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Example 1. Probably the deepest and most potentially important of the
examples described here are taken from a series of papers by Seitz [43-46].
All that can be described in a brief, non-technical manner amounts to the

tip of the iceberg of at least two major projects.

(A) Let G be a classical group over GF(q), where ¢ > 11 and (6,9) =
1. Let T be a mazimal torus (not necessarily split). Then there 18 a precise
description of all subgroups of G containing T but contained in no
parabolic subgroup [44]. This description is in terms of the underlying vector
space. There is also a good description in the case of all the remaining

Chevalley groups, in terms of the corresponding algebraic group [43].

The proof requires CSG, and involves a remarkable interplay between
CSG and algebraic groups. The next two resulis involve a similar interplay,
but require only a few of the results obtained in the proof of CSG, rather
than the full force of CSG itself.

(B) If G is a Chevalley group over GF(q), where q i8 odd and q¢ > 3,
and if X 18 any p-group, them any proper subgroup of G containing

N G(X ) i8 contained in a proper parabolic subgroup.

(C) Let G be a full classical aubgroup of GL(V), where V is a vector
space over GF(g) and q is odd and ¢ > 3. Let G be the appropriate
classical group defined on the corresponding vector apace V over the
algebraic closure of GF(q). If S ¢ G is any set of p-elements, then the

following are equivalent:
G' < (Cpyls) ] 5 € 9)
SL(V) < (CGL(V)(B) | 8 € §)
G < (Cgs) | s € 9)

SL(V) < (OGL@(,;) |2 € 8

Moreover, ¢f all of these fail then there is a proper subspace W of V
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such that each of the above centralizers leaves W or W invariant [46]. A

similar result for sets of p’-elements is proved in [43] using (A).

Example 2 [18]. Let T be the Brauer tree associated to a p-block
with o nontrivial cyclic defect group of a group algebra R[G], where R is
the ring of tntegers in a finite eztension of the p-adics. Then T 1s
isomorphic to the union of aseveral copies of a tree TO that are disjoini
except that they have a certain verlez of TO identi fied. Moreover, either TU

has at moat 248 edges, or T, i8 a chain. This implies that most trees do

0
not arise as Brauer trees. In [I8] it is noted that, without the help of

CSG, no tree has yet been shown not to arise in this manner.

Example 3. A recent issue of the Journal of Algebra (Vol. 77, No.
1) contains very clear indications that there will be a rapidly expanding
collection of “purely” group theoretic applications of CSG. In [2] it is
shown that, for any finite group G, there is a solvable subgroup S and an
clement g of G such that G = (S,8%). In [1] it is shown that, if G is a
group of order 2a3bm, (6,m) = 1, then G is solvable if and only if it has
subgroups of order 2°m and 3bm (compare Example 5 below). Finally, [23]
contains results concerning the centralizer in Aut G of a Sylow p-subgroup of
a group G, where Op'(G) =1 and p > 2. It does not seem feasible to

survey (at this point in time) the growing literature in this direction.

Example 4. Let L and K be fields with L o K. The relative
Brauer group B(L/K) consists of all Brauer classes of finite-dimensional

central simple K-algebras split by L.

*
(A) If K is a finitely generated eziension of a global field and L is

*An algebraic number field or an algebraic function field in one variable over

a finite field.
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a nonirivial ezlension of K, then B(L/K) is infinite. This is proved in
[16]; the case in which K is itself a global field was obtained earlier in [15].
Sinece B(L/K) is an abelian group, it is surprising that (A) is a comsequence

of

(B) If G 18 a transitive permutation group on X, where |X| > 1, then
there i a prime p such that some p-element fizes no point of X (see
[15]). It seems ridiculous to have proved this using CSG. There should be
a character-theoretic proof. On the other hand, the special case of (A) in

which K is a global field is actually “equivalent” to (B) [15,39].

The group G in (B) is a suitable Galois group. (If L is separable over
K and N is the normal closure of L/K, then G = Gai(N/K) and G =
Gal(N/L).) The p-element in (B) is used to construct infinitely many
K-algebras.

Almost all subsequent examples also concern a permutation group G on
a set X. If x € X then Gx is the stabilizer of x. Frequently, G will be
primitive on X; that is, G will be transitive on X and Gx will be a maximal
subgroup of G. In this situation, it is sometimes possible to reduce to the

case of more or less simple groups, using the following result.

O’Nan-Scott Theorem [40,8,3]. Assume that G 18 primitive on X, and
that the subgroup N generated by all the minimal normal asubgroups of G
18 not a regular normal elementary abelion subgroup. Then N = T1 X
- X Tm, with the Ti 1somorphic nonabelian simple groups. Moreover, one
of the following holds.

m

1 and

(i) T1 < G’1 for a primitive group GI of degree n, n =n

1!
G < G wrsS .
1 m
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(i) Nz =D x - x D, where m = ki, Di 18 a diagonal subgroup

1 £

~ (k-1)¢
of T(z'-l)k+1 X P Tik’ and n = |T1| :

(i) N_ = I and n — |T1|m.

The original statement of the above theorem omitted possibility (iii); see
[8]-

The first application of this result is a fairly simply one.

Example 5. All primitive groups G can be essentially claasified for
which |X| ¢8 a power of e prime p and such that G has no regular
normal subgroup. The word “essentially” refers to the wuse of the
O’Nan-Scott Theorem: (i} holds there, m is arbitrary, and an arbitrary
transitive group of degree m can be permuting the factors Ti' The case
m = 1 is due to myself (see [34]); when G is simple, the result was recently
rediscovered independently by Arad and Fisman and by Guralnick. Our

methods are the same, and very straightforward. The idea is as follows.

After reducing to the case m = 1, one reduces to the situation in
which G has a normal Chevalley subgroup T of characteristic r. If p £ r
then Tx contains a Sylow r-subgroup U of T, and a lemma of Tits applies.
If p=r then U is transitive on X, so that T = UTx and Seitz’s
flag-transitive theorem [41] applies if T has rank > 2.

Of course, Example 5 trivializes the many difficult results on
permutation groups of prime degree (as does the next example). Another

type of application is found in [34].

Example 6. All 2-transitive groups have been determined. This
determination falls into several parts, depending upon the nature of a
minimal pormal subgroup N of G: N = An’ handled in 1895 [37]; N
Chevalley [14]; N sporadic is simply folklore; and N elementary abelian
[29,25,26,28].
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When N is a Chevalley group, the proof is based on the following

simple idea. Assume for simplicity that G = N. [If lg is not contained in
X

lg (where B is a Borel subgroup of G), then Seitz’s flag-transitive theorem

[41] applies. Since lg - 1G is irreducible, the only other possibility is that
X

Ig = lg. In general, the characteristic p of G divides the degree of any
%

: : ; G
irreducible constituent of IB - 10.
a Sylow p-subgroup of G, and a lemma of Tits can then be applied.

Thus, |G:GX[ = 1 (mod p), Gx contains

When N is elementary abelian of order pd, Gx is a subgroup of GL(d,p)

transitive on the nontrivial elements of N. If d > 2 and qd 7 26, there
is an element of prime order acting irreducibly on N, and it follows that Gx
has at most one nonabelian composition factor [24]. If Gx is solvable, see
[29]. If Gx is nonsolvable, reduce to the case in which GX/Z(GX) has a
normal Chevalley subgroup of characteristic r. I p = r, standard results
concerning the representations of a Chevalley group in its own characteristic
eliminate most cases. If p s r, each irreducible representation of GX in
characteristic r has relatively large degree [33]; this can then be played off

against the transitivity of Gx’ which forces d to be small.

Corollary. If n = |X|, all primitive groups G of degree n having an
n-cycle can be determined. (Namely, G > An, g2> PSL(d,q) and

n = (qd -1)/(qg-1), n=11 or 23 and G is PSL(2,11), M11 or M n

or
23’
is prime and G has a normal Sylow n-subgroup. In fact, if we exclude the
last possibility, then classical results of Burnside and Schur yield the

2-transitivity of G.)

Some number-theoretic consequences of the determination of all
2-transitive groups are given in [19,20] and [13]. An application to logic is

found in [12]. (However, a non-group-theoretic proof of this application has
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also been obtained [51].)

Example 7. Assume that G is primitive on X, and has rank 3 (ie., G
has exactly 3 orbits on X x X). The following are the only cases left to

classily: G has a normal exceptional Chevalley subgroup over a field of
18
moderately small size (no more than (1.8)" ); or G has a regular normal

elementary abelian subgroup. (In the latter case, the problem seems to be

to find a suitably nice prime divisor of |Gx[')

Let N be as in the O’Nan-Scott Theorem, and assume that N is
nonabelian. Then m < 2 [8]; and if m = 2 then G is contained in
lerZ2 for a 2-transitive group Gl' This leaves the case m = 1. If N is
sporadic, the desired result is again folklore. If N is alternating, see [5]. If
N is an exceptional Chevalley group, see [42] (or the next example). Finally,
if N is a classical group the desired classification appears in [31]; I(B; is used

somewhal as in the preceding example.

As time goes on, the last two examples seem less interesting to me.
More general types of results are needed. One possible direction is towards

asymptotic results, as in the next five examples.

Example 8 [630,42]. Given r > 2, there are only finitely meny
unknown primitive rank r permulalion groups G,X such that G has a
simple mnormal subgroup. Here, the “known” permutation representations are
as follows: G > An’ X consists of all k-sets; G has a normal Chevalley
subgroup, X is class of maximal parabolic subgroups; or G has a normal

classical subgroup, and Gx is reducible.

When G has a normal Chevalley subgroup of characteristic p, and the

Weyl group is fixed, the result was proved [42] by playing off IG

U against

the permutation character lg .
X
shown that U must be contained in Gx') This settles the case of exceptional

(Namely, when the field is large it was
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Chevalley groups, among other things (compare Example 7).

The remaining situations were dealt with in an entirely different manner.

If 1 % geG, it is easy to show that there is a Gx-orbit on X - {x} of
size < ng|, and then that ]G:GX| < Igclr (see [5]). In each case, g is

chosen so that |gG| is minimized. On the other hand, a lower bound on
1X] == |G:le can also be obtained. When G is symmetric or alternating,
such a lower bound has been known for about a century, and sufficed for
the result [5]. When G is a classical group, new lower bounds had to be

found [30].

Example 9 [8]. There is a constant ¢ such that, if G, X 18 a
primitive permutation group of degree n having mno regular normal
elementary  abelian  subgroup, then  either G,X di8  known or
] < a® R gy b proved wusing the OFNanSeoth ‘Theorem, OSE,
and the aforementioned lower bounds on [X|. The constant c is less than

10.

Stronger bounds on |G| are obtained in [4], on the assumption that the

composition factors of G are somewhat restricted.

Example 10 [9]. For almost all n, if G is a primitive subgroup of
S them G > A .
n n

More precisely, let E be the set of all n such that there is a primitive
subgroup G of Sn such that G % An. Then
1 1
E n [Lx]] = 27(x) + (1 + v2)x° + O(x%/log x).

(Here, m(x) is the number of primes p < x. The first term corresponds to
integers n of the form n = p or p + 1; the second term corresponds to the
cases n = k2 or (1;)) The proof uses the O’Nan-Scott Theorem, CSG, and
Example 8.
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Example 11 [10]: the Sims conjecture. There 18 a function f(d) such
that, if G 18 primitive on X and Gz has an orbit on X - {z} of size d,
then ’G_,,:] < f(d).

It had been known [48,50] that there is a function g(d) and a prime p
such that |Gx/0p(Gx)] < g(d). (In fact, g(d) = d!{(d - 1)!}2 works.) Thus,
the problem was to bound Iop(Gx)l' This was first reduced to the case in
which G has a simple normal subgroup N (using the O’Nan-Scott Theorem),
and then to the case in which N is a Chevalley group of characteristic r
(using CSG, of course) If p = r a standard result of Borel and Tits
applies; il p s r, detailed knowledge of properties of maximal tori was

required.
Example 12 [38]. There is a constant ¢ such that the number of

2
tsomorphism classes of groups of order n is less than nc(lag2n)_ The
proof uses the following consequence of CSG: the number of simple groups

of order n is small (that number never exceeds 2).

Example 13. There should be many nontrivial applications of CSG to
combinatorial questions. For example, no finite group is yet known not to
be capable of acting on a finite projective plane. Nevertheless, some results

in this direction are obtained in [27,47].
Technical applications of CSG in coding theory are found in [21,22].

In [6], CSG was used to determine all graphs such that any
isomorphism between induced subgraphs on at most 4 vertices is the
restriction of an automorphism of the whole graph. (The corresponding
result with 5 in place of 4 was handled in [7] using a purely combinatorial

approach.)

A graph is called distance-transitive if it is connected and if, whenever
X, ¥, x', y' are vertices and d(x,;y) = d(x’,y’), there is an automorphism

sending x to x” and y to y’; its wvalence is the number of vertices joined to
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a given one. In [10] it is shown that, for each k > 2, there are only
finitely many distance-transitive graphs of wvalence k. The proof rests

heavily on Example 11.

Next, consider a graph whose automorphism group is transitive on s-arcs

(i.e., ordered sequences (xo, X, -y xa) of vertices such that x, > x, and x,

1 2

is joined to x_, for all i). In [49] it is shown that s < 7. The proof

1
depends on Example 6: if s > 2 then the stabilizer of a vertex x is

z-transitive on the vertices joined to x.

Example 14. Algorithms. Assuming that we are given permutations
generating a subgroup G of Sn’ we wish to find properties or subgroups of

G in time a polynomial in the input length.
(A) A composition series for G can be found in polynomial time [36].

(B) If p 78 a prime dividing |G| then an element of order p can be
found in polynomial time [32]. (A fundamental algorithm due to Sims

determines |G| in polynomial time.)

For (A) and (B), the algorithms given in [36] and [32] require CSG in
order to prove their validity. The difficulty is, of course, the polynomial
restriction. For example, standard proofs of Cauchy’s theorem require

exponential time if p is fairly large.

On the other hand, it is not known whether a Sylow p-subgroup of G
can be found in polynomial time -- even if G is assumed to be solvable.
(However, if G is simple and p is a prime dividing |G| then a Sylow
p-subgroup of G can be found in polynomial time [32]. The proof uses
CSG.) Whether centralizers of elements of G can be found in polynomial
time is even harder; it may be relevant to the very difficult P % NP

problem of theoretical computer science.
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It must be emphasized that the above results are of a theoretical, not
practical nature. The polynomial restriction is quite different from the
criteria for speed used in the computer construction and study of finite
groups. Those criteria depend on probabilistic arguments, whereas (A) and
(B) are concerned with absolute success in all situations. The difference can
be seen using Cannon’s Santa Cruz paper [l11]. He states that finding
centralizers and finding intersections of subgroups are cheap (i.e., can be done
quickly and efficiently); finding Sylow subgroups requires medium cost; and
testing simplicity and finding a regular normal subgroup of a primitive group
are expensive. Yet, these expensive questions can be answered in polynomial
time; finding Sylow subgroups is an open question; and the remaining

questions are relevant to the P 2 NP and graph isomorphism problems [35].
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