Then H., is a Hopf algebra with the coproduct, counit, and the antipode extending those
in H and determined by (forh € H, v eV ):

AW)=v014+60v) =v@1+0Y 0@ @) =0, S) = -S@V)®
Proof. We need the following general result.

Lemma 4.13. Let H be a Hopf algebra over R and let V' be a left comodule over H (i.e.,
one has a co-associative and co-unital linear map § : V. — H®V ). Then the free product
of R-algebras H := H « T(V') is a Hopf algebra over R with the coproduct, counit, and
the antipode extending those on H and determined by (forh € H, v €V ):

AW =v®@14+6w)=v@1+0Y @0@ cw)=0, S)=-SE"Y)® .
Proof. Indeed, each element z € H can be written as sum of elements of the form:
Tr = hovlhl cee ’Ukhk y

where hg, hy,...,hi € H, v1,...,vx € V, k > 0 (with the convention x = hq if k = 0).
By setting

T — A(.’E) = A(ho)(’vl ®1+ 5(’01))A(h1) s (’Uk ®1+ 6(vk))A(hk),
h if k=0
x—e(x) = etho) 1 ,
0 ifk>0
x s S() = () (=S (o)) S (h) - (=S (017l S ()
one has well-defined R-linear maps A : H - H®H, ¢ : H —- R, and S : H — H,
respectively.

Clearly, A is a homomorphism of algebras. Therefore, it suffices to verify the remaining
compatibility conditions only on generators v € V. Indeed:

(mo(e®1)oA)(v)=(mo(e®1))(v®14+4dw))=(mo(e®1)od)(v) =0,
(mo(1®e)oA)w)=(mo(1®e))(val+dw)=mrel)=v,
(mo(S®1)oA)(v) = (mo(S®1)(vel+vYeu®) = Sw)+Sw® =0 =¢(),
(mo(1®S5)oA)(v)=(m ( 199 we1+0v) @u®) =y +0VSuO)

=0 — 0D O =4 — (WO =0 = g(v) .

This finished the proof of the lemma. O
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Furthermore, let K, be the R-submodule of H = H x T'(V') generated by 1 and
On,o = hey v+ S(ha)) = h(v) —7(h,v)
forallhe Hyve V.

Lemma 4.14. In the assumptions of Proposition /.12, A(K,) C H ® K, in particular,
K, is a left coideal in H=H «T(V).

Proof. First, prove that
A(Oh,w) = Onw ® 1+ hayo "V S(hz) @ 8y, v (4.11)

forall h € H, v € V. Indeed,

AQOnw) = Alh()) - A(v) - A(S(hz))) = A(k(v)) = Aly(h,v))
= Alh@) - (0@ 1+6(v)) - A(S(hz))) — h(v) © 1 = 5(h(v)) = A(y(h,v))
= (Ono +7(h,0)) @ 1+ A(h)) - 5(v) - A(S(h2))) = 6(h(v)) = Alv(h,v))
= 0w @ 1+ A(hq)) - 0(v) - A(S(h2))) — 6(h(v))
— hay VS (k) © (k) o)
= 0np ® 1+ hayot VS () ® 0y w0

where we used sequentially:

(1) The fact that

A(hqy) - (v@ 1) - A(S(h2))) = hy - v - S(huy) @ he)S(hs)
=h(y-v-S(he) @e(he) =hay-v-S(he) ®1
= (On,0 + h(v) +y(hv) @1

(2) The second assumption of Proposition 4.12.
(3) The Yetter-Drinfeld condition (4.10) in the form

A(h)) ~5<v) - A(S(h2)) — 5(h(v))
= hayv "8 (he) @ hezy - vV - S(his) = hayo VS (b)) @ hey (1)
= hay VS (hz) ® (5h<2),v<o> +(hzy, v )

This proves (4.11).
The lemma is proved. O
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Note that KI := K, N Ker ¢ is the R-submodule of H = H % T(V) generated by o, .,
h € H,v € V. In view of Proposition 4.9, this and Lemma 4.14 guarantee that the ideal
J., generated by dy,, h € H, v € V, is a Hopf ideal in H. Therefore, H = H/J, is a
Hopf algebra.

The proposition is proved. 0O

We conclude the section with some general facts which we will use frequently.

Lemma 4.15. Let H be an R-algebra, and H, D subalgebras of H such that H factors as
H =D - H over R (i.e., the multiplication map defines an isomorphism of R-modules
D® H—H). Let K C D be an R-submodule such that H - K C K- H. Then the ideal
Jx of H generated by K factors as Ix - H, where Ik is the ideal of D generated by K
and the quotient algebra H = H/Jk factors as H=D - H, where D =D /Ik.

Proof. Indeed, Jx =D-H-K-D-HCD-K-H-D-H=D -K-D-H=1Ix-H
(because Ix = D - K - D). The opposite inclusion is obvious, therefore, Jx = Ik - H.
Finally H=H/Jxk =(D-H)/(Ix - H) = (D/Ix) - H =D - H as an R-module.
The lemma is proved. O

In some cases, we can describe K(H, D) explicitly.

Lemma 4.16. Let W be a group. Suppose that H is an R-algebra which factors as
H = D - RW over R, where D is a subalgebra of H. Then, in the notation of Proposi-
tion A.8, one has (where the RW -action on H is given by conjugation): K(RW,D) =

N Ker Oy . Furthermore, Oy (x) = wzw™! for all x € D.
w,w’ W w#w’

Proof. Indeed, writing (A.11) in the form: wrw™" =37 cw Oww (z)w'w™" for w €
W, z € D, we see that wzw™! € D iff 9,4 (x) = 0 for all w’ # w, in which case
wrw ™t = Oy ().

The lemma is proved. O
5. Generalized Nichols algebras and symmetries of Hecke-Hopf algebras

Let W be a monoid and let R C W x W be a preorder on W such that (h,1) € R iff
h = 1. We say that W is R-finite if W, = {w € W|(w, g) € R} is finite.

Clearly, any finite monoid is R-finite with R = W x (W \ {1}) U {(1,1)}. Also any
Coxeter group W is R-finite with R being a Bruhat order on W.

Given an R-finite monoid W, define the algebra B(WW,R) over Z to be generated by
dg n, g, h € W subject to relations dg ., = 0 if (w,g) ¢ R, di,1 = 1 and:

dgh,w = Z dg,wldhﬂ»m (5'1)

w1, we EW:iwiwe=w
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forall g h e W, w e W.

Proposition 5.1. For any R-finite monoid W one has:

(a) the algebra B(W,R) is a bialgebra with the coproduct A and the counit € given
respectively by (for all g,h € W):

Aldgn) =Y dgw @ dun, £(dgn) = Sgn (5.2)
weWw

(b) Suppose that ¢ is any anti-automorphism of W such that (¢ x ¢)(R) = R. Then
the assignments dgp — dy(g),pn), 9,0 € W define an anti-automorphism ¢* of
B(W,R) such that (¢* @ p*) o A =Aop* and o p* =¢.

Proof. Prove (a). Let U(R) be the free Z-module with the free basis dg 1, (g9,h) € R.
The following is immediate.

Lemma 5.2. U(R) is a coalgebra with the coproduct and the counit given by (5.2).

This implies that the tensor algebra T(U(R)) is naturally a bialgebra. Denote by
B(W, R) the quotient of T(U(R)) by the ideal .J generated by dy ; —1. Since A(dy; —1) =
di11®di1—1®1=(d11—-1)®d11+1®(d11—1) and e(d;1 — 1) =0, J is a bi-ideal
hence B(W, R) is a bialgebra.

For each g,h € W and w € W define elements &, .., € B(W, R) by:

Og,hyw = dghw — § dgwy Ahw, -

w1, w2 EW:iwwa=w

Denote by K = K(W, R) the Z-submodule Y Z -, . of B(W,R).
g,h,wew

Lemma 5.3. K(W,R) is a two-sided coideal in B(W,R).

Proof. Indeed,

A(697h§w) = E : dgh,w’ ® dw',w - E dg,widh,w’2 ® dw’l,wldwé,u;Q
w' eW wy,wa,wh ,wheW
= > Sgnw @dwwt D douidiug © dujugw
w' eW wi,wheW

- E dg,widh,wé & dwi,wldw’z,wg

w1, wa,wt ,wWHEW

= § 5g,h;w/ & dw’,w + E dg,w’1 dh,wé & 5wi,w§;w y
w/

wh,wheW
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where we used that dgp w = 0gnw + > dg,u)idh,wé‘
wh ,wh W w] wh=w’

This proves that A(K) ¢ B(W,R) ® K + K ® B(W,R). It remains to show that
e(K) = 0. We have €(dg p:w) = dgh,w — > 0.1 0n,ws = Ogh,w — Oghw = 0 for

w1, w2 EW,wiwe=w

all g, h,w e W.
The lemma is proved. O

Denote by J the ideal of B(W, R) generated by K = K(W, R). Let us show that J is
a bi-ideal in B(W, R). Lemma 5.3 implies that £(J) = 0 and:

A(J) C B(W,R) @ BW,R)) - (B(W,R) @ K+ K@ B(W,R)) - (B(W,R) @ B(W, R))
CBW,R) K+K®B(W,R) .

Finally, since B(W, R) = B(W,R)/J, this implies that B(W, R) is a bialgebra. This
proves (a).

Prove (b) now. Clearly, the assignments dg 5 +— di(g),0(h), 9,h € W define an anti-
automorphism ¢* of the coalgebra U(R) such that (¢*®@¢*)o A = Aop* and cop™ =¢.
Therefore, passing to the tensor algebra T'(U(R)) this gives an anti-automorphism ¢* of
T(U(R)) with the same properties. Furthermore, ¢*(d11 —1) = dy1 —1, thus, ¢* preserves
the above bi-ideal J generated by di; — 1, thus, gives a well-defined anti-automorphism
of ¢* of the quotient bialgebra B(W, R). In turn, we have

P(0g,hw) = dip(gh) p(w) — > Ao (h) s (w2) Dip(g) o (w1)
w1, w2 EW:ip(wiwa)=p(w)

= dy(h)e(g).p(w) — > dip(h),w, Ao (g) 0y, = O (), 0(g)0(w)

wh ,wh W wi wh=p(w)
for all g,h,w € W. In particular ¢*(K(W,R) = K(W,R) hence the bi-ideal J gener-
ated by K(W,R) is @*-invariant hence one has a natural anti-automorphism ¢* on the

quotient bialgebra B(W, R) = B(W, R)/J. This proves (b).
The proposition is proved. O

The following is an immediate corollary of Propositions 5.1 and A.8.

Corollary 5.4. Let W be a monoid and R be preorder on W an so that W is R-finite.
Suppose that H is an R-algebra which factors as H = D - RW over R where D is a

subalgebra. Suppose that g-D C D-W, for all g € W. Then D is a module algebra over
B(W,R) ® R via dgp + Og,p-

Remark 5.5. The “universally acting” bialgebra B(W, R) is a particular case of the bial-
gebras emerging in the forthcoming joint paper of Yury Bazlov with the first author

[3].
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For any R-finite monoid W let B(W, R) be the quotient algebra of B(W, R) by the
ideal generated by all dgn gn — dg,gdn,n-

Proposition 5.6. In the assumptions of Proposition 5.1, suppose that R is a poset. Then
B(W,R) is naturally a bialgebra.

Proof. For g,h € W let g, € B(W,R) be given by 645 := dgn,gn — dg,gdn,n and let

K(W,R) be the Z-submodule 3 Z -, of B(W,R).
g,hew

Lemma 5.7. K(W, R) is a two-sided coideal in B(W,R).

Proof. Since R is a partial order, then A(dy ) = dg,g ® dg 4 for g € W. Therefore,
A(Gg:n) = dghgh @ dgn.gh — dg,gdnn @ dg.gdnn = dgn,gh © dg:n + dg;n © dg gdn.,
€(0gn)=1—1-1=0

for all g,h € W. Finally, €(dg;n) =1—1-1=0for all g,h € W.
The lemma is proved. O

Denote J := B(W,R) - K - B(W,R). Similarly to the proof of Proposition 5.1, one
shows that this is the bi-ideal of the bialgebra B(W,R).

Finally, since B(W,R) = B(W,R)/J, this implies that B(W, R) is a bialgebra.

The proposition is proved. O

Remark 5.8. If W is a group, then one can ask whether B(W, R) is a Hopf algebra. In
that case, the antipode is given by:

k—1 ;-1 -1 -1 —1
S(dg,h) = Z(—l) dwl,wldwthdwz,UJz e dwk717wk71dwk71ywk dw;mwk?
where the summation is over all kK > 1 and distinct wy,...,wx € W such that w; = g,

WE = h.

This computation is based on the following well-known fact: any lower triangular n xn
matrix A = (a;;) over an associative unital ring A such that all a;; are invertible in A,
is invertible over A and

71 P k:71 _1 . . _1 .. _1 . . _1
(A7 )i = E (=1) Qi iq Qiin Gy gy Qi1 vine—1 Fin—1,i0 Qi iy,

i=i1>ia > >i=5,k>1

for1<j<i<n.

Furthermore, for g,h,w € W define elements vy, € B(W,R) by vy =
dw,wdg,hd};zd;}w and let B(W,R) be the subalgebra of B(W, R) generated by all v’),.

We refer to B(W, R) as the generalized Nichols algebra of (W, R) due to the following
result.
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Theorem 5.9. Let W be a group and R be a partial order on W so that W is R-finite.
Then:

(a) B(W,R) is an algebra over Z generated by v, g,h,w € W, subject to relations
vy, =0if (h,g) € R and (for w,w',g,h € W):

! ’ ’ ’
w' w _ w w’wq
Vw,w = L, Ugh,w = Z Vg,w1Vh,w, (53)

wi,wa EW:wiwa=w

(b) B(W,R) is a module algebra over ZW with respect to the action given by

’ ’

w(v;‘jh) = v;",}l" (5.4)

for all w,w',g,h € W.
(¢) The algebra B(W,R) is isomorphic to the cross product B(W,R) x ZW .
(d) B(W,R) is a bialgebra in the (braided monoidal) category WY D of Yetter-Drinfeld
modules over ZW (see e.g., [2, Section 1.2]) with:
o W-grading given by |vy’,| = wg(wh)~t for all w,g,h € W.
e The (braided) coproduct given by A(vy'),) = wZG:W Vg @y, for all g, h,w € W

The (braided) counit given by e(vy’,) = 64, for all g, h,w € W.

Proof. Let B'(W,R) be the algebra generated by all vy, g,h,w € W, subject to the
relations vy, = 0 if (h, g) ¢ R and (5.3). We need the following immediate fact.

Lemma 5.10. (5.4) defines a W-action on B'(W,R) by algebra automorphisms.

Therefore, B/(W, R) is a ZW-module algebra, which, in particular, proves (b).
Prove (a) and (c) now. Denote B/ (W, R) := B/(W,R) x ZW.

Proposition 5.11. The assignments dg p — v;’h -h for g,h € W define an isomorphism
of algebras fyy : B(W, R)=B'(W,R) such that fyy (B(W,R)) = B (W, R).

Proof. Since d,, = d;}wv;‘fhdw,wdh,h in B(W,R) for all g,h,w € W, (g,h) € R, substi-
tuting this to (5.1) gives the relations

1 o 1 —1 w1
Ugh,wdw,w = § vg,wldwl,undwl,wlvh,wz,dwhmdwz,wz
w1, wz EW:wi we=w
_ § 1 w1
- 'Ugmjll)h,wzdw,w

w1, we €W wiwae=w

for all g, h,w € W, which gives the second relation in (5.3) with w’ = 1. Finally, using

w3 —1 _ ,wiws
alwl’wl1},szclw1’w1 =V (5.5)
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in B(W,R) for any h, w1, w2, ws € W we obtain the second relation (5.3) for with any
w’ € W (the relations vfj:w =1 are obvious).

Let Vi = ©g new:(h,g)erZ - dgn Clearly, the assignments dy, +— dyp define a
canonical surjective homomorphism T(Vy,) — B(W,R), whose kernel is the ideal of
T (V) generated by

dl,l - 17 dgh,gh - dg,gdh,ha dgh;w - Z dg,wldhﬂug (56)

w1, w2 €EWiwiwe=w

for g, h,w e W.
Then the homomorphism of algebras fy : B(W, R)=B'(W, R) by fw (d,.5) = v;h -h
for g,h € W. Clearly, the image of (5.6) under fy is

1 _ 1 11 1 1 1 _
v — 1 =0, vy gpgh — vy ggup ph =0, vy W — E Vg W1V 4, W2 =0
wi,we EW:iwiwe=w

because relations (5.3) hold in B(W,R) and
w1y, wit = Vh o (5.7)

in B'(W,R) for any h,w;,ws, w3 € W.

This proves that fyy is a well-defined homomorphism of algebras B(W,R) —
B/(W,R). 1t is clearly surjective due to (5.5). Injectivity of fir follows from that the
defining relations (5.3) and (5.7) of B'(W,R) (together with vy’ = 0 if (h,9) ¢ R)
already hold in B(W,R) (since fy(dg,q) = ¢ the relations (5.5) match (5.7)).

The proposition is proved. O

This finishes the proof of (a) and (c).
Prove (d) now. We need the following result.

Lemma 5.12. In the assumptions of Theorem 5.9, one has:

(a) The Z-module Yy := @ghwew:(h,g)erZ - V' (convention: vy = 0 if (h,g) ¢
R) is a Yetter-Drinfeld module over W with the W-action and W -grading as in
Theorem 5.9(d).

(b) The maps A : Yiw — Y @ Y and £ : Yy — Z given by Theorem 5.9(d) turn Yy
into a coalgebra in the (braided monoidal) category V.Y D of Yetter-Drinfeld modules
over W.

Proof. Indeed, |w(v;”;L)| = v;”ﬁl| = ww'gh™(ww') ™1

W. This proves (a).

Prove (b). Clearly, both A and ¢ commute with W-action. Also using the standard

’
= wlvy,lw™ for all g, h,w,w' €

grading on Yy ® Yy via |z ® y| = |z| - |y| for homogeneous z,y € Yy, we obtain
w

onl = wg(wh)~! and

v
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(Vg @ Vigr = 1G]+ [01) 4] = wg(ww') ™ hww! (wh) ™F = wg(wh) ™ = |ugy|
for all g, h, w,w" € W, therefore, |A(vy’, )| = |vy’,,| for all g, h,w € W. Similarly, e(vy’) =
|6g,h| = 0g,n - 1 for g, h,w € W. This proves that both A and ¢ are morphisms in %)}D.
Coassociativity of A and the counit axiom follow. This proves (b).
The lemma is proved. O

Lemma 5.12(b) implies that A viewed as a morphism from Yy to the algebra T'(Yi ) ®
T(Yw) extends to a homomorphism A : T(Yw) — T(Yw) ® T(Yw) of algebras in the
braided monoidal category %)}D. Similarly, £ extends to a homomorphism of algebras
T(Yw) — Z, the latter viewed as the unit object in Y D. Thus, T'(Yy) is a bialgebra
in the braided monoidal category W,V D.

For g, h,w,w’ € W define elements ég,, 0y n € T(Yw) by

ég = —1,4 =Y - Z v

w,w =g,h,w;w’ gh,w g,w1 “h,ws
w1, w2 €W:iwiwe=w

and denote by (W, R) the Z-submodule of T'(Yyy) generated by all Q%l and §

g,h;w’*
Clearly, these elements are homogeneous, more precisely, |3, | = 1, [0, j wor| =
w'gh(w'w)™" for all w,w',g,h € W. Moreover w”(8, ) = 0 ', w8y p i) =

Og.hwiw

T(Yw).
The following is a braided version of Lemma 5.7.

iy for all w” € W, in particular, (W, R) is a Yetter-Drinfeld submodule of

Lemma 5.13. K(W,R) is a two-sided coideal in T(Yy) in W, YD and e(K(W,R)) = {0}.

Proof. Indeed, é(égl) = v";v”:w ® vfjj:w -1®l= égl ® vl’f)’:w +1® ég/.
Furthermore,

_ w’ § w'’ w’wy
é(ég,h,w;u)’) - é(/Ugh,w) - é(vg,wl)é(vh,w? )
w1, wz EWiwwe=w
E w’ w’
= 'Ugh,w// X 'Uw//7w
w' eW
w’ w’ w’wq w’wy
§ : (Vgrwy @ Va0 ) (Vg ot © V)
wy,we,wi wy EWiwwe=w
E w’ w’
= vgh,w” ® U’LU”,w
w'’eW

7 ! 1 7 7
E w ww, w w'wy

— v U v, v

g,wy “hawl ® wi w1 Ywh wa

wi,wz,wy ,wi EW:wiwe=w

’ ’ ’ ’ ’ "w!’ ’ ’
w w w Wy wwy \ _ ,w w Wy w wwy
where we used the fact that (vg’wi,®vwi,}wl)(vh7w,2, ®vw,2,7w2) = Vg Uhot! OVitt o Vet 2w

because (z®y)(2®t) = z-(|y|(z2)) @yt for any x,y, z,t € T(Yy ), where y is homogeneous
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’ "
of degree |y|, and |U$£’,w1 |(v;;”lww,;) = ( ’w’l’(w’wl)_l)(v;”,;z}) = UZJ’;Z} . Finally, taking into

account that

111

’ ’ ’ ’ ! !
§ : w w _ § : w w § w W wy w
Ugh,u)” ® ’Uw”,w = ég,h,w” ® ,lelvw —+ vg,’wi,vh,wé’ & lell’wé/,w 5

w” eW w’’ wy ,wy eW
in A w’ w' w’ w’wy
we obtain A(dy p ) = D g pwr @ Vi T D Vgt Vn - ® Ottt wyut -
w'’eW wi ,wy eW

This proves that A(K(W,R)) C K(W,R) @ T(Yw) + T(Yw) ® K(W,R). It remains
to show that e(KL(W,R)) = {0}.
Indeed, (8, ) = 1—=1 =10, &(0y p wwiw') = Oghw — > 0g,u1Oh,ws = Ogh,w —

w1, we €W :iwijwa=w

dgh,w = 0.
The lemma is proved. O

Similarly to the conclusion of the proof of Proposition 5.1, denote J' := T(Yyy) -
K(W,R)-T(Yy). This is the ideal of T'(Yyy) generated by K(W, R). Let us show that J’
is a bi-ideal in B(W, R). Clearly, £(J') = 0 by Lemma 5.13. Furthermore, Lemma 5.13
implies that

AW) C (T(Yw) @ T(Yw)) - (T(Yw) @ K(W,R) + K(W,R) ® T (Yw))
(T(Yw) @ T(Yw))
CTYw)@K(W,R)+K(W,R)®T(Yw)

because
(TOhYw)@TYw)) - (T(Yw) @Y +Y @ T(Yw)) - (T(Yw) @ T(Yw))
CT(Yw)YT(Yiw) @ T(Yw) + T(Yw) @ T(Yw )Y T(Yiy)
for any Yetter-Drinfeld submodule Y of T (Y ).

Thus, J' is a bi-ideal and B(W, R) = T(Yy)/d' is a bialgebra in }}; Y D. This proves (d).
The theorem is proved. O

It turns out that for Coxeter groups these Hopf algebras are closely related to the
graded versions of Hecke-Hopf algebra.

Definition 5.14. For any Coxeter group W let Ho(W) be the algebra generated by s;, d;,
1 € I subject to relations:

(i) Rank 1 relations: s? =1, d? =0, s;d; + d;s; =0 fori € I.
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(ii) Coxeter relations: (s;s;)™“ = 1 and linear braid relations: d;s;s;---s; =
mij
i if my; is even
s+~ spsjdy for all distinct 4,5 € I with m;; # 0, where ¢/ = Y
— J if my; is odd
mij
and {¢',5'} = {i,4}.

That is, ﬂO(W) is given by “homogenizing” Definition 1.14.

Similarly to Section 1, for any s € S there is a unique element dy € Hy(W) such that
ds;, = d; for i € I and dy,q5, = $;Dgs; for any i € I, s € S\ {s;}. It is easy to see that
wdsw ™t = Xup sdusw-1, Where x5 is defined in (7.5) (cf. [15, Section 5]).

Denote by ]50(W) the subalgebra of ﬂO(W) generated by ds, s € S.

The following is an immediate homogeneous analogue of Theorem 1.22.

Lemma 5.15. For any Cozeter group W, one has:

(a) the algebra f)o(W) is generated by all ds, s € S subject to relations d2 =0, s € S.

(b) Ho(W) is naturally isomorphic to the cross product Do(W) x ZW with respect to
the action of W on ]f)O(W) given by w(ds) = Xw,sds forw € W, s € S, Xuw,s 18
defined in (7.5).

(c) Do(W) is graded by W wvia |ds| = s for s € S and is a Hopf algebra in the category
%)}D with the braided coproduct, counit, and the antipode given respectively by (for
ses):

é(ds) =d;®1+1® ds; §(ds> =0, §(ds) = —d; .

Remark 5.16. In fact, ]jo(W) is a pre-Nichols algebra of the braided vector space GscsZ -
ds in terminology of [14].

We can “approximate” the braided bialgebra B(W, Ry ), where Ry, is the strong
Bruhat order on W (see e.g., [4, Section 2]), by the pre-Nichols algebra Do(W).

Theorem 5.17. Let W be a Cozeter group and Ry be the strong Bruhat order on W.
Then

(a) The assignments s; — ds, s, di — —ds, 1, © € I define a surjective homomorphism
of bialgebras

¢w : Ho(W) - B(W, Rw) . (5.8)

whose restriction to ZW 1is injective.
(b) In the notation of Theorem 5.9(d), the restriction of pw to Do(W) is a surjective
homomorphism of bialgebras in 3,y D
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¢ Do(W) — B(W, Rw) . (5.9)
whose restriction to Yy, := @sesZ - ds is injective.
Proof. We need the following result.

Proposition 5.18. Let W be a Coxeter group. Then gx = g(x) - g +

Og.n(x)h forallge W, z € ]5(W), in the notation of Proposition A.8,
heW\{g}:(h,9)ERw

where (g,x) — g(x) is the W-action on D(W) given by Theorem 1.37(b)(i). In particu-
lar, D(W) is a module algebra over B(W, Ry).

Proof. Let us prove the implication
dgn #0 => (h,g9) € Rw (5.10)

for all g,h € W.
We need the following result.

Lemma 5.19. Let W be a Cozeter group. Suppose that w,w’ € W such that (w',w) € Rw
and let i € I be such that {(s;w) = l(w) + 1 and £(s;w’) = L(w') + 1. Then (s;w', s;w) €
Rw .

Proof. Indeed, it is well-known (see e.g., [4, Theorem 2.2.2]) that (w’,w) € Ry iff

/
W = W18, WSy, * - Wk S, W41, W = W1 -+ Why1 (5.11)

k+1 k41
for some i1, ...,i, € I, and k > 0 such that £(w) = k+ > l(w,) and {(w') = > l(w,) =
r=1 r=1
Uw) — k.
Then, by the assumption of the lemma, the pair (s;w’,s;w) satisfies (5.11) because
0(s;wy) = L(wy) + 1, hence (s;w’, s;w) € Ry
The lemma is proved. O

Furthermore, we prove (5.10) by induction in #(g). If ¢(g) = 0, i.e., g = 1, then
O1,n, = 01,5, and we have nothing to prove. Suppose that ¢(g) > 1, i.e., £(s;g9) = ¢(g) — 1
for some i € I.

We need the following result.

Lemma 5.20. For each Cozeter group W one has the following symmetries of ]5(W)

Dyyo—1 if L(ws) > (w)

for
1= Dysw-1  if L(ws) < L(w)

(a) D(W) is a ZW -module algebra via w(D,) = {

weW,seS.
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(b) The Z-linear transformation d; given by d;(x) := si(x) - s; — s;x for x € D(W) and
i €1, is an s;-derivation d; of D(W) determined by d;(Dy) = 0., .

Proof. Prove (a). Theorem 1.22 and the fact that (w(D,))? = w(Dy) forw € W, s € S
imply that the assignment x — w(z) for z € ]j(W) is an algebra automorphism for any
w € W. It suffices to show that w;(ws(x)) = (wyws)(x) for all z € D(W), w,w’ € W.
Since the involved maps are automorphisms, it suffices to do so only on generators
x = D, s € S. Indeed, w(Ds) = 0uw,s + Xw,s Dwsw-1 for w e W, s € S and x, o given by

(7.5).
Then
w1 (wa(Ds)) = wr (Uwz,s + Xw27SDw23w;1) = Owy,s T Xwa,sW1 (Dwgswgl)
= Owa,s + Xw27SXw1,wzswngwlwgsw;lwfl + szysa'wl,wQSw;l

= Owywy,s T Xw1w2,SDw1w25w;1wf1

for all w € W, s € S, by (3.5). This proves (a).
Prove (b). Indeed,

di(zy) = si(xy)s; — sixy = (si(x)s; — siw)y + s:(x)(s:(y)si — siy) = di(x)y + s:(x)di(y)

for all z,y € f)(W)7 i € I. Also, d;(Ds) = si(Ds)s; —siDs = 055, forall s € S, i € I
because

D, 6. 8; if s # s; D, oo ifs#s;
s;Ds = o # ’ Sz(Ds) = o # .
Si—l—DiSZ' ifSZSi l—Di lfSZSZ

This proves (b).
The lemma is proved. O

Furthermore, if ¢ = s; for ¢ € I, then Lemma 5.20 guarantees that 0, = 0 iff
h ¢ {1,s;} and O, 1 = d;, Os, s, is the action of s;. Together with Proposition A.8 these
imply that

Og.n(x) = Z Osi,h1 (059,15 (7)) = 5(0s,g,5,1(x)) + di(Ds,g,n()) (5.12)

h1,ha€W:hiho=h

for all x € ﬁ(W), g,h € W, i€ I such that (s;9,9) € Rw.

In particular, for a given i € I, g, h € W such that ¢(s;g) = £(g)—1, i.e., (s:9,9) € Rw,
the equation (5.12) guarantees that dy 5, # 0 implies that either Os,4 5 # 0 or 0s,q,5,n 7 0.
Using the inductive hypothesis, we obtain the implication:

Og.n, # 0 => either (s;h,s;9) € Rw or (h,s;g) € Rw (5.13)
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Clearly, if (h, s;9) € Rw in (5.13), then (5.10) holds by transitivity. If (s;h, s;9) € Rw
in (5.13) and £(s;h) = £(h) — 1, then (h,g) € Ry by Lemma 5.19.

It remains to consider the case (s;h,s;9) € Rw, £(s;h) = £(h) + 1. Indeed,
(h,sih), (sig,g9) € Rw hence (h,g9) € Rw by transitivity The implication (5.10) is
proved.

(z) for all g € W, z € D(W). Once
, i.e., g = 1, then we have nothing to

Finally, let us prove the claim that dy 4(z) = ¢
again, we proceed by induction in ¢(g). If £(g) =0
prove. Suppose that ¢(g) > 1, i.e., £(s;g9) = £(g) — 1 for some i € I. Taking into account
that (g, s;9) ¢ Rw hence 0,4, = 0 by (5.10), (5.12) implies that 0, 4(x) = $;(0s,4,5:4())
for all z € D(W). Using the inductive hypothesis in the form ds,.4,4(x) = sig(z) for
x € D(W), we obtain: 9, () = $i(Js,g.6:4()) = si(sig(x)) = g(z), which proves the
claim.

This finishes the proof of Proposition 5.18. O

Prove (a) now. Indeed, (w, s;) € Rw iff W € {1, s;}. Therefore, the defining relations
(5.1) read

dSig,h = dsi’ldg,h + dsiysidgxsi’“ dgshh = dgyhdsi,l + dg7h3id5i75i (5'14)

foralliel, g, heW.
In particular, if g = s;, h = s;, we obtain:

d%ldsz‘,si, + dsi,sidsi,l =0 (5.15)

because d; 5, = 0.
Taking g = h, such that s;g = gs; and £(s;g) > £(g) for some i,i' € I, (5.14) implies
that ds, 1dg 4 = dg ¢ds., 1. In particular, taking g = s;s; - s;; whenever m;; > 2 in the
—_——

mijfl
notation of Definition 5.14, we have s;g = gs;; and we obtain:

dsi,ldsj',s]' dsi,si te ds,-/s o= ds_,»,sj T dsi"si’ ds,/s., ds,i,,l (516)

3770 M)

mMij M5

The relations (5.15) and (5.16) guarantee that (5.8) defines a homomorphism @y of
algebras. The relations (5.14) guarantee that B(W, Ry) is generated by ds, 1 and ds, s,,
i1 € I hence the homomorphism (5.8) is surjective.

Finally, taking into account that A(ds, s,) = ds, s, ® ds, s, and Ag, |, =ds, 1 @ d11 +
ds, s, ®ds, 1 for i € I and dy ;1 = 1, we see that @y is a homomorphism of Hopf algebras.

Let us prove the second assertion of (a). First, show that dy, . # 1 in B(W, Ry ) for
each w € W\ {1}. By the construction, ¢y (w) = dy,,,, for all w € W.

We need the following fact.
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Lemma 5.21. For each s € S there is a unique nonzero element d, € B(W,Rw) such
that dy = ¢w(ds) for s € S and d,, = Xw,s; dw,wdy, dyt, for anyw e W, iel.

Proof. The uniqueness follows from the fact that dg is determined uniquely by same
property and @y is a homomorphism of algebras. The fact that d, # 0 follows from
that d,, = —ds, 1 # 0 for all i € I, which, in turn, follows from Corollary 5.4 and
Proposition 5.18 since 0s,,1(D;) = —1 for i € I.

The lemma is proved. O

Suppose that dy ., = 1 for some w. Lemma 5.21 implies that d;usiw,l = —dwwd’sid;}w
in B(W, Ry) for i € I such that £(ws;) = {(w) — 1 hence ws;w~! = s; and w = 1.

This proves that d,, ., # 1 for each w € W, w # 1 hence dy . # du w if w # W'

Finally, since the Z-linear span of all d,, ,, is a sub-bialgebra of B(W,R) and each
dy,w is grouplike, then the set {dy. ., | w € W} is Z-linearly independent. This proves the
second assertion and finishes the proof of (a).

Prove Theorem 5.17(b). The presentation (5.3) implies (by induction in length) that
B(W,Rw) is generated by all v, |, i.e., by all di, i.e., by $(Yw). This implies that ¢ is
surjective. Also ¢ commutes with WW-action and preserves W-grading, therefore, it is a
homomorphism of algebras in %yD. In turn, this implies that ¢ ® ¢ is a well-defined
surjective homomorphism of algebras Ho(W) @ Ho(W) — B(W, Rw) @ B(W, Rw). Note
also that A(vf ;) =v! @1+ 1@ | forall g€ W, i€ I by (5.9), that is, A(d}) =
d:®1+1®d, for any s € S. This and the above imply that
It is also immediate that g(dy) = 0 for all s € S hence g0 ¢ =¢.

Finally, note that since d,, # 0 by Lemma 5.21 and |d,| = s for all s € S, the set
{d},| s € 8§} is Z-linearly independent. This finishes the proof of (b).

Theorem 5.17 is proved. 0O

Remark 5.22. Theorem 5.17(b) asserts that B(W, Rw ) is essentially a pre-Nichols alge-
bra, however, we are not yet aware of existence of the braided antipode in B(W, Ry ).

Definition 5.23. Let W be a simply-laced Coxeter group. Denote by Ho(W) the Z-algebra
generated by s;,d;, i = 1,...,n — 1 subject to relations:

e s;d; +d;s; =0, df =0foriel.
® S;S; = S;S; djSi = Sidj, djdl = dzdj for all ’L,] € I with mi; = 2.
® S;S8;5; = S;5554, deZ'Sj = sidjsi, djSidj = Szdjdz +d2d]SZ for all Z7j € I with m;; = 3.

That is, the simply-laced Ho(W) is obtained by “homogenizing” Theorem 1.25 and is
naturally a Hopf algebra. In particular, the canonical surjective algebra homomorphism
Ho (W) — Hy (W) is that of Hopf algebras.
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The following is an immediate graded version of Proposition 1.31.

Lemma 5.24. For any simply-laced Cozeter group W one has:

(a) the algebra Ho(W) is isomorphic to the cross product Do(W) x ZW , where Do(W)
is the Z-algebra generated by ds, s € S, subject to relations (in the notation of
Proposition 1.31):

e d2=0 forallseS.
o dydy = dgyds for all compatible pairs (s,s') € S x S with mg o = 2.
o dydy = dss5ds + dsdsers for all compatible pairs (s,s') € S x S with mg ¢ = 3.

(b) Do(W) is a (braided) Hopf algebra in the category WY D so that the canonical sur-
jective homomorphism Do(W) — Do(W) is that of braided Hopf algebras.

Remark 5.25. In view of Remark 5.16, for any simply-laced Coxeter group W the Hopf
algebra Do (W) is a pre-Nichols algebra of the Yetter-Drinfeld module Yy, = ®gesZ - ds
over W so that the canonical surjective homomorphism Do(W) — Do(W) is that of
pre-Nichols algebras.

Remark 5.26. The algebra D(.S,,) coincides with the Fomin-Kirillov algebra &,, defined
in [8].

Theorem 5.27. For any simply-laced Cozeter group W the homomorphism (5.9) factors
through the following surjective homomorphism of bialgebras in %yD.

Do(W) - B(W,Rw) . (5.17)
Proof. First, prove that (5.8) factors through the homomorphism of bialgebras
Ho(W) — B(W,Rw) . (5.18)
Clearly, for distinct ¢, j € I we have by (5.14):
ds;s;1 = ds; 1ds; 1, ds,5;.6, = ds; 5,ds; 15 ds;s; s, = ds;1ds; s, (5.19)

because ds, s, = ds, s, = ds;,
Let ¢,j € I be such that m;; = 2, i.e., s;5; = s;5,. Then using (5.19) (also with ¢ and

§i8j5 = 0'
j interchanged where necessary), we obtain
ds,y,ldsj,l = de,ldSi,,lv dsi,sidsj,l = dsj,ldsi,si (520)

Now let m;; = 3 and let s;5 := 5;5;5; = 5;5;5;.

Indeed, let us compute d,. 1 in two ways using (5.14) and (5.19) (also interchanging

Sijs

1 and j where necessary). We obtain:
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dsijwsi = dSiSjSi,Si = dSiyldeSz‘,Si + dSi,SideSi,l =ds; 1ds; 1ds; 5, + dSi,Sz‘dsj,ldSi,l ’

Sj,

dsij,si = deS,;Sj,Si = de,ldsisJ,si + dsj',sjdsisj,s]'sl = de,ldsiSj,si = de,ldsJ,desi,l .

Therefore, ds; 1ds; s,ds; 1 = ds; 1ds; 1ds; s, +ds; s, ds; 1ds; 1. Clearly, the above relation
and (5.20) ensure that (5.18) is a well-defined homomorphism of algebras. Clearly, it
commutes with the coproduct, the counit and the antipode, so is a homomorphism of
Hopf algebras.

Then, copying the argument of the proof of Theorem 5.17(b), we conclude that (5.17)
is surjective, commutes with the W-action, preserves W-grading, braided coproduct and
the braided counut.

The theorem is proved. O

Remark 5.28. In [15, Section 6] the authors conjectured that Do(.S,) is, in fact, a Nichols
algebra. In turn, this would imply that (5.17) is an isomorphism for W = S,,, n > 2. So
is natural to ask whether (5.17) is an isomorphism for each simply-laced Coxeter group
w.

We conclude the section with a (conjectural) generalization of (5.17) to all Coxeter
groups as follows. Define a filtration on H(W) by assigning the filtered degree 1 to each
D; and 0 to each s;.

The following is an immediate consequence of Theorems 1.22 and 1.25.

Lemma 5.29. For any Coxeter group W one has:

(a) The assignments ds — Ds, s € S, define a natural isomorphism of graded algebras
grw - Ho(W)=5gr H(W) ,

where gr H(W) is the associated graded of H(W).
(b) If W is simply laced, then grw factors through a surjective homomorphism Do(W) —
gr D(W) of W-graded algebras.

Remark 5.30. For any Coxeter group W the composition of §r;V1 with (5.8) is a sur-
jective homomorphism gr lj(W) — B(W,Rw) of bialgebras in |};¥D. We expect this
homomorphism to factor through the surjective homomorphism of bialgebras in %J}D:
gr D(W) — B(W, Rw).

6. Hecke-Hopf algebras of cyclic groups and generalized Taft algebras
In this section we study a variant of the generalized Hecke-Hopf algebra for cyclic

groups. In fact, these Hopf algebras are bialgebras universally coacting (in the sense of [3])
on finite dimensional principal ideal domains. It turns out that the actual (generalized)
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Hecke-Hopf algebra of a cyclic group is the quotient of such a universal Hopf algebra
and is isomorphic to the Taft algebras.

Let R be a commutative unital ring and let f € R[z]\{0}. Denote by H; the R-algebra
generated by s, D subject to relations s9°¢/ = 1 and the relations given by the functional

equation
f(ts + D) = £t (6.1)
over k[t] (with the convention that if deg f = 0, then s is of infinite order).
In other words, if we write f = ap + a1+ --- + apx”, ao,...,an € R, a, # 0, then
n
H; is subject to relations > a,{s,D}r,—r = a; for k =0,...,n, where {a,b}g,_p =
r==k
{b,a},_j i denotes the coefficient of t* in the expansion of the noncommutative binomial
(at + b)" (that is, {a, b}y ,—r = > a®tb!~¢1...asbl¢"). Clearly, Heppq =
€1,...,6r€{0,1}:
e1+-+er=k

H; for any d € R and c € R*.
Example 6.1.

o f(z) =x+ ap. Then Hy = R.

o f(z) = 2%+ a1x + ap. Then H; is generated by s and D subject to relations s2=1,
D? = —a1 D, sD + Ds = a1(1 — s). In particular, if a; = —1, then Hy = H(S2) by
Definition 1.1.

o f(t) = 2%+ asxz® + a1 + ag. Then Hy is generated by s and D subject to relations
s3> =1and

D? = —ayD* —ay D, §°D 4 sDs + Ds* = ay(1 — s,
D?s 4+ DsD + sD? + ay(sD + Ds) = a1 (1 — s) .

Proposition 6.2. For each f(x) € R[z]|, Hy is a Hopf algebra over R with the coproduct,
the counit, and the antipode given respectively by

AD)=D®1+s®D, A(s) =s5®s, e(D) =0,e(s) =1,
S(s)=s"1 S(D)=—-s""'D. (6.2)

Proof. Denote by H' the free product (over R) of the cyclic group algebra R][s]/(s™ —1),
where n := deg f, and the polynomial algebra R[D]. By Lemma 4.13 taken with H =
R[s]/(s™ —1), V= RD and §(D) = s® D, H' is a Hopf algebra with coproduct, counit,
and antipode as in (6.2).

n
Let y, € H', k = 0,...,n be the coefficients in the expansion f(ts + D) = 3 yut".
k=0
In fact,
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n
Yk = Zai{é’, D} (6.3)
i=k
for k=0,...,n =deg f, where Z apt? = f(t).
Denote by Ky the R- subrnodule of H' generated by 1 and yo,...,yn—1. Let H'[t] =
H' ®gr R[t], which, clearly, is a Hopf algebra over R][t].
Lemma 6.3. The R-module Ky is a right coideal in H'.

Proof. We have in H'[{]:
A(f(st+D))=f(ts®s+D®@1+s®D)=f(s®(st+D)+D®1)= f(st' + D)
where s’ =s®1,t' =1®(st+ D), D' = D® 1. Taking into account that the assignment

s+ s', D+ D' is an algebra homomorphism H' — H’ ® 1, we obtain

A(f(st+ D)) Zykt'k > @ (st+ D) C Ky @ H'[f]
k=0
where y. := yx ® 1. This implies that 6(yx) € Ky @ H for k =0,...,n =deg f.
The lemma is proved. O

Finally, note that KJr K;NKere= Z R-(yr — ag), ie., K;{ is an R-submodule

of H' generated by all coefficients of f(ts + D) f (). In view of Proposition 4.9, this
implies that the ideal J; generated by yi —ay, K =0,...,n, is a Hopf ideal in H’, i.e.,
H; =H'/J; is a Hopf algebra.

Proposition 6.2 is proved. O

The following is an analogue of Theorems 1.20 and 1.33.

Proposition 6.4. For an R-algebra k, c € k and any f € k[z] the assignment x — cs+ D
defines a homomorphism of algebras

klz]/(f = f(c)) = Hy ®rk (6.4)
whose image is a left coideal subalgebra in Hjy.

Proof. Indeed, defining functional relations (6.1) imply that f(cs+ D) — f(c) = 0. This
proves that ¢. is a homomorphism of algebras.

Since z := @(x) =cs+ D and A(z) =cs®@s+D®1+s®D =D®1+s®z. Thus,
R -z is a left coideal in Hy hence the subalgebra of H; generated by z is a left coideal
subalgebra in Hy.

Proposition 6.4 is proved. O
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Remark 6.5. We expect that (6.4) is always injective.

For a,b € R denote by Hy(a,b) the R-algebra generated by D, s subject to relations
53¢ f =1, the functional relations (6.1), and sDs™! = aD + b(1 — s).

Proposition 6.6. For any nonzero f € R[z] and a,b € R, the algebra H¢(a,b) is a Hopf
algebra with the coproduct A, counit €, and the antipode S given respectively by:

A(s) =s5®s, A(D)=D®1+s®D, e(s) =1, ¢(D) =0, S(s) =s"', S(D)=—-s"'D.

Proof. Let K, be the R-submodule of Hy generated by 1 and sDs™' —aD + bs.
We need the following result.

Lemma 6.7. K, is a left coideal in Hy.
Proof. Indeed, let 6§ := sDs™ ' — aD + bs. Then

A(S) = (s®3)AD)(s ' @s ) —aA(D)+bs® s
=sDs'®@1+s®sDs ' —aD®1—s®aD+bs® s
=0—-bs)®1+s®IcH @K, .

The lemma is proved. O

Finally, note that K:’b =K, pNKere= R-84p, where 8, = sDs™ ' —aD —b(1—s).
In view of Proposition 4.9, this guarantees that the ideal J; generated by 4, is a Hopf
ideal in Hy. Hence the quotient Hy(a,b) = Hy/J, 5 is a Hopf algebra.

The proposition is proved. O

We abbreviate H,,(a,b) := H;a(a,b) for a,b € R, where

f
fob = ale =B —b1 4 @) bl fat o ta™ ) (65)

Note that if a € R\ {1} is a root of unity, i.e., 1 +a+---+a""! =1, then

fi(az +b) = f*(x) (6.6)

because the set of roots of f** is invariant under the linear change  + ax + b.
We call H,,(a,b) a generalized Taft algebra. This terminology is justified by the fol-
lowing result.

Proposition 6.8. Given a commutative unital ring R and a,b € R, the Hopf algebra
H, (a,b) has a presentation: s" =1, sDs™! = aD +b(1 — s), and
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"' D(aD + b)(a2D + b(1 F1D 4 b(1 F=2)) = 6.7
. aD+b)(aD+b(1+a))---(a +b(l+a+---+a""%)) = (6.7)

ko nt1—i
-1
fork=1,...,n, where [Z] = H A ——y= Z>olq] is the g-binomial coefficient.

: ¢ -1
q i=1
In particular, if a is a primitive n-th root of unity in R*, then H,(a,b) has a presen-
tation:

s" =1, sDs" ' =aD 4+ b(1 — s),
D(aD +b)(a’D +b(1+a))--- (@ 'D+b1+a+---+a""2)=0

Proof. We need the following result.

Lemma 6.9. The algebra H, (a,b) has a presentation s™ = 1, sDs™1 = aD + b(1 — s),
and the functional relations

(t—D)(t—aD—b)(t—a’D—b(1+a))--- (t—a" ' D=b(1+a+---+a""2)) = f>(t). (6.8)

Proof. Applying the antipode to the defining functional relations (6.1) we see that H fab
has a presentation: s =1 and

(s't—s'D—bl+a+---+a""2)) (st —s51D-b)(s 't —s1D) = f201) .
Equivalently, factoring out s~! to the left from each factor, we obtain s™ = 1 and:
(t—s"'Ds'™ —b(1+a+---+a""2)s)---(t —sDs™t —bs)(t — D) = f2°(t) (6.9)
Passing to H,,(a, b), we obtain one more defining relation sDs~! = aD + b(1 — s), which
immediately implies s*Ds™" = a*D +b(14+a+ - +a*1)(1 — s) for k € Z>(. Taking
this into account, we see that the left hand side of (6.9) becomes the left hand side of

(6.8). The lemma is proved. O

We need the following combinatorial fact. For n > 0 let f,(¢,2;p,q) € Z[t,z,p, q] be
given by

n—1 ;
i ¢ -1
faltz,pg) = | <t+qx+pq_1>
=0

with the convention that fo(t,z;p,q) = 1.
The following is a generalization of the ¢g-binomial formula.

- n
Lemma 6.10. fn(t,x,p, q) = Z |:k’:| fk(ovx;paq)fn—k(tvo;pv Q) fOT n Z 0
k=0 q
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Applying Lemma 6.10 with ¢ = a, p = —b, x = —D, we see that the left hand
side of (6.8) equals f,(t,—D;—b,a) and f,(t,0;—b,a) = f**(t), so (6.8) becomes:

32 [1],fe(0, =D =b,a) [0 (1) = 0.

k=1

Finally, using H,,(a, b)-linear independence of f,?’b(t), k >0 in H,(a,b)[t], we obtain
(6.7).

The proposition is proved. O

By Proposition 6.8, for a being a primitive n-th root of unity in R, H,(a,0) is the
Tuft algebra with the presentation: s” =1, 9" = 0,80 = ads.

It turns out that H,(a,b) is always a module algebra over the Taft algebra, and the
multiplication in the former can be expressed in terms of the action.

Corollary 6.11. In the notation of Proposition 6.8, suppose that a is a primitive n-th root
of unity in R. Then

(a) Hy(a,b) is an H,(a™1,0)-module algebra via: s>s = as, dvs =0, s>D =b+aD.

¢
(b) s'p(D)s~* = Z(fl)k Ej—ﬂ b ((s°0%)>p(D)) - s* for any polynomial p € Rlx]

k=0
and £ > 0.

7. Proofs of main results
7.1. Almost free Hopf algebras and proof of Theorems 1.16 and 3.2

Given a group W, a conjugation-invariant subset S C W\ {1}, and any maps x, o :
W xS — R, let I:I;U(W) be an R-algebra generated by W and D, s € S subject to
relations (3.1) for all s € S, w € W.

Proposition 7.1. For any maps x,0 : W xS — R one has

a) H 1s a Hopf algebra with the coproduct A, counit €, and the antipode S given
H;w, w Hopf algeb h th duct A d th de S
by (3.4).
(b) I:I;(U(W) factors as I:I;(g(W) =T(V)-RW over R, where V = @®sesR - Dy, iff x
and o satisfy (3.5).

Proof. Prove (a). Clearly, IA{;(G (W) = H,, in the notation of Proposition 4.12, where:
e H=RW,V =&,esR- D; is a T(H)-module via
w(DS) = Xw,st (71)

for we W, s € S and an H-comodule via §(Dy) = s ® Ds.
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e v: RW xV — R is given by
Y(w, Ds) = 04 5(1 — wsw™) (7.2)
forweW,sesS.

Then, clearly the Yetter-Drinfeld condition (4.10) holds because
5(w(DS)) = Xw,s(s(Dwsw_l) =wsw™ ' ® Xw,s Dwsw—1 = wsw™ " ® w<DS)

foralwe W, seS.
The second condition of Proposition 4.12 also holds automatically because

A(y(w, D)) =0y s(1®1 — wsw ' ® wswil) =v(w,Ds) @1+ wsw ' ® ~v(w, Dy)

and e(y(w,Ds)) =0 for all w e W, s € S.

Thus, I:I;U(W) = H, is a Hopf algebra by Proposition 4.12. This proves (a).

Prove (b). It suffices to translate the conditions of Proposition 4.11. Indeed, taking
into account that the first condition of (3.5) implies x1,, = 1 for all s € S, we see that
the first condition of (3.5) is equivalent to that (7.1) is a RW-action on V = @zesR- Ds.

Finally, the condition (4.6) reads for this action and v given by (7.2):

Twoywn,s(1 — wiwaswy 'wi ) = y(wiws, Dy) = y(wy, we(Dy)) + w7y (wa, Ds)w;*

_ 1 -1 1 -1
= sz,sawhwsw;l(l — W WoSWy W]~ ) + Ouy,s(1 — wiwaswy wy ™)

in RW for all wy,ws € W, s € S, which is, clearly, equivalent to the second condition of
(3.5). This proves (b).
Proposition 7.1 is proved. O

Furthermore, we say that a family f = (f,) € (R[z]\ {0})® of polynomials f, €
R[z] \ {0} is adapted to S if deg fs = |s| for all s € S (with the convention |s| = 0 if s is
of infinite order, hence, fs is a nonzero constant in that case).

For any maps x,0 : W x & — R and any family f = (f,) € (R[z] \ {0})° adapted
to S let I:IX70-’f(W) be an R-algebra generated by W and Dy, s € S subject to relations
(3.1) for all s € S, w € W and the functional relations

fs(t5+Ds) :fs(t) (73)

(if s is of infinite order, i.e., |s| = 0, then the condition (7.3) is vacuous).

By definition, one has a surjective homomorphism of R-algebras m¢ : I:I;(U(W) —»

A~

H, ,:(W).

Proposition 7.2. For any family £ adapted to S, I:\IX’G—’f(W) is naturally a Hopf algebra
(i.e., w¢ is a homomorphism of Hopf algebras).
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Proof. Using notation from Section 6 and copying (6.3), define for each finite order

. Is|
element s € S the elements yg, . .. ’yISSI*l e H) (W) by yi = >_ ai{s, Ds}ir—i, where
i=k
|s]
> at* = f(1).
k=0
Denote by Ky, the R-submodule of H' , (W) generated by 1 and y3, k =0, ..., [s| 1.
(with the convention that Ky = R if |s| = 0).

Lemma 7.3. K, is a right coideal in I:I;(U(W) for each s € S.
Proof. The proof is identical to that of Lemma 6.3. O

Therefore, K¢ := ) Ky, is a right coideal in I:I;(U(W) by Proposition 4.1 (for right
seS
coideals) and Ky := K¢ N Ker ¢ is the R-submodule of H/ (W) generated by y; — a3,

k=0,...,|s],s€S.

By definition, the kernel of 7¢ is the ideal of H’ (W) generated by K{. In view
of Proposition 4.9, this guarantees that the kernel of m¢ is a Hopf ideal in H} ,(W).
Therefore, H,, , ¢(W) = I:I;(J(W)/(Ker m¢) is a Hopf algebra and 7¢ is a homomorphism
of Hopf algebras.

The proposition is proved. O

Proof of Theorem 3.2. Let us show that H, (W) = H, , ¢(W), where
fs = fl‘zT’bS =x(z—bs)(x —bs(1+as)) - (x—bs(l+as+---+ alss‘_Q)) (7.4)

in the notation (6.5), where we abbreviated as := x5 and by := o, (with the con-
vention f, = 1 if |s| = 0). Indeed, in view of Proposition 6.8, since each relevant x s
is the primitive |s|-th root of unity, the defining functional relation (7.3) for H, o ¢(W)
coincides with the defining relation (3.2) for I:IU)X(W). Thus, I:IU)X(W) =H, ,¢(W) is
a Hopf algebra.

Theorem 3.2 is proved. O

Proof of Theorem 1.16. Similarly to Definition 1.14, for any Coxeter group W = (s;|i €
I) let H'(W) the Z-algebra generated by s;, D;, i € I subject to relations:

(i) Rank 1 relations: s? =1, s;D; + D;s; = s; — 1 for i € I.
(ii) Coxeter relations: (s;s;)™# = 1 and linear braid relations: D;s;js;---s;; =
Wz

- . y i if my; is even .
55+ 8p8 Dy for all distinct 4,7 € I, where ¢ = and {i’,j'} =
—_———

j if my; is odd

. . ml]
{i,j}.
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Proposition 7.4. H'(W) = I:I;(J(W) for any Coxeter group W the notation of Proposi-
tion 7.1 with R =17, where x : W xS - {-1,1} CZ and o : W xS — {0,1} C Z are
given by:

- 1
ey = (—1)f@+ 3wt 5 % (7.5)

for allw € W, s € 8. In particular, H'(W) is a Hopf algebra with the coproduct A,
counit e, and the antipode S given by (3.4).

Proof. Clearly, H'(W) is generated over Z by V = @,csZ D, and the group W.
We need the following result.

-1 ifs=s;
Lemma 7.5. For any Coxeter group W the map (7.5) satisfies xs,.s = /
1 if s # 84
forse S, iel. In particular,
Dy . if s #£s; 1—xs, 5
5;Dgss; = o f ?é = Xsi,S‘DSiSSi + ¢(1 - Sissi) (7'6)
—Dg, +1—s; ifs=s; 2

in H' (W) forallseS,iel.

Proof. Clearly, x defined by (7.5) satisfies the first assertion of the lemma because £(s;) =
1 and €(s;ss;) — (s) € {—2,2} foralli € I, s € S\ {s;}, i.e., €(s;) + 5(U(sss5;) — £(s)) €
{0,2} (of course, x5, s, = —1). Then (7.6) follows.

The lemma is proved. O

Prove that (3.1) hold in H'(W) by induction on £(w). If w = 1, we have nothing to
prove. If {(w) =1, i.e., w = s; for some ¢ € I, then the (7.6) which verifies (3.1).

Suppose that £(w) > 2, i.e., w = wjws for some wy,ws € W\ {1} with £(wq) +
£(ws) = ¢(w). Then using the inductive hypothesis in the form: wgDsfwgl = Xws,sDs' +
1_X%(l — wyswy '), where we abbreviated s’ = wysw, ', we obtain, by conjugating
both sides with w;:

-1

1_
wDgw wl(wgDswgl)wfl = sz,swlDS/wfl + M(l — wsw_l)

2
_ L — Xuws,s! ’o—1 L — Xuws,s —1
_sz,s(ths’les/w;l +T(1_w13 wq ))-I-T(l—wsw )
1- _
= Xw,sDwswfl ﬂ(1 — wsw 1)

2

by the inductive hypothesis with w’ and by the first condition of (3.5).
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This finishes the inductive proof of (3.1). Thus, H'(W) = I:I;(U(W) in the notation
(3.1) with x and o are as in (7.5). Therefore, H'(W) is a Hopf algebra by Proposi-
tion 7.1(a).

The proposition is proved. O

Finally, note that for y and o given by (7.5) the relations (3.2) become D? = D,
s € S. Moreover, it follows from (7.6) that these relations considered in H(W) follow
from the relations D? = D;, i € I. This proves the following

Lemma 7.6. H(W) = ﬂX,U(W) for any Coxeter group W and x,o given by (7.5).

Thus, ﬂ(W) is a Hopf algebra by Theorem 3.2.
Theorem 1.16 is proved. O

7.2. Factorization of Hecke-Hopf algebras and proof of Theorems 1.22, 3.3

Prove Theorem 3.3 first. Proposition 7.1(b) together with (3.5) guarantee that
I:I;(U(W) factors as ﬂ;g (W) =T(V) - RW over R, where V = @scsR- D;. To establish
the factorization of H, ,(W) we need the following result (which is a pre-condition in
Lemma 4.15).

Proposition 7.7. In the notation of Lemma 7.3, w - K, - w™' = K g-1 for allw € W,
seS.

Proof. The following is an immediate consequence of (3.5).

Lemma 7.8. For any o,x : W x 8§ — R satisfying (3.5) one has for allw € W, s € S:

Ow,s

_ _ _ 1 _
(a) X1,s = 1} O1,s = 07 Xw—1,wsw—1 = Xw.s’ Ow—1 wsw—1 = T Xuw.s

(b) Xwsw—Twsw—1 = Xs,s5 (Xs,s - 1)0w,s = Xw,sOwsw—1,wsw—! — Ts,s-

Furthermore, in the notation of Section 7.1, for s € S of finite order |s| we abbreviate:
As = Xs,5, bs = 05,5, f5s = f‘“’b“" € R[z] and denote 05(¢t) := fs(ts + Ds) € I:I;(U(W)[t]

|s]

We need the following result.

Lemma 7.9. In the assumptions of Theorem 3.3 one has (in the notation (7.4)):

fu}sw*l(m) = fs(Xw,s - X+ Uw,s) (77)

for allw € W, s € S of finite order. In particular, w - §5(t) - W™ = Gyep—1 (FXL)
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Proof. For a given w € W we abbreviate s’ := wsw™! and n := |s| = |§’|. Then a? =1

1—ak :
and (3.6) reads: o5 = bsrz; where k = Ky 5. Also ay = as and by = XbSa’; by

7]@_
Lemma 7.8. Combining, we obtain o, s = bslxw’sa—l. Then:

S/
l—ay

n )
1—-a

s\ Xw,s * w,s) — w,s * ws_bs—s
FoXws @+ 0ws) [[1<x T+ o, 1%)
:ﬁ x_'_aw,s_ bs 1—al,

i=1 Xw,s Xw,s 1- Ag!

- 1—a'k - 1—at,
= — bslis = - bS’ = = Js .
H(x 1_@3,) [T - b= = fo@)

This proves the first assertion of the lemma. Prove the second assertion now. Indeed,
using (7.7) the form fs(t) = fs (p), where p = t;&, we obtain:

w-Os(t) - w ™t = fo(w- (ts + Dy) -w ) = fo(ts' + Xw,sDs + 0 s(1 = 8"))
= fs((t - Jw,s)sl + Xw,st + Uw,s) - fs(Xw,s(pS/ + Ds) + Uw,s)
= fs’ (pSI + Ds’) + Uw,s) = 6wsw*1(p) .

The lemma is proved. O

Since Ky is generated by the coefficients of d,(t), the second assertion of Lemma 7.9,
finishes the proof of Proposition 7.7. O

In particular, K = Y K satisfies w-K = K - w for all w € W. This and the
s€S

factorization of H = I:I;(J(W) = T(V) - RW guarantee that Lemma 4.15 is applicable
here, therefore, H = I:IX,U(W) factors as H =D - RW over R, where D = ]ADX’U (W) =
T(V)/(K).

Theorem 3.3 is proved. O

Proof of Theorem 1.22. We need the following result.

Proposition 7.10. For any Coxeter group W, one has

(a) the maps x and o defined by (7.5) satisfy (3.5).
1 if l(ws) > L(w)

for all s € S,
-1 ifl(ws) < L(w)

(b) the map x given by (7.5) satisfies xw,s = {

weW.
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Proof. Prove (a). The following immediate fact gives a “default” y satisfying (3.5).

Lemma 7.11. Let W be a group and S be a conjugation-invariant subset of W, then for
any ring R, a group homomorphism p : W — R*, and map ¢ : S — R*, the map
X =Xx?":W xS — R* given by Xuw,s = p(w) - % forw e W, s €S satisfies the
first condition of (3.5).

We use Lemma 7.11 with R = Z, a homomorphism p : W — {—1,1} = Z*, and
amap ¢ : S — {—1,1} given respectively by: p(w) = (=1)%(w), ¢(s) = (—1)2¢)=D
for w € W, s € §. Then, clearly, x defined by (7.5) equals x¥” in the notation of
Lemma 7.11 and, thus, satisfies the first condition (3.5).

Finally, 20w2’8+2xw2750w1,WQ8w;1 = 1—Xw2,S+Xw27S'(1—Xw17w28w2—1) =1—Xuwiws,s =
20w, wq,s Dy the first condition (3.5). This proves (a).

Prove (b) now. Note that x,, s = 1iff s’ # s; by Lemma 7.5. This, Proposition 7.10(a)
and the first equation (3.5) taken with wy = s;, wy = s;w imply that

§ _
Xw,s = (=1) eawsw 1Xsl-w’s (7.8)

for all w € W, s € S. Furthermore, we proceed by induction in ¢(w) in the form

If xu,s = —1, then (w) > (ws) (7.9)
Indeed, if w = s; for some ¢ € I, then x,, s = —1iff s = s; and we have nothing to prove.
Suppose that x, s = —1 for some w € W with ¢(w) > 2 and some s € S. Now

choose i € I such that £(s;w) = f(w) — 1. If 5; = wsw™!, i.e., s;w = ws, then clearly,
£(w) > £(ws) and we have nothing to prove. If s; # wsw™?, then (7.8) guarantees that
Xs;w,s = —1 and the inductive hypothesis for (s;w,s) asserts that £(s;w) > £(s;ws).
Taking into account that ¢(s;ws) > ¢(ws) — 1, we obtain ¢(w) > £(ws), which finishes
the proof of (7.9). Finally, using (7.9) let us prove

If xu,s = 1, then £(ws) > (w) (7.10)
Indeed, taking into account that xss = —1 for all s € S by (7.5) and using Propo-
sition 7.10(a) again, the first equation (3.5) taken with w; = ws, wy = s implies
Xw,s = —Xuws,s tor all w € W, s € S. Therefore, x, s = 1 implies that xuss = —1

hence ¢(ws) > £(wss) = £(w) by (7.9). This proves (7.10). Part (b) is proved.
The proposition is proved. O

Let us show that these x and o also satisfy (3.6). Indeed, |s| =2 xss = —1, 055 = 1,
for all s € S and x7, , = 1 for all w € W, therefore (3.6) holds automatically with
taken to be the exponent in (7.5), so that X, s = (—1)%»=. Therefore, H(W) = H, , (W)
(by Lemma 7.6) and it factors over Z as H(W) = D(W) - ZW by Theorem 3.3.

Theorem 1.22 is proved. O
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7.8. Left coideals and proof of Theorems 1.17, 1.2/, 1.28, 3.5, and 3.6
Prove Theorem 3.5 first. Indeed, by definition (3.7),
K, o(W)={z €D, ,(w)|wrw™ € D, ,(W)VweW}=K(RW,D, ,(W)) (7.11)

in the notation (4.1). Also, by definition, D, (W) is a left coideal subalgebra in H(W),
i, A(Dy,(W)) C HW)®D, ,(W). These and R-freeness of H, (W) guarantee that
all conditions of Theorem 4.5 are satisfied, therefore H = H, (W) is naturally a Hopf
algebra.

Theorem 3.5 is proved. O

Proof of Theorem 3.6. We need the following result.
Lemma 7.12. In the notation of Theorem 5.2, one has:

(a) the algebra D, ,(W) is the free product (over R) of algebras Dy, s € S, where Dy
is the R-algebra generated by Dy subject to relations (3.2) (e.g., Ds = R[Dy] if s is
of infinite order).

(b) If the condition (3.8) holds for all s € S, then D, ,(W) is a free R-module.

Proof. Part (a) is immediate from the presentation (3.2) of D, ,(W).

Prove (b). If s is of finite order |s| and xs s is a primitive |s|-th root of unity in
R*, then, according to Remark 3.1, Dy is generated by D subject to the only (monic)
polynomial relation, therefore, is a free R-module. Since free product of free R-modules
is also a free R-module, this finishes the proof of (b).

The lemma is proved. O

Lemma 7.13. In the assumptions of Theorem 3.6, one has:

(a) I:IXJ(W) is a free R-module.
(b) In the notation (7.11), one has

N

K, .(W)={zeD,,(w)|wrw™ €D, (W)Y weW}=K(RW,D, ,(W))
(7.12)

and K, (W) is a left coideal in H, ,(W).

Proof. In the assumptions of Theorem 3.6, one has a factorization I:IX’J (W) = ]A)XQU (W)-
RW by Theorem 3.3, in particular, ]~)X,U(W) = ]A)X,U(W). Taking into account that RW
is also a free R-module and tensor product of free modules is free, we finish the proof of

part (a).
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Prove (b). (7.12) is immediate. The second assertion follows from (a) and Proposi-
tion 4.6.
The lemma is proved. O

Thus, all conditions of Theorem 4.5 are satisfied for the Hopf algebra H, ,(W),
therefore H = H, (W) is a Hopf algebra by Theorem 4.5. Finally, the factorization
H, ,(W) =D, (W) - RW follows from Proposition 4.9 and Theorem 3.3.

Theorem 3.6 is proved. O

Proof of Theorem 1.17. Taking into account that H(W) = I:IX’U(W) by Lemma 7.6 for
x and o given by (7.5), we see that K(W) = K, (W), therefore, HW) = H, ,(W) =
H(W), which is a Hopf algebra by Theorem 3.6.

Theorem 1.17 is proved. O

Proof of Theorem 1.24. Clearly, the algebra ﬂ(W) is filtered by Z>¢ via deg D, = 1,
s € §, degw = 0. For each r € Z>( denote by I:I(W)ST the filtered component of
degree r. In particular, H(W)<g = RW. For each subset X c H(W) we abbreviate
Xep = XNHW)<,.

Proposition 7.14. For each r > 0 and J C I the Z-module K(Wj)<, is a left coideal in
H(W).

Proof. We need the following result.
Lemma 7.15. For each r > 0 the Z-module D(W)<, is a left coideal in H(W).

Proof. We proceed by induction in 7. Indeed, since D(W)<g = Z, D(W)<; = Z +

S>> Z - Dy, the assertion is immediate for » = 0,1. Suppose that r > 1. Clearly,
seS

D(W)<, = D(W)<,—1 - D(W)<;. Therefore, A(D(W)<,) C (H(W) @ D(W)<,—1) -
(HW) @ D(W)<1) = H(W) @ D(W)<, by the inductive hypothesis.
The lemma is proved. O

We need the following result.

Lemma 7.16. For any Coxeter group W and any subset J C I one has:

(a) the subalgebra of (W) generated by sj, Dj, j € J is naturally isomorphic to H(W,).

(b) Under the identification from (a), D(W;) is a subalgebra D(W) generated by D,
seSNWj.

(¢) K(Wj) c D(Wy) c H(W) is a left coideal in H(W).

Proof. Indeed, we have a natural homomorphism of algebras ¢; : H(W;) — H(W)
determined by ¢;(s;) = s;, ¢s(D;) = D;, j € J. Clearly, the restriction of ¢; to ZWj,
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is an injective homomorphism ZW; < ZW. Also, ¢;(Ds) = Ds for s € S5 = SN Wy,
which follows from (7.6) and the fact that S; is the set of all reflections in W;. In
view of Lemma 7.12(a) applied to D(W) = f)X,G(W) with x,o given by (7.5), the
restriction of ¢ to D(W;) is an injective homomorphism D(W;) < D(W). Therefore,
by Theorem 1.22, which asserts factorizations H(W) = D(W) - ZW and H(W;) =
D(W;) - ZWy, the map ¢ : D(W;) - ZW; — D(W) - ZW is also injective as the tensor
product of injective Z-linear maps.

This proves (a) and (b).

Prove (¢). By Lemma 7.6, H(W) H, (W) (for x,o defined by (7.5)). Therefore,
taking into account that D(W) = D, , (W), K(W) = K, (W) is a left coideal in H(W)
by Lemma 7.13(c). Replacing W Wlth W and using (a), we finish proof of (¢). O

Lemmas 7.15, 7.16(c), and Proposition 4.1 guarantee that K(W;)<, = D(W)<, N
K(W;) is a left coideal in H(WW), which is a free Z-module by Lemmas 7.6 and 7.13.
The proposition is proved. 0O

Furthermore, by definition, Z + K;;(W) = K(W;  })<m,;- This and Proposi-
tions 4.1(a), 7.14 imply that K =Z + _ K;;(WW) is a left coideal in H(W). Proposi-
igel
tion 4.9 guarantees that the ideal J(W) of H(W) generated by K, is a Hopf ideal, hence
H(W) = H(W)/J(W) is a Hopf algebra.
Theorem 1.24 is proved. 0O

Proof of Theorem 1.28. H(W) = H, ,(W) for x, o given by (7.5) by the argument from
the proof of Theorem 1.17. Therefore, the first assertion of Theorem 1.28 coincides with
the second assertion of Theorem 3.6.

Prove the second assertion of Theorem 1.28. We need the following result.

Proposition 7.17. For any subset J C I, under the natural inclusion H(W;) ¢ H(W)
from Lemma 7.16(a), one has K(W;) C K(W).

Proof. We need the following immediate consequence of (3.1) and Proposition 7.10(b).

Lemma 7.18. The following relations hold in H'(W)

(7.13)

—1 Dysw—1 ng(’wS) > E(w)
wDgw™ " =
1 — Dyt —wsw™ b if b(ws) < £(w)

forallwe W, seS.
Given J C I, denote W7 := {w € W | {(ws;) = L(w)+1V j € J}. It is well-known (see

e.g., [5]) that W has a unique factorization W = W+ - W, which we write element-wise
as w = [w]” - [w]; for any w € W, where [w]/ € W7 and [w]; € W}.
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Lemma 7.19. For any Coxeter group W, and any subset J C I one has

(a) wD(W,)w™ c D(W) forwe W7,
(b) wK(W)w™! = [w]K(W;)([w]!)~t c K(W) for allw € W.

Proof. It is easy to see that £(wyws) = £(wy) + £(ws) for any wy; € W7, wy € W. This
and (7.13) imply that wD,w™! = Dy 4,1 in ]5(W) forallw e W/, s € S; =SnWj.
Hence wD(W;)w=! ¢ D(W) for all w € W*. This proves (a).

Prove (b) now. We have, based on the proof of (a):

A

wK(Wy)w™ = [w] Tw] K Ws) ([w]) " ([w]”) " = [w] K(W,)([w]”) ™ < DW)

for all w € W because wi K(Wy)w;! = K(Wy), woK(Wy)wy ! ¢ D(Wy) for all wy €
Wy, we € w.

In particular, K(W;) C K(W). Conjugating with w and using the fact that
wK(W)w=t = K(W) for all w € W, we finish the proof of (b).

The lemma is proved. O

Therefore, the proposition is proved. O

Let K(W) := > wK;j(W)w™!. By definition, w - K(W) = K(W) - w for
weW,i jel:i#]
all w € W and the ideal J(W) from the proof of Theorem 1.24 is generated by K(WW).
Also, K(W) ¢ D(W) by Proposition 7.17. Therefore H = H(W), D = D(W), and
K = K(W) N Ker ¢ satisfy the assumptions of Lemma 4.15, thus H = H(W) factors as
H(W) =D - ZW over Z, where D = D(W) = D(W)/(K(W)).
Theorem 1.28 is proved. O

7.4. Relations in D(W) and proof of Theorem 1.3/

For all distinct i,j € I, w € Wi} and s € SN Wy, 5y we have wDsw ™! = Dyyep-1
by (7.13). Therefore, it suffices to prove the assertion only when w =1 and W = Wy, ;3.
Define QE;’”T’p) and Rg?’r’t) € ﬁ(W{i,j}) for all divisors n of m = mj;, r € [1,n], and
1<p< %,Ogtg%by:

(n,mp) _ E : } :
Qij = DyyynDrgan — DyyonDripyn
0<a<b< Zib—a="—p 0<a/<b/' <22t —a’=p
+ g DrJrcn )
p<c<—p

Rl(';lﬂ”) - DrDr+n e Dr+m—n - Dr+m—n e Dr+nDr 5
— —

(n,ryt) . — N
Rij = H (1 - Dr+an) H Dr—i—bn - H Dr+bn H (1 - Dr+an) .

t<a<m 1 0<b<t—1 0<b<t—1 t<a<m 1
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We need the following fact.

Proposition 7.20. For any Cozxeter group W and i,5 € I with m :=m;; > 2 one has for

all divisors n of m = m;; and r € [1,n]:

o sy = [T I g, @ ren

Q) iy = I L
p<3z

R fr >

(b) siRU sy = RMD Gpp =1 > 1,
—RMID e =1 =0

R{mr+bt) ifr<n

si = ¢ RimD) ifr=mn,t<

—Rg?’l’o) ifr=mn,t=

SiR(n,r,t)

i forlgtg%.

m
n
m
n

Proof. We need the following immediate consequence of (7.6).

Lemma 7.21. If m := m;; > 2, then one has in ]A:)(W{i,j}):

1-Dy—s ifk=1
s;Dys; = 1o W (7.14)
Dm+2—k Zf2 < k <m

for k=1,...,m, where Dy, ZZDZ’jZDsisj~~~si fork=1,...,m.
—_———

2k—1
Taking into account that D{: = D;’v,j—i-l— » We will repeatedly use (7.14) in the form:

DIt if2<k<m

1—-Dii—g, ifk=1 g y
SkaSZ‘ = { m 5 SiD;zSi = D%,g (715)
k—1

fork=1,....m,£=1,...,m—1.
Prove (a). First, suppose that » > 1. Then, using (7.15), we have

(n,rp) o E:
SZQ” Si = 8iDrypnDryansi
0<a<b<r:b—a=""—p
- 5 Sz'Dr—i-a’nDr-i-b’nSi + § SiDr—i-cnsi
0<a’/<b'<:b'—a’=p p<c<—p
. ]Z Z
- E : Dr 1+anr 1+an

0<a<b<:b—a=""—p
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_ n,r—1,p
- E : Dr 1+a’'n 7“ 1+b’ + Z Dr 1+cn_Qﬂ

0<a/<b'<T:b'—a’=p p<e<Z—p

Interchanging ¢ and j, we also obtain s]Q(n 2 55 = Q(n THLP) whenever 7 < n.
Finally, suppose that » = 1. Then, using (7.15) again, we have

(n,1,p) o § :
Q - SZD1+m anlsz SiDlernDlJransi
0<a<b< Zib—a="—p

— S¢D1D1+pn8i — E SiDlJra’nDler/nSi
0<a/<b/' <2 —a’=p

+ Z SiD1+cnSi

p<c<—p
— it _ it _ .. E : Ji ji
Dm pn(]' Dm 81) + DanaTL
0<a<b<Z:b—a=""—p
1 Pit < \Dit Ji i Ji
(1-DJ sl)D[m E D, Dy, + g D
0<a/<b' < :b'—a’=p p<e<™—p
_ it nji j’L e Jji ji
DmDpn D , + Dm pn § : Danan
0<a<b<:b—a="—p
_ Dt Ji _ E Ji i § Jji
Dm anm Da/nDb’n + Dcn
0<a’/<b'<:b'—a'=p p<c<t—p
_ § Ji yjio E Ji i
- Danan Da/nDb’n
0<a—1<b—1< " :b—a=""—p 0<a/—1<b' —1< 20 —a’=p

+ Z Dgz Q(n ,M,P)

p<c—1<R—p

Interchanging ¢ and j, we obtain SJQ(n P g Q(n’l’p). This proves (a).
Prove (b) now. First, suppose that r > 1. Then, using (7.15), we have

— —
(n,rt)
siR;; s = H (1 = 8;Dytansi) H 8; Dy ypnS;
t<a<m_1 0<b<i—1
— —
- H siDr+bnsi H (]- - siDrJransi)
0<b<t—1 t<a<m_1
—
= H Dr 1+bn H (1 - D7—1+an)
0<b<t—1 t<a<m-_1

—

P
ji _ plnr=1)
- H DT 1+bn H (1 - Dr—1+an) - R]z .
0<b<t—1 t<a<m_1
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Interchanging ¢ and j, we also obtain szE;L’T’t)

Now suppose that 7 =1, ¢ > 1. Then, using (7.15) again, we have

n,r+1,t
5; = R;i ) whenever r < n.

— —
(n,1,t)
SZRZ] S; = H (1 — SiDl-i-anSi) H SiD1+bn3i
t<a<-1 0<b<t—1
— —
- H 8 D14pns; H (1 —5iD11anSs)
0<b<t—1 t<a<m 1
N _
_ i i ) ji
- (1_Dan)(1_Dm_Sz) H Dbn
t<a<T—1 1<b<t—1
— —
Ji ji ) ji
B H Dbn'(liDmisl) H (I*Dan)
1<b<t—1 t<a<m 1
— —
_ ji ji ji
= ] a-pi-a-pi) [[ Dpi.
t<a<r—1 1<b<t—1
— —
Ji ji jiy _ plnnt—1)
- H Dbn (1 - Dm) H (1 - Dan) - Rji
1<b<t—1 t<a<m 1
because
— — — —
_ — DY, g, Ji Ji o .. _ i
H (1 D(”") S H Dbn + H Dbn Si H (1 Dan)
t<a<—1 1<bh<t—1 1<b<t—1 t<a<m -1
— — — —
— . it Ji i i
= =5 H (1 Dmfan> H Dbn + H Dmfbn H (1 Dan)
t<a< -1 1<b<t—1 1<b<t—1 t<a<™—
=0

which is immediate if ¢ = 1 or t = 2 and follows from the relations D? = Dy if 1 <t < 2
(which we use here in the form (1 — D)DJ! = Di*(1 — Di") = 0).
Interchanging ¢ and j, we obtain szZ(?’n’t)sj = R;?’l’tﬂ) whenever 1 <t < 2,
Finally, suppose that » = 1, ¢ = 0. Then, using (7.14), we have

_ -
(n,1,0)
siR; s = H (1 —siDitansi) — H (1 —5iD11ans:)
0<a<—1 t<a<?T—1

= (Dl + 5i> : H (1 - Dm+1fan) - H (1 - Dm+1fan) - (D1 + Sz)

1<a<™ -1 1<a<™ -1
== ==
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— —

= Dl . H (1 - D1+a/n) —_ H (1 —_ D1+a,n) . l)1 — 7R§;L,1,1)

1<a’<™—1 1<a’<™—1
=0 > = =7

because $; (1 — Dypt1—n) - (1 = Dpy1) — (1 — Dpg1) - (1 = Dips1-n) 8; = 0.

m_q m_q

Interchanging ¢ and j, we obtain szZ(;l’l’l)sj = —RE;L’I’O) whenever 1 <¢ < . This
proves (b).
The proposition is proved. O

Finally, Proposition 7.20 implies that all Qg?’r’p ), Qg?’r’p ) and RZ(-;L’r’t) belong to
K;;(W), where - is the anti-involution of D(W) given by Dy = D, for s €€ S (see
also Theorem 1.37(a) and its proof). This proves Theorem 1.34. O
7.5. Braid relations and proof of Theorems 1.20 and 1.33

For commutative ring k, ¢,7 € I with m;; > 2, ¢;,¢; € k such that ¢; = ¢; if m;; is
odd, define the element in H(W) @ k by:

A(}iz?cj = w”( . (Si — CisiDsi)(sj — CijDsj) — e (Sj — CijDS].)(Si — cllesl))

where m := m;; and w;; = s;8; -+ = s;8; -+ is the longest element in Wy; ;3. It is easy
——
Mg Lz
to see that
ST Hwig AL Y) = -+ (si + i Ds,) (85 + ¢;Ds;) = -+ (s5 + 83D, ) (si + ¢iDs,)  (7.16)
and
ALY =(1=¢;,D1)-- (1= ¢, D) — (1 = ¢;,, D) -+ (1 — ¢, D) (7.17)
where Dy, = Di’j are as in Lemma 7.21, m = my;, and (i1,...,%m) = (..., 4, ).
——

m

In particular, Ag;’cj e D(W) @k for all 4, j with m;; > 2 and ¢;,¢; € k.

i,Cj

Proposition 7.22. In the assumptions as above, each Afj belongs to K;;(W) @ k.
Proof. We need the following result.

Lemma 7.23. For all 1,5 € I with m;; > 2, ¢;,¢; € k* such that ¢; = ¢; if my; is odd,
one has:
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C;,Cj C;,C C;i,Cj C;,C
S8 = ——Dio A Dy 807 s; = ——= Dy A D;e, . (18)

1] 13

where Dy ., = (1 —¢;)(1 — Ds,) = (1 —¢;)(1 — ¢; Ds, )7L

i

Proof. Prove the first equation (7.18). Using relations (7.14) we obtain

5i0i; 7 si = si(1 =iy D1) -+ (1 = ¢i,, Din)si — 5i(1 = €3, D) -+ (1 = ¢, D1)s;
= (1 —c¢i(1=Ds, =) = ¢, D) -+ (1 = ¢iy D2)
= (1 =ciyD2) - (1= ¢, D) (1 = ci(1 = Ds; = 5;))
= Dic,(1=¢i,, D)+ (1 =ci,D2) — (1 =i, Do)+ (1 = ¢i,, Din) D ¢,

because s;(1 —¢; Dp) -+ (1 —¢;,D2) = (1 —¢;;Da) - (1 — ¢;,, D) 84

Taking into account that D; ., = (1 —¢;) - (1 — ¢;Ds,) !, we obtain the first equation
(7.18). The second one also follows because A7/ = —A7.
The lemma is proved. O

Conjugating A V9 with w = ---sjs; € Wy j3, £ < m, and using (7.18) repeatedly, we
——

¢
obtain:
RO |
k=1 """
where we abbreviate Dy = s;, o+ Siy o Diges, Sin_y - 8i, = 1 —¢;, (1 — Dy) for k =

1,...,¢ in the notation of (7.17), where i = . This implies that

j if k is even

{i if k is odd
wAf;-’c"w*I € D(Wy;5) ® k. Similarly, taking w = ---s;5; € Wy, 53, £ < m, one
——

¢
shows that wA“w™! € D(Wyijy)<m ® k. Thus, wAZ“w™! € D(Wy; ;1) © k for
any w € Wy; ;3 for any k and any ¢;, ¢; € k such that ¢; = ¢; if m;; is odd. Suppose that

k is a free Z-module. This implies that A7 € (| w- (D(Wy;j3)<m @ k) -w™" where
weW

the intersection is in I:I(W{m-}) ® k.
Suppose that k is a free Z-module. Then, taking into account that

() w- DWW p)m @k)-w" = ( () w DWyigy)<m 'w1> o

weWw weWw

weW weW
Kij (W), we obtain A,Z{’cj S Kij (W) ® k.

by Lemma 4.2 and () w - D(Wyj))<m - w™ ! = ( N w-D(Wyijy) ~w1> =
<m
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Finally, we can remove freeness condition for k over Z by first replacing k with a
commutative ring k free over Z and then noting that any commutative ring k is a
homomorphic image of some k. Then extending the structural homomorphism f : k - k
to f : H(Wy, ;1) ® k — H(Wy, ;1) ® k we see that an inclusion Afjc’ € Ky(W) ek
implies an inclusion A7 € Kj(W) ® k, where ¢; = f(&), ¢; = f(&).

The proposition is proved. O

Proof of Theorems 1.20 and 1.33. Indeed, the braid relations between T} = s; + ¢;Ds,
and T} = s; +¢; Ds; (where ¢; =1 —¢;, ¢; =1 —¢g;) in H(W) @k follow from (7.16) and
Proposition 7.22 because S~ (wi; A7) € K (W) @ k.

It remains to verify the quadratic relations for 7. Indeed, one has:

Ti/2 = (Si —|— (1 — qz)Déz)2 = 812 =+ (1 — qz)(SZDél + Dsisi) + (1 — QZ)QDSZ
=1+ (1 —q)(si — 1)+ (1 —q)*Ds, = (1~ a)T; +a -

This proves that there is a unique homomorphism of algebras pw : Hq(W) — H(W)®
k such that pw (T;) = T/ for i € I, as in Theorem 1.33.

Furthermore, Proposition 7.17 with J = {4, j} guarantees the inclusions K;;(W) C
K(Wy; ;1) € K(W) hence we have a surjective homomorphism of Hopf algebras
mw : H(W) — H(W) as in Theorem 1.20. Denote ¢, := (mw ® 1) o ¢ow, which is
a homomorphism Hq(W) — H(W) @k, as in Theorem 1.20

Let us prove it injectivity of ¢, (the injectivity of ¢y will follow verbatim).

Recall that for each w € W there is a unique element T,, € Hq(W) such that T, =
T;, ---T;,, for any reduced decomposition w = s;, - - - s;, in W. Clearly, the elements T},
generate Hq (W) as a k-module (in fact, they form a k-basis - see Corollary 1.21 below).

Thus, to prove injectivity of [ it suffices to show that the images fw(Tw) are
k-linearly independent in H(W) ® k.

Proposition 7.24. For each w € W one has: ¢ (T\) € w+3_
< denotes the strong Bruhat order on W.

k-D(W)-w', where

w’ ! <w
Proof. For each w € W denote W, :={w' € W : v’ < w} and Wx,, := {w} U Wx,,.
We need the following fact.
Lemma 7.25. W, - D; e D(W) - Wy, for any w € W.
Proof. Since W<y C Wiy, for any @ < w, it suffices to show that
w-D; eD-Wxyp (7.19)
in HW) forallw e W, ieI.

Indeed, by definition of generators Dy of D(W), which are images of their counterparts
in D(W), if £(ws;) = £(®)+1, then (7.13) implies that @-D; = Dy, 51 € D(W)-Wxg.
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Otherwise, i.e., if w € W is such that ¢(ws;) = £(w) — 1, then using (7.13) again, we
obtain

w-D; = ws; - (—Disi + 5, — 1) = _Dws,ﬂf)*l - W+ W — ws; € D(W) - W<

since 71181‘ . Dz‘ = Dﬁ)siﬁﬁl . QIJSZ'.
The lemma is proved. O

The following finishes the proof of the proposition.
Lemma 7.26. For all w € W one has ¢, (Tw) € w+k-D(W) - Wy,

Proof. We will prove the assertion by induction in length ¢(w). Indeed, if w = 1, we
have nothing to prove. Suppose w # 1, then choose i € I such that £(ws;) = f(w) — 1
(or, equivalently, ws; < w). Using the inductive hypothesis for ws; and that - (Ty) =
Oy (Tws; )¢y, (Th), we obtain:

P (Tw) = @y (Tws ) (si + (1= ¢;)D;) € (ws; +k-DW) - W, )(si + (1 — 1) D)
Cw+ (1 —qg)ws;D; +k-D(W) - Waus, - Si +k-D(W) - Waws, - D;
Cw+ (1—g)Dw)ws; +k-DW) - Wxy +k-D(W) - Weys,
=k -D(W)- Wy

because Wxyys, U(W<us,; -5i) = Wy, for any w € Wand ¢ € I such that £(ws;) = £(w)—1.
The lemma is proved. O

Therefore, Proposition 7.24 is proved. 0O

Finally, Theorem 1.28 implies that elements w € W are k-linearly independent in
H(W) ® k. This and Proposition 7.24 imply that the elements Pw (Ty), w € W are also
k-linearly independent in H(W) ® k.

This proves that ¢ is an injective homomorphism of algebras Hq(W) — H(W).
Injectivity of ¢ is then immediate.

Theorems 1.20 and 1.33 are proved. O

7.6. Symmetries of H(W) and proof of Theorems 1.57, 3.8, and 3.9
We need the following
Proposition 7.27. In the notation of Theorem 3.2 we have:

(a) Suppose that ~ is an involution on R such that X,, s = Xw,s~1, Ow,s = 0w -1 for all
we W, s eS. Then the assignments W = w ', Dy = Dy-1 forw € W, s € S
extends to a unique R-linear anti-involution of H o (W).
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(b) Suppose that RW admits an R-linear automorphism 6 such that O(w) € R* - w
forw € W and 0(s) = xs,s - s for s € S. Then 0 uniquely extends to an R-linear
automorphism of I:IX,U(W) such that 0(Ds) = xs,sDs + 05,5 for s € S. Moreover,
0K o (W) = Ko (V).

(c) In the assumptions of Theorem 5.3, suppose that 0sy—1 wsw—1 = Os,s for allw € W,
s € S of finite order. Then Dy (W) admits:

(i) A W-action by automorphisms via w(Ds) = 0w,s + Xw,sDwsw-1 for w € W,
seSs.

(ii) An s-derivation ds (i.e., ds(zxy) = ds(x)y + s(x)ds(y)) such that ds(Dys) = b5 ¢,
5,8 €8.

These actions satisfy for allw e W, s € S:
Awsw-1 = Xw,s - wodsow™ " (7.20)

Proof. Prove (a). It suffices to verify that - preserves the defining relations of H, , ().
Indeed,

w1 Dy W=wDg1w™ " =Xy g1 D141 + 0y -1 (1 —ws  w™)

= 7 — 1, -1
- Xw,sDwswfl + U'w7s<1 —ws w )

= Xw,sljwsw*1 + Uw,s(l - wswil) =wDsw™!

forallw e W, s € S, i.e., (3.1) is -invariant. Clearly, applying - to (3.1) for D, we obtain
(3.1) for Dy-1 = Dy, because |s~!| = |s|, which verifies that (3.2) is also -invariant. This
proves (a).

Prove (b). First, show that # is an endomorphism of I:IXJ(W), i.e., that 0 preserves
the defining relations. Indeed, for w € W one has 6(w) = 7, - w, where 7,, € R* such

that 7,7,—1 = 1. Therefore, abbreviating s’ = wsw™!, we obtain

o(w)o(Ds)e(wil) = we(Ds)wil = w(Xs,st + as,s)wi1

= Xs,s(Xw,st’ + Uw,s(l - 3/)) + Os,s

= Xs’,s’ (Xw,st’ + Uw,s(l - S/)) + Us,s

= Xw,s(Us’,s’ + Xs’,s’Ds’) + aw,s(l - Xs’,s’s/)

= 0(Xw,sDs + 0y s(1 — s')) = Q(stwfl)
for w € W, s € S by Lemma 7.8(b) and the assumption of part (b). Finally, let us
verify that the relations (3.3) are invariant under 6. Indeed, applying 6 to the defining
functional relation (7.3) for fs defined by (7.4) and using (6.6), we obtain (abbreviating

As = Xs,s» by = Us,s):

0(fs(ts + Ds) = f(1)) = fs(asts + asDs + bs) — f(t) = fs(ts + Ds) — f(t) =0
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This proves that 6 is an R-linear endomorphism of I:IX’J(W). It is easy to see
that @ is invertible and the inverse is given by 6~ '(w) = 7,'w for w € W and
07 (D) = 041 -1 + Xs-1,4-1D; for s € S. This proves the first assertion of part (b).
Prove the second assertion. Indeed, we obtain for all w € W: f(w - D, (W) -w™!) =
O(w)-0(Dy o (W))-0(w™) Cw-Dy ,(W)-w™! therefore, (K, ,(W)) C K, ,(W). Part
(b) is proved.

Prove (c)(i). We need the following fact.

Lemma 7.28. For each x, o satisfying (3.5), V = @.esR- D, is a W-module via w(1) = 1
and w(Ds) = 0w s + Xw,s Dwsw-1 forw e W, s e S.

Proof. Indeed,

wl(wQ(Ds)) - wl(o—wg,s + X’LUQ,SD 1) = Owa,s + Xwg,swl(D

— _1)
W2 5Wy W2 SWy

= Owa,s + Xwszxwl,wzswgllewgswglwfl + Xw2,50w1,wgsw;1

= Owywy,s T Xw1w2,SDw1w25w2’1wf1

forallw e W, s € S, by (3.5). Also 1(Ds) = Dy because x1,5s =1, 01,5 = 0.
The lemma is proved. O

That is, the W-action lifts to T'(V'), where V' = @scsR- D by algebra automorphisms
(because any R-linear map V' — T'(V) lifts to an endomorphism of the algebra T'(V)).
Thus, it remains to show that the defining relations (3.3) are preserved under the action.
Indeed, since as = Xs,s is a primitive |s|-th root of unity, ie., 1 +as+--- + alssl_k =
—a *(1+as+---a¥1) for 0 < k < |s|, the relation (3.3) with s € S of finite order |s|

reads (in the notation (7.4)):
fs(Ds)=0. (7.21)

Then, applying w to the left hand side of the above relation, we obtain (in the notation

(7.4)):
fs(aw,s + Xw,st/) = fs’(Ds) (722)

by Lemma 7.9, where we abbreviated s’ = wsw™!. Finally, taking into account that
Xs'.s' = Xs,s by Lemma 7.8(b) and oy s = 0, ¢ by the assumption of part (b), we obtain
fs(Ds) = fs(Ds) = 0. Part (c)(i) is proved.

Prove (c)(ii). We start with the following obvious general result.

Lemma 7.29. For any R-module V' and R-linear maps f,s:V — T(V) there is a unique
R-linear map d =ds s : T(V) — T(V) such that



64 A. Berenstein, D. Kazhdan / Advances in Mathematics 353 (2019) 1-8/4

e d(1)=0, dv) = f(v) forveV.
o d(xy) = d(z)y + s(x)d(y) for all x,y € T(V).

For V = ®4esZ - D, s € S viewed as a Z-linear map V -V Cc T(V) and f: V —
Z C T(V) given by f(Ds) = 05+, we abbreviate ds := dy . To prove the assertion,
it suffices to show that d; preserves the defining relations (7.21) of f)Xyg (W), i.e., the
relations of the form fo(D;) = 0 for all s € S of finite order |s|. Indeed, if s # ¢,
then, clearly, ds(fs (Ds/)) = 0. Suppose that s = s’. Then, in the notation (7.4) one has
(similarly to the proof of Lemma 7.9):

s 5 . -
o) =3 1 (pemog=2) ) (2o-0i=3)
s s

S

IT (000t — b= [0 -5 =%
1 asD S Qs s sl_aS

k=1 (z j=1
Is] Is] 0 — ai k-1 1—a
= (ast bs 15 S) ag H(Ds bs S)
k=1 \i=k-+1 —Gs j=1 1—a,
Is] [s|-1 1—a
= ass‘_k—i_l' H(Ds_bsl_as)zo
k=1 j=1 s

because s(Ds) = asDs + bs and as = xs,s is a primitive s-th root of unity in R*. This
proves (c)(ii).

We prove the last assertion of (c¢) by showing that both sides of (7.20) are
wsw ™ !-derivations which agree on generators of ]ADXJ(W). Indeed, denote d = xu,sw o
dsow™! and, first, substitute 2 = Dy : d (D) = Xuw,sw(ds(Xa—1,5 D157 + 01 57)) =
Xuw,sW(Xw—1,5' 05 w—1s'w) = Xuw,sXw—1,wsw-10wsw—1,s = dwsw—1(Ds) by (7.8). Further-
more,

d,(xy) = Xw,sw(ds(w™ 1) (z) - w ' (y))
= Xuw,sw (ds(w™")(2)) - w ™ (y) + s(w™ (2)) - ds(w ™ (y)))
= Xu,s@(ds(w™)())) -y + Xuw,s - (wsw™ 1) (@) - w(ds(w™ (y)))
= dy(z) -y + (wsw™ ) (x) - dy(y)

for 2,y € D, »(W). This proves that d, = d,.
Proposition 7.27 is proved. O
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Proof of Theorem 3.8. Using Proposition 7.27(a), we obtain for all w € W:

w-Dy,(W) wt=w"1l- ]NDX,U(W) w Cw- ]NDXVU(W) cwTh

therefore, K, (W) C K, »(W).
Finally, we need the following fact.

Lemma 7.30. £(%) = £(x) for x € I:IX,J(W).

Proof. Since both “oe and € 0™ are R-antilinear ring homomorphisms I:IX W) — R, it

suffices to prove the assertion only on generators of I:IXVU(W). Indeed, e(Dy) = e(D;) =
for all s € S and e(w) = e(w™!) =1 =¢(w) for w € W.
The lemma is proved. O

Therefore, the ideal J, ,(W) generated by K, (W) N Ker ¢ is —invariant and - is
well-defined on the quotient H, ,(W) = H, ,(W)/K, ,(W).
This proves Theorem 3.8. O

The following result correlates the automorphism 6 with relations in H, ,(W).

Proposition 7.31. In the assumptions of Proposition 7.27(b) suppose that €(0(x)) = e(x)
for allz € K, »(W). Then

(a) O(z) = S~2(x) for all z € Ky - (W).
(b) Suppose that Hy (W) is a free R-module. Then H, ,(W) admits an R-linear auto-

A

morphism 0 such that the structural homomorphism H, , — H, , is 0-equivariant.

Proof. Prove (a). We need the following result.
Lemma 7.32. In the assumptions of Proposition 7.27(b) one has
Aof=(S2@0)0cA=(021)0A. (7.23)
Proof. Since both A and 6 are algebra homomorphisms, hence so are Aof, (S72®60)0A,
and (§ ® 1) o A, it suffices to prove (7.23) only on generators of H, ,(W).
Indeed, for w € W one has 8(w) = 7, - w for some 7, € R*, therefore
AG(w)) = ATy - w) =Ty - w @ w = B(w) @w = S 2(w) @ Ow) .

Furthermore, we obtain for s € S (abbreviating as = xs.s, bs = 0s,5):

A(0(Ds)) = A(bs +asDs) =bs-1®@1+asDs®1+4as-s® Dy
=0(Ds) @1 +0(s)® Dy =S 2(Ds) @1+ S72(s) ® 6(D,)
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because 0(Ds) = bs + asDs, 0(s) = as - s and S?(Ds) = S(—s71Dg) = s71- Dy - s,
therefore, S72(Ds) = s+ Ds - s71 = asDs + bs(1 — s). This proves (7.23).
The lemma is proved. O

Finally, applying 1 ® ¢ to (7.23), we obtain 6(z) = S%(z()) - €(0(x()) for all
z € K, -(W). Since K, (W) is a left coideal by the argument from the proof of Theo-
rem 3.5, then 20y € Ky (W), ie., £(0(x(2)) = e(z(2)) and 0(z) = S72(z(1)) - e(z(2)) =
S72(z1)e(x(2))) = S™%(x). This proves (a).

Prove (b). The assumption of the proposition and the second assertion of Proposi-
tion 7.27(b) imply that K, ,(W)T = K, (W) N Ker ¢ is 6-invariant. Therefore, the
ideal J, » (W) generated by K, ,(W)" is also f-invariant and 6 is well-defined on the
quotient H, , (W) = H, ,(W)/K, -(W). This proves (b).

The proposition is proved. O

Proof of Theorem 1.37. Prove (a). Indeed, x and o defined by (7.5) satisfy the assump-
tions of Proposition 7.27(a) with the identity - on Z, therefore - is a well-defined involutive
anti-automorphism of H(W) = H, ,(W) and it satisfies D, = D, for s € S. Copying
the argument from the proof of Theorem 3.8, we see that K(W)" = K(W) N Ker ¢ is
“-invariant. Since all filtered components ]5(W)§d are also “-invariant, replacing W with
Wi iy and taking d = my;, we see that all K;;(WW) are ~-invariant. Therefore, the (Hopf)
ideals J(w) and J(w) generated respectively by K(W)* and K = > K;;(W) are also
J#i

“-invariant. This proves Theorem 1.37(a).
Prove Theorem 1.37(b) now. We need the following result.

Proposition 7.33. For any Coxeter group W one has:

(a) Forse S, D(W) admits an s-derivation ds such that dg(Dy) = 044, 5,5 € S.
(b) ds(K(W)) = {0} for all s € S and wrw™t = w(z) for all, w € W.

Proof. Part (a) directly follows from Proposition 7.27(c)(ii).

Prove (b). Since s;K(W)s; = K(W), Theorem 1.22 and Lemma 5.20 imply that for
each z € K(W) one has d,, () = 0 and s;zs; = s;(x). This, in particular, proves the
first assertion of part (b) for s = s; and the second assertion — for w = s;. Let us prove
the second assertion for any w. Indeed, if £(w) < 1, we have nothing to prove. Suppose
that ¢(w) > 2, i.e., w = s;w’ so that £(w’) = ¢(w) — 1. Then, using inductive hypothesis
in the form w'zw’ ~! = w'(z) € K(W) for all x € K(W), we obtain

wrw ™t = s; - (waw' T s = s (waw' T s = s (W (2)) -8

= si(w'(z)) = (siw')(z) = w(z)
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for all x € K(W), which proves the second assertion. Prove the first assertion now.
Let s € S, choose w € W and i € I such that s = ws;w™!. The last assertion of
Proposition 7.27 guarantees that ds = Xw,s - w o dg, © w~!. Then

ds(K(W)) = Xuw,s - (wods, ow™ ) (K(W)) = Xu,s - (w)(ds, (K(W))) = {0} .
This finishes the proof of (b). The proposition is proved. O

Therefore, the (Hopf) ideal I(w) of D(W) generated K (W) is invariant both under
the W-action and under all d,. This proves that the quotient D(W) = D(W)/I(w) has a
natural W-action and s-derivations d,. Similarly, let K (W) C D(W) be as in the proof of
Theorem 1.28. By definition, K(W) C K(W) is W-invariant and is annihilated by all d,
Therefore, the ideal I(W) generated by K(W) is also invariant both under the W-action
and under all d, hence the quotient D(W) = D(W)/I(W) has a natural W-action and
s-derivations d,. This proves Theorem 1.37(b).

Prove Theorem 1.37(c) now. We need the following result.

Proposition 7.34. Suppose that W = (s; |i € I) is a finite Cozeter group. Then £(6(z)) =
e(x) for allz € K(W).

Proof. We need the following result.

Lemma 7.35. Suppose that W = (s; |i € I) is a finite Cozeter group. Then in the notation
of Lemma 5.20(a), one has

0(x) = 7(wo(x)) (7.24)

for z € D(W), where wy is the longest element of W and 7 is an automorphism of H(W)
determined by 7(s;) = s-¢;y, T(D;) = D@y, where o is a certain permutation of I.

Proof. Lemma 5.20(a) taken with s = s; immediately implies that

Do if {(ws;) =4 1
w(Dy) =4 i lwse) = Elw) + (7.25)
1-— Dwsiuﬁl if Z(wsi) = E(’LU) -1
forallie I, we W.
Furthermore, clearly, wos;wy b — sr@) for all 4 € I and some permutation 7 of [

(which satisfies Mr(i),r(j) = Mqj for all 4,5 € I). It is also clear that the assignments
8i = 57(i), Di = D.(;) define an automorphism 7 of H(W). Since (wos;) = L(wo) — 1,
we have by (7.25):

wo(Ds) =1 — =1-D,q -

—1
W S;Wq
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Since the # and another automorphism of D(W) given by z ~— 7(wq(z)) agree on
generators D;, i € I, this proves (7.24). The lemma is proved. O

Furthermore, Lemma 7.35 and the immediate fact that € o 7 = ¢ imply

for all = € D(W). If z € K(W), then wo(z) = wy -« - wy * by Proposition 7.33(b) and
e(wo(x)) = ().

The proposition is proved. O
Finally, we need the following result.
Lemma 7.36. (K,;(W)) = K,;(W) for any Coxeter group W and any distinct i,j € I.

Proof. By definition, for any subset .J of I, 6 preserves the subalgebra H(W;) c H(W),
e.g., O(D(W,)) = D(W;). Also, by Proposition 7.27(b), 0(K(W;)) = K(Wj). Since
0 preserves each filtered component f)(W)gd, f also preserves each filtered compo-
nent K(Wjy)<q C K(W)<4. Note that if m;; > 2, then the subgroup Wy, ;3 of W
is finite. These arguments and Proposition 7.34 guarantee that £(6(z)) = e(z) for
v € K(Wy; 51)<a whenever m;; > 2, d > 0. Taking d = m;; (and taking into account
that K;;(W) = {0} whenever m;; = 0), we finish the proof.
The lemma is proved. O

Therefore, the Hopf ideal J(w) of H(W) generated K = Y K;;(W) is f-invariant.
iZi
Hence 6 is a well-defined automorphism of the quotient H(W) = H(W)/J(w).
This proves Theorem 1.37(c). O

Proof of Theorem 3.9. We need the following result.

Proposition 7.37. In the assumptions of Proposition 7.27(c) and notation of Proposi-
tion A.8:

(a) the condition (3.10) implies:
(1) Ouw,s10ws1,80 " Owsy-sp_1,5Owsyspw = 0 for any w € W, s1,...,8, € S,
kE>1.
(il) w(x) = Quw(x) for allw € W, z € D, ,(W).
(b) The condition (3.11) for a given s € S implies that
(1) Os=1,6,05-15.65 " " Os—1sysp_1.5605—1s1s5.1 = Ok,10s,5, 0515 for all sy,...,
sk €S, k>1.
(ii) Os-11 = —04-1 4dg—1 in the notation of Proposition 7.27(c)(i).
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Proof. Prove (a). Denote 0 sn = Ow,s10wsy s2° " Owsyosp_y,85Owsy sy w fOT all w €

W, s1,...,8, €S, k>0 (with k& = 0 this is just Oy w)-

Lemma 7.38. 957 (Dsyys
W, s1,...,8001 €S, k>0, z € ﬁX,U(W).

x) = wsy - Sp(Ds)0F () = 051, s, (@) for each w €

81,438k

Proof. Clearly, Oy (Ds) = 0w w(Ds) — Ouwrr wsow,s for all w,w” € W, s € S. This
and Proposition A.8 imply

Oww (Ds) = w(Ds) O (T) — Tu,sOws w0 (T) (7.26)
for all w,w’ e W,se S,z e f)XJ(W). Furthermore, (7.26) implies that

8w81~~3k,w(D8k+1$) = wsy - - Sk(Ds)aw,wS1~~Sk (z) — Uwsl"'sk;3k+18wsl"'3k+17'LU($) .
The lemma is proved. O

Furthermore, we will show that 9y . (y) = 0 for all s1,...,s, € S, k > 1
and Oww(y) = w(y) (ie., when & = 0) by induction in the filtered degree of
y € ]A)X,U(W) (the algebra is naturally filtered by Z>o via degDs, = 1 for s € S).
Indeed, if y € D, ,(W)<o = R, then dyu(y) = duw.ury, therefore, o8 s y) =
Ow,s1Tws1,s0 °** Twsy-sp_1.550s1---s,,1Y = 0 by the condition (3.10) and Oy w(y) = w(y) =
y. Ify € Dy ,(W)<y, 7 > 0, then y is an R-linear combination of the elements of the
form Dgx, where x € ]A)X,U(W)Sr_l. By R-linearity it suffices to prove the assertion
only for y = Dgx. Then, using the inductive hypothesis in the form: 93]  (z) = 0,
9% sns(®) = 0, Oy w(r) = w(r) Lemma 7.38 guarantees that 9y . (y) = 0 and
same lemma taken with k& = 0 implies that 0y, (Dsx) = w(Ds)0ww(x) — 0¥ (x) =
W(Ds) 0w, () = w(Ds)w(x) = w(y).

This proves (a).

Prove (b) now. Denote 5?1 = 0414, 051555 " Ts—1s 551,55 Os—1sy55,1 10T

Sk

$,81,--.,8k €S, k>0 (if k=0, this is just J,1).

Lemma 7.39. 5;1,_“7% (Dgpiqz) = s tsyee Sk(Ds)éil,.“,sk (a;)—égh__,sm (z) fors,s1,...,
Sk+1 € S, x € DX,U(W),

Proof. Let u := s7's;---s,. Then 9,1(D
(7.26).
The lemma is proved. O

Sk+1$) = U(DS)au,l(x) - UU7Sk+18U,1(x) by

for k > 1 and all s1,...,s, € S and 95-11(y) = —04-1 4ds-1(y) (i.e., when k = 0) by
induction in the filtered degree of y € D, ,(W). Indeed, if y € D, ,(W)<o = R, then
Ow,w' (Y) = 0wy, therefore,

Furthermore, similarly to the proof of part (a), we will show that 5;Sk(y) =0
).
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x5 B B
881 Sk (y) = 0515105 151,80 """ 05_151"'Sk—l,skésl"'5k75y =0

.....

by the condition (3.11) and ds-1 1 (y) = ds(y) = 0.

Ify € Dy o(W)<p, 7 > 0, then y is an R-linear combination of the elements of the
form Dy, where € D, o(W)<,_1. By R-linearity it suffices to prove the assertion
only for y = Dgx. Then, using the inductive hypothesis in the form: 9y () =
Ok105,5,05-15 - @, Of o (@) =0, 041 1(x) = 04-1 4ds-1(x) Lemma 7.39 guarantees
that

5:21,...,sk (y) = 6k,1537510—s*1,357151 e Sk(Ds’)x == 5]{,165,310—5*1,st’$ - 51@,155,510—5*1,5 Y
for all £ > 1 and same lemma taken with k = 0 implies that

88*1,1(y) = Sil(Ds’)asfl,l(x) - 52’ (.T) = 7571(DS,)0—871,Sd871(x) - 53,5’0—3*1,5‘%
= —05-1 5ds-1(Yy) .
This proves (b). The proposition is proved. O
Finally, Lemma 4.16 and Proposition 7.37(a) imply that wzw ™" = w(), ds-1 1 (z) =0
for all z € K, ,(W), w € W, s € S. Therefore, the ideal T of D, ,(W) gener-
ated by K, (W) N Ker ¢ is invariant under both W-action and the s~!-derivation
Os 1= —04-11 = 04-1 4ds. Hence Dy (W) = D, ,(W)/1 is also invariant under these

symmetries.
Theorem 3.9 is proved. O

7.7. Simply-laced Hecke-Hopf algebras and proof of Theorems 1.5, 1.9, 1.25 and
Propositions 1.6, 1.7, 1.31

We need the following result.

Proposition 7.40. For any Coxeter group W and i,j € I one has:

(a) If ms;; = 2, then K”(W) =7- Kij, where K,L'j = DiDj — DjDi.
(b) If m;; =3, then

+Z-(D;Kj; — Ki;D;)

Proof. Indeed, by Proposition 7.33(b),

Z+Kij(W) CKj(W) = {z € DWW jy)<my,; }Hds(z) = 0,s € SN Wiy} . (7.27)
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Prove (a) now. Clearly, if m;; = 2, then each « € K;;(W) is of the form = = a +
bD;D; +cD;D,; for some a,b,c € Z. Since s;(D;) = Dj, then, clearly, d;(z) = bD; +cD;,
d;j(z) = bD; + ¢D;, e(x) = a. Thus, d;(z) = d;(z) = e(xz) =0 iff a =0, b+ ¢ = 0. This
proves (a).

Prove (b) now. Fix ¢, j € I with m;; = 3. Then, according to Theorem 1.22, ]AD(W{M})
is an algebra generated by Dy := D;, Dy := D;;, D3 := D, subject to relations D? = Dy,
for k = 1,2,3. Denote also di := d;, do = s,d;s; = s;d;sj, dg = d; so that di(zy) =
di(x)y + sk(x)di(y) for all x,y € f)(W{i’j}), where s1 := 8;, S2 1= $;8;8; = $;8;Sj,
s3 1= §;j.

In particular, K;; = D1 D3 — DyDy — D3Dy+ Dy, Kj; = D3 Dy — D1 Dy — D3y D3+ Ds.

Lemma 7.41. In the assumptions of Proposition 7./0(b), one has:

(a) Kj;(W)=K};(W)<a+Z - (KijDy — D1Kj;) + Z - (K;;D1 — D1Kj;) + Z - (D3 Kj; —
King).

Proof. Since ]A)(W{ij}) is the free product of three copies of f)(W{z-}), it is a free Z-module
(this also follows from by Lemmas 7.6 and 7.13). In particular, D(Wy; j3)<3 is a free
Z-module with a basis 1, D1, Do, D3, D,Dy, D,DyDg_q_p, DoDypD, for all distinct
a,b € {1,2,3}, that is, each x € f)(W{i’j})Sg can be uniquely written as

3
v=ao+y aDi+ D> (fapDaDy+9apDaDoDo—a—b+hapDaDyDa) , (7.28)
{=1 a,be{1,2,3},a#b

where all ar, fa,p; Ga,p, ha,p are integers.

Let us show first that di(z) = 0 for some z in (7.28) and some k € {1,2, 3} implies
that then hyp, = 0 for b € {1,2,3} \ {k‘} Indeed, dk(Dan) = oDy + 5k7b5k(Da)’
dr(DaDpD.) = di(DoDp)De+0k,c55(DaDyy) = 0k,a Dy D46k 55k (Do) Do+ 04,655 (DaDs).
Therefore,

d(z) = ak + Z(fa,b(5k,an + 0k.,p5k(Da))
a#b

+ Z 9a,p(0k,a Db De—k—b + 0k,p5k (Do) De—a—k + Ok,6—a—bSk(DaDs))
a#b

+ Y hap(0k.aDs Dk + sk(DiDy) + 6k 55k (Da) Da)
a#b
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Taking into account that

1 —Dk ifa=k
5k(Da) = § Do—a—k ifke{1,3},a#k (7.29)
1—Dg_gqp ifk=2a#k

we see that di(z) = > hip(DpDy + DxDe—_g—p) + - - -, where --- stand for the linear
bEk
combination of monomials not containing Dj. Thus, dy = 0 implies hy, = 0 for b €

{1,2,3}\ {k}. In particular, di(z) = 0 for k = 1,2, 3 implies that h,, = 0 for all distinct
a,be {1,2,3}.
Based on the above computations, using (7.29) again we obtain for k € {1, 2,3}:

d(z) = a + Z(fa,b(5k,an + 0k,b5% (Da))

a#b
+ ) 9ab(6k,.a Do Do—k—b + 0k b5k (Da) Ds—ak + Ok6—a—b5k(DaDs))
a#b
=zt ng,bDbDﬁ—k—b + Z 9a,k5k(Da)De—a—k + Z 9a,b5k(Da)sk(Dy)
b#k a#k a,b:6—a—b=k
=z + ng,bDbD67k7b + Z Ja k(1 = 0k,2) Do—a—kDo—a—rk
bk atk
+ Z 9a,pD6—a—kDs—p—k
a,b:6—a—b=k

="+ gesDvDo—rv+ > gasDeDa
b#k a,b:6—a—b=k

for some z,z2’,2" € ]A)(W{ivj})gl. Thus, fixing k', k" such that {k, k', K"} = {1,2, 3}, we
obtain:

dk(gj) = gk,k'-Dk?’DkJ” —|— gk:,k”Dk”Dk’ —|— gk',k:”Dk”Dk’ —|— gk”,k’Dk'Dk” _|_ z// .

Since 2" € f)(W{i,j})gh the equations di(x) = 0 for k = 1,2, 3 imply that gg g +gr k=
0 for each permutation (k, k', k") of {1,2,3}.
Thus, (7.28) with di(z) = 0 for k =1, 2,3 becomes

x=y+ g1,2(D1D2Ds — D3DyD1) + g1,3(D1D3Dy — Dy D3 Dy)
+ 92,1(D2D1D3 — D3 D1 D7) (7.30)

for some y € ]j(W{l’J})SQ Note that: Dlsz’ = D1D3D1 7D1D2D3, Kile = D1D3D1 —
D3D, Dy,
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D1K;; = D1D3 — D1D2Dy — D1 D3 Doy + D1D2, D3Kj;
= D3Dy — D3D1 Dy — D3D2D3 + D3Ds
KDy = D3Dy — D1D2Dy — Do D3 Dy + Do D, K;5D3
= D1D3 — D3D1D3 — D3D2D3 + D2 D3
WhiCh7 in particular, imply that D1D2D3 - D3D2D1 = Kile — DlKji = —(KjiDg —
DsK;j,
D1D3Dy — Dy D3 Dy = KDy — D1 Kj; + D1 Dy — DDy + D1 D3 — D3 Dy

DyD D3 — D3D1Dy = D3sKj; — K;;Ds 4+ D2D3 — D3 Dy + D1 D3 — D3 Dy .
Thus, (7.30) becomes:

Note that K;; D1 — D1 Kj;, Kj;D1 — D1 Kj; and D3sK;; — K;; D3 belong to K;](W) This
proves (a).

Prove (b). Repeating the argument from the proof of (a), we see that f)(W{i’j})gg is
a free Z-module with a basis 1, Dy, Dy, D3, D, Dy, for all distinct a,b € {1,2,3}, that
is, each x € ﬁ(W{i)j})gg can be uniquely written as

3

z=ao+ Y aDi+ Y fapDaDy, (7.31)
{=1 a,be{1,2,3},a#b

where all ay, f,p are integers.
Using the argument from the proof of (a) and (7.29) we obtain for k € {1,2,3}:

dp(z) = ar + Z(fa,b(5k,an + 0ppsk(Da)) = ar + Z JrpDp + Z fak5k(Da)
a#b b#k a#k

Thus, fixing &', k" such that {k, k', K"} = {1, 2,3}, we obtain

T Diy + [ D + fror k Dir + frr kD if k € {1,3}
dk(x) =ap + . .
T Dir + fro o D + frr k(1 — D) + fr k(1 — D) if k=2
Thus, di(z) = 0 for k = 1,2,3 imply that a; = a3 = 0, fio + f31 = 0, fi3 + fo1 = 0,
Jiz+ f31 =0, fa1 + fa3 =0, fa2 + f13 =0, a2 + fi2 + f32 = 0.
Therefore, x = ag + f13K;; + f31K;;. This proves (b).
The lemma is proved. O
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To finish the proof of Proposition 7.40(b), it suffices to show that Ki;(W) = Z +
K;;j(W) for m;; = 3. We already have the inclusion Z +K;;(W) C Ki;(W) by (7.27). To
show the opposite inclusion note that Lemma 7.41 implies that K;;(W) is a Z-submodule
of D(W{”}) generated by 1, Kij; Kji7 Kij = KijDi — DlKﬂ = _(KjiDj — D]‘Kij) =
—Kji, K; = K;;D; — D;Kj;, and K}, = K;;D; — D;K;;.

Thus, to prove the inclusion K}, (W) C Z + K;;(W) it suffices to show that

{wKijw_l,wl?ijw_l,wﬁ'ijw_l} C f)(W{”}) (732)

for each w € Wy;;3.
Note that QE;’LU = K,j, Qﬁ’l’l) = K, in the notation of Proposition 7.20(a). Thus,
SiKijSi = SjKiij = Kjl‘, SiniSZ‘ = SjKjiSj = Ki‘
by Proposition 7.20(a), which implies that K;;, K;; € K;;(W). Also

Slf(usl = Kj(l — 8§; — Dl) — (1 — S; — Dz)Kzg = Kﬂ(l — Dl) — (1 — Dz)Kz
= Kji — Kij — Kz/] S D(W{U})
because Kj;s; — s;K;; = 0. In particular, siK{jsi = K;; — Kj; — f(ij S lj(W{ij}).
Furthermore,
Sjkiij = KjiSjDiSj — SjDiSjKij = K{; S ]j(W{ZJ}) 5
Sj]’?l(ij = KiijDiSj — SjDiSjKji = K‘;Il S ]A)(W{w})
where we abbreviated K’l’; = K;;D;; — D;; K;;. Finally,
SZ'KZ{;»SZ‘ = KijSiDijSi — SZD”SlK]Z = KZJDJ — D]K]z = Rz/] S f)(W{”}) N
s]f({;sj = KiijDiij — SjDiijKji = KijDi — Dini = f(ij S f)(W{”}) .
This proves the inclusions (7.32). Thus, K};(W) = Z + K;;(W). Together with

Lemma 7.41 this finishes the proof of Proposition 7.40(b).
Proposition 7.40 is proved. O

Proof of Theorem 1.25. In the assumptions of Theorem 1.25, suppose that m;; = 3 and
let K,Zj € I:I(W) denote KZIJ = 7DjSiDj + SlDJDz + D,’DjSZ‘ + Sz'DjSi. Clearly,

KZ/JSZ = —DjDij +D7;j(1 —D,; — Si) +D7;Dj —‘rSiDj = DzDJ — DjDij +DZDZJ +Dij = Kij

in the notation of Proposition 7.40. We also abbreviate K;7 = K,;; = DiD; — D;D; if
mi; = 2.

Thus, H(W) is the quotient of F(W) by the ideal generated by K;; for all distinct
i,7 € I Theorem 1.25 is proved. O
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Therefore, Theorem 1.3 is proved. 0O

Proof of Proposition 1.6 and Theorem 1.9. Since S,, is simply-laced, H(S,,) is covered
by Theorem 1.25. Then Theorem 1.22 guarantees the factorization of H(S,). Also the
first assertion of Theorem 1.33 for W = S,,, k = Z[q, ¢~ '] coincides with the assertion of
Theorem 1.9.

Proposition 1.6 and Theorem 1.9 are proved. O

Proof of Proposition 1.31. In the proof of Proposition 7.17, we established that D(W) =
D(W)/(K(W)) for any Coxeter group W, where

KW)= >  wK;(Ww'= > wKi;(W)w™ (7.33)
weW,i,jeli#] i,jEli#jweW {13}

by Lemma 7.19, where Wi} = {w € W | (ws;) = L(w) + 1, l(ws;) = £(w) + 1}.
Now suppose that W is simply-laced, i.e., m;; € {0,2,3}. Then, in view Proposi-
tion 7.40, the equation (7.33) reads

KW) = ) wKi;(W)w™ (7.34)
i,jE€liAjweW i}

For each compatible pair (s,s') € S x S define an element K, o € H(W) by

0 if mg g =0
KS’S/ =<9 D,Dy — Dy Dy if Ms,sr = 2
Dst’ _Dss’st _Ds’Dss’s+Dss’s if Mg s =3

in the notation of Proposition 1.31. Since wD;w ™! = D,,,,,—1 whenever {(ws;) = {(w)+1
by (7.13), in each of these cases, one has, in the notation of Proposition 7.40, K, o =
wkK;jw™ for some distinct 4,5 € I, w € Wi},
Therefore, for each simply-laced Coxeter group W, (7.34) reads: K(W) =
> wK ¢ (W), where the summation is over all compatible pairs (s, s’) € Sx S.
i;éj,zféewl/:{i’”
The proposition is proved. O

Proof of Proposition 1.7. Let W = S, and let s = (4,5), ' = (k,4), 1 <i < j < mn,
1 <k < ¢ <n be distinct transpositions in 5,,.

o Clearly, ms o = 2, i.e., 's = ¢'s iff {i,5} N{k, £} = 0; then (s, s’) is compatible.
e Clearly, my o = 3 iff either i = k or j = ¢ or j = k or ¢ = {; then (s, s’) is compatible
precisely in the last two cases.
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Finally, this characterization of compatible pairs in S,, and Proposition 1.31 finish the
proof. O

7.8. Action on Laurent polynomials and verification of Conjecture 1./0

Let Q; be the field of fractions of the Laurent polynomial ring £; = Z[tfﬂ,i e Il.
So Qy is a purely transcendental field generated by ¢;, i € I. Since L; is a group ring
of Z' = ®,c1Z«;, then the natural reflection action of W on Z! (si(ay) = o — aij0y)
extends to a W-action on Qj by automorphisms.

Proposition 7.42. For any Coxeter group W the assignments D; — ﬁ(l — 8;), 8;
si, © € I, define a homomorphism of algebras pyw : ﬂ(W) — Qr X ZW. Under this

homomorphism, pw (K;;(W)) = {0} whenever m;; € {0,2,3}.

Proof It suffices to verify only relations involving D;’s. Indeed, let us abbreviate 7; =
ﬁ and D, :=7;(1 —s;) € Qr x ZW. Taking into account that s;7;s; =

we obtain

1 _
ﬁ—l_’rﬂ

Q? =71 —s)7i(l —s;) = (Tf —7isiTi) (1 —8;) = (%’2 —7i(L—7i) - 54)(1 — 83)
= (17 +ni(l=7)(1 =) = D,

for i € I. Furthermore let us verify linear braid relations in H( ), which we write in

the form wD;w™! = Dy whenever ws;w™! = sy and {(ws;) = ( ) + 1. Indeed, for
such i,7" and w one has wt;w™! = w(t;) = t;» therefore, wD,w™t = wr;(1 — s;)w=! =
Ti/(]. - Si/) = Qi"

This proves the first assertion of the proposition.

Let us prove the second assertion.

Indeed, if m;; = 0, then K;;(W) = {0} and we have nothing to prove.

If m;; = 2, then, according to Proposition 7.40(a), K;;(W) = Z - K,;, where K;; =
D;D; — D;D;. Clearly, in this case, s;5; = s;s;, S;t; = t;5; hence s;7; = 7;s;, therefore,
D;D; =7;(1—s5)7;(1 = 55) = 75(1 = 8;)7(1 = 8;) = D; D, i.e., pw(K;;(W)) = 0.

Let now m;; = 3. Then, according to Proposition 7.40(b), K;;(W) =Z-K;; +Z - K3,
where KL] = DZD] _DjDij _DijDi +Dija and Dij = SiDjSi = SjD‘Sj ThU.S it suffices
to show that pw (Ki;) = 0. Indeed, pw (Kij) = D;D; — D;D;; — Dy; D, + D,
Qij = Tij(l - Sij), and Tij = SiTj8; = S;TiS; =
compute:

D,;, where

1 — 5
T Sid = SiSiSi = $;Tisj. Let us

D;D; =7;(1 = 5)7i(1 = 55) = 7i(75 — 7i58:)(1 — 85) = 775 (1 — 85) — 775 (si — 8i85)
D;Dij; = 7j(1=55)7ij(1 = s55) = 75(7ij = 7i8;) (1 = 855) = 75735 (1 = 835) = 7amj (85 — 855)
Di;D; = 7ij(1 = sij)7s(1 = s0) = 735 (7 — (1 = 75)835) (1 — s4)

=ij

= 7i;Ti(1 = 8i) = 7ij (1 = 75)(si; — sis;) -
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Therefore,

Pw (Kij) = (15 — 1358:) (1 — 55) = 7315 (1 — s5) — 74735 (85 — 8i85) — 75755 (1 — s45)
+ 7 (85 — si85) = TiyTi(1 = s0) + 75 (1 — 7)) (835 — s85) + 75 (1 — s45)
=kij — TiT;S; — TiTij(Si — 8i8j) + TjTijSij + TiTj (85 — 8i85)
+ 7iyTisi + Tig (1= 75) (815 — 8i85) — Tijsij

= kij — kijsis; ,

where kij = TiT; — TjTij — Ti5Ti + Tij- ThUS, ﬁw(K”) = 0 because kij = 0. This finishes
the proof of the second assertion of the proposition.
The proposition is proved. O

Verification of Conjecture 1.40 in the simply-laced case. The following is an immediate
corollary of Proposition 7.42.

Corollary 7.43. Suppose that W is a simply-laced Coxeter group, i.e., m;; € {0,2,3} for
i,7 € 1. Then, in the notation of Proposition 7./2, the assignments D; — ﬁ(l - 8),
s; > 8, 1 € I, define a homomorphism of algebras pw : HW) — Qp x ZW.

Note that Qr x ZW naturally acts on Qy via (tw)(t') =t -w(t’) for t,t' € Qr, w € W.
Composing this with py gives an action of H(W) on Qj, under which £; is invariant,
thus both Q; and L; are module algebras over H(W). For W simply-laced this, taken
together with Corollary 7.43 turns Q; into a module algebra over H(W), so that L; is
a module subalgebra. Since the above action of H(W) on L; coincides with (1.4), this
verifies Conjecture 1.40 for all simply-laced W. O

Proof of Proposition 1.13. Let W = S,,, so that I = {1,...,n — 1} and £; =
Z[t3h, ... 7). Also denote P, := Z[z1,...,x,] and let Q, be the field of fractions
of P,. We identify Q; with the subfield of Q,, generated by t; = fﬂ ,i=1,...,n—1.
We have a natural S,-action on @, by permutations so that its restriction to Q; coin-

cides with the natural S,-action on Q. In particular, this defines a natural action of
Qr X ZS, on Q, via (tw)(z) =t -w(zx) for t € Q;, x € Qp,, w € S,,.

For W = §,, this, taken together with Corollary 7.43 defines a structure of a module
algebra over H(S,) on Q,, so that P, is a module subalgebra. This proves Proposi-
tion 1.13 because the above action coincides with the one given by (1.4). O
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Appendix A. Deformed semidirect products

For readers’ convenience, in this section we state relevant results about deformations
of cross products, see also [16] and the forthcoming joint paper of Yury Bazlov with the
first author [3].

Throughout this section, we fix a commutative ring R. Let A and B be unital
R-algebras and let ¥ : B A — A® B be an R-linear map (all tensor products are over
R).

Define a (possibly non-associative) multiplication on A ® B by: (¢’ ® b)(a @ V') =
a¥(b® a)t for all a,a’ € A, b,b’ € B and denote the resulting algebra by A ®y B.

Note that 1 ® 1 is a unit of A Qg B iff

U(1®a)=a®1, ¥be1)=10b (A.1)

for all a € A, b € B (in that case, A® 1 and 1 ® B are subalgebras of A ®y B).
We need the following result from [13] (due to its importance, we provide a proof).

Proposition A.1 ([13, Proposition 21.4]). Let A and B be associative unital R-algebras
and ¥V : B A — A® B be an R-linear map satisfying (A.1). Then the R-algebra A®gy B
is associative iff the following diagrams are commutative:

(1@0)o(¥®1) (TR1)0(10V)
B B

BARA ARA®B BB®A AR B®B
Jrl®mA mA®1JV ’ lm5®1 1®m5l . (A'2)

B® A LN A®B B®A _r. A®B

where my (resp. mp) is the multiplication map A® A — A (resp. B® B — B).

Proof. Indeed, suppose that A ®y B is an associative algebra. Clearly, the associativity
equations

(1®b)(ad ®1) = (1®b)(a®1))(d’®@1), 12bb)(a®1)=(10V)(1®b)(a®1) (A.3)

foralla,a’ € A, b,b’ € B are respectively equivalent to the commutativity of the diagrams
(A.2).

Conversely, suppose that the diagrams (A.2) are commutative, that is, (A.3) hold.
These, taken together with obvious relations (a ® b) = (a ®1)(1®b) fora € A, b€ B
and:
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(a" ®1)(z2") = ((a" ®@1)2)7, (22") 1 @V") =2(z'(1®b")) (A.4)
for any a”’ € A, b’ € B, 2,2/ € A® B, imply

(@" ®@b)(ad’ @ V') = (" @b)(a®1))(a" @ V),
(@ @bb)(a®b’) = (a' @) (1eb)(ab")) (A.5)

forall a,a’,a” € A, b,V', b € B. In view of the obvious relations aa’ @b = (a®1)(a’ @b')
and o/ ® b'b = (o’ ® b')(1 ® b), the relations (A.5) are equivalent to

2((a®@ 1)) = (2(a®1))2, 2(1®@0b)2") = (2(1®b))2 (A.6)

for all a,a’ € A, b,/ € B, z € A® B.
Finally, using by (A.6) repeatedly, we obtain

(a1 ® b1)((a2 ® b2)(ag ® b3)) = (a1 ® b1)(a2V¥ (b2 ® as3)bs3)

= (a1 ® b1)((a2 ® 1)(¥ (b2 ® a3)b3)

= ((a1 ® by)(a2 ® 1)) (¥ (b2 ® as)bs)
= (a1¥(b1 ® a2))((1 ® b2)(as @ b))
= (a1¥ (b1 ® a2))(1 @ b2))(as @ bz)
= (a1¥ (b1 ® az)b2)(az @ b3)
=(

(a1 ® b1)(a2 ® az))(ag @ b3) .

This proves associativity of A ®g¢ B.
The proposition is proved. O

We say that A @y B is left associative (resp. right associative) if the first (resp.
the second) diagram (A.2) is commutative. According to Proposition A.1, A @y B is
an associative R-algebra iff it is both left and right associative. In particular, taking
B = RW, where W is a monoid acting on A by R-linear endomorphisms and ¥ :
RW ® A — A® RW given by ¥(w ® a) = w(a) ®w, w € W, a € A, we recover the
following well-known result.

Corollary A.2. (semidirect product) Let W be a monoid and A be an RW -module algebra
(i.e., W acts on A by R-linear algebra endomorphisms). Then the space A ® RW is an
associative R-algebra with the product given by (¢’ @ w)(a @ w') = a’ - w(a) @ ww' for all
a,a € A, w,w' € W.

For an R-module V' denote by T'(V) its tensor algebra @,>oV®" of V.
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Proposition A.3. In the assumptions of Proposition A.1 suppose that A =T (V') for some
R-module V. Then for any R-linear map p: BV — T(V) ® B satisfying

plezr)=z®1 (A7)

for allx € T(V), there exists a unique U* : BRT(V) — T(V)® B such that T(V)Qgu B
is left associative with unit 1 ® 1 and V*|pgy = u.

Proof. Define W# := EBnZO\I/(”), where (™ is an R-linear map B® V®" — T(V) ® B
given by

e VO (b®1)=1®0bfor all b € B.
o U =y 0. opuy forn > 1, where y; : T(V)® 1@ Bo Vet o T(V)®@B®
Ven—iisgivenby ;= 1@ - @1opu1---® 1.
Taking into account that VO™ @ VO = VO™M+" for m, n > 0, we immediately obtain

\I/(m—HL) = (/J/m-‘rn O---0 Nm-i—l) ° (Mm ©--:0 ,ul) = (1 ® \Ij(n)) © (\Ij(m) ® 1)

which implies that ¥* = (mpyy)® 1) o (1@ U)o (U* @1) i.e., the following diagram is
commutative.

BeT(V)eT(V) L2, oy e (Ve B
ll®mT(v) mT(V)®1JV
B®T(V) ., T(V)® B

The above diagram is the first diagram (A.2) for A = T(V'), hence, T(V) Qgu B is
left associative. By the construction, ¥# satisfies (A.1).

Clearly, ¥* is uniquely determined by the assumptions of the proposition.

The proposition is proved. O

Proposition A.4. Let V be an R-module, B be an R-algebra, and p: BQV - T(V)® B
be an R-linear map satisfying (A.7). Then T(V) Qg B is an associative R-algebra iff
the following diagram is commutative:

BeBov OO, pyy o Be B
er5®1 1®mBl . (AS)
BaT(V) X T(V)® B

Proof. We need the following result.
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Lemma A.5. In the assumptions of Proposition A.J, commutativity of (A.8) implies that
the following diagram is commutative for all n > 0.

BoBgyen (YeDe0ev), T(V)® B® B
lm3®1 1®mBl : (A.9)
B Ven T, T(V)® B

Proof. We proceed by induction in n. If n = 0, 1, the assertion is obvious. Suppose that
n > 2. Tensoring the commutative diagram (A.9) for V¥"~! with V from the right and
then horizontally composing with the commutative diagram (A.8) (which is tensored
with T(V) from the left), followed by the multiplications T(V) ® T(V) — T(V) and
B ® B — B, we obtain a commutative diagram:

mrv)

BBRVeé" — > T(V)@ BBV —— T(V)@T(V)@ B B ——— T(V)®@ B® B

lm3®1 1®m3®1l J1®1®m3 ll@mB .
BVe — 5 TV)®BRV —n TWV)RTV)®B —Y T(V)®B
Finally, left associativity of T(V) ®g« B, i.e., commutativity of the first diagram (A.2)
established in Proposition A.3 for A = T(V') implies that the composition of top (resp.
bottom) horizontal arrows in the above diagram is (¥ ® 1) o (1 ® ¥*) (resp. ¥#). This

finishes the proof of the lemma. O

Clearly, commutativity of (A.9) for all n > 0 is equivalent to commutativity of the
second diagram (A.2) with A = T(V), i.e., to the right associativity of T(V) ®gu B.
The proposition is proved. O

For each R-linear map p: B®V — T(V) ® B consider the category C,, whose objects
are associative R-algebras A generated by B and V such that:

eb-v=myopuv®bd) forallbe B, veV,
e The assignment b — 1-b is a (not necessarily injective) algebra homomorphism
ta: B — A,

morphisms are surjective algebra homomorphisms f : A — A’ such that 14 = f o4,
tary = fotay, where tar v stands for the natural (not necessarily injective) R-linear
map V — A”.

Clearly, C,, is a partially ordered set with a unique maximal element A,,, i.e., for any
A € C, one has a surjective algebra homomorphism A, — A. It is also clear that A, is
the quotient of the free product T'(V') *« B by the ideal I,, generated by all elements of
the form
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bxv—jud®v)) (A.10)

forallb € B, v € V, where j : V® B — T(V) % B is a natural embedding given by
JWV)=vxt forallb € B,v' e V.

For any (associative or not) ring A denote by J4 the left ideal generated by all
elements of the form 7,4 . = a(bc) — (ab)e, a,b,c € A. The identity a-rycq+ rape-d=
Tab,e,d — Tabe,d + Tap,ed O a,b,c,d € R implies that J4 is also a right ideal. Then
denote A := A/J4. Clearly, A is associative and is universal in the sense that for any
surjective homomorphism A — A’ where A’ is an associative ring there is a surjective
homomorphism A — A’.

Theorem A.6. For any (unital associative) R-algebra B, an R-module V' and an R-linear
map p: BV — T(V) ® B satisfying (A.7) one has T(V) ®uu B = A,,. In particu-
lar, A, = T(V) @uu B iff T(V) @wnr B is associative, i.e., iff the diagram (A.8) is
commutative.

Proof. Denote A}, = T(V) ®gx B and by m, the structural homomorphism T'(V') @gu
B — Aj,. Clearly, A, is an R-algebra and:

e A, is generated by V and B.
eb-v=my opv®d)forallbe B,veV.
e The assignment b — 7, (1 ® b) is an algebra homomorphism B — AJ,.

Therefore, A; is an object of the category C,, and thus one has a canonical surjective

algebra homomorphism ), : A, — AJ,. On the other hand, universality of A}, implies

!

that there is a canonical surjective R-algebra homomorphism A:L — Ay. Thus, 7, is an
isomorphism, hence it is the identity, i.e., A;L =A,.

The theorem is proved. 0O

In some cases conditions (A.7) and (A.8) can be simplified. The following is immediate
consequence of Proposition A.4.

Corollary A.7. Let V' be an R-module, B be an R-algebra, and p: BV — T(V)® B
be given by p =v+ B, wherev: BQV - VB and f: BV — B are R-linear maps
such that v(1®@v) =v®1 for allv e V. Then A, = T(V) ® B as an R-module iff the
following conditions hold.

° Z/O(mB®Idv) = (IdB®mB)O(V®IdB)O(IdB®V) n HOmR(B®B®V,V®B)
e fo(mp®Idy)=mpo(ldg®8)+mpo(BxIdg)o(ldg®v) in Homr(BRBR®V, B).

We conclude with the discussion of factorizable (in the sense of Proposition A.1)
algebras with B = RW, the linearization of a monoid W, so that RW is naturally an
algebra over R.
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Proposition A.8. Given an R-algebra H, suppose that it factors as H =D - RW over R,
where W is a monoid (i.e., the multiplication map defines an isomorphism of R-modules
D ® RW—H) and both D and RW are subalgebras of H. Then for any g,h € W there
exists a unique R-linear map Og 5 : D — D such that:

gr = Z Og,w(x)w (A.11)

weW

forallge W, z € D.
Moreover, the family {0g,n} satisfies: Og n(xy) = Y Og.uw(x)0wn(y) for allg,h € W,
weW

z,y € D and Ogp,w(x) = > Og, w1 (On,wy () for all g,h,w € W, x € D.

w1, wa €EW:iwiwae=w

Proof. Indeed, the existence and uniqueness of follows from the factorization of H, i.e.,
that H is a free left D-module with the basis W. To prove the second assertion, note
that

gry =" guw(@wy =Y 95u@) | D dwn@h | =D | D dguw(@)dunly) | b

weWw weWw heWw heW \weWw

for g e W, z,y € D and

ghx = Z GOh s, (T)Wo = Z Z 9g,w1 (On,we () w1 | w2

wo €W wo €W \wi1 €W
= Y O (O (@) wrws
wi,w2 €W

for g,h € W, x € D. The proposition is proved. O
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