
Math 458
Homework Due Wednesday, May 22

1. Do the following exercises from the textbook: 6.1, 6.2, 6.5ab.

2. The elliptic curve y2 = x3 − 2 has points (3,±5). Find three other pairs (a,±b) on this
curve where a and b are rational numbers. (Hint: Use the group law, and Sage to help
you with the calculational part. You shouldn’t have to do any long searches.)

3. Use Desmos (http://www.desmos.com) or some other tool to plot graphs of the following
cubic curves:

(i) y2 = x3

(ii) y2 − y = x3

(iii) 5y2 = x3 + 10xy + 4

(iv) y3 + xy2 = x3 − x2

(v) 5y2 + 7y = x3 + x2y + 5xy − y3

(vi) y2 + 4xy = 8x3 + 8x2 − 1

(vii) y = x3 + 5x2 − 4x+ 1

Technically these are all elliptic curves, though note that only (i) fits the definition given
in the text and in class. You don’t have to hand the graphs in, but consider what they
look like. Try playing around to see what kind of “crazy” curves you can make with
other cubic equations.

(a) Look again at the graph of y2 − y = x3. Make the substitution y = y′ + a and
expand the resulting equation. What value of a will result in a Weierstrass equation
(y′)2 = x3 +Ax+B? Explain how the graph could have allowed you to predict this
value.

(b) Next look at y2 = x3 + 5x2 − 1. Again, this is a cubic but not in Weierstrass form.
Make the substitution x = x′ + a and expand. What value for a makes the new
equation be in Weierstrass form?

(c) Finally, consider y2 + 4xy = x3 + x − 1. Here use a substitution of the form
x = x′ + a, y = y′ + bx′ + c with an appropriate choice of a, b, and c to change this
into a Weierstrass equation. What values of a, b, and c do the job?

Note: We won’t prove it, but essentially every cubic equation can be put
into Weierstrass form by a change of coordinates like the ones you used
in this problem.



(d) Plot the graph of the equation (x2 + y2 − 1) · (5x− 3y − 2) = 0. If you expand it,
this is the equation

5x3 − 3x2y + 5xy2 − 3y3 − 2x2 − 2y2 − 5x+ 3y + 2 = 0.

Explain why no coordinate change could possibly put this equation into Weierstrass
form. (Hint: What is different about the graph?)

4. Let C be a circle and let O be a point on that circle. Given points P and Q on C, define
a new point P ⊕Q as follows:

• Draw the line segment PQ.

• Draw the line L through O parallel to PQ.

• The line L intersects the circle in two points, one of them being O. Let P ⊕Q be
the other intersection point.

(a) Draw a picture showing this process for points P and Q that you choose.

(b) How do you think you compute P ⊕ P? Explain and draw a picture.

(c) What is the identity element? Why?

(d) Given P , where is the point −P? Why? [Hint: Tangent lines inteserct a curve in a
point of multiplicity two].

(e) Draw a careful picture that shows points P , Q, and R, together with P ⊕ Q,
(P ⊕ Q) ⊕ R, Q ⊕ R, and P ⊕ (Q ⊕ R). You can use a computer to produce this
picture if you wish (the software package GeoGebra is nice for this), but you don’t
have to.

(f) There are exactly two points R on the circle satisfying R ⊕ R = O (i.e., 2R = O).
Mark these on a graph.

(g) There are exactly four points T on the circle satisfying 4T = O. Find them and
mark them on your graph. (Hint: 2(2T ) = O, so 2T will be one of the points you
found in the previous part).

(h) Let C be the circle x2 + y2 = 1 and let O = (1, 0). If P = (a, b) and Q = (c, d) are
distinct points, derive the formula

P ⊕Q =
(
λ2−1
λ2+1

, −2λ
λ2+1

)
where λ = d−b

c−a .

(i) In the next few parts we are going to prove that ⊕ is associative algebraically, but
using Sage to do the heavy lifting. We are going to work with points P = (a, b),
Q = (c, d), and R = (e, f) and have Sage compute the formulas for (P ⊕ Q) ⊕ R
and P ⊕ (Q⊕R). Type in the following commands:

def circle add(P,Q):

(a,b)=P
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(c,d)=Q

lambd=(d-b)/(c-a)

xcoord=(lambd^2-1)/(lambd^2+1)

ycoord=(-2*lambd)/(lambd^2+1)

return (x,y)

T.<a,b,c,d,e,f>=PolynomialRing(QQ)

P=(a,b)

Q=(c,d)

R=(e,f)

circle add(P,Q)

Pause for a moment here and note that Sage is giving you the algebraic expression
for P ⊕Q in terms of the coordinates a, b, c, d. Next try the command

circle add(circle add(P,Q),R)

Hopefully you will be suitably impressed with the output. Good thing we are not
doing this by hand! Next try this:

point1=circle add(circle add(P,Q),R)

point2=circle add(P,circle add(Q,R))

(A,B)=point1

(C,D)=point2

At this point the variables A,B,C,D contain the coordinates of (P ⊕Q)⊕ R and
P ⊕ (Q⊕R). Try asking Sage if A = C as follows:

A==C

The reason it says “False” is that the two algebraic expressions are NOT equal. Up
to this point we have never used that a2 + b2 = 1 = c2 + d2 = e2 + f 2, and those
facts will have to come into play. We can force Sage to recognize those identities as
follows:

I=T.ideal([ a^2+b^2-1, c^2+d^2-1, e^2+f^2-1])

S=T.quotient(I)

This produces an algebraic system S (called a quotient ring) where those equations
are valid. Unfortunately, we cannot work with fractions in S; we can only work
with polynomials. So to see if A = C we need to cross-multiply:

diff=A.numerator()*C.denominator()-A.denominator()*C.numerator()

Finally we have reached the big moment. If diff equals 0 in S, then A = C. If
not, we are in trouble. So to evaluate this algebraic expression inside of S we type

S(diff)

If you have done everything correct to this point, you should indeed get 0.

To complete this problem, do something similar to check whether B = D or not.
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(j) (Extra Credit) Let A,B,C,D,E, F be points on a circle (in any order), and draw
the lines AB, BC, CD, DE, EF , and FA to make a “hexagon” (note that the
hexagon need not be convex, if the points appear on the circle in a strange order).
A theorem of geometry says that if AB ‖ DE and BC ‖ EF , then CD ‖ AF (this
is not hard to prove by playing around with angles). By applying this theorem to
two appropriately chosen hexagons, use it to give a geometric argument that the
addition on the circle is associative.

5. Let C be the parabola y = x2 and let O = (0, 0). Given points P and Q on the
parabola, define P ⊕ Q using the procedure from the previous problem. If P = (a, a2)
and Q = (b, b2), find the coordinates of P ⊕Q and explain your derivation.

6. Let C be a circle and let L be a line that doesn’t intersect the circle. Let O be the
point on the circle that is furthest from the line L (so the line through O and the circle’s
center is perpendicular to L). For points P and Q on C, define P ⊕Q by the following
procedure:

• Draw the line
←→
PQ and let the intersection with L be called R.

• Draw the line
←→
OR, and let P ⊕Q be the intersection with C.

(a) Why is O the identity element?

(b) Given a point P on the circle, where is −P? Why?

(c) Let C be the unit circle x2 + y2 = 1, let O = (0, 1), and let L be the line y = −2.
If P = (a, b) and Q = (c, d) derive that P ⊕Q is the point(

6u
u2+9

, u
2−9
u2+9

)
where u = −(b+ 2) ·

(
c−a
d−b

)
+ a.

(d) Use Sage to verify that this group law is associative.

(e) (Extra Credit) Look up Pascal’s Hexagon Theorem and use this to prove that this
operation is associative.
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