
Math 458
Homework Due Wednesday, May 15

The Sage command factor will be useful on this homework. Try factor(2880) and
take a look at the output. In order to isolated the various pieces of the factorization, try the
following (press Shift-Enter after each line):

f=factor(2880)

f[0]

f[1]

f[0][0]

print f

Observe that Sage keeps the output of factor in a list-like environment, where each entry
is an ordered pair (p1, e1) consisting of a prime factor and an exponent.

Also useful on this homework will be the command is prime(n) (returns True or False
depending on whether or not n is prime), as well as the command prime pi(n) (returns the
number of primes less than or equal to n). The command randint(a,b) returns a random
integer in the interval [a, b]. These are all built into Sage.

For functions regarding the Miller-Rabin test or Pollard’s algorithm, get these from the
file provided on the course website. Note: For this homework I have rewritten the fastpower
function to use less memory, so that it can handle larger numbers.

1. Do 3.18 from the text.

2. Mersenne primes are primes of the form 2n − 1. The first few are 22 − 1, 23 − 1, 25 − 1,
and 27 − 1. You might guess that 2p − 1 is prime whenever p is prime, but this is false.

(a) Find the first 15 Mersenne prime numbers (this will require a computer, and expect
the number-crunching to take even a fast computer a few minutes).

(b) If n is even and n > 2, prove that 2n − 1 is not prime. (Hint: One way is to look
at some examples in Sage and find a pattern to the factors. If you think f always
divides 2n − 1, try to prove it by working in Z/f).

(c) If n is a multiple of 3 and n > 3, prove that 2n−1 is prime (repeat your experiments
from the previous part).

(d) Prove that if n is composite then 2n − 1 is not prime.



3. (a) The command miller rabin test(10001,5) runs the Miller-Rabin test on the
number 10001, doing it 5 times. If the test reveals 10001 to be composite, it will
tell you a Miller-Rabin witness. Try it out.

A similar function is prime mr(n,b) will run the Miller-Rabin test for the number
n using b trials, returning False if a Miller-Rabin witness was found (and hence the
number is composite), and True if no Miller-Rabin witnesses were found (and so
the number “looks” prime). Usually taking b = 10 already gives a high level of
certainty. You don’t have to hand anything in for this part.

(b) Try the command is prime(2^1279-1), which will have Sage decide for certain
whether 21279 − 1 is prime. Be patient, as this can take a little while.

(c) Now try is prime mr(2^1279-1,10) and compare the speed.

(d) In 1971 the largest known Mersenne prime was 219937 − 1. Have Sage print this
number so you see how big it is (don’t include the printout with your HW).

(e) Use is prime mr to test whether 219937 − 1 is prime or not. How long does it take
on your computer?

(f) The following code will run the Miller-Rabin primality test for all numbers up
through 5000 and check if there are any “false-positives”:

for k in [2,3,..,5000]:

if is prime(k)!= is prime mr(k,1):

print k

Try it and see what happens; if there is no output, that means there were no false
positives. Note that this was running the Miller-Rabin test with only ONE trial.
Try it a few more times, then try changing it to TWO trials and see the difference.
Then try three or more trials.

4. The command findaprime mr(10,999,20) will find a likely prime number between 10
and 999, by randomly picking a number and running the Miller-Rabin primality test;
then picking again if the test fails, and doing this up to 20 times.

(a) To find a 20 digit long prime number, you could type findaprime mr(10**19,10**20,X)

where you choose X appropriately. Try a few values for X, multiple times each.
By experimenting, estimate the smallest value for X that gives a 90% chance of
success.

(b) Do a similar experiment where you look for primes between 1 and 1020, and estimate
the number of times X required so that the chance of success is at least 66%.

(c) The Prime Number Theorem says that the probability that a randomly chosen
number under 1020 is prime is approximately 1

ln(1020)
= 1

20·ln(10) . Call this number
u. The probability that a randomly chosen number in this range is not prime is
then 1 − u, and the probability that k randomly chosen numbers are all not prime
is (1 − u)k. By trial and error, find the smallest value of k that makes this number
under 0.33. How does this compare with your answer from the previous part?
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(d) Find a 200-digit prime and a 500-digit prime. You don’t have to list them here, but
how long did it take your computer to find them?

5. Do 3.22ab from the textbook.

6. In class on Friday the 10th we learned about the Pollard p− 1 test for trying to factor
numbers of the form N = pq. You can have the computer run this test by typing
pollard(N,b) where N is the number and b is the maximum factorial that you want
the test to go up to. For example, you could type pollard(75151,10).

(a) Find the factorization of N = 54844953941717. (Warning: If the test doesn’t find
a factor, try increasing the maximum factorial.)

(b) Find the prime factorization of p− 1 where p is the smaller of the two primes from
(a). Explain the connection to the maximum factorial needed.

7. (Extra Credit) Do 3.21 from the text.
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