PHYS 622 Classical Electrodynamics W 2021

Problem Assignment # 2 01/15/2021
due 01/22/2021

0.2.4. Functional derivative

Let F[p] be a functional of a real-valued function ¢(z). For simplicity, let 2 € R; the generalization to more
than one dimension is straightforward. We can (sloppily) define the functional derivative of F as

— lm (me) T ey —a)] - F[@(z;)])

a) Calculate 6F/dp(x) for the following functionals:
i) F=[deo()
ii) F = [dxe*(x)
iii) F = [dz(¢'(x))? where ¢'(z) = dp/dx
hint: Integrate by parts and assume that the boundary terms vanish.
iv) F = [dzV(¢'(x)) where V is some given function.

remark: Blindly ignore terms that formally vanish as € — 0 unless you want to find out why the above
definition is very problematic. It does work for operational purposes, though.

b) Consider a Lagrangian density’ £(¢(z),d,¢(x)) and an action’ S = [d*z £. Show that extremizing
S by requiring 0.5/0¢(x) = 0 with the above definition of the functional derivative leads to the Euler-
Lagrange equations
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(3 points)

0.2.5. Massive scalar field

Consider the Lagrangian density for a massive scalar field from the example in ch. 0 §2.5.

a) Generalize this Lagrangian density to a complex field ¢(z) € C:

]. oy m2 2
L= (@u0(2)) (0" () — - |6(a)
with ¢* the complex conjugate of ¢. What are the Euler-Lagrange equations now?

b) Consider a local gauge transformation, ¢(x) — ¢(x)e**®) with A(z) a real field that characterizes the
transformation. Is the Lagrangian from part b) invariant under such a transformation?

(2 points)
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0.2.6. Particle in homogeneous F and B fields

Consider a point particle (mass m, charge e) in homogeneous fields B = (0,0, B) and E = (0, E,, E,). Treat
the motion of the particle nonrelativistically.

a) Show that the motion in z-direction decouples from the motion in the z-y plane, and find z(t).
b) Consider £ := z + iy. Find the equation of motion for £, and its most general solution.
hint: Define the cyclotron frequency w = eB/mc, and remember how to solve inhomogeneous ODEs.

¢) Show that the time-averaged velocity perpendicular to the plane defined by B and FE is given by the
drift velocity
(v) =cE x B/B?

Show that E,/B < 1 is necessary and sufficient for the non relativistic approximation to be valid.

d) Show that the path projected onto the z-y plane can have three qualitatively different shapes, and plot
a representative example for each.

(6 points)
0.2.7. Harmonic oscillator coupled to a magnetic field

Consider a charged 3-d classical harmonic oscillator (oscillator frequency wyg, charge e). Put the oscillator
in a homogeneous time-independent magnetic field B = (0,0, B). Show that the motion remains oscillatory,
and find the oscillation frequencies in the directions parallel and perpendicular, respectively, to B.

(4 points)



R P'O.ZL:

- -,r,[:

| ) Ry
01 1)) G AT - Fleo -9 - (o S 1

S F S
- i J ) (V¢ £5(x-
g I Lo )
5 - A Yy [zacpfyﬂw )+0(e ] = 2¢(a)
..y SF '
(tu.) S(P[kl% L ‘(Oll(( J)+ g:\-{r"a-xi) "’((P (3))1]

e ——

O- '-?.le ?i(i);; ﬂb—x) > —2,(?“(“
(o) 6 ~ A (ol [ 4 Vg
T poalh U*ﬂlﬁﬂﬁ* WQW]
' -/L.- o’j&‘/ (P(“)‘Jﬂjx)w} ’)]
g3
0 <= V)

by 0= i .x
O ) — Sy l :\ Z’((Pf_')rar_'ﬂ’j')
o l jo"h {_\Z'{‘“i)* E.glrh-ﬂi Dr(f(jﬂf,a S(y:«\)—f,(@f_\)’gy{_

u' ! 5 31’; E)t
E, a g - iy Q-”

. D‘L _ J DZ

@ D‘f’(” - D.'ra;"?f_”) /




2 o /RNy

0.?-5.) o) Yok POy ed P50 6 "'.°L["“L'L /m_'j,c,

(QI_N‘HML ) G(x) =0

A m".\.'w;x..'\\ -y ‘MJ\AL‘ Lo ?ﬁ d'\,sl tbml(aém U ¢ c. -

O (9 Dﬁrwt)Q”k(x)so
n r )
) e 00— $00 ¢ ol Len
M)(") l\ -> f¢{x) |\'
O
e d |
.) O(x) -> ;‘-W” Al ‘_L';g) M"”é(x)ct““

4
Vg (oF §56:) 24 - pobam) ¢t e

S Mgt 9 waf‘“wu - o haen Pr qsru)m
C(2cAb) (9P ) plx
(ar_/l(“}(J#A(w Mr'wl

+ e pore”

r ey Lot AV LF

- TLV\. (.O. ¥ s

[



WG‘GE'\'%G'(S
Wt 1:=(00,3) oL E‘(D(Eh({?t)
S RV %’:gi (1)
lIV\:.'-' CEE’(C‘;QG (1)
Wi o= et (3)
(D) —»  x(t)s %, +v€‘t¢—i€tt
= 3
}h}ah«. & —-x.ziu\
(Nee(2) > 4 [ = u,t‘i-bf.:gj
¢ d

T Celadll e e

. L
~> i*—LLJi'-L-"C-

(¥ )

SJ\AM'J wAL e o! oo e eq - { . eEy

C)wau( \-o‘{/\.L.\)._ pz LWO‘Ei (s . i..____ OLf,

o —ut
~> j(é%o.e,w

+ 66-5/%.;) U R | a/\/erl wiclse
| o
DAL e she™ L eeR
= {s et el )

~ \\L;l xL'JL: e 10 o‘l AP A0 u..(.S



©

P 06 -2

PR >'<+£i= lamut-u'ku-iut+cf5—h[uﬂu

~3 I)z-_- Lmut &{,E_hlwu

S

S =Lt

~> {47 =0 | (V- eEfuo = LB k- v d wbol

_ CEyl - =
- - ?t‘t = ¢ (E<Q), /Tt
. mee
3y 5 E-T ot bk
o o boe (L\»r VR E IR «L ~rumey e d w[h ¢

ol Cuc &){ g —
SV PR AT Orfvom'-.n.C-.

) Uoen xlt0)0 -qle0) we

¥t ) ~> ,_b_ ) CEy
€ xfers T ulot . ".j't

Wor= 2 (bot-1)

o~ m Pal'( l...\ e J‘F'Obéd'tve .

Yo wiedin b ~ w=L ol difiee C- €]

—~2 X(‘E)- tQ l.,v't i’6t oy uu\. Javo),\,.(_,L'\}- Ol.
Qb (int-T) | Ue pok ok b x-y plowa




Inf21] =

Outf25}a

In[B8).=

Out[20ts

g1 =

Out[e5]=

pO.LG—]

For C < b the trochoid has loops :

b=1;

¢c=0.5;

x[t_] :=bSin[t] +ct

v[t_] :=b {(Cos[t] -2)
ParametricPlot[{x[t], v{t]}, {t, 0, 4 Pi}]
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ForC > b it does not :

b=1;

c=2;

x[t_] :=bEin[t] +ct

y[t_] :=b (Cos[t] - 1)

ParamotricPlot[{x[t], y[t]}, (t, O, 4Pi}, AspectRatio > 0.3]

5 10 15 20 25

And for C = b it degenerates into a cycloid:

b=1;

c=1;

x[t_] :=bSBin[t] +ct

y[t_] :=b (Cos[t] - 1)

ParametricPlot[{x([t], y[t]}, {t, O, 4Pi}, AspectRatio - 0.3]
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