
Sampling Distributions :

Example 1:

Consider a sequence of n independent, identical experiments of

flipping a fair coin. For each experiment, the sample space Ω

contains two possible outcomes: head and tail. Define X1 = 1 if

observe a head for the first experiment, otherwise X1 = 0 for the

first experiment; X2 = 1 if observe a head for the second exper-

iment, otherwise X2 = 0 for the second experiment; ....;Xn = 1

if observe a head for the nth experiment, otherwise Xn = 0 for

the nth experiment. In this way, we get a sequence of n random

variables. They are independent and each corresponds to the

identical experiment.

Definition 17.1

Let X1,· · · , Xn be random variables corresponding to the out-

comes of n independent, identical experiments, respectively. Then,

X1,· · · , Xn is called a random sample drawing from the popula-

tion of the experiment. A statistic is a map or function of a ran-

dom sample without any unknown parameters. Since a statistic

is r.v., it has a distribution. Its probability distribution is called

a sampling distribution.

Questions:

Why do we need statistics? Why do we need the distribution of

a statistic?

Example 2:

Consider a quality control problem that a shipment of 100, 000

bulbs. That the mean lifetime of the bulbs is over 3, 000 hours

is bottom line of the qualification. The testing is destructive.

We can’t check one by one and we only allow to check limited

number of bulbs. In this case, we must draw finite sample ob-

servations of their lifetimes X1, · · · , Xn. Find their mean lifetime
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X̄ = (X1 + · · · + Xn)/n. If we know the distribution of X̄, then we

can make a judgment whether the population mean is over 3, 000

hours. This is called hypothesis testing.

Back to Example 1:

For a given integer n, define Y = X1 + X2 + · · · + Xn.

(1) Is Y a statistic?

(2) What is the distribution for each Xi? What is the sampling

distribution of Y ?

For a given integer n, define Z = (X1 + X2 + · · · + Xn)/n

(1) Is Z a statistic?

(2) What is the sampling distribution of Z?

(See pictures, n →∞, the distribution of Z converges to Normal

distribution.) More generally, we have

Central Limit Theorem Let X1,· · · , Xn be a random sample from

n independent, identical experiments. Let X̄ = (X1 + · · · + Xn)/n

be the sample mean.

(A) If each Xi has mean µ and standard deviation σ, then X̄ has

mean µ and standard deviation σ/
√

n.

(B) If each Xi has a normal distribution N(µ, σ), then X̄ has ex-

actly normal distribution N(µ, σ/
√

n).

(C) If each Xi has a non-normal distribution, then X̄ has an ap-

proximate normal distribution N(µ, σ/
√

n) when n is large (n ≥
25).

Example 3:

Consider n independent, identical experiments of observing the

height of an American person with age between 20 and 60 year’s

old. Then, the sample space Ω is all the heights of American

people with age between 20 and 60. Let X1 denote the observa-

tion of an American’s height in the first random experiment; Let
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X2 denote the observation of an American’s height in the sec-

ond random experiment; ...; Let Xn denote the observation of an

American’s height in the nth random experiment. The random

experiments are all with replacement. Define X̄ = (X1+· · ·+Xn)/n.

Each Xi has mean µ = 1.7m and variance σ2 = 0.2. If n = 200, what

is the mean and variance of X̄? Find the approximate probabil-

ity of (X̄ ≥ 1.6).

Example :

Suppose that a random sample {X1, · · · , X6} of n = 6 observations

is selected from a population that is normally distributed, with

mean equal to 1 and standard deviation equal to 0.3.

(1) Find the mean and the standard deviation of X̄ = (1/6)
∑6

i=1 Xi.

(2) Find the probability P(X̄ ≥ 1.03).

Solution:

(1) According to the central limit theorem, we have that the

mean of X̄ is :

µ = 1

the standard deviation of X̄ is :

σ/
√

n = 0.3/
√

6 = 0.1224

(2)

P(X̄ ≥ 1.03) = P( X̄−1
0.1224 ≥

1.03−1
0.1224 )

= P( X̄−1
0.1224 ≥ 0.245)

= 1− P( X̄−1
0.1224 ≤ 0.245) = 0.404
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Example :

Suppose that a random sample {X1, · · · , X30} of n = 30 obser-

vations is selected from a population that is not normally dis-

tributed, with mean equal to 1 and standard deviation equal to

0.3.

(1) Find the mean and the standard deviation of X̄ = (1/30)
∑30

i=1 Xi.

(2) Find the probability P(X̄ ≥ 1.01).

Solution:

(1) According to the central limit theorem, we have that the

mean of X̄ is :

µ = 1

the standard deviation of X̄ is :

σ/
√

n = 0.3/
√

30 = 0.01

(2)

P(X̄ ≥ 1.01) = P(X̄−1
0.01 ≥

1.01−1
0.01 )

= P( X̄−1
0.1224 ≥ 1)

= 1− P( X̄−1
0.1224 ≤ 1) = 0.1587

Example :

The number of wiring packages that can be assembled by a com-

pany’s employees has a normal distribution, with a mean equal

to 16.4 per hour and a standard deviation of 1.3 per hour.

(1) What are the mean and standard deviation X/8 where X is

the number of packages produced per worker in an 8 hour day?

(2) What is the exactly distribution of X/8?

(3) Find the probability P(X ≥ 135).

Solution:

(1)Let Xi be the number of packages produced per worker in
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the ith hour. Then X1, · · · , X8 are the outcomes of independent,

identical 8 one-hour experiments. According to CLT, X/8 has

mean 16.4 and standard deviation 1.3/
√

8 = 0.4596.

(2) According to CLT, X/8 has normal distribution N(16.4, 0.4596)

exactly.

(3)

P(X ≥ 135) = P(X/8 ≥ 16.875)

= P(X/8−16.4
0.4596 ≥ 16.875−16.4

0.4596 )

= P(X/8−16.4
0.4596 ≥ 1.0335)

= 1− P(X/8−16.4
0.4596 ≤ 1.0335) = 0.1515
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