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RESUME

Le but de cet article est d’étudier les amas quantiques dont les variables d’amas (mais pas
les coefficients) commutent entre elles. Cette propriété est préservée par les mutations si
I'on commence par une graine quantique principale. Remarquablement, elle est équivalente
a la conjecture notoire sur la cohérence de signes qui a été récemment démontrée par
M. Gross, P. Hacking, S. Keel et M. Kontsevich.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soient B une matrice entiére de taille m xn, n <m, et A = (Xij)1<i,j<m une matrice rationnelle antisymétrique compa-
tible avec B dans le sens de [2] (voir (1)). On associe 3 B une graine ¥ = (X, B), X = (x1,...,Xn) et son algébre amassée
supérieure U =U(Z) C L = Q[xlil, .. .,x#], tandis que A définit un crochet de Poisson {-,-}o sur .%,. Alors U est une
sous-algébre de Poisson de .Z, et I'on obtient un schéma poissonien 2", ot ZF = Spec( ®q F) pour toute extension [F
de Q.

La graine ¥ = (x, B) est appelée intégrable si, pour une A compatible avec B, {xi,xj}ao =0 pour tous 1 <1i, j <n. Cette
définition est justifiée par I'observation que, pour m = 2n, ¥ intégrable et A inversible, le triplet (U, {-,-}a, H), ot H €
Q[X1, ..., %]\ {0}, est un systéme intégrable avec I'hamiltonien H ; I'application naturelle 75 : 2" — A" est donc un fibré
lagrangien (cf. [1]).
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D’aprés le Lemme 2.4, une graine principale (voir Section 2) est toujours intégrable. On dit que ¥ est complétement
intégrable si X et toutes ses mutations sont intégrables.

Théoréme 1. Chaque graine principale est complétement intégrable.

Corollaire 2. Soit %' = (y, B’) une graine équivalente par mutation d une graine principale . Alors le plongement naturel
Kk[y1, ..., yn]l CU(Z") =U définit une fibré lagrangien s, : & — A",

Probléme 3. Soient %, X’ des graines intégrables équivalentes par mutation. Décrire I'intersection 7y lon ng,l (c") pour
des points génériques c, ¢’ € A" et déterminer pour quelles 3, ¥’ elle est transversale.

Semblablement, on dit qu'une graine quantique ¥ = (X, B), ot X= (X1, ..., Xm) (voir Section 2), est intégrable si XiXj=
XjX; pour tous 1<1i, j <n et complétement intégrable si ¥ et toutes ses mutations sont intégrables.

Théoréme 4. Une graine quantique principale intégrable est complétement intégrable.

En effet, on peut convertir toute graine (quantique ou classique) en graine principale intégrable en dupliquant le tore
(quantique) ambiant (voir [3, Section 3| et Lemme 2.6).

Un systéme intégrable quantique généralisé (cf. [8]) est un couple (U4, ) ou U est une k-algébre de dimension de Gelfand-
Kirillov 2n et ¢ : k[x1,...,x,] = U est un plongement d’algebres tel que t(k[x1, ..., xp]) est une sous-algébre commutative
maximale de /. Cela nous permet d’introduire un analogue quantique d’un fibré lagrangien dont la fibre lagrangienne quan-
tique sur un idéal maximal m de k[x1, ..., x,] est le Z/-module a gauche U, , :=U /U - 1(m). Alors, I'intersection (quantique)
de U, m et Uy v est le U-module & gauche U /U - (t(m) + ¢/ (w)).

Soient k un corps commutatif contenant @(q%) et ¥ = (X, B) une graine quantique. D'aprés [2], on note U = U(Z)
l'algébre amassée quantique supérieure correspondante (voir Section 2).

Corollaire 5. Soit ' = (Y, B') une graine quantique équivalente par mutation d une graine quantique principale intégrable ¥. Alors
U,v),ott:K[Yq,..., Yyl U(Z) =U est le plongement naturel, est un systéme intégrable quantique généralisé.

1. Main results

Let B be an integer m x n matrix, n <m, and let A = (Aj)1<j,j<m be a rational skew-symmetric m x m-matrix compatible
with B in the sense of [2, Definition 3.1], that is

B'"A=(D 0) (1)

where D is a rational invertible diagonal n x n-matrix. This defines, on the one hand, a seed £ = (x, B), X = (x1, ..., Xm) and
the upper cluster algebra Y =U(X) C Zn = Q[xlﬂ, . xﬁﬁl] and, on the other hand, the Poisson algebra structure on .4,
via {xi, Xj}a = Ajjxixj, 1 <1i, j <m so that I/ is a Poisson subalgebra of .Z;. This in turn defines a Poisson scheme 2~ such
that, for any field extension F of Q, ZF = Spec( ®q F).

We say that the seed = = (x, B) is integrable if {x;, Xj}a =0 for all 1 <i, j <n for some A compatible with B. It is easy
to show (Lemma 2.4) that if ¥ is principal (see Section 2) then it is integrable and the matrix A is uniquely determined
by B and D. We say that T is completely integrable if £ and all its mutations are integrable. This definition is justified by the
following observation. Let m = 2n and assume that X is integrable and that A is invertible, i.e. {-, -} is a symplectic bracket.
Then for any H € Q[x1,..., %]\ {0}, the triple (U4, {-,-}a, H) is an integrable system with Hamiltonian H; the natural map
7wy : & — A" is a Lagrangian fibration (see [1]).

Theorem 1.1. Every principal seed is completely integrable.

Corollary 1.2. For any seed &' = (y, B'), y = (y1, ..., ym), mutation equivalent to a principal integrable seed ¥, the natural inclusion
K[y1,..., ¥nl CU(Z") =U defines a Lagrangian fibration 7wy, : Z — A",

This gives rise to the following natural problem.

Problem 1.3. Given mutation equivalent integrable seeds %, ¥’, describe the intersection my l(c) N rrg,l (c") for generic
points ¢, ¢’ € A" and determine for which £, X’ this intersection is transversal.

It turns out that classical results carry over verbatim to the quantum case. We say that a quantum seed ¥ = (X, B),
where X = (X1, ..., Xi) (see Section 2), is integrable if X;X; = X;X; for all 1 <i, j <n. Then, similarly to the classical case,
we say that a quantum seed X is completely integrable if ¥ and all its mutations are integrable.
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Theorem 1.4. Every integrable principal quantum seed is completely integrable.

By Lemma 2.6 any (quantum or classical) seed can be converted into a principal integrable one merely by duplicating
the ambient (quantum) torus as in [3, Section 3].

A generalized quantum integrable system (cf. [8]) is a pair ({4, t) where U is a k-algebra of Gelfand-Kirillov dimension 2n
and ¢ : k[x1,...,xp] < U is an embedding of algebras such that t(k[xq,...,X;]) is a maximal commutative subalgebra
of Y. This defines a quantum analogue of Lagrangian fibration, whose quantum Lagrange fiber over a maximal ideal m
of k[x1,...,x,] is the left ¢/-module U, v, :=U /U - t(m). Then the (quantum) intersection of U, m and Uy . is the left
U-module U /U - (t(m) + (' (m')).

Following [2], given a field k containing Q(q%) and a quantumseed ¥ = (X, B), we denote by U =U(X) its upper quantum
cluster algebra (see Section 2 for the details).

Corollary 1.5. For any quantum seed ¥’ = (Y, B') mutation equivalent to a given principal integrable quantum seed ¥, the natural
inclusion ¢ : k[Y1, ..., Y] < U(X') = U defines a generalized quantum integrable system (U, t).

2. Notation and proofs

We will only prove quantum results, since their classical counterparts follow by specializing g to 1.

Let A € Matmxm(Z) be compatible with B in the sense of (1) where D € Matnxn(Z) and has positive diagonal entries.
Following [2], we associate with the pair (A, B) a quantum seed ~ = (X, B), X= (X1, ..., Xm) € (F*)™ where F is a skew
field, such that the subalgebra .#x of F generated by X over some central subfield k of F containing Q(q%) has presentation

XiXj=q"X;X;, 1<i<j<m.

Given 1 < j <n, we define u;(%) = (X/,u,j(f?)) where ,u,j(E’) is the Fomin-Zelevinsky mutation of B from [4] and X' is
obtained from X by replacing X; with

X} — xlbjli—e;j + X[—bj]Jr—ej’ (2)
where b; is the jth column of B, for each a=(ay, ..., am) € Z™ we set
1 aid
[al; = (max(0,ar)...., max(0,ap)),  X®=gq7 Zisi<izm MU0 XT . xin

and {e;}1<i<m is the standard basis of Z™. After [2, Section 2], u;j(X) is also a quantum seed and we refer to it as the jth
mutation of ¥. A quantum seed X’ is mutation equivalent to X if it can be obtained from ¥ by a sequence of mutations.
Following [7], we say that an m x n-matrix B is sign-coherent if for every 1 < j <n there exists €; € {—1, 1} such that

€;bij >0 for all n+1 <i <m. We say that B is totally sign-coherent if all matrices mutation equivalent to B are sign-coherent.

Proposition 2.1. Suppose A € Maty,m(Z) and B € Maty,n(Z) are compatible, B is totally sign-coherent and the corresponding
quantum seed X is integrable. Then X is completely integrable.

Proof. We need the following lemma.
Lemma 2.2. Suppose that £ = (X, B) is integrable and B is sign-coherent. Then Wj(X), 1< j<n,isintegrable.

Proof. Since B is sign-coherent, either X;X!?il+~¢i or X;X!=2/l+~¢i is contained in k[X,..., X,]. Since for every 1 <i #
j<n, we have X;Xil+=¢ = g;;XIbilk=¢iX; and X;X!7Pil+~¢i = q;;XI=bil+—¢iX; for some gj; € k*, it follows that q;j = 1.
Then by (2) we have X,-X} :X}Xl- forall1<i#j<n O

We complete the proof by induction on the number of mutations applied to the initial seed X. If &' = pj, --- u (X) =
Wi, (£”) where £ = (X’, B’y = Wi, - Mj, (¥) is integrable by the induction hypothesis and B” is sign-coherent by as-
sumption on B. It remains to apply the lemma. O

Proof of Theorem 1.4. Recall from [5, Remark 3.2] that B is called principal if B = (f]) where B € Mat,«n(Z) and DB is skew
symmetric for some D € Mat,y,(Z) diagonal with positive diagonal entries. The following result was initially conjectured

in [5, Conjecture 5.4 and Proposition 5.6(iii)] (see also [7, (1.8)]).

Lemma 2.3. (See [6, Corollary 5.5]) Any principal B is totally sign-coherent.
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Theorem 1.4 is immediate from Proposition 2.1 and the above lemma. O
Proof of Corollary 1.5. We need the following obvious classification of (quantum) integrable seeds with m = 2n.

Lemma 2.4. Let

. 0 A1 = (B
(S ) i=(9) @
with B, C, A1, Az € Matyxn (Q) and AT = —A,. Then (1) holds for some invertible diagonal D € Maty ., (Q) if and only if

detC#0, (DB =—DB, A;=-DC7!, Ay=—(CHTDBC!.

Furthermore, following [2], with each quantum seed £ one associates the quantum upper cluster algebra U(X) =), <i<nUi
where U is the subalgebra of .%x generated by X and X/. As shown in [2, Theorem 5.1], U(X) =U(uj(%)) forall 1 < j<n.
We need the following lemma.

Lemma 2.5. Let = = (X, B) be a quantum integrable seed with m = 2n. Then

(@) ]k[Xlil, ..., X" is a maximal commutative subalgebra of %x;
(b) k[Xq, ..., Xp]is a maximal commutative subalgebra of U (Z).

Proof. To prove (a), note that for each 1 <i <n the centralizer %; of X; in % is the k-linear span of {X? : Zlijim Ajjaj =
0}. Since A is as in (3) with detAq #0, ()<, % is spanned by all monomials X with aj =0, j > n. This implies
that k[X]ﬂ, ..., XF1] is a maximal commutative subalgebra of .%.

To prove (b), denote U =U; Nk[XT, ..., XF']. It is easy to see that

U =kIXE X, XEN

Since U NK[XF!, ..., X = Mi<ica U] =Kk[X1, ..., Xa], part (b) is now immediate from part (a). O

The Corollary 1.5 is now immediate because each quantum seed mutation equivalent to a given principal integrable one
is automatically integrable by Theorem 1.4. O

We conclude by showing that every (quantum) seed can be converted into a principal completely integrable one. Recall
that in [3, Section 3], with every seed ¥ = (X, B) in .%x one associates a seed X* = (X®, B®) in the duplicated quantum

torus 2" = @ ez KX©E) with A@ = (5 ° ), as follows

Xy =X xe

—x®" b 1<i<n, f?':(B)
In

where we abbreviate a”" =3, ;. ae;, a=" =3, aie; for a=(a1,...,am) € Z™. By definition, .Zx identifies with a
subalgebra of f,ﬁz) via X¢ > X©0 e e ZM Then ,,2”,22) = % - %x and hence U(Z) - 6x =U(Z®) - 6 as subalgebras of f,ﬁz),

where % is the subalgebra of 3,22) generated by the X9 n <i<m and by the X©¢) 1< j<m.
The following is immediate from [3, (3.19)-(3.22) and Lemma 3.4].

Lemma 2.6. The seed X° is principal and integrable, hence completely integrable.

References

[1] Vladimir Arnol’d, Mathematical Methods of Classical Mechanics, Graduate Texts in Mathematics, vol. 60, Springer-Verlag, 1989.

[2] Arkady Berenstein, Andrei Zelevinsky, Quantum cluster algebras, Adv. Math. 195 (2) (2005) 405-455.

[3] Arkady Berenstein, Andrei Zelevinsky, Triangular bases in quantum cluster algebras, Int. Math. Res. Not. 2014 (6) (2014) 1651-1688.

[4] Sergey Fomin, Andrei Zelevinsky, Cluster algebras. I. Foundations, ]J. Amer. Math. Soc. 15 (2) (2002) 497-529.

[5] Sergey Fomin, Andrei Zelevinsky, Cluster algebras, IV. Coefficients, Compos. Math. 143 (1) (2007) 112-164.

[6] Mark Gross, Paul Hacking, Sean Keel, Maxim Kontsevich, Canonical bases for cluster algebras, arXiv:1411.1394.

[7] Tomoki Nakanishi, Andrei Zelevinsky, On tropical dualities in cluster algebras, in: Algebraic Groups and Quantum Groups, in: Contemp. Math., vol. 565,
Amer. Math. Soc., Providence, RI, 2012, pp. 217-226.

[8] Nicolai Reshetikhin, Milen Yakimov, Deformation quantization of Lagrangian fiber bundles, in: Conférence Moshé Flato, vol. II, 1999, Dijon, France, in:
Math. Phys. Stud., vol. 22, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2000, pp. 263-287, MR1805921 (2002h:53156).


http://refhub.elsevier.com/S1631-073X(15)00059-X/bib41s1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib425A31s1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib425As1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib465As1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib465A2D43414956s1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib47484B4Bs1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib4E5As1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib4E5As1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib5259s1
http://refhub.elsevier.com/S1631-073X(15)00059-X/bib5259s1

	Integrable clusters
	Version française abrégée
	1 Main results
	2 Notation and proofs
	References


