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We consider nonlinear 4th-order elliptic equations of double divergence type. We show
that for a certain class of equations where the nonlinearity is in the Hessian, solutions

that are C>“ enjoy interior estimates on all derivatives.

1 Introduction

In this paper, we develop Schauder and bootstrapping theory for solutions to 4th-order

nonlinear elliptic equations of the following double divergence form:
/ a"M (D uyumy,dx = 0,V € C3°(Q) (1.1)
Q

in B; = B;(0). For the Schauder theory, we require the standard Legendre-Hadamard

ellipticity condition
a7  (DPux)E ik = Al (1.2)
while in order to bootstrap, we will require the following condition:

g g Pk
bIM(D2u(x)) = a¥K (D u(x)) +

— (D*U(%)) Upg (x) (1.3)
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Regularity Bootstrapping 4325

satisfies
LI (D u(x))E ity = Ay €I (1.4)

Our main result is the following: suppose that conditions (1.1) and (1.4) are met on
some open set U C S™" (space of symmetric matrices). If u is a C>% solution with
D?u(B,) C U, then u is smooth on the interior of the domain B;.

One example of such an equation is the Hamiltonian stationary Lagrangian

equation, which governs Lagrangian surfaces that minimize the area functional

/ \/det (I + (D?w)TD?u)dx (1.5)
Q

among potential functions w. (cf. [9], [10, Proposition 2.2]). The minimizer satisfies a 4th-
order equation, that, when smooth, can be factored into a Laplace type operator on a
nonlinear quantity. Recently in [2], it is shown that a C? solution is smooth. The results
in [2] are the combination of an initial regularity boost, followed by applications of the
2nd-order Schauder theory as in [1].

More generally, for a functional F on the space of matrices, one may consider a

functional of the form
/ F(D?u)dx.
M

The Euler-Lagrange equation will generically be of the following double divergence

type:
32 aF
(D%u) ) = o. (1.6)
8X18XJ aulJ

Equation (1.6) need not factor into 2nd-order operators, so it may be genuinely a 4th-

order double divergence elliptic-type equation. It should be noted that in general, (1.6)
need not take the form of (1.1). It does when F(D?u) can be written as a function of
D?>uTD?u (as for example (1.5)). Our results in this paper apply to a class of Euler—
Lagrange equations arising from such functionals. In particular, we will show that if
F is a convex function of D?u and a function of D*u”D?u (such as 1.5 when |D?u| < 1)
then C%“ solutions will be smooth.

The Schauder theory for 2nd-order divergence and non-divergence type elliptic
equations is by now well-developed, see [7], [6] and [1]. For higher-order non-divergence

equations, Schauder theory is available, see [11]. However, for higher-order equations
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4326 A. Bhattacharya and M. Warren

in divergence form, much less is known. One expects the results to be different; for
2nd-order equations, solutions to divergence type equations with C* coefficients are
known to be C'*, [7, Theorem 3.13], whereas for non-divergence equations, solutions
will be €% [6, Chapter 6]. Recently, Dong and Zhang [4] have obtained general Schauder
theory results for parabolic equations (of order 2m) in divergence form, where the
time coefficients are allowed to be merely measurable. Their proof (like ours) is
in the spirit of Campanato techniques, but requires smooth initial conditions. Our
result is aimed at showing that weak solutions are in fact smooth. Classical Schauder
theory for general systems has been developed, [8, Chapters 5 and 6 ]. However, it
is non-trivial to apply the general classical results to obtain the result we are after.
Even so, it is useful to focus on a specific class of 4th-order double divergence
operators, and offer random access to the nonlinear Schauder theory for these cases.
Regularity for 4th-order equations remains an important developing area of geometric
analysis.

Our proof goes as follows: we start with a C2* solution of (1.1) whose coefficient
matrix is a smooth function of the Hessian of u. We first prove that u € W3? by taking
a difference quotient of (1.1) and give a W3? estimate of u in terms of its C> norm.
Again by taking a difference quotient and using the fact that now u € W32, we prove
that u e C3.

Next, we make a more general proposition where we prove a W3? estimate for

u € W?? satisfying a uniformly elliptic equation of the form
/ (Cij'kluik + hﬂ) n]ldX =0

in B,(0), where ciikl pkl ¢ Wl'z(Bl) and 7 is a test function in B;. Using the fact that
u € W32, we prove that u € C>* and also derive a C>* estimate of u in terms of its
W32 norm. Finally, using difference quotients and dominated convergence, we achieve

all higher orders of regularity.

Definition 1.1. We say an equation of the form (1.1) is regular on U C S™*" when the

coefficients of the equation satisfy the following conditions on U:

1. The coefficients a¥¥ depend smoothly on D?u.
2. The coefficients a¥* satisfy (1.2).

3. Either b7¥ or —b¥¥ (given by (1.3)) satisfy (1.4).
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Regularity Bootstrapping 4327

The following is our main result.

Theorem 1.2. Suppose that u € C%#(B,) satisfies the following 4th-order equation

/ @V (D*u(x)uy () (x)dx = 0
B1(0)

Vn € C3°(B,(0)).

If a¥k is regular on an open set containing Dzu(Bl(O)), then u is smooth on B,.(0) for

r<l.
To prove this, we will need the following two Schauder type estimates.

Proposition 1.3.  Suppose u € W?>(B,) satisfies the following:

/ [P 60Uy + 1400 | ngodx = 0 (1.7)
B1(0)

v € C5°(B1(0)),
where ¢k, fkl e w12 (B)), and ¢V satisfies (1.2). Then u € W3%(B, ,) and

3 kl ij kl
ID u”Lz(Bl/z) = C(||U||W2,oo(Bl), v w2z, lIc¥ ||W1,2,A1)'

Proposition 1.4. Suppose u € C?“(B,) satisfies (1.7) in B, where c¥'¥, fkl ¢ ¢1#(B,) and
cK satisfies (1.2). Then we have u € ¢3¢ (By2) with

ID%ullgous, o) < € (14 1D°ullzzgry )

and C = C(Icif'kllca(Bl), |fkl|cot(31), A4, @) is a positive constant.

We note that the above estimates are appropriately scaling invariant; thus, we
can use these to obtain interior estimates for a solution in the interior of any sized

domain.
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4328 A. Bhattacharya and M. Warren
2 Preliminaries

We begin by considering a constant coefficient double divergence equation.

Theorem 2.1. Suppose w € H?(B,) satisfies the constant coefficient equation

/ e wyendx = 0 (2.1)

Vi € C3°(B,(0)).
Then for any 0 < p < r there holds

/B ID*wi? < Cy(o/M)"ID*Wl |2, 5 |

P

/B ID*w — (D*w) > < Cy(p/r)"F? /B ID*w — (D*w),|*.
P r

Here (D*w),, is the average value of D*w on a ball of radius p.

Proof. By dilation we may consider r = 1. We restrict our consideration to the range
p € (0,al noting that the statement is trivial for p € [a, 1] where a is some constant in
(0,1/2).

First, we note that w is smooth [5, Theorem 33.10]. Recall [3, Lemma 2, Section 4,

applied to elliptic casel; for an elliptic 4th-order L,

Lyu =0 on By

- ||Du||L°°(BR/4) =< C3(Ar n) ||u||L2(BR) .

We may apply this to the 2nd derivatives of w to conclude that

[, <Erm |, [o%a
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For small enough a < 1. Now

o],

9 2
/ D] < cymp”
By

= Cgp" inf sup )DZW(X) + Dzw(y) DZW(X)‘

X€EBg y€Bg

L (Ba)

2
< Cgp" Xiean |:D2W(X) + 2a HDSWHLOO(B )}

n| 2 2 2 |3
< 2Czp" | inf |D*w(x)|| +4a”|D°w

xXeBg

L°°(Bu)]
1
< 2C5,On [ﬁ“ 2W||§2(Ba) + 4aZC4||D2W||%2(Ba):|
n 2 2
E Cﬁ(arn)p ”D W||L2(Bl)'

Similarly,
2 2 2 2 2 2
/ ‘D w — (D w)p‘ 5/ ‘D w—D W(O)‘
B, B,
P 2
5/ / r? ‘D3w‘ "~ ldrdeg
sn-1Jo
= C;p"?|ID*W [ z,)- (2.3)

Next, observe that (2.1) is purely 4th order, so the equation still holds when a 2nd-order

polynomial is added to the solution. In particular, we may choose
D*w = D*w — (D*w)

for w also satisfying the equation. Then

so by the Poincaré inequality we have
2 2
|p*w] = |p*w]| (2.4)

L®(Bg) L*®(Bg)
“a.
B

ol =,

(o),
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4330 A. Bhattacharya and M. Warren
We conclude from (2.4) and (2.3)

2 2
/ ‘DZW—(DZW)/J < c7p"+zc4/ D?w — (Dzw)lH .
B,

B

Next, we have a corollary to the above theorem.

Corollary 2.2. Suppose w is as in the Theorem 2.1. Then for any u € H?(B,), and for
any 0 < p < r, there holds

2 2
D*u (2.5)

+(2+80,) HDz(u —w)

2
/ D%u|" < 4c,(o/my"
By

L%(By) L2(By)

and

2

/ ’Dzu — (Dzu)p‘z < 402(p/r)"+2/ (Dzu — (D?u), (2.6)
B, B,

2
+(8+ 1602)/ ‘Dz(u—w)‘ .
B,
Proof. Letv =u — w. Then (2.5) follows from direct computation:

/ ID?ul®> <2 | |D*w|? +2/ |D?v|?.
Bp B,

B,

< 2, (p/M™ID* W[z g, + 2 / ID?v?
By

< 4C,(p/r)" [IID%VI ) + 1ID% Ul | + 2 / ID?v
B,

9 2
= 4C, (p/P)" HD u

2
201 + 2C, (p/P)" HD2 .
2@y [1+26,(o/m"1|D%v 12(By)
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Regularity Bootstrapping 4331

Similarly,

2 2 2
/ ‘Dzu— (Dzu)p‘ < 2/ ‘DZW—(DZW)p‘ +2/ ‘DZV—(DZV)p‘
Bp B, By
2 2 2 2 2
<2 ‘D w— (D w)p‘ +8 (D v‘
B, B,
)2

< ZCz(p/r)n+2/B |D2W—(D2w)r|2+8/B ’Dzv
r P

2 [ |D%u — (D2u).|? 2
S 202(,0/7')n+2 fBr ‘ u ( u)r| 2 + 8/ ‘DZV’
+2 [ |D*v — (D?v),| B,

2

< 4Cy(p/r)"*? / \Dzu - (D*uw),
B,
2
+ (8 + 1602(p/r)”+2)/ ‘DZV’
B,

The statement follows, noting that p/r < 1. [ |

We will be using the following lemma frequently, so we state it here for the

reader’s convenience.

Lemma 2.3. [7, Lemma 3.4]. Let ¢ be a nonnegative and nondecreasing function on
[0, R]. Suppose that

2 < A[(2) +e]pm +Bre

for any 0 < p < r < R, with A, B, «, 8 nonnegative constants and 8 < «. Then for any
y € (B,a), there exists a constant ¢; = ¢y(4, «, B, y) such that if ¢ < g, we have for all

O<p<r<R

¥
o) =c[(£) e+,

where c is a positive constant depending on A, «, 8, y. In particular, we have for any

O<r<R

¢ (R)

RY

$(r) 50[ ry+Brﬂ]

3 Proofs of the Propositions

We begin by proving Proposition 1.3.
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4332 A. Bhattacharya and M. Warren

Proof. By approximation, (1.7) holds for 5 € Wg'z. We are assuming that u € W%, so
(1.7) must hold for the test function
n=—[rtu] ",

where © € Cg° is a cutoff function in B, that is 1 on B, ,, and the superscript h, refers
to taking difference quotient in the e, direction. We choose h small enough after having

fixed 7, so that n is well defined. We have
/Bl (M, M [t ] P dx = 0
For h small we can integrate by parts with respect to the difference quotient to get
/191 (c Ky, +fkl)hp[r4uhp]kldx =0.
Using the product rule for difference quotients we get
/B | [(€590) P40 + 4 (s + heyul? + (9 | [r*ul | ydx = 0

Letting v = u”», differentiating the 2nd factor gives

/B [(€7460) ™00 + 98 (x 4 hep) vy (0 + ()2 () |

y |: thvy + 4y + 43y

(x)dx=0
+4v (131 + 3721, 1)

from which
/ ‘Jkl(x—i-he ViV dx =
kl -
B
= [ [(€#00) g0 + ciFx + hey o + (7o)
B

[ 4T 'L'le +4T Tle :| (3 1)

+4v (31 + 3t%11y)

/B [(€7400) w500 + (F @) | Ty,
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Regularity Bootstrapping 4333

First we bound the terms on the right side of (3.1). Starting at the top:
[ [@#arugo + (74 e0] x [
B

< |:||u||§|/2,oo(31) + l] /Bl (‘(Cij,kl(X))hp

—i—Cs(r,Dt,th)/ (|DV|2—|— |v|2) dx.
B

4:1'3'[le + 4:1'31'le dX
+4v (13tkl + 3rzrkrl)

‘4 (ryPe (x)\z) dx (3.2)

Next, by Young's inequality we have

/ IR (x + he,)v;;(x)x (3.3)
B

[41’3‘[le +4’qu; +4v (P + 31’2‘L'J~‘L'l)] dx

Dt, D%, ¢k )
< S 0T o) (IDV|2+V2)dX+£/ o |D?v| dx (3.3)
€ B B1
and also
/B [(c"f"‘%x))hp u;(x) + (fRH (x)] 4y dx
1
2
58/ 4 HDZV” dx
B
Cio 2 N Ay 2
+7(llullwzroow|fILoo<Bl>)/Bl [|(c )" |? 4 |(W') | ]dx. (3.4)

Now by uniform ellipticity (1.2), the left-hand side of (3.1) is bounded below by
2 y
A /B 4 ”DZVH dx < /B U (x + he,) vy () Vi (x)dx. (3.5)
1 1

Combining all (3.1), (3.2),(3.4), (3.3) and (3.5) and choosing ¢ appropriately, we get

A 2
> |p?v| ax
2 Jp,

< Cry (l1ellwze @y 1l 5200 s, ) ( /B |(FADe |2+ | cTH)2 |<c‘f"°l>hp|2)
1

.. 2
Cl],kl H A ).
wl2(By)

2 kL) 2
S CIZ (||T||W2'°°(Bl)’ ||u||W2'°°(Bl)’ ||f ||W1'2(Bl)'
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4334 A. Bhattacharya and M. Warren

Now this estimate is uniform in kA and direction e, so we conclude that the
difference quotients of u are uniformly bounded in W*?(B, ). Hence, u € W32(B, )

and

3
||D f| |L2(Bl/2)

2Cy, 2 Kl 2
S T ||T||W2r°O(Bl)I||u||W2,OO(Bl)I||f ||W1'2(Bl)'

2
CU’le A
wl2(By)

We now prove Proposition 1.4

Proof. We begin by taking a difference quotient of the equation
/ (UM + )y dx = 0
along the direction h,,. This gives

[ (80000 + 4+ ey 0 + (£ gz = o,

him .

which gives us the following partial differential equation in Uy

[ et hegulr comaodx = [ quomgeodx,

where
q(x) = —(fHm (x) — (H (x)) " muy(x).

Note that g € C*(B;) and ik (x 4 he,,) is still an elliptic term for all x in B; For

compactness of notation we denote

g=u"m (3.6)

and replace c¥*(x + he,,) with c¥*, as the difference is immaterial. Our equation

reduces to

/Cij'klgijﬂkldXZ/Q’?kldX (8.7)

2202 1890100 20 U0 Josn sjenas jdaq uonisinboy Aq Z69682S/4ZE 1/9/1 20z/a10E/uIwWl/Woo" dno-olwapede/:sdpy woly papeojumod



Regularity Bootstrapping 4335

Using integration by parts, we have

/Cij,kzgijnkldxz _/qudx
__ / (q — q(O))mdx
= / (q — q(0))nydx.

Now for each fixed r < 1 we write g = v + w where w satisfies the following

constant coefficient partial differential equation on B, C B :
/ M0y dx =0 (3.8)
B1(0)
vn € C5°(B,(0))
w =g on dB,
Vw = Vg on 0B,.
By the Lax-Milgram theorem the above partial differential equation with the given

boundary condition has a unique solution in the space Hg. By combining (3.7) and (3.8)

we conclude
/B IR O)vjnydx = /B (7 (0) — VM (x))g,mydx + /B qnygdx. (3.9

Now w is smooth (again see [5, Theorem 33.10]), and g = ulm is c2¢ sov = g—w
is €% and can be well approximated by smooth test functions in Hg (B,). It follows that

v can be used as a test function in (3.9); on the left-hand side we have by (1.2)

2 2
[ / C‘]'kl(O)vijvkldX} > [A |D2V|2dx} .
Br Br
Defining

¢(r) = sup {| ¥ x) — c¥*(y)| : x,y € B,} (3.10)

and using the Cauchy-Schwarz inequality we get

2
B, By By
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4336 A. Bhattacharya and M. Warren
Using Holder's inequality
2
[ / (@) — 0| dx] < / 1q(0 — q(O)?dx / ID?v[2dx.
By By By
This gives us
2
Az[ |D2v|2dx] ¢t [ ID*gldx / D2vidx+ [ 100 - qO)Pdx / ID?v|dx,
By By By B, By
which implies
A? / ID*v|*dx < ¢%(r) / ID?g|*dx + / lq(x) — q(0)|*dx. (3.11)
By By B,

Using Corollary 2.2 for any 0 < p <r, we get

9 2 2
D‘g (3.12)

+(2+8¢,) |p?v

/B ‘ng‘z dx < 4C, (p/r)"
,

12(By) 12(By)

Now combing (3.12) and (3.11) we get

2

2
/ ‘ng) dx < 4C, (p/n" |D%g
B,

L%(By)

(2+8C)
A

B [(2 +8C,) ¢2(r)

[czm /B |D?g|?dx + /B |q(x>—q(0>|2dx}

= — +4C, (p/r)”} |D?g|*dx

B,

2+8C
+ (—21)/ lg(x) — q(0)[%dx. (3.13)
A B,
Also from Corollary 2.2

2
dx

2
/B D%g - (D%g), | dx = 4C,(p/m™*? /B p%g - %),

2
‘ dx

+(8+1602)/ p?v
B

2
<acyo/ry? [ |pPg— %), [ dx

| (8+16C))

— [czm [ iwtgirax+ [ |q(x>—q(0>|2dx]
By By
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Regularity Bootstrapping 4337

Because ¢k ¢ ¢ we have from (3.10) that
£(r)? < Cpar¥e. (3.14)
Again g is a C* function that implies

(%) — q(O)] < l1gllguz,, 1X — O

and

| 14= O dx < C1q Igllgey T

So we have

/ ID%g — (D?g),|? (3.15)

2
<acyo/ry*? [ |pPg - %),

(8 +16C,) 2 2 12
+ Tclsr Q/Br |D*g|

N (8+ 16C,)

2
A2 Ci4 19l ceBy) ritee,

Forr <ry < 1/4 to be determined, we have (3.13)
2 |2 n 2 2 |2 20428 n—28
/ ‘D 9‘ < Ci5ylp/M)" +1 “]/ ‘D g‘ +rg¥t%r ,
B, B,

where § is some positive number. Now we apply [7, Lemma 3.4]. In particular, take

s = [ |o%]
B,

A=Cyg
B = r2ot2
a=n
p=n-25
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4338 A. Bhattacharya and M. Warren

There exists gy(4, «, B, y) such that if

ré% < e, (3.16)

we have

#(p) < Cy5 {[(p/r)” +elo(r) + r§a+26rn—28} ’

and the conclusion of [7, Lemma 3.4] says that for p < r

B(p) = Cg {(o/r)" 1 () + 132 2]

T,205+28 n—25

1
< C n—3§ HDZ
BRI ] P g
S C”pnf&.
This C,, depends on r, that is chosen by (3.16) and HD29||L2(BS/4)- So there is

a positive uniform radius upon which this holds for points well in the interior. In
particular, we choose r, € (0,1/4) so that the estimate can be applied uniformly at

points centered in B, ,(0) whose balls remain in By ,(0). Turning back to (3.15), we now

J

have

2
D%~ (%), = 4,0/ [ |DPg - 0P, [ + o
By

p

+ Cig ||Q||coc(]31) e
2
< acyo/ry™? [ |DPg = 0%g), | + Cppr e

Again we apply [7, Lemma 3.4]; this time, take

$(p) = /B ID*g — (D?g),|?

A=4C,
B=Cy
a=n+2
B=n+2a—-34

y =n+2«a

2202 1890100 20 U0 Josn sjenas jdaq uonisinboy Aq Z69682S/4ZE 1/9/1 20z/a10E/uIwWl/Woo" dno-olwapede/:sdpy woly papeojumod



Regularity Bootstrapping 4339

and conclude that for any r < r

1
i |D2g _ (ng)p|2 S 021 [m/ |ng _ (ng)ro 2rn+2a + Czorn+2a—8]

0 Brg

S sz rn+2a—8

with C,, depending on ry, |

D29“L2(33/4)' lqllce (5, €tc. It follows by [7, Theorem 3.1] that
D%*g e c**=9/2(B, ,), in particular, must be bounded locally:

< Cpa [1 + |p% (3.17)

2
g |
H L°°(B1 1) L2(By2)

This allows us to bound
| D%l < Gy,
which we can plug back in to (3.15):
2
/B ID%g — (D2g), 2 < 4C, (/)" /B 0% - @29), | + Conr Cyr
I r
+C1g l1gllgep,) 7

S 6267.714*201‘
This is precisely the hypothesis in [7, Theorem 3.1]. We conclude that

%

< Cyy [,/026 + |p?g

C*(B1)a) Lz(Bl/z)] '

Recalling (3.6) we see that u must enjoy uniform C3“ estimates on the interior, and the

result follows. [

4 Proof of the Theorem

The propositions in the previous section allow us to prove the following corollary, from

which the main theorem will follow.

Corollary 4.1. Suppose u € CV*(B,), N > 2, and u satisfies the following regular (recall

(1.3)) 4th-order equation

/Qaij,kl(Dzu)uijnkldX =0,y € CSO(Q)
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Then
||u||CN+1,a(Br) <C(n,b, ”u”WNrOO(Bl))'
In particular

uecVB) = uec"®B,).

Case 1 N = 2. The function u € C?%(B;) and hence also in W?* (B,). By

approximation (1.1) holds for n € Wg'oo, in particular, for
n= —[r4uhm]_hm,

where 7 € C3° (B;) is a cutoff function in B, that is 1 on B, and superscript h,, refers
to the difference quotient. As before, we have chosen i small enough (depending on t)

so that »n is well defined. We have
7.kl (192 4 hp _
/Qau (D u)uij[r um],dx = 0.
Integrating by parts as before with respect to the difference quotient, we get

.. hm
/Bl [a" @ wuy]™" [r*u]ydx = 0.

Let v = un. Observe that the 1st difference quotient can be expressed as

u(x + he,,) — ui(x)
h

[a7M (D*wyuy]"" @) = @ (D*u(x + heyy)
T % [aij,kl(DZu(X+ hem)) _ aij'kl(Dzu(X))] Uy(X)

= a"*(D?u(x + hey,))vi;(x)

1gaik 2
+ /0 . (tD*u(x + hep,) + (1 — )D*u(x))dt | v, () u;;(x).

We get

/B Bij'leij[T4V]kld.X = 0, (42)
1
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where

1 aapq,kl
u

bk (x) = aij'kl(Dzu(X + he,,)) + |:/ (tD*u(x + he,,) + (1 — t)Dzu(X))dtj| Upy(X).
0 i
(4.3)

Expanding derivatives of the 2nd factor in (4.2) and collecting terms gives us

pUKly rhvdx < / t2Cyg(z, D7, D?7) (1 + |v| + |DV|) dx.
B

J

Bij,kl‘

V.‘
1
B J

Now for h small, b7k very closely approximates b¥*, so we may assume h is small.

Applying (1.4) and Young's inequality,

/ t4A,|D?v|? < Cpg sup B"fr’d/
B

1
(et4|D2V|2 + Cop - (L4 VI + |DV|)2) dx.
B

That is,
/ |D?v|? < 029/ (1 + |v| + |Dv|)?dx.
B2 By

Now this estimate is uniform in h (for h small enough) and direction e,, so we conclude

that the derivatives are in W*?(B, ;). This also shows that

zu .
LZ(Bn)

Remark: We only used uniform continuity of D?u to allow us to take the limit, but we

D

||D3u||L2(B1/2) = CSO (||Du||L2(Bl)’

did require the precise modulus of continuity.
For the next step, we are not quite able to use Proposition 1.4 because the
ij,kl

coefficients a¥* are only known to be W'-2. So we proceed by hand.

We begin by taking a single difference quotient
.. hm
/ [al]’kl(Dzu)uij] nkldX =0
B

and arriving at the equation in the same fashion as to (4.2) above (this time letting
g= ulm): we have

7kl _

bY"%g,i(0ndx = 0.

B

Inspecting (4.3) we see that b7k is C¥ :

BIH ) — By | < C5y 1x — p1”,
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where C3, depends on |D?ul|,, and on bounds of Da¥* and D?a¥*. As in the proof of

Proposition 1.4, for a fixed r < 1 we let w solve the boundary value problem

A bR )y wyjmy,dx = 0,V € C3°(B,)

w =g on 4B,

Vw = Vg on 0B,.
Let v = g — w. Note that
=ikl _ Zij .kl 717kl
/B, bV O)vymgdx = /B, (le (0 — b (X)) iy dx.

Now v vanishes to 2nd order on the boundary, and we may use v as a test function. We

get
A Bij'kl(O)ViijldX = /B (Elj'kl(o) — Z;i‘j'kl(X)) gl]VkldX
As before,
2 2
2 = ij kl 7 ij ki 2 |2 2 |?
A ‘Dzv‘ dx) < |sup|b¥*0) — bV (x)) ‘D g‘ dx ‘D v‘ dx.
By x€B, By B,
Defining
£(r) = sup { Bij'kl(x) — Bij'kl(y)’X,y € Br} (4.4)
< 4"‘C3lr2°‘
then

/(Eij,kl(o)_Bij,kl(X))giijldX)z §§Z(r)/ ‘ng)z/ )DZV‘Z.
By By By

So now we have

2 2 2
[l =50 [ o
By By
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Using Corollary 2.2, for any 0 < p < r we get

2

2
/ D% - @%g),|" < 4C,(p/m / p%g - (%),
B, By
9 2
+(8+1662)/ [p?v|
B,

2 (8416C,) 2 2
+( +16C,) ¢%(r) ”D2

A2

<4C,(p/r)"+? / ]ng — (D?g),
By

12(By)
(4.5)

Also by Corollary 2.2

2 2

ng

+(2+8¢,) [p?v

2
D? ‘ < 4C,(p/r)"
| |pa| <aciomr o,
0

2 c2(r)
2
Lz<3r>+( +8C,) =2

L%(By)

2

<4C,(p/r)" |D?*g

%

12(By)

This implies

2

2
2 n 20 A2 L 2a 2
/Bp ‘D 9‘ < (401(P/r) +(2+8C,)4%C3r )HD Irem,

Now we can apply [7, Lemma 3.4] again, this time with

s = [ |o%|
B,

A =4C,
a=n
B,=0
y=n-—25

e = (2+8C;) 4% Csr™.
There exists a constant g;(4, «, y) such that by chosing

2 €0
roa = 2a (2
(2+8C,) 4%C3,

1
< =
4

2202 1890100 20 U0 Josn sjenas jdaq uonisinboy Aq Z69682S/4ZE 1/9/1 20z/a10E/uIwWl/Woo" dno-olwapede/:sdpy woly papeojumod



4344 A. Bhattacharya and M. Warren

we may conclude that for0 < r <r

2

2 Jr, 1D

2 —28 JBrg
r 0

Next, for small p < r < ry we have, combining (4.5), (4.4) and (4.6),

2
(4.7)

2
/B D% - @%g),|" < 4c,p/m /B p%g - (D%,
o "

n (8 +16C,) 4% [py, |D29|2

2 n—25
A o

n—28_2a
C3,C3or r

< 0337.77,‘1“20(78
with C;; depending on ||D29”L2(B3/4)’r0’80‘ Again, we apply [7, Theorem 3.1] to D?g €

c?*=9/2(B, ,). From here, the argument is identical to the argument following (3.17). We

conclude that

%

Substituting g = um we see that u must enjoy uniform C3* estimates on the interior,

<Cgyy {1 + Hng

C*(B1/4) L2(B3/a) ] '

and the result follows.

Case 2 N = 3. We may take a difference quotient of (1.1) directly.
ij,kl 192 hom 00
A [a (D u)uij] ngdx = 0,Vn € CX ().

(To be more clear we are using a slightly offset test function n(x + he,,) and then using
a change of variables, subtracting and dividing by h.)
We get

ij,kl

i ou

/ a " D2y (x + hem))uh.m x) + ba
B; pq

(M* (x))upm (x)uij<x>] g =0,

where M*(x) = t*D?*u(x + h,,,) + (1 — t*)D?u(x) and t* € [0,1]. Now we are assuming
that u € C3%(B,), so the 1st and 2nd derivatives of the difference quotient will converge

to the 2nd and 3rd derivatives, uniformly. We can then apply dominated convergence;
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passing the limit as # — 0 inside the integral and recalling u,, = v as before, we obtain

g daPaHl
/B 1 [[ ¥R (D?u(x))vy(x) + ‘;uij (p*uw) viJ-(x)upq(x)] Mg =0
that is
bIR(DPux)vy(0m(x) =0, ¥n € C*(Q). (4.8)

B
It follows that v e C?“satisfies a -order double divergence equation, with

coefficients in C!*. First, we apply Proposition 1.3:

HD3V

In particular, u € W4'2(Bl/2). Next, we apply 1.4

<C v o 1 pukl .
L?(Byj2) — 35 (” w2 (Bl))( + 1l Nwi2,))

1DVl oz, 4 < CA+ 1DVl 125, ) < Cllullwaceqg,), DY Iz,
< Cgs(n, b, ||u||(;3,a(31))-
We conclude that u € C**(B,) for any r < 1.
Case 3 N > 4. Let v = D%u for some multi-index o with || = N — 2. Observe that

taking the 1st difference quotient and then taking a limit yields (4.8), when u e C3¢.

Now if u € C*® we may take a difference quotient and limit of (4.8) to obtain

ij,kl

u

g 3
/ |:b‘f'kl(D2u(x))uijm1m2 (x) +
B Pq

(Dzu(X))upqmzuij:| nkl(X) = 0, V’? € CSO(Q)I

and if u € CV?, then v € C>¢, so we may take N — 2 difference quotients to obtain
/ (BT D?u)vy ) + 00 | a0 =0, vy € (@), (4.9)
B
where

£k — pe (bij'kl(Dzu(X))uij) — bR (D?u(x)) D .

One can check by applying the chain rule repeatedly that f¥ is C*. So we may apply
Proposition 1.3 to (4.9) and obtain that

|p*v < Cyy (Il oo (g, (X + BT [ y205,)

L2(B1/2)
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that is

||u||WN+1,2(Br) < Cyg(n, b, ||u||WNr°°(Bl))'

Now apply Proposition 1.4:
ID*Vllgoa(p, ) < Cag(1 + ID°VIIr2(, ),

that is,

”u”CN“ﬂ(Br) = C40(7’L,b, ||u||WN’OO(B1))'

The main theorem follows.

5 Critical Points of Convex Functions of the Hessian

Suppose that F(D?u) is either a convex or a concave function of D?u, and we have found

a critical point of
/ F(D*u)dx (5.1)
Q

for some Q@ C R", where we are restricting to compactly supported variations, so that the
Euler-Lagrange equation is (1.6). If we suppose that F also has the additional structure

condition,

OF(D*u)

-~ apq'ij(Dzu)upq (5.2)

)
ij,kl

for a some a satisfying (1.2), then we can derive smoothness from c2 as follows.

Corollary 5.1.  Suppose u € C2%(B,) is the critical point of (5.1), where F is a smooth
function satisfying (5.2) with a¥* satisfying (1.2) and F is uniformly convex or uniformly
concave on U C S™ " where U is the range of D?u(B;) in the Hessian space.

Then u € C*(B,), forall r < 1.
Proof. If u is a critical point of (5.1), then it satisfies the weak equation (1.1), for a¥¥

in (5.2). To apply the main theorem, all we need to show is that

g g pq.kl
b9 (D2u(x) = @M (Du(x)) + 2

— (D*u(x)) Uy (%)

ij
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satisfies (1.2). From (5.2):

oU:»

0 Uk ij

So

ij a
bR (D u(x))E 8y, = Wkl(

9F(D%u)

Regularity Bootstrapping 4347

N (w) _ ghiipry) 4 0PI 5.9

8ukl Paq

Buij

)sijgkl > AE?

for some A > 0, because F is convex. If F is concave, u is still a critical point of —F and

the same argument holds. |
We mention one special case.
Lemma 5.2. Suppose F(D?u) = f(w) where w = (D?*u)T(D?u). Then
dF(D%*u "
D) _ a"*®(D?uyuy,. (5.4)
oUy;
Proof. Let
Wy = sab
Kl = Upg0 ™ Up
Then

IF(D*u) _ of (w) dwy

3f(W) ab ab
= wy (5ka,ij8 Upp + Uggd 5bl,ij)
af (w)
= wy (5kiujl + uki‘slj)
af (w) af (w)
= 8—VVil(sjmuml + —kjukm‘sim
af (w) af (w)
=——6U U0
3 iUy + owy K193
This shows (5.4) for
QU f w) 3f(W)8‘

Bwil

'k

il
IWyy n

2202 1890100 20 U0 Josn sjenas jdaq uonisinboy Aq Z69682S/4ZE 1/9/1 20z/a10E/uIwWl/Woo" dno-olwapede/:sdpy woly papeojumod



4348 A. Bhattacharya and M. Warren

Funding

This work was partially supported by the National Science Foundation [DMS-1438359 to M.W.].

References

[1] Caffarelli, L. A. and X. Cabré. Fully Nonlinear Elliptic Equations, vol. 43. Providence, RI:
American Mathematical Society, 1995.

[2] Chen, J. and M. Warren. “On the regularity of hamiltonian stationary lagrangian submani-
folds.” Adv. Math. 343 (2019): 316-52.

[3] Dong, H. and D. Kim. “On the lp-solvability of higher order parabolic and elliptic systems
with BMO coefficients.” Arch. Ration. Mech. Anal. 199, no. 3 (2011): 889-941.

[4] Dong, H. and H. Zhang. “Schauder estimates for higher-order parabolic systems with time
irregular coefficients.” Calc. Var. Partial Differ. Equ. 54, no. 1 (2015): 47-74.

[5] Driver, B. K. “Analysis Tools with Applications.” In Lecture Notes, 2003.

[6] Gilbarg, D. and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order.
Classics in Mathematics. Berlin: Springer, 2001. Reprint of the 1998 edition.

[71 Han, Q. and F. Lin. Elliptic Partial Differential Equations, 2nd ed. Courant Lecture Notes
in Mathematics 1. New York: Courant Institute of Mathematical Sciences; Providence, RI:
American Mathematical Society, 2011.

[8] Morrey, Jr, C.B. Multiple Integrals in the Calculus of Variations. Die Grundlehren der
mathematischen Wissenschaften 130. New York: Springer, 1966.

[9] Oh, Y.-G. “Volume minimization of Lagrangian submanifolds under Hamiltonian deforma-
tions.” Math. Z. 212, no. 2 (1993): 175-92.

[10] Schoen, R. and J. Wolfson. “The Volume Functional for Lagrangian Submanifolds.” In
Lectures on Partial Differential Equations, 181-91. New Stud. Adv. Math. 2. Somerville, MA:
International Press, 2003.

[11] Simon, L. “Schauder estimates by scaling.” Calc. Var. Partial Differ. Equ. 5, no. 5 (1997):

391-407.

2202 1890100 20 U0 Josn sjenas jdaq uonisinboy Aq Z69682S/4ZE 1/9/1 20z/a10E/uIwWl/Woo" dno-olwapede/:sdpy woly papeojumod



	Regularity Bootstrapping for 4th-order Nonlinear Elliptic Equations
	1 Introduction
	2 Preliminaries
	3 Proofs of the Propositions
	4 Proof of the Theorem
	5 Critical Points of Convex Functions of the Hessian


