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i. Main Results 

Let g be a complex semisimple Lie algebra. This paper is devoted to a solution of the 
following problem: to find all weights entering into a given irreducible g-module with mul- 
tiplicity one. Moreover, let K~, B denote the multiplicity of a weight ~ in a finite-dimen- 
sional irreducible S-module VI with highest weight I (this and other concepts used in this 
paper will be explained in greater detail in Sec. 2). As is well known, the multiplicity 
K%~a is not affected by the action on ~ of elements of the Weyl group; hence the description 
of'multiplicities reduces to the case in which $ is dominant. Let P+ be the semigroup of 
all integral dominant weights. We shall describe all pairs (I; ~) of weights in P+ such 
that Kl,p = i. 

The answer is particularly simple when ~ is a regular weight. 

THEOREM i.i. Let ~, p e p+, with ~ a regular weight. The multiplicity Kk_~ equals 1 
,r- 

if and only if (~ - p) is a linear combination with nonnegative integer coefficients of palr- 
wise orthogonal simple roots. 

To state the answer in the general case, we need the concept of S-partition. Let S be 
some set of positive roots. For every weight y we define an S-partition of y to be a se- 
quence of nonnegative integers m s (~ e S) such that Zm~ = y. Define PS(7) to be the number 
of all S-partitions of 7 (in particular, if S = R is the set of all positive roots, then PS 
is the familiar Konstant partition function). 

For every >, e p+, define S~ = {~ e R+: (I, ~) > 0}. 

THEOREM 1.2. Let ~, ~ e p+. 

i) If PS(I) (i - P) = I, then KI, p = i. 

2) Assume thats has no direct summands of type G 2. If K%,p = i, then PS(1) (~ - P) = i. 

3) If S is a simple algebra of type G=, then part 2 is true with the sole exception of 
the pair ~ = w I (the first fundamental weight in the enumeration of the tables in [I]), p = 
0, for which KX, p = i, PS(~) (I - p) = 2. 

We note that Theorem i.i follows easily from Theorem 1.2: regularity of a weight 1 
means that S(1) = R+, and the condition of Theorem i.i is clearly equivalent to the equality 
PR+ (~- ~) = 1. 

Let us call a pair (l; D) of weights in P+ primitive if the Lie algebra ~ is simple and 
all coefficients in the expansion of (l - Z) in terms of simple roots are positive integers. 
It is readily shown that the enumeration of all pairs (l; p) such that KI, D = 1 reduces to 
enumeration of the primitive pairs with that property (see Proposition 2.4 below). The list 
of all primitive pairs such that KI, Z = 1 looks as follows (we shall use the standard enumer- 
ation of the fundamental weights from [i]). 

THEOREM 1.3. All primitive pairs (l; p) such that KI, p = i, up to isomorphism of Dynkin 
diagrams, are exhausted by the following list: 

i) type Ar(r~]): h~--l%, b= ~, mini, where m i e Z+ and (~ - ~ imi) e (r + i) N; 
l~<J~r 

2) type B~(r~2): )~:=/~i, b = ~' m~m~, where m i e Z+ is even and (~ - I) = ~' im i + 

rmr/2; 
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3) type G2: I = ~m2, ~ = mini + m2~2, where ml, m 2 e Z+ and 3~ - 1 = 2m i + 3m2; 

4) type G2: i = mi, ~ = 0. 

Note that in cases (1) and (4) all the weight subspaces of the module V1 are one-dimen- 
sional. 

We partially order the set of weights of ~, defining I ~ D if (X - ~) is a linear com- 
bination of simple roots with coefficients in Z+. Our results admit the following geometri- 
cal interpretation. As is well known (see [6]), to each weight I e p+ there corresponds a 
"generalized Schubert cell" ©~ on the infinite-dimensional flag manifold associated with the 
affine Lie algebra ~. the Zariski closure O~ is then the union of all O~ such that ~ S I. 
According to [6], the condition KI,D = 1 is equivalent to the condition that the points of 
O~, are rationally nonsingular points of the Schubert variety Ox. (Recall that a point x of 
a variety X is said to be rationally nonsingular if the Goresky-MacPherson homology group 
IH i (with coefficients in Q) of a small neighborhood of x in X is Q if i = 0 and 0 if i > 0). 

Theorems 1.2 and 1.3 will be proved in Sec. 4. The most difficult part of the proof is 
the implication PS(1) (X - ~) ~ 2~Kx, D ~ 2 in Theorem 1.2 (2), (3). We shall make constant 
use of the following proposition, which was actually established in [2, ch. 8, Sec. 7, Corol- 
lary 2 to Proposition 3]. 

Proposition 1.4. Let I, ~ e p+ and I ~ ~ ~ D. Then KI, D ~ KI,$ (note that ~ need not 
be an element of P+). • 

For every subset S c R+, let ~ (S) be the subalgebra of g, generated by the root subspaces 
g(~) and g(-~) for all ~ e S; also, let p = PS be the natural projection of the set of weights 
of g onto the set of weights of g (S). To prove the inequality KI, D ~ 2 we shall use the same 
construction time and time again: construct a subset S' c S(1) and a weight y with the fol- 
lowing properties: 

i) Ps,(y) ~ 2; 

2) rk ( S ' )  ~ 3; 

3) X - y ~ D and p(X - ~) i s  dominan t  f o r  g ( S ' ) .  

Restricting the module V to g(S') and using Proposition 1.4, one reduces the proof of 
the inequality KX, ~ ~ 2 to proving the analogous inequality Kp(1),p(l_y) ~ 2 for the algebra 

g(S'). This reduces the proof of Theorem 1.2 (2), (3) to the case of algebras of ranks 2 
and 3. 

For the algebra ~ = sl(x) there is a classical combinatorial interpretation of the mul- 
tiplicity KI, B. In@eed, consider the set Z~ of partitions X = (li ..... ir), i.e., all vec- 
tors in Z~, such that I i >_ ,,~ ~ >_ • • • -> Xr" For each partition I we have a highest weight of 
sl(r) of the form I = ~ (li - Xi+i) ~i" Then, if the highest weights I and D correspond 

to partitions I and D, the multiplicity KI, ~ equals the number of Young tables of the form 
and the weight D (see [4]). In this case a hypothetical description of the set of all pairs 

(i; ~) for which KI, ~ = 1 was proposed by R. Stanley. Our results imply the following an- 
swer, which is apparently equivalent to Stanley's conjecture. 

THEOREM 1.5. Let X = (li, ..., Ir), ~ = (~i, .--, Dr) be two partitions= A necessary 
and sufficient condition for there to be exactly one Young table of the form I and weight 
D is that there exist indexes 1 = i 0 < i i < ... < i k = r such that the corresponding parti- 

tions ~(J) = (lij_ i ..... lij), ~(J) = (~ijli, ..., ~ij) satisfy the conditions: 

i) l(J) ~ ~(J) for j = 1 ..... k; 

2) from each partition l(J) one can delete either the first or the last component, in 
such a way that all remaining components are equal. 

Recall that in the language of partitions the relation I ~ ~ means that Xi + .-. + ii ~ 
~i + -.- + ~i for i = 1 ..... r, this being an equality in the case i = r (see [4]). 

The material of the paper is organized as follows. In Sec. 2 we assemble the necessary 
prerequisites and prove Theorems i.i and 1.2 (i), (3). In Sec. 3 we derive various proper- 
ties of positive roots containing a given simple root. To our mind these properties are 
also of some independent interest; they will play an important role in our proof of Theorems 
1.2 (2) and 1.3. The proofs of these theorems and Theorem 1.5 will be presented in Sec. 4. 
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The authors are grateful to R. Stanley, whose conversations with them provided one of 

the main stimuli to the preparation of this paper. 

2. Proof of Theorems i.i and 1.2 (I), (3) 

2.1. Notation and Terminology~ Let ~ be a complex semisimple Lie algebra with a fixed 
Cartan decomposition~ = n O~On+, ~ the root system of the pair (g, ~), I{+ c R 
the set of positive roots relative to the selected decomposition, ~ c P~+ the set of simple 
roots. We consider ~ with the scalar product (', .) induced by the restriction to ~ of 
some invariant biiinear form on ~ (if ~ is simple, this scalar product is defined uniquely 
up to a positive factor). Let P c ~ be the group of (integral) weights, P+ c p the semigroup 
of dominant weights; thus, P+ = {£~i~: (£, ~v)~Z+ for all ~ e ~}, where ~V = 2~/(~, ~). 

For every ~ e ~ we define a fundamental weight ~ by the formula (~, ~V) = 6~, ~ e H. If 
is a simple Lie algebra, we shall always use the standard enumeration of the simple roots 

~ ..... ~r and fundamental weights ~i ..... ~r from [i]. 

Let s~($) = ~ - ($, ~V)~ be the reflection corresponding to a root ~, W the group gen- 
erated by all elements s~. Partially order P by defining % ~ ~ if (~ - ~) is a member of 
the semigroup generated by R+. it is known that P is invariant under W; moreover, on every 
W-orbit in P there is exactly one element of P+ and D ~ w~ for all ~ e p+, w e W. 

For every ~-module V and weight $ e ~ , let V($) denote the weight subspace {v e V: 
hv = $(h)v for h e ~ }. For every root ~ e R we choose a nonzero element e~ e ~ (~), where 
is regarded as the associated ~-module. For X e p+, let V~ denote the (finite-dimensional) 
irreducible ~ -module with highest weight %. The number dimVx($) is called the multiplicity 

of the weight $ in the module V%, denoted by KX, $. 

2.2. Description of Weight Subspaces. Our analysis of multiplicities of a weight re- 
lies on the following well-known result of Harish-Chandra. 

Let v% e VX(X ) be a highest weight vector of V X, and U(n_) the universal enveloping 

algebra of the Lie algebra n_. Let I~ = {x e U(n_): xv~ = 0}. 

Proposition 2.1 (see [3 Proposition 7.2.7]). If X = ~ £~m~ e p+, then 

i) 1% = ~ U(n-)e-~£~+i; 

2) for every weight y there is a natural isomorphism VX(% - ¥)  ~ U(n-)(--Y)/Ix(-~). 

2.3. Proof of Theorem 1.2 (i). Since PS(%) (i - ~) > 0, it follows that % ~ ~. Hence 
it follows that K%,~ > 0 (in fact, by Proposition 1.4, KX, D ~ K%,% ~ i). It remains to use 
the following proposition. 

Proposition 2.2. For any ~ e p we have K%,$ S PS(%)(X - $). 

Proof of Proposition 2.2. Let V% e Vi(%) be a highest weight vector in V%o Then 
V%($) = (U(n_)(~ - %))(v%). Number all positive roots ~i ..... a N in such a way that all 

elements of S(%) come first, followed by the rest. Let fi = e~i. By the Poincare-Birkhoff- 

Witt Theorem, the monomials fm = flml...fNmN form a basis in U(n-); at the same time, a 

basis in the weight component U(n_)(~ - X) is formed by all the monomials fm such that 

Emi~i = X - ~. 

By Proposition 2.1, fivx = 0 if ~i ~ S(I). Therefore the only coefficients that may 
differ from 0 are the elements fmv X such that m i = 0 for ~i e S(%). This at once implies 
the required assertion, m 

2.4. The Subalgebras 8(S). Let S c R+ be an arbitrary set of positive roots. Let 

~' ~ ~ (S) denote the subalgebra of ~, generated by all e~, e-~ for ~ e S (cf. Sec. i). It is 
easy to see that 8' is a semisimple Lie subalgebra with Cartan subalgebra @' = S' ~ ~- Let 
L(S) c ~ denote the group generated by the set S and define R' = R(S) = R N L(S). By [I, 
ch. 6, Sec. i, Proposition 23], R' is a root system in L(S) ® H. We shall always order R', 
by letting R+' = R' N R+. Let p = PS: ~*--~'~ denote the natural projection. The follow- 
ing results are well known (see [i, 2]); we cite them here for ease of reference. 

Proposition 2.3. I) The projection PS sets up an isomorphism between L (S) QC and ~'*, 
which carries dominant weights for ~ to dominant weights for ~', and maps R' onto a root sys- 
tem of the pair 
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2) There exists an invariant bilinear form on S' for which the induced scalar product 
on ~'* satisfies the condition (p(l), P(B)) = (~, B) for all ~ e ~*, B e L(S). 

We shall always choose the scalar product on ~'* as in part 1 of Proposition 2.3. 

2.5. Reduction to the Primitive Case. In this subsection we shall show that calcula- 
tion of multiplicities KI, Z for arbitrary ~, B e p+ reduces to their calculation for primi- 
tive pairs (see Sec. i). 

Consider the Lie subalgebra g' ~ g(H') in g, corresponding to a subset ~' c ~. We retain 
all the notation of Sec. 2.4. It follows from Proposition 2.3 that p(H') is a system of sim- 
ple roots of the pair(g',~'), p(~) = ~p(a) for ~ e ~', and P(~a) = 0 for a e H\~' 

Proposition 2.4. i) Let ~ e p+, B e p be such that the expansion of the weight (A--B) 
in terms of simple roots involves only elements of [' Then KI,B = Kp(l),p(~). 

2) Under the assumptions of part i, let H~, ''', Hk be all connected components of the 
set H' in the Dynkin diagram of the system R, and I i = phi(1), Bi = PHi(B) • Then 

Kx, ~ = I I  Kz~, ~ u Ps(~) (~ - -  ~) -~ H Ps(xi)(X~-- ~) .  
l~i~ l ~ i ~  

Proof. Part i follows at once from Propositions 1.2 and 1.3 in [5]. To prove part 2 
we observe that the Lie algebra g (H') is the direct product of the Lie algebras (Hi). Hence 
it follows that there is a natural isomorphism V I ~ ®Vii under which VI(B) is identified with 
~V1i(Bi). The last equality is verified directly. • 

Proposition 2.4 implies that it will suffice to prove the statements of Theorems i.i 
and 1.2 (2), (3) for primitive pairs (I; B) only. 

2.6. Case of Rank 2. 

LEMMA 2.5. Parts 2 and 3 of Theorem 1.2 are valid for algebras of ranks 1 and 2. 

Proof. For algebras of types A I and A I x A I the statement of Theorem 1.2 (2) is obvious; 
for all i, ~ e p+ with I ~ B we have KI, D = i and PS(1) (% - D) = i. Let us discuss the case 
in which ~ is a simple Lie algebra of rank 2, i.e., of type A2, B2, or G 2 . 

First let % be regular, i.e., S(I) = R+. Let H = {~, a'}; then obviously if PS(%)(T) > 
i, it follows that y ~ ~ + a', and then PS(1)(~ + a') = 2. By Proposition 1.4 parts 2 and 3 
of Theorem 1.2 for this case follow at once from the following result: 

LEMMA 2.6. If I is regular, then KI,%_~_ ~, = 2. 

Proof. By Proposition 2.1 (2), we have only to convince ourselves that I(-~ - a') = 0. 
But by Proposition 2.1 (i) the component 11(-~y) fails to vanish only if T ~ 21 or T ~ 2a' 
Hence KI,I_~_ ~, = Ps(l)(a + a') = 2. • 

Now let ~ = £w~, where £ ~ i. If g has type A2, then S(I) = {~, a + a'}, whence 
PS(I)(T) ~ 1 for any weight ¥, so that there is nothing to prove. We may therefore assume 
that g has type B= or G2; then (a, ~) ~ (~', ~'). It is easy to see that in the case of 
interest, when PS(I)(I - ~) ~ 2, we have % - B ~ 2a + a'. 

We first consider the case in which (~, a) < (~', ~'). Then 2a + a' is a root, so that 
PS(I)(2~ + ~') = 2. If £ ~ 2, then the same arguments as in Lemma 2.6 show that KI,1_2~_ ~, = 

2; thus KI, Z ~ 2 by Proposition 1.4. But if £ = i, it can be verified directly that in case 
of type B 2 the inequality ma - ~ ~ 2a + a' cannot hold for any dominant weight ~, while in 
the case of G= it holds only if B = 0. But then the exceptional equality Km~,0 = 1 for type 

G2 is well known (the corresponding module Vm~ is 7-dimensional and has 6 nonzero weights). 

Now let (a, a) > (a', a'). It is easy to see that if PS(1)(I - ~) ~ 2, then I - ~ 
2(a + ~'). If £ ~ 2, then, as before, we see that KI,I_=~_=~, = 2, and so KI, ~ ~ 2. But if 

£ = i, then a direct check will again show that in type B= the inequality ~a - ~ ~ 2~ + 2a' 
does not hold for any dominant weight ~, while in case G= it holds only if P = 0. In the 
latter case, however, K~a,0 = 2, since Vma is an associated g-module. • 

This completes the proof of Proposition 1.2 (3). 
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2.7. Proof of Theorem i.i. In view of Proposition 2.4, Theorem i.i is a corollary of 

the following lemma. 

LEMMA 2.7. Let (I; D) be a primitive pair, with I not a multiple of any fundamental 

weight. Then KI, p ~ 2. 

We shall derive this lemma from the following fact. 

Proposition 2.8. Let 9 be a simple algebra of type other than G2, I ~ P+, and let BI, 
$2 e S(1) be such that (61, 62) > 0. Then Ki,i-61-62 ~ 2. 

Proof of Proposition 2.8. Put 9' = 9 ({61, 62}) (see Sec. 2.4 above). Then 9' is a 
simple Lie algebra of rank 2, i.e., an algebra of type A 2 or B 2 (since the case G 2 is ex- 
cluded). Considering the 9/-submodule in V1 generated by a highest weight vector vl, we 
reduce our assertion to the case of 9 of type A 2 or B 2. But then it is easy to see that the 
only pair of positive roots forming an obtuse angle is a pair of simple roots, and our asser- 
tion follows from Lemma 2.6. m 

Proof of Lemma 2.7. If ~ has type G 2, the assertion follows from Lemma 2.6; we shall 
therefore assume that g is not of type G 2. By assumption, there are two simple roots ~, ~' 

such that (l, ~V) > 0, (l, ~,V) > 0. Let [~, ~'] denote the least connected subset of 
containing both ~ and ~', and let 6 be the sum of all roots in [~, ~']. Obviously, $ is a 
root. By Proposition 1.4 it will suffice to prove that Ki,l- 6 ~ 2. Put 61 = ~, 62 = 6 - ~. 
Clearly, 61, 62 e R+ and (61, 62) < 0. In addition, 61, ~2 e S(1), so that our assertion 
follows at once from Proposition 2.8. This completes the proof of Lemma 2.7, and together 
with it that of Theorem i.i. [] 

3. Properties of Positive Roots Containing a Given Sample Root 

3.1. Criterion for Uniqueness of an S-Partition. Throughout this section we fix a 
simple root ~ e H and put S = S(m~); thus, S is the set of all positive roots 6 ~ ~. Call 
a root 8 e S S-d__ecomposable if 6 is the sum of two roots in S, and S-indecomposable other- 
wise. 

THEOREM 3.1. i) A root ~ e S is S-indecomposable if and only if ~ appears with coeffi- 
cient 1 in the expansion of 6 in terms of simple roots. 

2) The equality PS(Y) = 1 is equivalent to the condition that the weight y can be ex- 
pressed as y = ~i + 62 + --. + 6k, where all the 6i s are S-indecomposable roots, k ~ i, (6i, 
6j) ~ 0 for all i, j, ($i, $i) = (~, e) for i < k, (6k, 6k) ~ (~, ~). 

3) The inequality PS(Y) ~ 2 is equivalent to the condition that y can be expressed as 
Y = 61 + B2 + .-- + 8k, where all the 8i s are S-indecomposable roots, k ~ 2 and (61, 62) ~ 0. 

The proof will be accomplished in Sec. 3.7. 

3.2. Action of the GroupW'. Let W' = W'(~) denote the subgroup of the Weyl group W 
generated by all reflections s~,, =' e H\{~}. We shall repeatedly use the following lemma. 

LEMMA 3.2. i) In every W'-orbit on the set of weights P there is a unique minimal ele- 
ment (relative to the order relation defined in Sec. i). A weight ~ is the minimal element 
of a W'-orbit if and only if (y, ~') ~ 0 for all ~' e E\{~}. 

2) The set S and subset of S-indecomposable roots are W'-invariant. 

3) PS(Y) = PS (wY) for all y ep, w e W'. 

4) If PS(Y) ~ 1 and y is the minimal element of its W'-orbit, then (y, ~) > 0. 

Proof. Part ! is obvious. To prove the second part, we observe that under the action 
of W' the coefficient of ~ in the simple root decomposition is not affected. Hence it fol- 
lows that the set S is W'-invariant, and the same is true of the subset of S-indecomposable 
roots Part 3 follows at~once from part 2. Finally, part 4 is a corollary of the follow- 
ing general lemma. 

LEMMA 3,3. Let ~, ..., c% n be an arbitrary tuple of vectors in a euclidean space and 
y a nonzero vector of the form y = Egi~i, where all gi ~ 0. Then (y, =i) > 0 for some ~i" 

For the proof one need only use the inequality 0 < (¥, y) = Zgi(7, ~i)" [] 

263 



Proposition 3.4. i) The length of any S-indecomposable root is at most the length of ~. 

2) All S-indecomposable roots of the same length are conjugates of one another under 
the action of W' At the same time, the minimal element of the W'-orbit of any S-indecom- 
posable root is either ~ or the root ~0 = ~I + --. + ~r+z, where (~z = ~, ~2 .... , ~r+z) is 
a (in fact, the unique) chain of simple roots such that (~i, ~i+l) < 0 for i = i, ..., r and 
~r+z is shorter than ~r. 

The proof will be given in Sec. 3.4. 

3.3. Proof of Theorem 3.1 (i). If ~ occurs in ~ with coefficient i, $ is clearly S- 
indecomposable. Now suppose that the coefficient of ~ in 6 is at least 2. Replacing 6 by 
the minimal element of its W'-orbit, we may assume that ($, ~) > 0 [see Lemma 3.2 (4)]. 
Hence it follows that (6 - a) is a root. Clearly, ~ and (6 - ~) are elements of S and their 
sum is 6, q.e.d. • 

3.4. Proof of Proposition 3.4. Let 6 be some S-indecomposable root; we may assume that 
6 is minimal in its W'-orbit and, in particular, that (6, ~) > 0. 

We prove part i. If 6 = ~, there is nothing to prove. But if 6 # ~, then s~(6) = 6 - 
~. Hence it follows that (6, ~V) = i, and so (6, ~) 5 (~, ~). 

We prove part 2. We first observe that the first assertion follows from the second, 
since the root 60 (if it exists) is uniquely determined and shorter than ~. Using induction 
on the rank of the system R, we may assume that our assertion has already been established 
for systems of lower rank. The only case still requiring treatment is that in which 6 ~ ~, 
i.e., when (6 - ~) is a root and (~, ~V) = i. It is easy to see that the expansion of 6 in 
terms of simple roots involves a simple simple root ~2 such that (~, ~2) < 0, and the coeffi- 
cient of this simple root is i, Let W" be the group generated by the reflections s~, for 

~' e ~\{~, ~2}" Then (6 - ~) is minimal in its W"-orbit, since (6 - ~, ~') ~ 0 for all ~ e 
H\{~, ~2}. Applying the inductive hypothesis to the root system R' generated by H\{~}, the 
subset S = S(~2) N R' and the S-indecomposable root (6 - ~), we deduce that either 6 - ~ = 

~2, or 6 - ~ = ~2 + .-. + ~r+z, where r ~ 2 and ~r+z is shorter than ~r" Hence it follows 
that either 6 is of the required form or 6 - ~ = ~2 is a root of the same length as ~. But 
in the latter case (6, ~ V) = 1 > 0, contrary to the choice of 6. • 

3.5. Sum of Two Roots in S. 

Proposition 3.5. Let 6~, 62 e S and ~ = 6z + 62. Then PS(Y) ~ 2 in each of the follow- 
ing cases: 

i )  (6~, 62) ~ o; 
2) both roots 6z and ~2 are shorter than ~ (the case 6z = 62 is not excluded). 

Proof. Let 6~ and 62 satisfy one of conditions 1 or 2. We claim that y is either a 
root or the sum of two other (possibly equal) roots in S. As before, we Shall assume that 
is the minimal element of its W'-orbit, i.e., (7, ~') ~ 0 for all ~' e ~\{~}, and (~, ~) > 
0 (Lemma 3.2). 

If (6z, 62) > 0 we know that y is a root; we shall therefore assume henceforth that 
($z, 62) ~ 0. First consider the case in which 6z = 62 is a root shorter than ~, i.e., 7 = 
26z. Then it is easy to see that (~, 6z V) ~ 2, whence it follows that (26 - ~) is a root. 
We obtain another decomposition of y as a sum of roots in S: y = e + (~ - ~). 

Now let Sz ~ 62; assume that (6z, ~) > 0, (62, ~) > 0. Then 61 and 62 are not zero. 
We claim that in this case (7 - ~) is a root, whence the required statement will again follow. 
Clearly, ($z - ~) is a root, and therefore we need only verify that (6z - ~, 62) < 0. If 

(61, 62) = 0, then (6z -- ~, 62) = (--~, 62) < 0; but if (6z, 62) > 0 and (6z, 6z) = (~2, 62) < 

(~, ~), then ($1 - ~, $2 V) = ($1, 62 V) - (~, 62 V) = 1 - 2 = - i, as required. 

It remains to discuss the case in which (Sz, ~) > 0, (62, ~) ~ 0. Then by Lemma 3.2 
there exists ~' e H\{~} such that (62, ~') > 0 and (6z, ~') < 0. Clearly, (6z + ~') and 
(62 - ~') are roots in S, and y is their sum. If 62 ~ 6z + ~', then our assertion is proved. 
We may therefore assume that ~2 = 6m + ~'. If (8z, 62) = 0, then we have 0 = (6z ÷ ~', !6z) = 

(~z, 8z) + (6z, a'), whence (~', 6z V) =-2. Thus, 7 = ~' + 28z = s6z(~') is a root, i.e., 

our assertion is again true. But if (6z, 62) > 0 and (6z, 6z) = (~2, 6~) < (=, ~), we shall 
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prove that (~ + ~') and (y - ~ - ~') are roots in S. Indeed, we have (~', ~) = (6~ - ~i, 
~) < 0, so that (~ + ~') is a root; in addition, y - ~ - ~' = 261 - ~ is a root in S, as 
shown previously. If 61 ~ ~ + ~', then the inequality PS(7) ~ 2 has already been proved. 
Finally, if 61 = ~ + ~', then 62 = ~ + ~", and it is easy to see that the equality ($i, 61) = 
(62, 62) implies (~, ~,V) = -3; but this means that ~ and ~' generate a root subsystem of 
type G 2 and in that subsystem y = 2~ + 3~' is a root, i.e., we have again obtained PS(Y) ~ 2. 
Thus, our assertion has been verified in all conceivable cases. • 

COROLLARY 3.6 (from the proof of Proposition 3.5). If ~l, 62 are S-indecomposable 
roots such that (61, ~l) = (62, 62) < (~, ~) and (61, ~2) > 0, then the weight y = 61 + 62 
may be expressed as a sum of two other S-indecomposable roots. 

Indeed, such a decomposition has been constructed in all cases except when y = 2e + 3~' 
is a maximal root in a subsystem of type G2; but then there is another decomposition of y: 
¥ = ~ + (~ + 3~'). • 

LEMMA 3.7. Every weight y admits at most one decomposition of the form y = Bl + 62, 
where Bl, 62 are S-indecomposable roots such that (Bl, 61) = (62, B2) < (~, ~) and (61, 
~2)  > O. 

= = ' + 62' Then (62, Proof. Suppose we have two such decompositions, y 61 + 62 ~l 

61 V) = i and (6jl, 61 V) ! i for j = I, 2. Hence (B~ + ~=, 61 V) = 3, but ($z' + 62', 6~ V) 

2 - contradiction° • 

3.6. Proof of Theorem 3.1 (2). Let PS(Y) = i, i.e., there is exactly one (up to order 
of terms) expansion of the type y = 6z + 6= + ... + 6k, where all the Bis are S-indecompos- 
able roots. It follows at once from Proposition 3.5 that ($i, $j) > 0 for all i, j. By 

Proposition 3.4, (~i, 6i) ~ (~, ~) for all i, but by Proposition 3.5 this inequality is 
strict for at most one $i. Thus, y has an expansion of the required kind. 

Conversely, let ¥ = ~  be an expansion as in Theorem 3.1 (2). Suppose that PS(Y) ~ 2, 
i.e., there exists another expansion as a sum of S-indecomposable roots. Having excluded, 
if necessary, identical roots from both expansions, we may assume that all the roots appear- 
ing in them are different; in that case, of course, each side will contain at least two 
terms. Hence it follows that at least one of the remaining $is is of the same length as ~. 
By Proposition 3.4, we may assume that 6~ = ~. But by Theorem 3.1 (i) the simple root 
appears in each 6i with coefficient i and (e, $i) > 0 by assumption; hence s~($i) = 6i - 
if #i # ~ [since we know that s~(6i) e R+]. Hence it follows that ~ appears in s~(y) with a 
negative coefficient. On the other hand, for the same reasons s~(E6i ) is a sum of positive 
roots - contradiction. [] 

3.7. Proof of Theorem 3.1 (3). The fact that PS(Y) ~ 2 whenever y has an expansion of 
the indicated type follows at once from Proposition 3.5. Suppose now that PS(Y) ~ 2 but 
that every expansion of y in terms of S-indecomposable roots involves roots that form acute 
angles with one another. Let y = E$i be some expansion. By Proposition 3.4 and the already 
proved part 2 of our theorem, there exist two roots, say 6~ and ~=, such that (6~, 61) = 

(~=, 6=) < (~, ~). Define y' = ~z + 6=. By Corollary 3.6, the weight ¥~ admits another ex- 

= ')>0. pansion y' 6~' + $=' as a sum of S-indecomposable roots. By assumption, ($~, 62 
Again applying part 2 of Theorem 3.1, we conclude that both 6~' and ~=' are shorter than ~. 
But this contradicts Lemma 3.7. [] 

3.8. Classification of Weights y with PS(Y) = i. THEOREM 3.8. PS(Y) = i if and only 

if the weight y is conjugate under the action of the group W' to a weight of one of two 
forms: 

i) y = ~ = c~ + c=(~ + ~=) + ... + Cr(~ ~ + ... + ~r), where ~ = a, ~= ..... ~r 
are simple roots in the standard enumeration of a subsystem of type A r in R, and c i e Z+; 

2) ¥ = y= = y~ + (~ + ... + ~r + ~r+l), where y~ is a weight of the type exhibited in 
part i and ~r+~ is a simple root which is shorter than ~r and such that (~r, ~r+~) < O. 

Note that in case 2, if r ~ 2, the roots ~ .... , ~r+~ are simple roots of a subsystem 
of type Br+ z in the standard enumeration; but if r = i, there may arise subsystems of type 
B= or G 2. 

Proof. Let wy have one of the forms (i) or (2) for some w e W' It is easy to see 
that each of these expansions satisfies the assumptions of Theorem 3.1 (2), whence it follows 
that PS(W~) = i. By Lemma 3.2 (3), PS(Y) = i, as required. 
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The proof of the converse implication is analogous to the proof of Proposition 3.4 (2). 

Let PS(¥) = I. Write T as Y = ~i + ... + ~k, as in Theorem 3.1 (2). If k = i, y can be 
brought to the required form by virtue of Proposition 3.4 (2); we may therefore assume that 
k -> 2. We may then assume that ~l = e, so that ($i, eV) > 0 for all ~i" 

We now observe that the difference ($i - Sj) is either 0 or a root, since (~i, ~j) > 0. 
Therefore, rearranging if necessary, we may assume that ~i = e -< $2 <- ... _< ~k- If ~k = e, 
then y = ks, and again we are done. Let Sk > ~ and let j > 1 be the least index for which 
~j > e. As in the proof of Proposition 3.4, we see that the expansion ~j in terms of simple 

roots involves a single simple root ~2 such that (e, e 2) < 0. Then e= occurs in every root 
$i with i _> j, and, as before, the condition ($i, ~V) > 0 implies that the coefficient of e= 
in ~i is i. In addition, as before, we see that se(~i) = ~i - e for j _< i <_ k. 

As in the proof of Proposition 3.4, consider the root system R' generated by H\{e}, the 
subset S' = S(60(~2) ~ R' and the group W" generated by the reflections s~,, e' e ~\{e, e2}. 

Define y' = ~ s~(~i) ; Clearly, y' is a weight for the system R'. By Theorem 3.1 (2), 

PS'(Y') = I. Using induction on the rank of the system R, we may assume that y' is trans- 

formed by the action of W' to one of the two forms 

? '  = ?~ = ~ + c3 ( ~  + ~3)  + • • • + ~ ( ~  + . . . + ~ )  

o r  

~ '  = ~2 = 71 + (~2 + • • • + % + ~ ÷ l ) ,  

which satisfy the conditions of our theorem. It remains to note that y = (j - i) e + se(y') 

and se($) = $ + e for any root ~ = e= + ... + e i (since all the roots e3, ..., e r are ob- 
viously orthogonal to e). This yields a representation of ~ in the required form. • 

COROLLARY 3.9. The following two conditions on a weight y are equivalent: 

i) PS(Y) = 1 and y is minimal on its W'-orbit; 

2) y has one of the forms (i) or (2) in Theorem 3.8, with Cl ~ c2 ~ .°. ~ c r. 

Proof. (2) 4(1). By Lemma 3.2 (i), it will suffice to show that (y, e 'V) ~ 0 for all 
e' e H\{e}. If e' is not one of e2, ..., er, the required inequality is easily verified 
even without the assumption that c I J c 2 ~ ... ~ Cr; in addition, for i = 2, ..., r we have 

(y, ei V) = c i - ci_ I ~ 0, as required. To prove the implication (i) ~ (2) it will suffice 
to prove that a weight of the form YI or ¥2 from Theorem 3.8 may be brought by the action of 
W' to the form (2). This is verified by a direct check for systems of type A r and Br+ l with 
r ~ 2. • 

3.9. Two Assertions About Root Systems of Rank 3. We round out this section with two 
technical assertions which will be used in the proof of Theorem 1.2 (Sec. 4). 

LEMMA 3.10. Let R be an irreducible root system of rank 3 and e an extreme simple root, 
i.e., a root having at most one neighbor in the Dynkin diagram. Let y be a weight satisfy- 
ing the following two conditions: 

i) y is the sum of two orthogonal S-indecomposable roots, but is neither a root nor 
twice a root; 

2) y is the minimal element of its W'-orbit. 

Then ~ is of type G2, e = e 3 and y = e I + 2e 2 + 2e~ = 2~ 3 - ~2 (in the standard enumer- 
ation of the simple roots and fundamental weights as in [i]). 

LEMMA 3.11. Let R be an irreducible root system of rank 3, ~l, ~2, ~i', ~2' e R+ four 
roots of the same length such that (~l, ~2) = 0 and ~i + $2 = ~l' + ~2' Assume also that 
Y = $I + ~2 is neither a root nor twice a root. Then R is of type As, y = e I + 2e 2 + e 3 = 
2w 2 and, up to a change of notation, ~l = e2, ~2 = ~i + e2 + e3, ~i' = el + ~2, $2' = e2 + 
e 3 (in the standard numbering of simple roots and fundamental weights). 

The proof of both lemmas may be accomplished by a direct verification in systems of type 
A3, B3, and C 3. • 
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4. Proof of Theorems 1.2 (2)~ 1.3 and 1.5 

In view of Lemmas 2.5 and 2.7, it remains to prove Theorem 1.2 (2) under the following 

assumptions: ~ is a simple algebra of rank 23, I = Z~ for some ~ e H and Z t I. In addi- 

tion, by Proposition 2.4, we may assume, if necessary, that the pair (I' ~) is primitive. 

4.1. The Case in Which I is a Multiple of an Interior Fundamental Weight. A simple 
root ~ e ~ (and the corresponding fundamental weight) is said to be extreme if there is at 
most one root ~' e H\{~} with (~, ~') # 0. A simple root ~ and the fundamental weight ~ 
which are not extreme are said to be interior. In this subsection we consider the case i = 

£~, where ~ e ~ is an interior simple root and Z ~ 2. 

LEMMA 4.1. Let the pair (I; B) be primitive, where I = £~ with ~ ~ 2 and ~ is some 

interior root. Then KI, ~ ~ 2. 

Lemma 4.1 follows immediately from Proposition 1.4 and the following two lemmas. 

LEMMA 4.2. Under the assumptions of Lemma 4.1, let ~' and ~" be simple roots adjacent 

to ~ and ¥ = ~' + 2~ + ~". Then I - ~ ~ ~. 

LEMMA 4.3. Under the assumptions of Lemma 4.2, we have KI,I_ ~ ~ 2. 

Proof of Lemma 4.2. Let I - ~ = ~ Si~; the fact that (I; p) is primitive means that 

all the $~ are natural numbers, we have to prove that ~ e H\{~}. Since ~ is dominant, we 
have (i - ~, 6) ~ 0 for all ~ e [\{~}, whence it follows that (I - ~, ~V) > 0 [see Lemma 3.2 

(I), (4)]. Therefore, we obtain 

0<25~ + ~ $ ~  (~,~).~< 25~ + (~', cC) ÷ (~",~) ~.< 2 (~-- I)~ 
13~o~ 

whence it follows that g~ -> 2. w 

= , = ~"; it is easy to see that (61, ~2) < 0. Proof of Lemma 4.3. Define 61 ~ + ~' 62 
Define g = g ({$i, 62})- Let v I be a highest weight vector of the module V I. Define l' = 
I - ~ and v' = e-=vl e VI(I'). It is easy to see that v' # 0 and v' is a highest weight 

t 

vector for the subalgebra $ of weight p(l'), where p is the projection defined in Sec. 2.4. 
We wish to apply Proposition 2.8 to the highest weight p(l') and the roots P($I) and P(62). 
To that end we need only verify that P(61), P(62) e S(p(l')), i.e., that (I', 61) > 0 and 
(I', 62) > 0 [see Proposition 2.3 (2)]. The inequality (I', 62) > 0 is obvious: we have 
(I', 62) = (I -- ~, ~") = --(~, ~") > 0. Next, (l', 61) = (I - ~, ~ + ~') = (i - ~ - ~', ~) = 
(I - ~ - ~', ~V) (~, ~)/2. But (I - ~ - ~', ~V) = £ _ 2 - (~', ~V) > 0 (the last inequality 

follows from the fact that, by assumption, £ -> 2). This proves Lemma 4.3, and together with 
it Lemma 4.1. l 

4.2. Proof of Theorem 1.2 (2) for a Fundamental Weight I. In this subsection it will 
be assumed that ~ is a simple algebra with rkS -> 3. Let I = ~, where ~ is an arbitrary sim- 
ple root and S = S(1). Let Z e p+ be such that PS(I - ~) -> 2. We shall prove that KI, ~ -> 2. 

Write the weight (I - Z) as a sum of S-indecomposab!e roots (see Sec. 3.1) i - ~ = 
61 + -.. + 6k, where k -> 2. If (6i, 6j) < 0 for some i, j our assertion follows from Propo- 
sitions 1.4 and 2.8. We may therefore assume that (6i, ~j) -> 0 for all i, j. We claim that 

in that case (6i, 6j) = 0 for i # j, and also that all the 6i s are shorter than ~. 

Since (i, =V) = i, Z e p+ and ~ occurs in Bj with coefficient 1 [Theorem 3.1 (i)], it 
follows that 

(~ __j i~ ' [~v) ~< (~, [3v) = 2 (~., I~) / ([~, [~) = 2(~., ~z)/([~, [~) = 
. = (~, ~)/(~, @. 

On the other hand, (I - ~, 6j V) = 2 + ~32" (6i, 6j V) >- 2. We see that this is impossible only 

if (~, ~) _> 2(6j, ~j) and (6i, 6j) = 0 for i # j. Since the type G 2 is excluded, it follows 

that (~, ~) = 2(~j, 6j)- 

Put y = 61 + 6~- In view of Proposition 1.4, it will suffice to prove that KI,I_ ¥ ~ 2. 
By Proposition 3.5, y is either a root, twice a root or the sum of two other S-indecomposable 
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roots. We note that the weight y/2 is not a root, since ¥/2 is shorter than 61, which in 

turn is shorter than ~; but in an irreducible system there cannot be roots of three differ- 
ent lengths. 

Let us now consider the case in which y is a root. By Lemma 3.2, we may assume that y 
is the minimal element of its W'-orbit, i.e., (T, ~,V) S 0 for ~' e H\{~}. On the other 
hand, since (T, y) = (~, ~) it follows that (~, ~V) S i, i.e., (i - y, eV) ~ 0. Hence it 

follows that (I - y) e p+. Restricting the module V 1 to the subalgebra ({61, 6z}), we see 
that the proof of the inequality KI,I_ Y ~ 2 in this case reduces to the case of rank 2. 

It remains to discuss the case in which y is not a root, and is therefore the sum of 
two different S-indecomposable roots 61' and ~2'. The same arguments as before show that 

' and $2' ~l are orthogonal and of the same length as 61. In addition, as we have already 
verified, if B is any one of the roots ~l, $2, 61', 62', then (%, 6 V) = 2. Consider the 

subalgebra ~' = g ({~i, 62, 61', 62'}); obviously, g' is a simple Lie algebra of rank 3. 
Apply Lemma 3.11 to the roots P(6i), P(6i'), i = i, 2 (where p is the projection of Sec. 2.4). 
This shows that the algebra ~' has type A=. By Proposition 2.3 (2), (p(1), p(~)V) = 2 if $ 

is any of the roots 61, $2, $3, $4- Hence, and by Lemma 3.11, it follows that the pair 
(p(1); p(l - T)) is (2~2; 0), and moreover it is primitive. By Lemma 4.1, K2~2, 0 ~ 0, which 

proves Theorem 1.2 (2) for I = ~. • 

4.3. Completion of Proof of Theorem 1.2 (2). It remains to prove Theorem 1.2 (2) for 
i = ~, where ~ is an extreme simple root and ~ ~ 2. Again, let S = S(1) and D e p+ be 

such that PS(I - ~) ~ 2. We shall prove that in this case too KI, ~ ~ 2. It will be con- 
venient to begin with the following special case. 

LEMMA 4.4. Let 8 be a simple Lie algebra of type C3, I = £w 3 with £ ~ 2 and I - ~ = 
~i + 2~2 + 2~3 = 2~3 - ~2. Then KI, ~ ~ 2. 

Proof of Lemma 4.4. Consider the weight D' = I - 2~= - 2~. Clearly, I ~ ~' ~ D, so 
that it will suffice to prove the inequality KI, ~, ~ 2. But by Proposition 2.4 (i) the mul- 

tiplicity KI, ~, is equal to the corresponding multiplicity for the algebra ({~=, ~s}) of 

rank 2, for which our assertion was proved in Sec. 2.5. • 

In order to reduce the general case to Lemma 4.4, we shall use Theorem 3.1 (3). This 
theorem tells us that there exist S-indecomposable roots 6~ and $= such that ($~, $=) S 0 
and y - 6~ - 62 ~ ~. Define y = 6~ + 62. By Proposition 1.4, it will suffice to prove that 
KI,I- Y ~ 2. If (6~, 62) < 0, this follows from Proposition 2.8. Now let (6~, 6~) = 0. As 
before, we shall assume that y is the minimal element of its W'-orbit, i.e., (y, ~,V) ~ 0 

for all ~' e ~\{=}. We shall prove that (I - y) e p+. For that it will be enough to show 

that (I - y, ~V) ~ 0. 

Let ~' be the unique simple root adjacent to ~. Then the expansion of y in terms of 
simple roots has the form ~ = 2~ + ca' + ... We have (I - y, ~V) = £ _ 4 - c(~', ~V). If 

-c(~', ~V) >. 2, then (I - y, ~V) >_ 0, since £ >_ 2. The remaining case is that in which c = 

1 and (~', ~V) = -i; we claim that this case is impossible. Since c = i, we see that y may 
be expressed as a sum of two S-indecomposable roots in one way only, namely, y = ~ + y - 
(we have used the fact that all simple roots occurring in a givenpositive root always form 
a connected subset of the Dynkin diagram, see [i, ch. 6, Sec. i, Corollary 3 to Proposition 
19]). On the other hand, we know that y is the sum of two orthogonal S-indecomposable roots 

6~ and 6=- This is a contradiction, because (y - ~, ~V) = 2 - (~', ~V) = i. We have thus 
proved that (i - y) e p+. 

By Proposition 3.5, 7 is either a root, twice a root or the sum of two other different 
roots in S. In the first two cases the verification that KI,I_ ~ ~ 2 reduces to the rank 2 
case by restriction to the subalgebra ~({$~, 6~}). It remains to consider the case ~ = $I' + 

! ! 
62', where ~' and $2' are S-indecomposable roots, all four roots ~, $2, 6~ , $2 are dif- 
rent, and y is neither a root nor twice a root. 

Consider the subalgebra ~'= ~ ({6~, 6=, 6~', ~='}). If rk ~' = 2 we are again in a 
rank 2 situation, so we shall assume that ~" is a simple Lie algebra of rank 3. Again let 
p be the projection of Sec. 2.4. We need only prove that Kp(1),p(l-T) ~ 2. It is easy to 

see that the pair (p(1); p(l - y)) is primitive. It will suffice to examine the case in 
which p(1) has the form P(1) = £'m=,, where £' ~ 2 and ~' is an extreme simple root for ~' 
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[since all other cases of Theorem 1.2 (2)] have already been disposed of). Then the fact 
that the weight p(l - ¥) is dominant for ~'~ implies that the root system of the Lie algebra 
~'~ the simple root ~' and the weight p(7) satisfy the conditions of Lemma 3.10. Applying 
that lemma, we now reduce our assertion to the already proved assertion of Lemma 4.4. This 

completes the proof of Theorem 1.2. 

4.4 Proof of Theorem 1.3. Let (I; ~) be a primitive pair such that KI, ~ = i. By Lemma 
2.7, I has the form £~e for some ~ e H, Z ~ i. Let S = S(1). If Ps(l - ~) ~ 2, then by 
Theorem 1.2 this is the situation of case (4) of Theorem 1.3; we may therefore assume hence- 
forth that PS(I - ~) = i. Put y = I - ~. By Lemma 3.2 (i), the weight y is minimal in its 
W'-orbit, where W' has the same meaning as in Sec. 3. Thus, ¥ has the form indicated in 
Corollary 3.9. Hence, since the pair (I; ~) is primitive, it follows that ~ is an algebra 
of type Ar, Br+ l (with r ~ i) or G=, and ~ is an extreme simple root. Writing the weight 

= I - y as ~ = Emie i and expressing the coefficients c i in the expansion of y in terms of 
the coefficients mi, we obtain the required classification, i 

4.5. Proof of Theorem 1.5. Let g = sl(r). To prove Theorem 1.5, it will suffice to 
translate Theorem 1.3 and Proposition 2.4 into the language of partitions. In this case we 
are in situation (I) of Theorem 1.3. We need only recall that the Dynkin diagram Ar_ l has 
an obvious automorphism, so that the weight I of Theorem 1.3 may equal either Z~z or Z~r-z. 

If i corresponds to the partition I = (I I ..... I r) (see Sec. i), we see that either Xz = 
... = Ir_ l or 12 = ... = I r, i.e., condition (2) of Theorem 1.5. Applying Proposition 2.4 
to our situation, we obtain the required description of pairs of highest weights (I; ~) with 
KI, ~ = i. [] 
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