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ABSTRACT. The permutation representations in the title are all determined,
and no surprises are found to occur.

1. Introduction. The permutation representations of the finite classical groups
have been a source of interest among group theorists from Galois and Jordan up to the
present time. Information about permutation representations has been used to classify
various types of groups, and to investigate subgroups of the known simple groups acting,
with some transitivity assumptions, in geometrical situations. Unusual or sporadic be-
havior of permutation representations of certain groups has led to the discovery of new
simple groups, and suggests looking for new permutation representations of the known
groups. In investigations of finite groups in connection with various classification
problems, Chevalley groups acting as permutation groups may occur in the course of
the discussion, and one can ask what are the possibilities in such a situation. (Through-
out this paper, a Chevalley group will always have a trivial center and be generated by
its root subgroups.)

These are some types of questions which serve as motivation for a systematic
study of 2-transitive permutation representations of finite Chevalley groups, of normal
or twisted types. The conclusion we have reached is that there are no surprises: the
only such permutation representations are the known ones. A more precise statement
of the main result is as follows.

MAIN THEOREM. Let G be a Chevalley group of normal or twisted type, and
let G < G* < Aut G. Suppose that G* has a faithful 2-transitive permutation repre-
sentation. Then one of the following holds.

(i) PSL(l, q) < G* < PT'L(l, q), | > 3, and G* acts in one of its usual 2-tran-
sitive representations of degree (¢* — 1)/(q — 1).

(ii) G = PSL(2, q), PSU(3, q), Sz(q), or sz(q), and the stabilizer of a point is
a Borel subgroup.

(i) G* is PSL(2, 4) =~ PSL(2, 5) ~ A5 or PTL(2, 4) ~ PGL(2, 5) ~ Ss.

(iv) G* is PSL(2, 9) ~ A4 or PSL(2, 9) - Aut GF(9) = S¢.

(v) G* is PSL(2, 11) in one of its 2-transitive representations of degree 11.

(vi) G* is PT'L(2, 8) ~ %G,(3).
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(vii) G* is PSL(3, 2) =~ PSL(2, 7) or Aut PSL(3, 2) =~ PGL(2, 7).
(viii) G* is PSL(4, 2) ~ Ag or Aut PSL(4, 2) ~ S;.
(ix) G* is Sp(2n, 2) in one of its 2-transitive representations of degree
2"71(2" £ 1), with the stabilizer of a point being GO*(2n, 2).
(x) G* is G,(2) ~ PSU(3, 3) - Aut GF(9) or Aut G,(2) ~ PT'U(3, 3).

It should be noted that (vi) is the only case where G*, but not G, is 2-transitive.

Several special cases of this theorem have already appeared: Parker [27] for
G* = PSp(4, 3), Clarke [11] for G = PSp(2n, q) for certain n and ¢, Bannai [2], [3],
[4] for G* = PSL(l, q), PSp(2n, 2) or PSp(l, q) with I > 14, and Seitz [32] for G =
PSp(4, q), PSU(4, q), PSU(S, q), G,(q) with ¢ > 3, and 3D4(q). Moreover, Seitz [32]
showed that, for a given Weyl group of rank >3, there are at most a finite number of
exceptions G to the main theorem having that Weyl group, where G* > G is assumed
to be contained in the subgroup of Aut G generated by G and the diagonal and
field automorphisms.

The method of proof is basically as follows. Assume for simplicity that G* = G
and that the Weyl group W of G has rank >3. Furthermore, assume that G is of
normal type; while the proof for groups of twisted type is the same, it is more awkward
to state. Let & = 1 + x be the character of the given permutation representation,
where x is irreducible, and let B be a Borel subgroup of G. Using the main theorem
in [32], it is easy to show that our main theorem holds if either (9, lg) =1,x(1)is
divisible by the characteristic p of G, or 8(1) is a power of p. Thus, if G is a counter-
example, then x is a constituent of lg and p 1 x(1). According to an extension of a
result of Green [19] and D. G. Higman, this is only possible if G is defined over F,
and p| [W|. A major part of the proof is aimed at showing that, with few exceptions,
a suitably chosen parabolic subgroup P of G is transitive, that is, (9, 153) = 1; this is
proved by checking that p divides the degree of each nonprincipal constituent of 1,?.
From this we deduce the semiregularity of certain root groups U,. It then follows that
x(DIIG: C(U,)|. On the other hand, using structural properties of some parabolic
subgroups, we show that p*|6(1) for a suitably large k. Elementary number theory
is then used to show that these two divisibility conditions are incompatible, thereby
proving the theorem. We remark that it is surprising how few properties of 2-transitive
groups are needed.

Some parts of our proof use ideas similar to those used by Bannai [2], [3], [4].
However, he uses a detailed knowledge of all the characters of GL(n, q), whereas the
character-theoretic information we use is much more elementary.

The organization of the paper is as follows. Part I is concerned with general
properties of Chevalley groups. These include the structure of certain parabolic sub-
groups, normalizers of root groups, and characters of both Weyl groups and Chevalley
groups. Some of the proofs are computational, and are not given in complete detail.
More information is given concerning the structure of certain parabolic subgroups than
is actually needed in the proof of the Main Theorem.

In Part II the Main Theorem is proved. Given the information in Part I, together
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with the main result of Seitz [32], the proof turns out to be surprisingly short. In
fact, the only involved part centers around the exceptional situations F,(2) and
Sp(2n, 2).

For the sake of completeness, we have handled cases already essentially done by
Bannai. This includes Sp(2n, 2), and also PSL(I, q). We note that Bannai’s treatment
[2] of PSL(L q) is incomplete, as it uses a result of F. Piper [29] which turns out to
be almost, but not quite, correct. Also for the sake of completeness, we verify that
the Tits group 2F, 4(2)" has no 2-transitive representation.

The study of 2-transitive representations of Chevalley groups contained in [32]
and the present paper were initiated by a simple proof in the case PSL(J, qQ)<G*<
Pr'L(l, q), based on the first lemma and the main theorem of Perin [28].

We are indebted to Professor T. Beyer for his invaluable assistance with the
proof of (6.8).

PART I. PROPERTIES OF CHEVALLEY GROUPS

2. Notation and preliminary results. Let A be a root system in Euclidean space
E,, and let k be a finite field of characteristic p, such that |k| = q. A Chevalley group
G associated with A, and defined over k, is a finite group generated by certain p-groups
U,, @« € A, called root subgroups, defined as in [36] for a Chevalley group of normal
type, and in [34], [36] and [9] for a Chevalley group of twisted type. If A, is a
root system generated by some subset of a fundamental system of roots in A, then
Gy =(Uy)aeca o is a Chevalley group associated with the root system A,.

The groups under consideration in the main theorem are assumed to have inde-
composable root systems. We shall have to consider subgroups, however, for which
this is not necessarily the case.

Unless otherwise stated, G will denote throughout the paper a Chevalley group,
with an indecomposable root system A, such that Z(G) = 1. Let B be a Borel sub-
group of G, U the Sylow p-subgroup of B, and H a p-complement of B. Then U<
B, B = UH, and H is abelian. There exists a subgroup N> H such that W = N/H can
be identified with a group generated by the reflections s,, . . . , s,, corresponding to a
fundamental set of roots @, , . . ., @, in the root system A. LettingR = {s,,...,s,},
the pair (W, R) is an indecomposable Coxeter system [8], and the subgroups B, N
define a Tits system (or (B, N)-pair) in G, with Weyl group W. We shall view the
elements of W as belonging to G when this causes no confusion.

We shall use the notations Ua; = U; and U—a,- =U_,1<i<n We may
assume that 5, €(U,, U_p) for 1 <i<n.

Throughout the paper, the Dynkin diagram of an indecomposable root system
will be labeled as in Table 1.

The correspondence we shall use between classical group notation and BV-notation
is given in Table 2.

The primes in the first column of Table 2 indicate, as usual, the derived groups.
The identifications between different parts of the table were given in [30] and [34].
(See [9] for a summary.)
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TABLE 1
A, n=1 .t v 00—
" ?_8 n-1 n
B, n >2 o o a—
1 2 n-1 n
Cn' n=?2 O————0 0@
1 2 n-1 n
D", n=4 O—0 .
1 2 S— -
n-2 0: 1
E,
1 3 4 5 6
2
E,
1 3 4 5 6 7
2
EB
1 3 4 5 6 7 8
2
F, o——ac—>0—o0
1 2 3 4
TABLE 2
Classical Group Notation (B, N)-Notation Type of A
PSO(2n + 1, q)’ B,(q) B,
PSp(2n, q) C,(@) Cu
PSO™*(2n, q)' D,(q) D,
PSO™(2n, q)' D, (@) B, ,
PSU(2n, q) 2A2n—1(‘7) C,
PSU(2n + 1, ¢q) 2A2n(¢1) BC,

All the root systems are given explicitly at the end of [8]. The root system BC,
is not reduced and consists of the union of the vectors on pp. 252 and 254 of [8]. In
this system, roots have lengths 1,+/2, or 2. A root a € A has length 2 if and only if
@/2 is a root, and in this case, U, =U, /2 in the corresponding Chevalley group.

For each subset I C {1, ..., n}, set

W= {(sli €Dy

G, =(B, U_lj¢ D= (B, W)= BW;B;
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L, =<, U_ilj¢1>; and

0; = (U,la> 0 and a = Zm;o; with m; > 0 for some j € ).
(Of course, W; = 1,G,=B,L;=1,and @, =Uincase I = {1,...,n})

We have already used, and will continue to use, abbreviations, such as G; = G{,.},
Lii =1L {i.j} ete

(2.1) LEMMA. Let a, § be independent roots. Then

U Ugl € IT Uia +jg-
i,j>0sia+jBEA
Proor. [36, pp. 24, 181].
We remark that i, j € Z in (2.1) unless A has type BC,, in which case 2i, 2j € Z.

On several occasions we shall need more precise versions of these commutator relations
(cf. (4.8)).

(22) LemMa. LetIC {1,...,n}
) Q; <G, Q)L <Gy and G, = Q,L,H.
(i) Qy is the largest normal p-subgroup of G,.
(iii) L, is a product of pairwise commuting covering groups of Chevalley groups,
and its structure can be found by deleting the vertices in I from the Dynkin diagram
of G.

Proor. The commutator relations imply (i). Since Q; < U, Q, is a p-group.
Since H is a p"-group, to prove (ii) it will suffice to show that L, has no proper normal
p-subgroup. Let w, be the element of maximal length in W;. Since UN L, is a
Sylow p-subgroup of L;, and (UN L) NUN L)"0 =1, it is clear that L, has no
proper normal p-subgroup, so that (ii) is proved. Statement (iii) follows from the fact
that the structure of a Chevalley group of rank > 1 is determined by the root subgroups
and the commutator relations, which are in turn all determined from what remains of
the Dynkin diagram after deleting the vertices in 1.

(2.3) Lemma (Tits). If L is a proper subgroup of G such that U< L
then L < G; for some i.

Proor. See [32, (1.6)].

(2.4) LEMMA (BoREL AND TiTs). Let V, be a subspace of E, such that the
root system A, = A NV, contains a basis of V, and let W, be the Weyl group of
A,. Let a,B € A— A, be such that « = (mod V) and |&| = |B| (where |-| denotes
a length function invariant by the Weyl group). Then a € fW,.

PROOF. [7]. (This will only be needed for very special cases in (4.2), where it
is easy to check by direct calculation.)

(2.5) LEMMA. Let T = {U,la € A}. If a € Aand w E W, then (U,)" = U gy s
so that, in particular, T = {Uf,",.ll <i<n,w€&W}. Wacts on T by conjugation.
The permutation groups (W, A) and (W, Z) are isomorphic, with the isomorphism
induced by the correspondence o <—> U,,.
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ProoF. This result holds for arbitrary groups having split (B, N)-pairs ([31]).

(2.6) ProPoSITION. View G as a subgroup of Aut G, and let G be the sub-
group of Aut G generated by G together with all the diagonal and field automorphisms
of G. Then G? < Aut G, and the index divides 6. Aut G is generated by G ¥ and the
graph automorphisms of G. If G < G* < Aut G, then G* has a normal subgroup G*
= G* N G* containing G of index dividing 6 such that G* has a Tits system given by
subgroups B, N* satisfying B =G N B* and N=G NN+, Moreover, Gt = B*G.

Proor. See [36].

(2.7) LemMmA. Let L, M be subgroups of a group T. Then (17, 17) is the
number of (L, M)double cosets in T.

The proof is omitted.

(2.8) LEMMA. LetI,J C {1,...,n}. Then (101, =0, 13, is the
number of (W;, W;)double cosets in W.

ProoF. The statement follows easily from the axioms of a Tits system and
the Bruhat decomposition (see Remarque 2, p. 28 of [8]), together with (2.7).

. 9) LEMMA. Let G be a Chevalley group, and let G < Aut G be as in (2.6).
Then lG+ IG =1 g» and each irreducible constituent of lG.,. remains irreducible when
restricted to G.

ProOF. The equality follows from the fact that B*G = G+ and Mackey’s
Subgroup Theorem. (2.7) and (2.8) imply that
(g, 19 =y, =Sy, 18D,
proving the second statement.
We remark in passing that (2.9) proves that if G+ has a 2-transitive permutation
representation with character § = 1 + x, and if x € 1G
permutation representation.

B+ , then G has a 2-transitive

(2 10) PROPOSITION Let G be a Chevalley group and G* be as in (2. 6) Let
G<G<G"Y and let B be a Borel subgroup of G Suppose that n > 2, and G has a
subgroup L such that LB = G. Then either G < L or one of the following holds:

(i) G=PSL(3,2)and IL| =3 - 7.

(i) G = PrL(3, 8) and |L| = 3% - 73.

(ii) G = PSL(4, 2) ~ Ag,and L ~A4,.

(iv) G =PSp(4,2) =~ S, and L ~Ag.

™) G=G,(2),and L =G'.

(vi) G =2F,(2),and L = G'.

(vii) G = PSp(4, 3) ~ PSU(4, 2), and L N G is a maximal parabolic subgroup of
PSU(4, 2) of order 26 - 3 - 5,

Proor. This result is Theorem A of [32].



