
CAREER: Symplectic Duality

1 Introduction

A symplectic algebraic variety (or simply symplectic variety) is a normal variety N equipped with an

algebraic symplectic form ω on its regular locus that extends to a symplectic form on a resolution M of N .

We stress that ω is an algebraic 2-form, not to be confused with the real symplectic 2-form on any smooth

projective variety over C. In particular, a symplectic variety has even algebraic dimension, and its canonical

bundle is trivialized by the top exterior power of ω. We will almost always work over the complex numbers,

and most of our symplectic varieties will admit complete hyperkähler metrics; the real and imaginary part

of the algebraic symplectic form will be real symplectic forms for hyperkähler rotations of the distinguished

complex structure. The following are three classes of symplectic varieties that will be significant to this

proposal.

Hypertoric varieties. The geometry of toric varieties is deeply related to the combinatorics of polytopes;

for example, Stanley [St] used the hard Lefschetz theorem for toric varieties to prove certain inequalities for

the h-numbers of a simplicial polytope. Hypertoric varieties are hyperkähler analogues of toric varieties, and

they interact in a similar way with the combinatorics of rational hyperplane arrangements. Introduced by

Bielawski and Dancer [BD], hypertoric varieties were used by Hausel and Sturmfels [HS] to give a geometric

interpretation of virtually every known property of the h-numbers of a rationally representable matroid. The

PI has extended this line of research with Webster [PW] and with Braden [BP] by studying the intersection

cohomology groups of singular hypertoric varieties.

Quiver varieties. A quiver is a directed graph, and a representation of a quiver is a vector space for

each node along with a linear map for each edge. Nakajima [N1, N2, N3] defined a quiver variety as a

hyperkähler quotient specified by a fixed quiver along with some additional numerical data; the relationship

between these varieties and moduli spaces of quiver representations is analogous to the relationship between

hypertoric varieties and toric varieties. Examples of quiver varieties include Slodowy slices to nilpotent

orbits of GL(n), the Hilbert scheme of n points in the plane, and the moduli space of instantons on an ALE

space, all of which will be discussed in Section 4. Nakajima has shown that the cohomology and K-theory

groups of quiver varieties carry actions of Kac-Moody algebras and their associated quantum algebras, and

has exploited this fact to define canonical bases for highest weight representations. Crawley-Boevey and Van

den Bergh [CBVdB] and Hausel [H2] have used Betti numbers of quiver varieties to prove a long standing

conjecture of Kac.

Nonabelian Hodge theory. Given a smooth algebraic curve Σ, one may construct three closely related

moduli spaces, all of which are naturally symplectic. The first, called the Dolbeault space, is a moduli space

of Higgs bundles on Σ. The second, called the De Rham space, is a moduli space of vector bundles on Σ

equipped with flat connections. The third, called the Betti space, is a moduli space of representations of

the fundamental group of Σ. These three spaces are all diffeomorphic, but not isomorphic as varieties. The

Dolbeault and De Rham spaces are related by the twister family for a single hyperkähler manifold, while the

De Rham space is analytically but not algebraically isomorphic to the Betti space via the map that takes a

connection to its holonomy. The mixed Hodge numbers of the Betti space may be interpreted in terms of

Macdonald polynomials, and are the subject of many open conjectures [HRV].

The aim of this proposal is to study each of these classes of spaces in particular, and symplectic algebraic

varieties in general. Symplectic varieties over the complex numbers enjoy many exceptional topological

properties; Kaledin [Ka] shows that any symplectic resolution M → N is semismall, meaning that

dimM ×N M = dimM = dimN.

This condition greatly simplifies the decomposition theorem of [BBD], which relates the cohomology ring of

M to the intersection cohomology groups of various subvarieties of N ; we exploit this fact in Sections 2.1
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and 4.1 of the present proposal. The semismallness is also useful for constructing actions of Lie algebras on

the fibers of the resolution via correspondences, which is the main tool used by Nakajima for constructing

representations of Lie algebras and Hecke algebras. Kaledin [Ka], Hausel [H2], and the PI working with

Webster [PW] have used the arithmetic of symplectic varieties over finite fields to draw conclusions about

the topology of their complex models.

Most recently, algebraic symplectic geometry has emerged as the appropriate setting for symplectic

duality, a relationship between pairs of symplectic varieties. Physically, such pairs are expected to arise as

the Higgs branches of the moduli space of vacua for mirror dual (2+1)-dimensional N = 4 super-conformal

field theories, or as the Higgs and Coulomb branches of a single such theory [dBHOO, dBHOOY]. Math-

ematically, there are a number of interrelated phenomena that we expect symplectic dual pairs to exhibit,

including a collection of isomorphisms among the vector spaces that appear in the decomposition theorem,

Koszul duality of certain geometrically defined categories, and a relationship between the spectra of the

equivariant cohomology rings originally observed by Goresky and MacPherson. At present we know how to

construct large families of examples of symplectic dual pairs via the quotient construction defined above,

but we do not yet have a single geometric definition of symplectic duality that unites the aforementioned

phenomena, analogous to the Strominger-Yau-Zaslow definition of mirror symmetry. The formulation of

such a definition is one of the main goals of this proposal.

In Section 2 we discuss hypertoric varieties in more detail, along with a collection of related spaces

analogous to those which appear in nonabelian Hodge theory. In Section 3 we discuss work of Braden and the

PI in which the intersection cohomology groups of singular hypertoric varieties are shown (quite surprisingly)

to have natural ring structures, and we propose extending this result to a large class of symplectic quotients

that includes Nakajima’s quiver varieties. Section 4, which is the bulk of this proposal, deals with symplectic

duality. We discuss the various phenomena involved, both proven and conjectural, along with plans for

uniting our understanding of them.

2 Geometrization of matroid invariants

2.1 Hypertoric varieties

Let V be a rational vector space, and A a finite collection of hyperplanes in V . We will assume that A
is simple, which means that any set of m hyperplanes intersects in codimension m or not at all. To this

data we may associate a smooth1 hypertoric variety MA with the property that, for each chamber of A,

the corresponding toric variety sits naturally inside of MA as a lagrangian subvariety. For example, if V is

one-dimensional and A consists of n points, then MA will be isomorphic to a minimal resolution of the simple

surface singularity C2/Zn, and the n− 1 projective lines in the exceptional fiber will correspond to the n− 1

bounded chambers of A. The space MA is known to physicists as a moduli space for a 3-dimensional abelian

gauge theory [KW]. For more details on this construction, see the survey article [P6].

We also associate a singular hypertoric variety NA := Spec Fun(MA), where Fun(MA) is the ring

of global functions on MA. (Note that this construction is interesting exactly because the variety MA is

somewhere in between being affine and projective.) In the above example, NA will be the surface singularity

C2/Zn itself. In higher-dimensional examples NA will be very singular, and the natural map from MA to NA
will be a symplectic resolution. Just as the geometry of toric varieties is deeply related to the combinatorics

of polyhedra, the geometry of hypertoric varieties interacts richly with the combinatorics of hyperplane

arrangements and matroids, as we describe below.

A simplicial complex ∆ on the set {1, . . . , n} is a collection of subsets of {1, . . . , n}, called faces, such

that if S is a face, so is every subset of S. For example, if P is a simple polytope, there is a natural simplicial

complex ∆P on its set of facets where a subset is a face if and only if the corresponding facets intersect

1In fact MA may only be an orbifold, but we will abusively refer to orbifolds as smooth in order to simplify the discussion.
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nontrivially.2 A related example is the matroid complex

∆A = {S | ∩i∈S Hi 6= ∅ } ,

which may also be described as the independence complex of normal vectors to our hyperplanes (a subset S

is a face of ∆A if and only if the corresponding set of vectors is independent). The third simplicial complex

that we will need is called the broken circuit complex of ∆A and is denoted ∆bc
A . It is defined by the rule

that S /∈ ∆bc
A if and only if there is a set U /∈ ∆A such that U r {minU} ⊆ S.

Given an arbitrary simplicial complex ∆, let fi(∆) be the number of faces of order i. This information

is rearranged and encoded in the h-polynomial

h∆(q) =
∑

hi(∆)qi :=
∑

fi(∆)qi(1− q)d−i,

where d is the order of the largest face of ∆. It is a general class of problems in algebraic combinatorics to

classify which h-polynomials can arise from certain types of simplicial complexes, and there is a history of

attacking these problems using algebraic geometry and topology. The most famous result is the classification

of possible h-polynomials of face complexes of simplicial polytopes. For any smooth complex algebraic variety

X, let

PX(q) =
∑

b2i(X) qi (1)

be the even-degree Poincaré polynomial of X. Now let XP be the smooth projective toric variety associated

to a simple polytope P . Using Danilov’s work on the the topology of toric varieties, Stanley proved the

following equality.

Theorem 2.1 [Da, St] The even-degree Poincaré polynomial of a smooth toric variety coincides with the

h-polynomial of the face complex of the dual polytope, that is PXP (q) = h∆P
(q).

This immediately implies various inequalities on the h-numbers coming from the hard Lefschetz theorem and

the fact that the cohomology ring of a toric variety is generated in degree 2. Billera and Lee [BL] proved

that any collection of numbers satisfying these inequalities arises as the h-numbers of the face complex of a

simple polytope, thus providing a complete classification.

The following analogous result has been obtained for ∆A, proven independently in [Ko, HS, PW].

Theorem 2.2 The even-degree Poincaré polynomial of a smooth hypertoric variety coincides with the h-

polynomial of the matroid complex, that is PMA(q) = h∆A(q).

Though this result has not yet yielded a classification of h-polynomials of matroid complexes, it has been

used to produce certain inequalities that must always be satisfied [HS].

The singular hypertoric variety NA is contractible, thus its ordinary Betti numbers do not produce any

interesting invariants. Its intersection cohomology Betti numbers, however, are nontrivial. If we extend

Equation (1) to singular varieties by taking Betti numbers for intersection cohomology groups, we obtain

the following theorem, which was proven by studying hypertoric varieties over finite fields.

Theorem 2.3 [PW] The even-degree intersection Poincaré polynomial of an affine hypertoric variety coin-

cides with the h-polynomial of the broken circuit complex, that is PNA(q) = h∆bc
A

(q).

Theorems 2.2 and 2.3 have been combined to obtain geometric proofs of a number of identities which

had previously been understood in a purely combinatorial manner. Most spectacularly, the decomposition

theorem of [BBD] (see Equation (5) in Section 4.1) can be used to express the Poincaré polynomial of MA
in terms of the intersection Poincaré polynomials of the closures of the strata of NA. Using Theorems 2.2

and 2.3, along with the detailed analysis of a stratification of NA as in [PW], this translates into a special

case of the Kook-Reiner-Stanton convolution formula for matroid invariants.

2The complex ∆P may also be described as the face complex of the dual polytope, which will be simplicial.
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One of the goals of this project is to use the geometry and topology of hypertoric varieties to improve our

understanding of existing matroid invariants. Both of the polynomials h∆A(q) and h∆bc
A

(q) may be obtained

as specializations of the two variable Tutte polynomial T∆A(x, y), introduced in [He]. Theorems 2.2 and

2.3 suggest that there may be a topologically natural bifiltration on the cohomology of MA such that the

Tutte polynomial is the Hilbert series of the associated graded vector space. Such a theorem would provide

valuable new insight into the Tutte polynomial, and would forge a new bridge between the combinatorics

and algebraic geometry communities, just as Stanley’s theorem has so powerfully done.

2.2 Toric nonabelian Hodge theory

Let Σ be a smooth projective curve of genus g. A Higgs bundle on Σ is an algebraic vector bundle E

along with an endomorphism valued one-form Φ ∈ Ω1(Σ; EndE). By choosing a point p ∈ Σ and a pair of

relatively prime positive integers n and d, it is possible to define three twisted moduli spaces as follows. The

Dolbeault space is defined to be

Mn,d
Dol(Σ) =

{
semistable Higgs bundles on Σ

of rank n and degree d

}/
isomorphism,

where (E,Φ) is semistable if and only if there exists no sub-bundle F of E preserved by Φ such that

degF

rankF
>

degE

rankE
. (2)

Observe that if E is a stable vector bundle (that is if Equation (2) holds for any sub-bundle F ) then (E,Φ)

is a stable Higgs bundle for any endomorphism valued one-form Φ. The space of such Φ is naturally dual to

the tangent space at E to the moduli space of stable vector bundles, henceMn,d
Dol(Σ) contains the cotangent

bundle of the moduli space of stable vector bundles as a dense open subset, much as a hypertoric variety

contains the cotangent bundle of a toric variety or a quiver variety contains the cotangent bundle to the

moduli space of stable representations of a quiver.

We next define the de Rham space

Mn,d
dR (Σ) =

{
rank n vector bundles on Σ r {p} with flat connection

and holonomy e2πid/n · Id around p

}/
isomorphism

and the Betti space

Mn,d
B (Σ) =

{
A1, B1, . . . , Ag, Bg ∈ GL(n)

∣∣∣ [A1, B1] · . . . · [Ag, Bg] = e2πid/n · Id
}/

GL(n),

which may be interpreted as the moduli space of n-dimensional representations of the fundamental group

of Σ r {p} in which a small loop around p acts by the scalar e2πid/n. These three varieties have the same

underlying smooth manifold, which admits a complete hyperkähler metric. (In particular, each of the three

varieties is symplectic.) The complex structures of Mn,d
Dol(Σ) and Mn,d

dR (Σ) each appear in this hyperkähler

structure, hence the twister family may be interpreted as a deformation of Mn,d
Dol(Σ) into Mn,d

dR (Σ). The

Betti moduli space Mn,d
B (Σ) is complex analytically but not algebraically isomorphic to Mn,d

dR (Σ) via the

Riemann-Hilbert map, which identifies a flat connection with its holonomy representation. For any reductive

algebraic group G, it is possible to define a similar triple of varieties Mn,d
Dol(Σ;G), Mn,d

dR (Σ;G), Mn,d
B (Σ;G)

which specialize to the definitions above in the case where G = GL(n) (see, for example, [H1]). The study

of these triples is the starting point of the subject known as nonabelian Hodge theory.

The topology of these moduli spaces has been studied extensively by many authors [Go, Hi, HT1, HT2, M].

A more recent undertaking has been to study their mixed Hodge theory [H1, HT3, HT4, Me]. Using Deligne’s

generalization of the Hodge decomposition, we obtain a filtration on the cohomology ring of any complex

algebraic variety M with associated graded

grHk(M) =
⊕
p,q

Hp,q,k(M),
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where p+ q is called the weight of Hp,q,k(M,C). If M is smooth and projective, then Hp,q,k(M,C) always

has weight k. In general, the part of Hp,q,k(M,C) with p + q = k is called the pure subgroup. Hausel

and Thaddeus [HT3, HT4] show that the entire cohomology rings of Mn,d
Dol(Σ;G) and Mn,d

dR (Σ;G) are pure

when G = SL(n) or PGL(n), and study their Hodge decompositions in the context of mirror symmetry.

When M = Mn,d
B (Σ; PGL(n)), Hausel uses reductions of M over finite fields to relate the dimensions of

these vector spaces to the character tables of the finite groups PGL(n;Fq). Of the many conjectures that he

produces, the most striking conjecture is what he calls the ‘curious hard Lefschetz’ property.

Conjecture 2.4 Let G = GL(n), SL(n), or PGL(n), and let N = 1
2 dimMn,d

B (Σ;G). There exists a class

ω ∈ H2,2,2(Mn,d
B (Σ)) such that, for any i, k ≥ 0, the multiplication map

ωk : HN−k,N−k,i−k(Mn,d
B (Σ;G))→ HN+k,N+k,i+k(Mn,d

B (Σ;G))

is an isomorphism.

The defining equation for Mn,d
B (Σ) may be interpreted as a group valued moment map [AMW] for the

conjugation action of GL(n) on GL(n)2g, making Mn,d
B (Σ) a quasihamiltonian quotient and in particular a

symplectic variety. The derivative of this equation at the identity of GL(n) is nothing other than the defining

ordinary moment map equation for a quiver variety, where the quiver consists of g loops at a single vertex.

These two observations led Hausel and the PI to define an analogue ofMn,d
B (Σ) in which the role of a quiver

variety is played by a hypertoric variety. In other words, given a hyperplane arrangement A, Hausel and

the PI define a toric character variety TB(A) as a group valued symplectic quotient of an open subset of

T ∗V by T , where that open subset is exactly the locus of T ∗V on which the group valued moment map is

defined. In addition, we define a toric Dolbeault space TDol(A) and a toric de Rham space TdR(A)

that is analytically but not algebraically isomorphic to TB(A). Hausel, Thaddeus, and the PI conjecture

that TDol(A) and TdR(A) may be realized as fibers of the twister family of a (non-complete) hyperkähler

manifold; in particular, this would imply that they are diffeomorphic. Preliminary investigation suggests

that the mixed Hodge polynomials of TB(A) are rich combinatorial invariants of the matroid complex ∆A.

One of the goals of this project is to compute these mixed Hodge polynomials for a general arrangementA,

and to prove a version of Conjecture 2.4 for the toric character variety TB(A). This will lead to new geometric

constructions of matroid invariants, thus advancing the program of Section 2.1. Another motivation is to

use the toric setting to better understand the structure behind Conjecture 2.4, and eventually to prove it in

its original form.

3 Cohomology of symplectic quotients

Let G be a reductive Lie group and V a linear representation of G. Let T ⊆ G be a maximal torus with

Weyl group W , and suppose that the only T -invariant global functions on V are the constant functions, so

that any GIT quotient of V by T or G is projective. Let θ : G → C∗ be a character such that both of the

GIT quotients V//θG and V//θT have at worst orbifold singularities. Let ∆ ⊆ t∗ be the roots of G, and let

e0 :=
∏
α∈∆

α ∈ (Sym t∗)
W
.

The ring H∗(V //θ T ) is naturally a module over Sym t∗ ∼= H∗T (pt) via the composition

H∗T (pt)→ H∗T (V )→ H∗(V //θ T ), (3)

where the second map is the Kirwan map [Ki]. The following theorem describes the cohomology of V //θ G in

terms of that of V //θ T .

Theorem 3.1 [ES, Ma] The ring H∗(V //θ G) is isomorphic to the quotient H∗(V //θ T )W
/

Ann(e0), where

Ann(e0) is the ideal of elements of H∗(V //θ T )W annihilated by the action of e0.
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In [HP], Hausel and the PI prove an analogue of Theorem 3.1 in the setting of algebraic symplectic quotients.

Consider the action of C∗ on T ∗V given by scalar multiplication on the fibers. This descends to an action

on the algebraic symplectic quotients3 T ∗V////θ G and T ∗V////θ T , which we again suppose to be orbifolds. Let

e :=
∏
α∈∆

α(x− α) ∈ (Sym t∗)
W ⊗Q[x] ∼= H∗T×C∗(pt)

W ,

and observe that H∗T×C∗(pt) acts on H∗C∗(T
∗V////θ T ) in a manner analogous to that of Equation (3).

Theorem 3.2 [HP] Suppose that the equivariant Kirwan map from H∗G×C∗(T
∗V ) to H∗C∗(T

∗V////θ G) is sur-

jective. Then H∗C∗(T
∗V////θ G) is isomorphic to the quotient H∗C∗(T

∗V////θ T )W
/

Ann(e).

The abelian quotient T ∗V////θ T is a hypertoric variety (Section 2), and its C∗-equivariant cohomology ring

has been computed explicitly in [HP1]. Surjectivity of the equivariant Kirwan map is known for some classes

of quiver varieties [HP], and is conjectured for all quiver varieties in [N3]. No example is known in which

this map is not surjective.

One of the goals of this project is to extend Theorem 3.2 to a statement about the intersection cohomology

of singular quotients. In general, intersection cohomology is a group rather than a ring, and there is no Kirwan

map analogous to that of Equation (3). In the special case of hypertoric varieties, however, the PI’s work

with Webster, Speyer, and Braden combines to produce the following theorem.

Theorem 3.3 [PW, PS, BP] Let N = T ∗V////0 T be a hypertoric variety corresponding to a unimodular

hyperplane arrangement.4 Then the equivariant intersection cohomology sheaf ICN admits canonically the

structure of a ring object in the equivariant bounded derived category Db
C∗(N), inducing a ring structure on

IH∗C∗(N). Furthermore, this ring is canonically a quotient ring of H∗T×C∗(T
∗V ).

Theorems 3.2 and 3.3 combine to suggest the following conjecture.

Conjecture 3.4 Let NG = T ∗V////0G. Then the equivariant IC sheaf ICNG admits canonically the structure

of a ring object in the equivariant bounded derived category Db
C∗(NG), inducing a ring structure on IH∗C∗(NG).

Furthermore, this ring is isomorphic to the quotient IH∗C∗(N)W
/

Ann(e).

Remark 3.5 Conjecture 3.4 might make a good thesis problem for a Ph.D. student because, though the-

oretical in nature, it lends itself to experimentation through computation of Poincaré polynomials of the

various graded vector spaces that appear in the statement. The PI has verified the conjecture in the special

case in which NG is a hyperpolygon space (see [HP2]). More generally, Nakajima’s quiver varieties provide

a natural setting in which to apply Conjecture 3.4. In this context, the intersection Poincaré polynomial of

the varieties NG coincide with Kostka polynomials [N3], and therefore provide strong connections to both

combinatorics and representation theory.

4 Symplectic duality

4.1 Cohomological symplectic duality

Let

N =
⊔
α∈P

N̊α

be any stratified symplectic variety of complex dimension 2d, and let Nα be the closure of N̊α inside of N .

Let dα = 1
2 dimNα and eα = d − dα for all α ∈ P . Suppose that we are given a symplectic resolution of

singularities

M
π→ N

3These quotients may also be interpreted as hyperkähler quotients by the compact forms of G and T [HKLR].
4This is equivalent to asking for the ‘resolution’ M of N to be honestly smooth, rather than an orbifold.
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such that π restricts to a fiber bundle over Nα with fiber Fα, and the local system over Nα with fibers

H2eα(Fα) is trivial for every α. (Hypertoric varieties and quiver varieties, for example, all have stratifications

with this property [PW, N3].) In this case, the decomposition theorem of [BBD] says that there is a

natural direct sum decomposition5

Rπ∗CM ∼=
⊕
α∈P

ICNα ⊗H2eα(Fα) (4)

in the category of perverse sheaves on N . The fact that our resolution is symplectic implies that the complex

dimension of Fα is at most eα, therefore we will refer to H2eα(Fα) as the top cohomology group of Fα.

Taking cohomology, we obtain an expression for the cohomolgy groups of M in terms of the intersection

cohomology groups of the closures of strata and the top cohomology groups of the fibers:

H∗(M) ∼=
⊕
α∈P

IH∗(Nα)⊗H2eα(Fα). (5)

In all of our examples there will be a unique stratum consisting of a single point, and the fiber over that

point will be a deformation retract of M . By pulling out this term as well as the term corresponding to the

open stratum, we may express our decomposition in the form

H∗(M) ∼= IH∗(N)⊕

(⊕
α

IH∗(Nα)⊗H2eα(Fα)

)
⊕H2d(M), (6)

where now the sum inside of the parentheses ranges over all of the intermediate strata, and H2d(M) is the

top nonvanishing cohomology group of M . As a first approximation, symplectic dual of the resolution

π : M → N is a second symplectic resolution for which the first and last terms of Equation (6) are both

dualized and interchanged. To make this more precise, however, we need to introduce deformations of all of

the relevant vector spaces.

Suppose that M and N admit symplectic C∗-actions, and that π is equivariant with respect to those

actions. Suppose further that this action is formal, meaning that H∗C∗(M) is a free module over the C∗-
equivariant cohomology of a point and the forgetful map to H∗(M) is surjective. This last condition is very

common, and will apply to all of the spaces that we discuss here; many sufficient conditions for checking

it may be found in [GKM]. This implies that the cohomology group H2d
C∗(M) is a deformation of H∗(M)

over the affine line, or (equivalently) that H2d
C∗(M) admits a filtration with H∗(M) as its associated graded.

Similarly the equivariant intersection cohomology group IH2dα
C∗ (Nα) is a deformation of IH∗(Nα) for all

α ∈ P . By applying the functor H2d
C∗(−) to Equation (4), we obtain adeformation of Equation (6) to

H2d
C∗(M) ∼= IH2d

C∗(N)⊕

(⊕
α

IH2dα
C∗ (Nα)⊗H2eα(Fα)

)
⊕H2d(M). (7)

Let

K := IH2d
C∗(N)⊕

(⊕
α

IH2dα
C∗ (Nα)⊗H2eα(Fα)

)
∼= Ker

(
H2d

C∗(M)→ H2d(M)
)
,

so that we have a natural isomorphism H2d(M) ∼= H2d
C∗(M)/K.

Now let

π∨ : M∨ → N∨ =
⊔

α∨∈P∨
N̊∨α∨

be another C∗-equivariant symplectic resolution with all of the notation and assumptions that we made

above.

5The fact that we are dealing with a symplectic resolution makes this form of the decomposition theorem much simpler than
the general case.
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Definition 4.1 A cohomological symplectic duality between π : M → N and π∨ : M∨ → N∨ is a

perfect pairing

H2d
C∗(M)⊗H2d∨

C∗ (M∨)→ C

under which IH2d
C∗(N) is the orthogonal complement ofK∨ andK is the orthogonal complement of IH2d∨

C∗ (N∨).

In particular, such a pairing induces isomorphisms

IH2d
C∗(N) ∼= H2d∨(M∨)∗ and H2d(M) ∼= IH2d∨

C∗ (N∨)∗. (8)

Remark 4.2 The correct definition of cohomological symplectic duality involves the intermediate terms of

the decomposition theorem as well; there should be an order-reversing bijection α 7→ α∨ from P to P∨,

and for each α ∈ P , the deformed intersection cohomology groups IH2dα
C∗ (Nα) and IH

2d∨
α∨

C∗ (N∨α∨) should be

dual to the top cohomology groups H2e∨

α∨ (F∨α∨) and H2eα(Fα), respectively. Furthermore, these isomorphisms

should in turn arise as isomorphisms of the form (8) for smaller symplectic resolutions. We omit this part of

the definition in order to avoid being bogged down with the technicalities of the compatibility between the

various isomorphisms.

Remark 4.3 At present, we do not have a clear notion of how this pairing might arise from a geometric

relationship between the two resolutions. In certain examples we have pairs of symplectic resolutions that

are each presented as a symplectic quotient, and we can use the relationships between these presentations to

construct the duality [BLPW2]; one of the main goals of this project is to understand these constructions in a

manner that is more intrinsic to the geometry of M and M∨. We do understand how a categorical symplectic

duality (Section 4.2) naturally gives rise to a cohomological symplectic duality; this will be explained in the

next section. Thus the correct solution to our problem is likely to go through categorical symplectic duality.

Cohomological symplectic duality is completely understood for hypertoric varieties by the work of Braden,

Licata, Webster, and the PI [BP, BLPW2], so in this proposal we will focus on examples that come from

representation theory rather than combinatorics. Let n be a positive integer, let N be the variety of n × n
nilpotent matrices. Let P be the set of partitions of n, and for each

λ = (λ1 ≥ λ2 ≥ . . . ≥ λk) ∈ P,

let N̊λ ⊂ N be the set of nilpotents with Jordan blocks of size λ1, λ2, . . . , λk. Then the decomposition

N =
⊔
λ∈P

N̊λ (9)

is a stratification.

For any partition µ 6= (1, . . . , 1) of n, choose an element xµ ∈ Nµ and another element yµ ∈ N such that

the Lie subalgebra of gl(n;C) generated by xµ and yµ is isomorphic to sl2(C). The Slodowy slice to Nµ is

defined as the variety

Nµ := {x ∈ N | [x− xµ, yµ] = 0} .

This subvariety is a transverse slice to the stratum Nµ at the point point xµ, and encodes the local geometry

of N in a neighborhood of xµ. For µ = (1, . . . , 1), let Nµ = N , which is a transverse slice to Nµ = {0} ⊂ N .

More generally, let

Nµ
λ = Nλ ∩Nµ and N̊µ

λ = N̊λ ∩Nµ.

These varieties are nonempty if and only if Nµ ⊂ Nλ, in which case the first is a transverse slice to Nµ inside

of Nλ. For any fixed λ ≥ µ ∈ P , we have a stratification

Nµ
λ =

⊔
λ≥ν≥µ

N̊µ
ν ,

which specializes to Equation (9) when λ = (n) and µ = (1, . . . , 1).
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Each of the varieties Nµ
λ may be constructed as a Nakajima quiver variety; in fact, these are exactly the

singular versions of the quiver varieties associated to quivers of Type A [Maf]. As such, they each admit a

natural symplectic resolution Mµ
λ → Nµ

λ . These resolutions admit formal C∗actions, they restrict to fiber

bundles over the strata, and the local systems defined by the top cohomology groups of the fibers are trivial.

Theorem 4.4 [BLPW2] The resolutions Mµ
λ → Nµ

λ and Mλt

µt → Nλt

µt are cohomologically symplectic dual.

Theorem 4.4 may be interpreted in terms of Schur-Weyl duality for representations of SLk and Sn.

Indeed, let Ck be the fundamental representation of SLk, and let V = (Ck)⊗n. The vector space V admits

commuting actions of SLk and Sn, and Schur-Weyl duality says that there is an isomorphism of SLk ×Sn-

modules

V ∼=
⊕

λ∈Par(n,k)

Vλ ⊗Wλt , (10)

where Vλ and Wλt are irreducible representations of SLk and Sn of types λ and λt, respectively, and λ ranges

over all partitions of n into at most k parts. Equivalently, Equation (10) says that for each λ, there is a

natural identification of the vector space of λ-highest weight vectors in V with Wλt . This identification may

be extracted from Theorem 4.4 as follows.

Let Mλ = M
(1,...,1)
λ be the symplectic resolution of Nλ = N

(1,...,1)
λ . Nakajima [N2] constructs an action

of SLk on the vector space ⊕
λ∈Par(n,k)

H∗(Mλ),

which he identifies with V . The summand indexed by λ goes to the λ-isotypic component, and the subspace

of highest weight vectors corresponds to the subspace IH∗(Nλ) ⊂ H∗(Mλ) that arises from the decomposition

theorem. On the other hand, Ginzburg [CG] constructs an action of Sn on the top nonvanishing homology

group of Mλt

(n), which he identifies with Wλt . Theorem 4.4 says that the top nonvanishing cohomology group

of Mλt

(n) is dual to IH∗(Nλ), and therefore that Wλt is isomorphic to IH∗(Nλ), which is exactly the statement

of Schur-Weyl duality. The stronger form of cohomological symplectic duality to which we alluded in Remark

4.2 would produce Equation (10) all at once.

The above is an explanation of the geometry and representation theory involved in cohomological sym-

plectic duality for Nakajima quiver varieties in which the underlying quiver is of Type A. Also of interest

is the case in which the underlying quiver is of Type Â. The Lie algebra ĝl(k) is defined on the infinite

dimensional vector space

ĝl(k) = gl(k)⊗ C[t, t−1] ⊕ C·c,

with Lie bracket

[x⊗ ti, y ⊗ tj ] = [x, y]⊗ ti+j + i · δi,−j · tr(xy) · c.

To any partition λ = (λ1 ≥ λ2 ≥ . . . ≥ λk) of length k, one may associate an irreducible representation Vλ

of the affine Lie algebra ĝl(k) on which c acts with eigenvalue ` = λ1; this number is called the level of Vλ

or of λ. The transpose λt of λ defines a level k representation of ĝl(`). The affine Lie algebra ĝl(k`) admits

a map from the product ĝl(k) × ĝl(`), which can be seen by writing Ck` = Ck ⊗ C`. Frenkel [Fr] defines a

level 1 representation V k,`basic of ĝl(k`) such that, when we decompose it under the action of ĝl(k)× ĝl(`), we

obtain

V k,`basic
∼=

⊕
λ a partition
of length k
and level `

Vλ ⊗ Vλt . (11)

This isomorphism is known as level-rank duality.

Just as we gave a geometric interpretation Schur-Weyl duality, we hope to do the same for level-rank

duality. For simplicity, let us restrict to the case where ` = 1. Let M(k, n) denote the moduli space of

torsion-free sheaves E on P2 with rankE = k and c2(E) = n, along with a framing Φ : E|P1
∼→ O⊕kP1 . This

space is a Nakajima quiver variety associated to the quiver Â0, and Nakajima constructs an action of ĝl(k)

9



on the direct sum of the cohomology groups ⊕
n

H∗(M(k, n)),

which he shows is isomorphic as a ĝl(k)-module to V k,1basic [N3]. This isomorphism persists when we use a C∗
action to deform the cohomology groups as in Equation (7), and the decomposition into isotypic components

of Equation (11) coincides with the direct sum decomposition coming from the decomposition theorem of

[BBD].

On the other hand, let Xk denote the minimal resolution of C2/Zk, and consider the Hilbert scheme

X
[n]
k of n-points on Xk. This space is a symplectic resolution of its affinization Symn

(
C2/Zk

)
, equivariant

with respect to the action induced by the symplectic C∗ action on C2. This space is a Nakajima quiver

variety associated to the quiver Âk−1, and Nakajima constructs an action of ĝl(1) on the direct sum of the

cohomology groups ⊕
n

H∗(X
[n]
k )

along with their equivariant deformations, which he shows is isomorphic as a ĝl(k)-module to V k,1basic [N3].

This isomorphism persists when we use a C∗ action to deform the cohomology groups as in Equation (7), and

the decomposition into isotypic components of Equation (11) coincides with the direct sum decomposition

coming from the decomposition theorem of [BBD]. The basic representation is self-dual, so Nakajima’s two

constructions give us a perfect pairing between the equivariant deformations of

H∗(M(k, n)) and H∗(X
[n]
k )

for every positive integer n. This observation, along with Theorem 4.4, suggest the following conjecture.

Conjecture 4.5 This pairing is a cohomological symplectic duality between M(k, n) and X
[n]
k .

4.2 Categorical symplectic duality

Let g be the Lie algebra gl(n;C) of n × n matrices, let b ⊂ g be the Borel subalgebra of upper-triangular

matrices, and let h be the Cartan subalgebra of triangular matrices. Let O be the Bernstein-Gelfand-Gelfand

category consisting of Ug-modules that are semisimple over Uh (they decompose into direct sums of simple

Uh-modules) and locally finite over Ub (the vector space obtained by applying Ub to any single vector is

finite-dimensional). Let λ and µ be partitions of n, and let p ⊂ g be the parabolic subalgebra consisting of

matrices that are block-upper-triangular with blocks of size λt1, . . . , λ
t
`. The subcategory Oλ ⊂ O is defined

to be the full subcategory consisting of modules that are locally finite over Up, and the subcategory Oµ ⊂ O
is defined to be the full subcategory spanned by simple modules whose highest weight lies in the orbit W · µ
of the shifted action of the Weyl group on h∗. Let Oµλ be the intersection of these two subcategories.

Let Eµλ be the Ext algebra of the direct sum of all non-isomorphic simple objects in Oµλ . It is well known

that the algebra Eµλ is Koszul and that the categories Oµλ and Oλtµt are Koszul dual, meaning that Oλtµt is

equivalent to the category of Eµλ -modules. Furthermore, Brundan [Br] has recently proven that the center of

the algebra Eµλ is isomorphic as a graded ring to the cohomology ring6 H∗(Mµ
λ ). This suggests an approach

to symplectic duality in which each symplectic variety is assigned a category such that the center of the

Ext algebra of the category is isomorphic to the cohomology of the variety itself. Furthermore, in light of

Theorem 4.4, we might predict that symplectic dual varieties will be assigned Koszul dual categories. We

now describe this program in greater detail.

Let M be a smooth symplectic variety equipped with a symplectic C∗-action with isolated fixed points.

For each p ∈ MC∗ , let Xp ⊂ M be the closure of the set {m ∈ M | limλ→0 λ · m = p}. The fact that

the action is symplectic implies that Xp is a lagrangian subvariety of M . To this data, we would like to

6The notational conventions in this proposal differ significantly with those in [Br], but this is indeed equivalent to his result.
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associate a C-linear categories OM of sheaves of modules over a certain noncommutative deformation of

the structure sheaf of M , supported on the union of the subvarieties Xp. It should have the property that

H∗(M) is isomorphic as a graded C-algebra to the Ext algebra EM of the simple objects of OM , which can

be computed in the Fukaya category of M via the work of Nadler and Zaslow [NZ]. We would also like to

have a natural isomorphism between the Grothendieck group K(OM ) and the deformed cohomology group

H2d
C∗(M), which will ultimately be used to connect this program to cohomological symplectic duality.

As a special case, suppose that M = T ∗X for some smooth variety X, and that the C∗ action on M

is induced by an action on X. Then OM will be the category of holonomic D-modules on X that are

smooth with respect to the Bia lynicki-Birula stratification induced by the C∗-action. The interpretation of

such a D-module as a sheaf on M supported on the union of the lagrangian subvarieties Xp is given by

microlocalization. The cohomology ring of M will act on the simple objects of OM and thus will map to the

center of EM , though it is not clear that this map will always be an isomorphism.

Braden, Licata, Webster, and the PI have constructed the category OM when M is a hypertoric variety,

and have proven that this category has all of the desired properties [BLPW1]. We have a construction of a

category corresponding to any symplectic variety that is constructed as a symplectic quotient as in Section

3, which includes all hypertoric varieties as well as all quiver varieties [BLPW3]. We have constructed maps

from H∗(M) to the center of EM and from K(OM ) to H2d
C∗(M), and we intend to prove that these maps are

isomorphisms. The conjecture that our construction yields the categories discussed in the first paragraph of

this section is known only in the case where µ = (1, . . . , 1), in which case the variety Mµ
λ is isomorphic to

the cotangent bundle of a partial flag manifold.

Conjecture 4.6 The category OMµ
λ

associated to a quiver variety of of Type A is equivalent to Oµλ.

Theorem 4.4 and Conjecture 4.6 combine to motivate the main definition of this section.

Definition 4.7 Two smooth, symplectic C∗-varieties M and M∨ satisfy categorical symplectic duality

if the categories OM and OM∨ are Koszul dual.

Let A be a simple hyperplane arrangement in a rational vector space V , and ξ a generic linear functional

on V ; this choice determines a symplectic C∗ action on the hypertoric variety MA with isolated fixed points.

To this data we may assign a Gale dual arrangement A∨ in a vector space V ∨ along with a covector ξ∨ (see

[BLPW1] for details). For example, if A is an arrangement of n points on a line, with associated hypertoric

variety isomorphic to a minimal resolution of C2/Zn, then A∨ will be an arrangement of n generically places

hyperplanes in a vector space of dimension n− 1, and its associated hypertoric variety will be isomorphic to

the cotangent bundle of Pn−1.

Theorem 4.8 [BLPW1, 4.10] The hypertoric varieties MA and MA∨ , along with the C∗-actions determined

by ξ and ξ∨, satisfy categorical symplectic duality.

A Koszul duality between two categories O and O∨ induces an isomorphism of their Grothendieck groups,

or, using the Euler form on one side, a pairing between their Grothendieck groups. If

K(OM ) ∼= H2d
C∗(M) and K(OM∨) ∼= H2d∨

C∗ (M∨),

then a categorical symplectic duality between M and M∨ will induce a pairing between the deformed

cohomology groups that appear in the formulation of cohomological symplectic duality (Definition 4.1).

Theorem 4.9 The pairing on deformed cohomology groups induced by Theorem 4.8 is a cohomological sym-

plectic duality between MA and MA∨ .

Remark 4.10 In our investigation of categorical symplectic duality for hypertoric varieties, we have found

that two different C∗-actions on the same hypertoric variety yield categories that are not equivalent, but

whose derived categories are canonically equivalent. These derived equivalences take a certain natural
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exceptional collection in the source category to a mutation of the analogous collection in the target

(see [BLPW1, 6.9] and references therein for detailed definitions). Taking all C∗-actions at once, we expect

this to induce a groupoid action on the set of exceptional collections in the derived category. We plan to

investigate the structure of these equivalences in more detail, and to extend our findings to a more general

setting.

4.3 Goresky-MacPherson duality

Let M be a topological space equipped with an action of a torus T such that the fixed point set MT is finite

and the localization map

H∗T (M)→ H∗T (MT ) ∼= Sym t∗ ⊗H∗(MT )

is injective. Applying the contravariant functor Spec the sequence of C-algebra maps

SymH2
T (M)→ H∗T (M)→ H∗T (MT )

yields sequence of morphisms of algebraic varieties

HT
2 (M) ∼= Spec SymH2

T (M)← SpecH∗T (M)← SpecH∗T (MT ) ∼= t×MT ,

with the rightmost map surjective by injectivity of the localization map. Let V (M) be the image of

SpecH∗T (MT ) in HT
2 (M), which may also be described as the image of t × MT . For each fixed point

p ∈MT , the corresponding copy of t will map to a linear subspace of Vp ⊂ HT
2 (M) that projects isomorphi-

cally onto HT
2 (pt) ∼= t via the T -equivariant projection from M to a point. Thus V (M) =

⋃
p Vp is a union

of graphs of linear sections of this projection. There is one more interesting linear subspace of HT
2 (M) in

this picture, namely the kernel of that projection, which is naturally isomorphic to the ordinary homology

group H2(M).

Now let M∨ be another space equipped with the action of another torus T∨, satisfying the same hy-

potheses.

Definition 4.11 A Goresky-MacPherson duality between M and M∨ is a bijection ψ : MT → (M∨)T
∨

and a perfect pairing between the equivariant homology groups HT
2 (M) and HT∨

2 (M∨) such that

• for all p ∈MT , the subspaces Vp ⊂ HT
2 (M) and V ∨ψ(p) ⊂ H

T∨

2 (M∨) are mutually orthogonal, and

• the subspaces H2(M) ⊂ HT
2 (M) and H2(M∨) ⊂ HT∨

2 (M∨) are mutually orthogonal.

Definition 4.11 is motivated by the observation in [GM] that for any partition of n, the varieties M
(1,...,1)
λ

and Mλt

(n) have natural symplectic torus actions, bijections between fixed points, and pairings on the equiv-

ariant homology groups with respect to which they are Goresky-MacPherson dual.7 With this more general

definition in place, it is not hard to prove the following theorem.

Theorem 4.12 For any pair of partitions λ ≥ µ, the variety Mµ
λ admits canonically a Goresky-MacPherson

duality with Mλt

µt . For any pair of Gale dual hyperplane arrangements A and A∨, the hypertoric variety MA
admits canonically a Goresky-MacPherson duality with MA∨ .

In other words, every known example of cohomological or categorical symplectic duality is also an example

of Goresky-MacPherson duality. This suggests a direct connection between the two phenomena, which is the

subject of a paper currently being written, by Braden, Licata, Phan,8 Webster, and the PI [BLPPW].

For any Koszul algebra E, we define a canonical flat deformation Ẽ over the degree 2 part of the center

of the Koszul dual E∨. When E = EM is the algebra associated to a symplectic variety with a C∗-action,

7Goresky and MacPherson do not actually consider the symplectic varieties M
(1,...,1)
λ and Mλt

(n)
, but rather certain projective

varieties (singular in the second case) onto which the symplectic varieties admit equivariant deformation retractions.
8Christopher Phan is a graduate student at the University of Oregon.

12



we expect the deformation Ẽ to be the Ext algebra of the simple objects of a T -equivariant version of

the category OM , where T is the largest torus containing C∗ with an effective symplectic action on M .

Furthermore, we expect the following properties to hold:

1. The degree 2 part of the center of E∨ is canonically isomorphic to the Lie algebra t.

2. There are canonical isomorphisms Z(E) ∼= H∗(M) and Z(Ẽ) ∼= H∗T (M), and the natural map from

Z(Ẽ) to Z(E) is the one given by topology.

3. The algebra E is quasihereditary, which means that it has a collection of standard modules, indexed

by a finite set I, that are analogous to the Verma modules in the categories Oµλ . These distinguished

modules necessarily deform flatly to Ẽ modules, and for each p ∈ I we have a map from the center

hp : Z(Ẽ) → Sym t∗ that records the action of the center on the corresponding deformed standard

module.

4. There is a canonical bijection I ∼= MT . The map hp : Z(Ẽ)→ Sym t∗ corresponding to the fixed point

p ∈MT coincides with the localization map H∗T (M)→ H∗T (p) under the identifications Z(Ẽ) ∼= H∗T (M)

from (2) and Sym t∗ ∼= H∗T (p) from (1).

All of these properties can be easily verified when M is a hypertoric variety or a Type A quiver variety Mµ
λ ,

the latter modulo Conjecture 4.6. Given this list of properties, the subspace Vp ⊂ HT
2 (M) ∼= Z(Ẽ)∗2 will be

identified with the set of vectors that vanish on the kernel of hp.

Let us for a moment forget that E has anything to do with geometry; we assume only that it is compatibly

Koszul and quasi-hereditary, and that the center Z(Ẽ) is a flat deformation of Z(E) over the base Z(E∨)2.

Thus we still obtain maps hp : Z(Ẽ) → SymZ(E∨)∗2 for each p ∈ I, and the restriction of these maps to

degree 2 produce a collection of splittings of the exact sequence

0→ Z(E∨)∗2 → Z(Ẽ)2 → Z(E)2 → 0. (12)

Let us make the same assumptions for the dual algebra E∨. The fact that both algebras are compatibly

Koszul and quasihereditary implies that there is a canonical bijection ψ : I → I∨ between the sets indexing

the standard modules on either side [ADL]. Using the splitting of the sequence (12) given by p ∈ I and

the splitting of the corresponding sequence for E∨ given by ψ(p) ∈ I∨, we obtain a perfect pairing between

Z(Ẽ)2 and Z(Ẽ∨)2 under which the subspaces ker(hp) and ker(h∨φ(p)) are clearly mutually orthogonal, as are

the subspaces Z(E∨)∗2 and Z(E)∗2. It is a nontrivial result that these perfect pairings (one for each p ∈ I)

all coincide, hence the vector spaces Z(Ẽ)2 and Z(Ẽ∨)2 are canonically dual to each other, as are their dual

spaces Z(Ẽ)∗2 and Z(Ẽ∨)∗2. We thus obtain the following theorem.

Theorem 4.13 [BLPPW] Suppose that the algebras EM and EM∨ associated to a pair of symplectic varieties

with C∗-actions satisfy properties (1)− (4) above. Then a categorical symplectic duality between M and M∨

induces a Goresky-MacPherson duality between M and M∨.

Braden, Licata, Webster, and the PI plan to establish this list of properties for the algebra EM , thus

providing an explicit link between the phenomena described in Sections 4.2 and 4.3.

5 Prior NSF support

From September 2004 through July 2007 I was supported by an NSF Postdoctoral Research Fellowship.

During this time I wrote twelve papers [BeP1, BeP2, HP, HP2, P1, P2, P3, P4, P5, P6, PS, PW], each of which

has been either published or accepted for publication and distributed on the website http://www.arxiv.org.

Each contains original research except for [P3] and [P6], both of which are survey articles that grew out of

invited lectures that I delivered at international conferences.
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I have also been supported by NSF grant DMS-0738335 since September 2007, during which time he has

written two papers [BP, BLPW1]. The former contains Theorem 3.3 as its main result, and has been sub-

mitted to Inventiones Mathematicae. The latter executes the program outlined in Section 4.2 for hypertoric

varieties, and has been submitted to the Duke Mathematical Journal. Three preprints that establish the

foundations of the programs outlined in Sections 2.2, 4.1, and 4.3 are partially written and expected to be

completed during the 2008-9 academic year.

6 Educational activities

6.1 Past and present activities

While receiving my bachelor’s degree, I worked as a counselor at the Ross Mathematics Program for high

school students at Ohio State University, which introduces students of varying ages and mathematical levels

to rigorous mathematics (http://www.math.ohio-state.edu/ross/). In graduate school at U.C. Berkeley,

I served for three years on the Math Graduate Students Association. In this capacity, I created a graduate

student colloquium that has continued to meet weekly since 2001 (http://math.berkeley.edu/∼mcf/),

coordinated and participated in a mentorship program for entering graduate students, and served as a

liaison for a program through which graduate students volunteered to teach math and language classes at

San Quentin Prison (http://prisonuniversityproject.org/). As a post-doctoral fellow at Columbia

University, I taught weekly classes for local high school students entitled Groups and Symmetry and Modern

Geometry as part of the Columbia Science Honors Program (http://www.columbia.edu/cu/shp/).

As an assistant professor at the University of Oregon I coordinated the Basic Notions seminar for graduate

students in the fall of 2007, and have already taken on one Ph.D. student. I expect to acquire more students

through two advanced graduate courses that I will teach in the 2008-9 academic year, entitled Symplectic

Geometry and Combinatorial Commutative Algebra. In the summer of 2008 I will spend two weeks in

New York, during which time I will informally assist with an undergraduate research project at Columbia

University that has grown out of my unpublished work with Michael Thaddeus on Nash blow-ups of toric

varieties (not discussed in this proposal).

6.2 Proposed activity

I propose to run a week-long educational workshop each September at the University of Oregon, aimed

primarily at advanced graduate students and post-docs from institutions around the country. Each workshop

will be centered around a single, relatively recent series of papers in algebraic geometry, combinatorics, and/or

representation theory. The lectures will be given by the participants, most of whom will not be specialists

on the featured topic. This format will challenge and develop the ability of the participants to read and

understand a paper that may lie outside their narrowest area of expertise; an important skill that is often not

emphasized in graduate programs. It will give young researchers valuable speaking experience, and, most

important, it will provide them with an introduction to a new theme of current research.

I will use a number of different criteria in choosing the topics of the workshop, including

• the importance of the papers in their field,

• the appeal and accessibility of the topic to researchers in related fields, particularly those that are

strongly represented by Oregon graduate students, and

• the availability of a specialist in the area, preferably one of the authors of the papers and somebody

who is known for his or her expositional abilities, to participate the workshop and give a small number

of guiding lectures.

The following are three examples of potential topics:

Tropical algebraic geometry. Tropical algebraic geometry may be thought of as algebraic geometry

over the semi-ring (R ∪ {∞},⊕,⊗), where x ⊕ y := min(x, y) and x ⊗ y := x + y. It has enjoyed a surge
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in activity in recent years, with connections to Gromov-Witten theory, mirror symmetry, representation

theory, dynamics, and mathematical biology. Its youth as well as its computational bent makes it relatively

accessible to non-experts. A good choice of specialist would be David Speyer, an excellent researcher and

speaker who has written many tropical papers [SS, SS2, S1, BJSST, S2] including the very elementary [SS1].

Stability conditions in triangulated categories. This topic would be specifically aimed at understanding

the papers of Tom Bridgeland [B1, B2, B3, B4, B5, B7, BTL], including the 2006 ICM survey [B6]. This work

is currently of great interest in algebraic geometry, category theory, and string theory. Though Bridgeland

would be the obvious choice of specialist for this workshop, I would also expect to receive help from Sasha

Polishchuk, an Oregon professor who is himself an expert in the area.

Symplectic duality. As explained in Section 4, symplectic duality is a topic that touches on many different

fields, all of which are strongly represented at the university of Oregon. Categorical symplectic duality is

motivated by the geometry and representation theory of category O, which is central to the research of Jon

Brundan, Sasha Kleshchev, and Victor Ostrik. Goresky-MacPherson duality is a phenomenon in equivariant

cohomology, which is an interest of both Dan Dugger and Dev Sinha; the categorical approach to this

phenomenon is based on deformations of Koszul algebras, which is the specialty of Brad Shelton. Finally the

best understood examples come from hyperplane arrangements, which are the specialty of Sergey Yuzvinsky.

All of this means that there will be many local graduate students to whom this topic will appeal. (In fact

Chris Phan, a current student of Shelton’s, is a coauthor of [BLPPW].) I believe that this will make an ideal

topic in a few years, after the papers [BLPW2, BLPW3, BLPPW] are completed.

In my budget I have requested money to support three graduate students each summer, and I intend to

have these students organize a weekly seminar in preparation for the workshop. For example, if the workshop

were on symplectic duality, I might have one student coordinate a series of lectures on symplectic quotients,

a second on Koszul duality, and a third on category O. The philosophy for this preparatory seminar, as well

as for the workshop itself, is that a student who gives a lecture his or herself will learn much more than one

who attends in a passive role.

One reason why I am confident that this will be a effective format is that it is modeled on workshops that

have been successful in the past. The Talbot Workshops at MIT are organized along similar principles, and

have been very positively received (http://www-math.mit.edu/∼jnkf/talbot/). I intend my workshop to

be more oriented toward a specific set of papers than the Talbot Workshops are, which I believe makes it

easier for less experienced students to give talks. This is an idea that I have adapted from Renzo Cavalieri’s

2006-8 Mini-Workshops at the University of Michigan (http://www.math.lsa.umich.edu/∼crenzo/), at

which a group composed of roughly equal numbers of graduate students and post-docs have gathered for

a workshop similar in format to the one proposed above (but half the length). Cavalieri has expressed an

interest in participating in and helping to organize my workshop series in the future.

Both of these annual workshops have been consistent successes, and I believe that the demand for more

such programs far outweighs the availability. This is particularly the case for young researchers on the West

Coast, which is relatively isolated geographically. This makes it more difficult for West Coast students to

participate in short programs like the one at Michigan, and it also usually results in our students being

less connected within the mathematical world than the group that organizes the Talbot Workshops. I

have purposefully proposed to hold my workshop in Eugene in September, when many of the West Coast

schools (including the University of Oregon, the University of Washington, Stanford University, and all of

the University of California campuses except Berkeley) have not yet begun their fall terms. This has the

added advantage of being a beautiful time of year in the Northwest, which offers a diversity of attractions

for before and after the workshop.
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