
Geometric category O and symplectic duality

The purpose of this proposal is to study algebraic symplectic varieties, which arise naturally in algebraic

geometry (Hilbert schemes), representation theory (quiver varieties, Springer theory), combinatorics and

polyhedral geometry (hypertoric varieties), and string theory (moduli spaces of gauge theories and of Higgs

bundles).

Our primary interest will be a certain category of sheaves on these varieties, which we introduce in Section

1.3. The center of this category will be isomorphic to the cohomology ring of the variety, and its Grothendieck

group will be isomorphic to a deformation of this cohomology ring. When our variety is a quiver variety,

these cohomology groups carry geometrically-defined actions of Kac-Moody algebras, and these actions lift

to actions on our category by endo-functors. Thus this proposal touches on both “geometric representation

theory” (realizing representations as cohomology groups of varieties) and “higher representation theory”

(actions of algebras on categories).

In Sections 1 and 2 we discuss geometric category O and symplectic duality, all of which is joint work

with Tom Braden, Anthony Licata, and Ben Webster. Section 3 is devoted to four other, smaller projects,

each with a different set of collaborators.

1 Geometric category O
The category O of representations of a Lie algebra was introduced by Bernstein, Gelfand, and Gelfand [BGG],

and has since been a central object of study in representation theory. One of the main breakthroughs in

the field came in 1981, when Beilinson and Bernstein [BB] exhibited the blocks of this category as certain

categories of twisted D-modules on the flag variety, which in turn may be interpreted as sheaves on the

cotangent bundle of the flag variety. The purpose of this section is to define the appropriate analogue of this

category when the cotangent bundle of the flag variety is replaced with another symplectic variety, which

is not necessarily the cotangent bundle of anything. The resulting category is what we call geometric

category O.

1.1 Symplectic resolutions

Let M be a smooth, symplectic, algebraic variety over the complex numbers. By this we mean that M is

equipped with a closed, nondegenerate, algebraic 2-form ω. Let S and T be two copies of the multiplicative

group C∗ acting on M . We assume that the action of T is hamiltonian, while the action of S has the

property that s · ω = smω for some integer m ≥ 1. We also assume that S acts on the coordinate ring C[M ]

with only non-negative weights, and that the trivial weight space C[M ]S is 1-dimensional, consisting only

of the constant functions. Geometrically, this means that the affinization N := SpecC[M ] is a cone, and

the S-action contracts N to the cone point. Finally, we assume that the canonical map from M to N is a

resolution of singularities. (That is, it must be projective and an isomorphism over the smooth locus of N .)

Examples of such varieties include the following:

• M is a crepant resolution of N = C2/Γ, where Γ is a finite subgroup of SL(2;C).

• M is the Hilbert scheme of n points on the crepant resolution of C2/Γ, and N is the symmetric variety

of n-tuples of unordered points on the singular space.

• M = T ∗(G/P ) for a reductive algebraic group G and a Borel subgroup P , and N is the closure of a

nilpotent orbit in the Lie algebra of G.
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• M and N are Nakajima quiver varieties [N1, N2].

• M and N are hypertoric varieties [BD, P6].

The last two items are defined by a symplectic quotient construction. Let V be a linear representation of a

reductive group G, and let µ : T ∗V → g∗ be the moment map for the induced action. Let χ ∈ Hom(G,C∗)
be a character of G. Let M = µ−1(0)//χG, and N = µ−1(0)//0G. Then N is affine, M maps surjectively and

projectively to N , and, if α is generic enough, M is a smooth symplectic variety. The T-action is induced

by any action on V that commutes with the action of G, while the S-action is induced by scaling the fibers

of T ∗V . If V G = 0, then the S-action will contract N to a single cone point, and will act on the symplectic

form with weight 1. Hypertoric varieties are precisely those varieties obtained from this construction with

G abelian. For quiver varieties, G is a product of general linear groups, one for each node in a quiver, and

V is a representation of G determined by the arrows.

When the groups Γ and G of the first three examples have type ADE, then the first three examples

are special cases of quiver varieties.1 Note that all of these examples admit complete hyperkähler metrics,

which can be seen by identifying the algebraic symplectic quotient construction above with the hyperkähler

quotient construction of [HKLR].

1.2 The module category

A quantization of M is defined to be a sheaf D of free C[[h]]-algebras on M along with a fixed isomorphism

from D/hD to the structure sheaf of M . Bezrukavnikov and Kaledin [BK] explain how to produce, for each

λ ∈ H2(M ;C), an S× T-equivariant quantization Dλ of M . Consider the ring

Aλ := H0(Dλ[h−1])S.

This ring inherits a Z-grading from the T-action, and a compatible N-filtration A0
λ ⊂ A1

λ ⊂ . . . ⊂ Aλ given

by putting Amλ := Γ(h−mDλ)S. It is not hard to show that the associated graded ring grAλ is isomorphic

as a Z × N-graded ring to C[M ]. In many of the special cases discussed in the previous section, Aλ is a

well-known ring of independent interest.

• If M is the Hilbert scheme of n points on a crepant resolution of C2/Γ, then Aλ is isomorphic to

a specialization (depending on λ) of the spherical rational Cherednik algebra of the wreath product

Sn o Γ.

• If M = T ∗(G/B), for a Borel subgroup B ⊂ G, then Aλ is isomorphic to a specialization (depending

on λ) of the universal enveloping algebra U(g).

• If M is the resolution of a Slodowy slice to a nilpotent orbit in g, Aλ is isomorphic to a specialization

(depending on λ) of a finite W-algebra.

• If M is a symplectic quotient of T ∗V , then Aλ is a noncommutative hamiltonian reduction of the

algebra of differential operators on V [CBEG].

Let A+
λ be the non-negative degree part of Aλ with respect to the Z-grading, and let Oλ be the category

of finitely generated Aλ-modules that admit filtrations compatible with that of Aλ and are locally finite

with respect to the action of A+
λ . When M = T ∗(G/P ), we recover a block of the classical BGG parabolic

category O. When M is a quiver variety, we obtain the category studied by Zheng in [Zh].

1If Γ is the trivial group, then the condition V G = 0 will fail in the quiver construction of M , and it will not be possible to find
an S-action that acts on the symplectic form with weight 1. We can, however, take the action induced by scalar multiplication
on C2, which acts on the symplectic form with weight 2. This is why we allow m > 1 in our definitions.
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1.3 The geometric category

Assume for simplicity that T acts on M with finitely many fixed points {pα | α ∈ I}. For each α ∈ I, let

Xα ⊂M be the closure of the set {p ∈M | limt→0 t · p = pα}, and let M+ =
⋃
Xα. The fact that the action

of T is hamiltonian tells us that each Xα is a lagrangian subvariety. If M is a crepant resolution of C2/Γ

with Γ ∼= Z/kZ, the subvarieties {Xα | α ∈ I} will consist of a chain of k − 1 projective lines, along with

a copy of C at one end of the chain. If M is T ∗(G/P ), they will be the conormal varieties to the Schubert

strata of G/P . If M is a hypertoric variety, they will all be toric varieties. The cotangent bundle of P1 is a

special case of all three of these examples; in this case we have two subvarieties: the zero section and one of

the fibers.

Let Qλ be the category of coherent S-equivariant Dλ((h))-modules that admit Dλ-lattices and are set-

theoretically supported on M+. If M is a cotangent bundle, then then Qλ is equivalent to the category

of λ-twisted holonomic D-modules on the base, smooth with respect to the Bia lynicki-Birula stratification

induced by the action of T. If M is a symplectic quotient of T ∗V by G, there is a functor to Qλ from

the category of λ-twisted holonomic D-modules on the stack [V/G], smooth with respect to the Bia lynicki-

Birula stratification. This functor is not an equivalence, as it kills any object whose characteristic variety

in T ∗[V/G] ∼= [µ−1(0)/G] is supported on the χ-unstable locus. We conjecture, however, that the functor

is essentially surjective, thus allowing us to think about objects in our somewhat mysterious category in

terms of D-modules, which are much more concrete. Conjecture 1 should be regarded as a quantized, sheafy

version of Kirwan surjectivity.

Conjecture 1 Qλ is equivalent to a quotient of the category of λ-twisted holonomic D-modules on the stack

[V/G], smooth with respect to the Bia lynicki-Birula stratification.

In [BLPW2], we define natural functors

Oλ
Locλ−→ Qλ

Secλ−→ Oλ

between these categories, and we show that the composition Secλ ◦Locλ is always derived equivalent to the

identity functor on the bounded derived category of Oλ. When M = T ∗(G/P ) and λ = 0, Secλ and Locλ

are honest quasi-inverse equivalences of categories. This is the celebrated Beilinson-Bernstein localization

theorem [BB] that has been used to prove, among other things, the Kazhdan-Lusztig conjecture [KL]. Similar

results have been obtained for Hilbert schemes [GG, GS1, GS2, KR, GGS] and resolved Slodowy slices [Gi].

We conjecture that this will always be the case.

Conjecture 2 There is a class ρ ∈ H2(M ;R) such that, if λ ∈ H2(M ;R) and ρ + λ lies in the interior of

the ample cone of M , then Secλ and Locλ are inverse equivalences of categories.

Note that for any two parameters λ, λ′ ∈ H2(M ;C) that differ by an integral class, we have an equivalence

between Qλ and Qλ′ given by tensoring with the quantization of a line bundle with Chern class λ′−λ. Thus

we will define Q := Q0, and note that Conjecture 2 says that Q is equivalent to the module category Oλ for

all “ample enough” λ.

1.4 Homological properties of Q

We now describe a number of homological features that we expect our category to exhibit, all of which will

underlie the conjectures in Section 2. Establishing these properties, either in general or in certain specific

cases, is one of the main goals of this proposal.
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Assume for simplicity that, for each α ∈ I, the weights of the T-action on TpαM are relatively prime.

This guarantees that the attracting set for Xα is a cell, and therefore that Xα has no local systems that will

complicate the statements that follow. The following conjecture is well-known when M = T ∗(G/P ) and Q
is equivalent to a block of BGG parabolic category O.

Conjecture 3 The simple objects Lα ∈ Q are naturally indexed by I.

Consider the partial order on I generated by the relation α ≤ β if pα ∈ Xβ . Assume that our category

has enough projectives, and for each α ∈ I, let Pα be the indecomposable projective cover of Lα. Let Vα be

the largest quotient of Pα whose composition series consists only of simple modules Lβ with β ≤ α. This

object is called a standard object, and generalizes the notion of Verma modules in BGG parabolic category

O. The category Q is said to be quasi-hereditary if two conditions are satisfied. First, for each α ∈ I,

Lα appears only once in the composition series of Vα. Second, for each α ∈ I, Pα admits a filtration with

subquotients in {Vβ | α ≤ β}, with Vα appearing only once. Roughly speaking, these conditions say that

the simple, standard, and projective modules each form bases for the Grothendieck group K(Q), and that

the transition matrix between the standard basis and either of the other two bases is upper triangular with

ones on the diagonal.

Our category is called Koszul if it has a graded lift in which each simple object admits a linear projective

resolution. It is called standard Koszul if it is quasi-hereditary and it has a graded lift in which each

standard object admits a linear projective resolution. Standard Koszul categories are necessarily Koszul,

and form in fact the largest class of simultaneously quasi-hereditary and Koszul categories that is closed

under the operation of Koszul duality [ADL].

Conjecture 4 The category Q is standard Koszul.

We know that blocks of BGG parabolic category O are standard Koszul [Ba, RCW], as are the combi-

natorial categories introduced in [BLPW1]; all of these categories are conjectured to arise via our geometric

construction. Conjecture 4 is open, however, for rational Cherednik algebras and finite W-algebras. The

Koszulity of Q will be the basis for our definition of symplectic duality in Section 2.

Consider the cycle map κ : K(Q)→ HdimM
T (M ;Z) taking a sheaf to its support, with multiplicity. It is

not hard to show that κ([Vα]) restricts to a nonzero element of HdimM
T (pα), and to zero in HdimM

T (pβ) for

all β 6= α, and therefore that κC : K(Q)C → HdimM
T (M ;C) is an isomorphism. When M is a quiver variety,

the vector space HdimM
T (M ;C) may be identified with a tensor product of irreducible representations of a

Kac-Moody algebra [N4], and the algebra action categorifies to an action by endo-functors on Db(Q) [Zh].

The singular variety N admits a stratification by its symplectic leaves. For each α ∈ I, let Sα ⊂ N

be the smallest leaf closure containing the image of Xα. It is tempting to guess that the simple object

Lα is supported on Xα, as will be the case whenever Xα is smooth. This is known to fail, however, when

M = T ∗(G/B).2 We conjecture that the statement holds up to certain correction terms that are controlled

by the inclusion relations between the subvarieties Sα ⊂ N .

Conjecture 5 For each α ∈ I,

κ([Lα]) = [Xα] +
∑
β∈I

nαβ [Xβ ],

where nαβ = 0 unless Sβ ( Sα.

2When G is not simply laced, this fails immediately. In Type A, however, one needs to go up to SL(8;C) to find the first
counter-example [KS].
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Let B = Ext∗(⊕Lα,⊕Lα). This is a graded ring, and assuming that Conjecture 4 holds, its module

category is Koszul dual to B. In particular, B is itself standard Koszul, with simple objects indexed by I.

The action of the constant sheaf C on ⊕Lα induces a ring homomorphism from H∗(M ;C) ∼= Ext∗(C,C) to

Z(B), the center of B.

Conjecture 6 The map H∗(M ;C)→ Z(B) is an isomorphism.

This conjecture is well-known to hold when M = T ∗(G/P ). When M is a hypertoric variety, Q is

conjectured to coincide with the category defined in [BLPW1], and we proved in [BLPW1] that the center

of this category is isomorphic to the cohomology ring of M .

Let C be any standard Koszul algebra with simple objects indexed by I. In [BLPPW], we define

a canonical graded deformation C̃ of C. Thus C̃ and its center Z(C̃) are both graded algebras over a

polynomial ring SymU , and setting all of the elements of U to zero recovers B and Z(C), respectively.

Furthermore, we produce a SymU -algebra homomorphism hα : Z(C̃)→ SymU for each α ∈ I.

Let T be the unique maximal torus of the hamiltonian symplectomorphism group of M that contains T.

The following conjecture is motivated by the cases of T ∗(G/P ) (in Type A) and hypertoric varieties, both

of which are analyzed in [BLPPW].

Conjecture 7 The vector space U is canonically isomorphic to t∗, and Z(C̃) is isomorphic to H∗T (M ;C)

as an algebra over Sym t∗ ∼= H∗T (pt;C). Furthermore, the map hα : Z(C̃) → Sym t∗ coincides with the

localization map from H∗T (M ;C) to H∗T (pα;C).

It is surprising that, despite the fact that the category Q is defined using only the one-dimensional torus

T, Conjecture 7 tells us that this category somehow “knows about” the larger torus T . The role of Conjecture

7 in the symplectic duality program will be explained in Section 2.2.

1.5 Twisting and shuffling functors

Suppose that T and T′ are two different one-parameter subtori of a maximal torus T of the hamiltonian

symplectomorphism group of M , giving rise to two different categories Q and Q′. We will assume that T and

T′ are chosen generically enough so that they each fix finitely many points in M . Recall that Q and Q′ are

two different subcategories of the same category D0((h))−mod of coherent S-equivariant D0((h))-modules.

Let ιT : Db(Q)→ Db(D0((h))−mod) be the inclusion functor, and let πT : Db(D0((h))−mod)→ Db(Q)

be its left adjoint, which one can think of as a “projection” onto Db(Q). Let

ΦT,T′ = πT′ ◦ ιT : Db(Q)→ Db(Q′).

Conjecture 8 The functor ΦT,T′ is an equivalence.

Conjecture 8 is made more interesting by the fact that the equivalence is not canonical, that is, ΦT,T′◦ΦT′,T

is not isomorphic to the identity functor. We define a twisting functor to be an auto-equivalence of Db(Q)

of the form

ΦT0,T1
◦ ΦT1,T2

◦ . . .ΦTn−1,Tn ,

with T0 = Tn = T. When M = T ∗(G/B) and Q is equivalent to a block of BGG category O, these

functors specialize to the twisting functors constructed by Arkhipov [Ar, KM]. When M is a hypertoric

variety, these functors were constructed explicitly in [BLPW1]. When M is a quiver variety, the category Q
admits a graded lift whose Grothendieck group may be identified with tensor products of representations of
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quantum groups [Zh]. In this case, we conjecture that the twisting functors categorify the braiding action

by R-matrices.

It natural to attempt to identify the group of auto-equivalences of Db(Q) generated by the semigroup of

twisting functors. The set of one-parameter subtori of T form a lattice in the Lie algebra t, set of T such that

|MT| < ∞ is the complement of a finite collection of codimension 1 sublattices. Let X be the complement

of the corresponding hyperplane arrangement in t. The combinatorics of compositions of twisting functors,

along with Paris’s work on the Deligne groupoid of a hyperplane arrangement [Pa], suggest the following

conjecture.

Conjecture 9 There is a natural map from the fundamental group of X to the group of auto-equivalences

of Db(Q) generated by twisting functors.

At present, Conjecture 9 is based on combinatorial data. In other words, our evidence for this conjecture

is based on a combinatorial presentation of the fundamental group of X, rather than on some geometric

structure lying over X. There is a second group action on our derived category that is harder to define, but

more geometric in nature.

By the work of Kaledin [Ka], N admits a universal deformation N over the base H2(M ;C), and we may

endow N with a real 2-form η that restricts to a real symplectic form on the smooth part of each fiber. (If N

is a symplectic quotient of T ∗V , then N is obtained by varying the moment map parameter. The 2-form η is

obtained by interpreting the symplectic quotient as a hyperkähler quotient.) Let Y ⊂ H2(M ;C) be the locus

over which the fibers of N are smooth; it is the complement of a hyperplane arrangement. For all y ∈ Y ,

the fiber (Yy, ηy) is symplectomorphic to (M,Reω), where Reω is the real part of the algebraic symplectic

form. If M is a cotangent bundle, then the work of Nadler and Zaslow [NZ] implies that our category Q
embeds into the Fukaya category Fuk(M,Reω) ' Fuk(Ny, ηy); we conjecture that this embedding exists

more generally. Furthermore, we believe that we can define a monodromy action of the fundamental group

of Y on Db(Q). We call the resulting auto-equivalences of Db(Q) shuffling functors, as we expect them

to generalize the shuffling functors of [Ir] on the derived category of a block of BGG category O.

We emphasize that X and Y are not isomorphic; they are complements of hyperplane arrangements in

two different vector spaces of different dimensions. The conjectural relationship between twisting functors

and shuffling functors is more subtle; we expect the twisting functors for M to coincide with the shuffling

functors for a different symplectic variety M∨ with the property that Db(Q) is equivalent to Db(Q∨). We

elaborate on this expectation in the next section.

2 Symplectic duality

In this section we describe a conjectural relationship between geometric categories associated to certain pairs

of symplectic varieties. In a number of special cases, we expect this relationship to provide links between

previously studied geometric and categorical constructions, including two seemingly unrelated categorifica-

tions of representations of Kac-Moody algebras [CK, Zh] as well as two superficially different sets of link

invariants [MS, SS].

Our relationship is defined at the categorical level, but it has as two very concrete cohomological conse-

quences. The first (Section 2.2) is a phenomenon originally discovered in certain special cases by Goresky

and MacPherson [GM]; by relating this phenomenon to symplectic duality we have generated new classes of

examples and provided a satisfying explanation for those in [GM]. The second (Section 2.3) is a duality of

vector spaces that explains previously known numerical identities in combinatorics [BLPW1] and illuminates

the phenomena of Schur-Weyl duality and level-rank duality in representation theory.
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At present, this relationship is defined in Conjecture 10 purely as an algebraic relationship between

the two categories. Ultimately, one of our goals is to understand it as a consequence of some geometric

relationship between the varieties, just as homological mirror symmetry is (conjecturally) a consequence of

the Strominger-Yau-Zaslow formulation. At present, our best clue for how to do this comes from string

theory: many known examples of related pairs arise from mirror dual quantum field theories (Section 2.1).

2.1 Definition and examples

Let M be a symplectic variety satisfying all of the assumptions of Section 1.

Conjecture 10 There exists another symplectic variety M∨, which we call the symplectic dual of M ,

with the following properties.

(1) The fixed point sets MT and (M∨)T
∨

are indexed by the same finite set I.

(2) The categories Q and Q∨ are Koszul dual in a matter compatible with the bijection in (1). In particular,

we obtain an equivalence of bounded derived categories Db(Q) ' Db(Q∨).

(3) We have isomorphisms X∨ ∼= Y and Y ∨ ∼= X. The twisting action of π1(X∨) coincides with the

shuffling action of π1(Y ), and similarly for π1(X) and π1(Y ∨).

The following is a list of some conjectural examples of dual pairs of symplectic varieties.

• T ∗(G/B) is dual to T ∗(G∨/B∨), where G∨ is the Langlands dual of G. The corresponding Koszul

duality theorem was proven in [BGS].

• T ∗(GL(n)/P ) is dual to a resolution of the Slodowy slice to a gl(n) nilpotent orbit determined by the

parabolic P . Through this example, we hope to use property (3) of Conjecture 10 to relate the knot

invariants of [MS], defined using twisting functors on the category of D-modules on GL(n)/P , to those

of [SS], defined using shuffling functors on the Fukaya category of the resolved Slodowy slice.

• A hypertoric variety M is dual to the Gale dual hypertoric variety M∨, as explained in [BLPW1].

• Let H(k, n) be the Hilbert scheme of n points on a crepant resolution of C2/Γ, where Γ = Z/kZ. Let

M(k, n) be the moduli space of torsion-free sheaves E on P2 with rankE = k and c2(E) = n, along

with a framing Φ : E|P1
∼→ O⊕kP1 . Then H(k, n) is dual toM(k, n). In particular, when k = 1, this says

that HilbnC2 is self-dual.

• More generally, the moduli space of G-instantons on a crepant resolution of C2/Γ is dual to the moduli

space of G′-instantons on a crepant resolution of C2/Γ′, where G is matched to Γ′ and G′ is matched

to Γ via the MacKay correspondence.

• A quiver variety of affine type ADE is dual to a normal slice to one Schubert variety inside another one

in the affine grassmannian for the Langlands dual group. Through this example, we hope to relate two

different categorifications of representations of Kac-Moody algebras, one by Zheng [Zh], using quiver

varieties, and the other by Cautis and Kamnitzer [CK], using the affine grassmannian.

• The Higgs branch of the moduli space of vacua for an N = 4, d = 3 supersymmetric quantum field

theory is dual to the Higgs branch of the moduli space of the mirror dual theory, or (equivalently) the

Coulomb branch of the moduli space for the same theory. The fact that cotangent bundles of Langlands

dual flag varieties arise in this way is shown in [GW], while the fact that Gale dual hypertoric varieties

arise in this way appears in [KSt].
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The meaning of the relationship between symplectic duality in mathematics and mirror duality in physics

remains mysterious; understanding it is one of the important goals of this proposal.

2.2 Goresky-MacPherson duality

In this section and the next, we discuss two cohomological consequences of symplectic duality. These coho-

mological relationships are much easier to check than properties (1)-(3) of Conjecture 10, and the existence

of pairs of varieties satisfying these relationships should be taken as evidence for the conjecture. We begin

with an example.

Let M = T ∗P2, and let M∨ be the crepant resolution of C2/Γ, where Γ ∼= Z/3Z. These two varieties

form a symplectic dual pair, and they in fact constitute a special case of six(!) of the examples listed in

the previous section (all but the first one). The T 2-equivariant cohomology ring of M is isomorphic to

C[x1, x2, x3]/〈x1x2x3〉, and its spectrum is isomorphic to the union of the three coordinate planes in C3. On

the other hand, the T 1-equivariant cohomology ring of M∨ is isomorphic to C[y1, y2, y3]/〈y1y2, y1y3, y2y3〉,
and its spectrum is isomorphic to the union of the three coordinate lines in C3. The right way to understand

this example is to regard the two copies of C3 as dual, in which case the three coordinate lines are the

perpendicular spaces to the three coordinate planes.

More generally, let M be a T -space with MT indexed by a finite set I. For all α ∈ I, let Hα ∈ HT
2 (M ;C)

be the image of t ∼= HT
2 (pα;C) along the equivariant pushforward induced by the inclusion of pα into M .

Thus Hα is a linear subspace that projects isomorphically onto t via the canonical projection HT
2 (M ;C) � t.

In the case where M = T ∗P2, we obtain the three coordinate planes in C3.

Now let T∨ be a different torus, and let M∨ be a T∨-space with (M∨)T
∨

indexed by the same finite set

I. The following definition was made in [BLPPW], inspired by [GM].

Definition 11 We say that (M,T ) is Goresky-MacPherson dual to (M∨, T∨) if there exists a perfect

pairing between HT
2 (M ;C) and HT∨

2 (M∨;C) such that Hα and H∨α are perpendicular to each other for all

α ∈ I, as are the kernels of the two canonical projections.

The example at the beginning of this section motivates the following conjecture.

Conjecture 12 Let (M,T ) be as in Conjecture 7, and let (M∨, T∨) be the symplectic dual variety and its

corresponding torus. Then (M,T ) is Goresky-MacPherson dual to (M∨, T∨).

Conjecture 12 was proven by Goresky and MacPherson [GM] for the second example of symplectic dual

pairs in Section 2.1, and for the third example in [BLPPW]. Furthermore, we proved in [BLPPW] that the

general case of Conjecture 12 is a consequence of Conjectures 3, 4, and 7.

2.3 Cohomological symplectic duality

In this section we discuss a second cohomological consequence of symplectic duality. For simplicity, we will

add the extra hypothesis that, for every symplectic leaf of N , the Gauss-Manin connection on the top-degree

cohomology groups of the fibers of π is trivial. This hypothesis is satisfied by all hypertoric varieties and

quiver varieties [PW, N3]. By the decomposition theorem of [BBD], it implies that

Rπ∗CM ∼=
⊕
S⊂N

ICS ⊗H2 dimFS (FS),
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where the sum runs over symplectic leaf closures, and FS is the fiber of π over an element of S. Taking

T-equivariant cohomology in degree dimM , we obtain the identity

HdimM
T (M ;C) ∼=

⊕
S⊂N

IHdimS
T (S;C)⊗H2 dimFS (FS). (1)

For the purposes of this section, it is more natural to regard the direct sum decomposition in Equation

(1) as a filtration. Thus, for each leaf closure S ⊂ N , we let

DS =
⊕
S⊂S′

IHdimS′

T (S′;C)⊗H2 dimFS′ (FS′) and ES =
⊕
S(S′

IHdimS′

T (S′;C)⊗H2 dimFS′ (FS′).

Thus HdimM
T (M ;C) is filtered by the vector subspaces DS , and for each S, DS/ES is isomorphic to the

summand of Equation (1) indexed by S.

Our first observation is that this filtration has a categorical interpretation. Recall the isomorphism

κC : K(Q)C → HdimM
T (M ;C) of Section 1.4. Also recall from Section 1.4 that, for all α ∈ I, Sα is defined

to be the smallest symplectic leaf closure in N containing π(Xα).

Theorem 13 [BLPW2] κC identifies DS with C{[Pα] | S ⊂ Sα} and ES with C{[Pα] | S ( Sα}.

Theorem 13 demonstrates that the filtered pieces DS and ES of HdimM
T (M ;C), and even the summands

of Equation (1), have canonical bases consisting of classes of projective objects. These bases do not have clear

topological interpretations; rather they are reminiscent of Lusztig’s canonical basis for a quantum group.

Assuming the existence of a symplectic dual variety as in Conjecture 10, let S∨α be the smallest leaf

closure in N∨ containing π∨(X∨α ).

Conjecture 14 There is an inclusion-reversing bijection S ↔ S∨ between the sets of symplectic leaf closures

for N and N∨. Furthermore, for all α ∈ I we have S∨α = (Sα)∨.

Recall that property (2) of Conjecture 10 tells us that Db(Q) ' Db(Q′), and therefore that K(Q) is

isomorphic to (or, using the Euler form, dual to) K(Q′). Theorem 13 and Conjecture 14 together imply the

following result.

Conjecture 15 For each symplectic leaf S, the duality between K(Q)C and K(Q′)C induces a duality between

DS/ES and D∨S∨/E
∨
S∨ .

In the case where M and M∨ are hypertoric varieties, Conjecture 15 is proven in [BLPW2]. Taking

dimensions recovers a well-known relationship between the h-numbers of a matroid and its Gale dual. In

the case where M and M∨ are quiver varieties of affine type, Conjecture 15 relates to a phenomenon in

representation theory known as level-rank duality, as we explain below.

Let ĝl(k) be the affine Kac-Moody algebra associated to gl(k). To any partition λ of k, one may associate

an irreducible representation Vλ of ĝl(k) on which the central parameter acts with eigenvalue ` = λ1. This

parameter is known as the level of Vλ or of λ.

The transpose λt of λ defines a level k representation of ĝl(`). The affine Lie algebra ĝl(k`) admits a map

from the product ĝl(k) × ĝl(`), which can be seen by writing Ck` = Ck ⊗ C`. Frenkel [Fr] defines a level 1

representation V k,`basic of ĝl(k`) such that, when we decompose it under the action of ĝl(k)× ĝl(`), we obtain

V k,`basic
∼=

⊕
λ a partition
of length k
and level `

Vλ ⊗ Vλt . (2)
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For simplicity, let us restrict our attention to the case where ` = 1. Nakajima constructs an action of

the Lie algebra ĝl(k) on the direct sum of the cohomology groups
⊕

nH
∗(M(k, n);C), which he shows is

isomorphic as a ĝl(k) representation to V k,1basic [N3]. This construction can be modified to obtain an action

on
⊕

nH
dimM(k,n)
T (M(k, n);C), also isomorphic to the basic representation. Furthermore, the two direct

sum decompositions of Equations (1) and (2) coincide.

Similarly, Nakajima constructs an action of the Lie algebra ĝl(1) on the direct sum of the cohomology

groups
⊕

nH
dimH(k,n)
T (H(k, n);C), which he shows is isomorphic as a ĝl(1) representation to V k,1basic [N3].

Again, the two direct sum decompositions of Equations (1) and (2) coincide.

Thus Nakajima constructs the basic representation geometrically, but the vector space that he uses to

see the ĝl(k) action and the ĝl(1) action are on the surface very different. The conjecture that M(k, n) is

symplectic dual to H(k, n) tells us that these two vector spaces are canonically dual (or isomorphic, since

the basic representation is self-dual). Furthermore, Conjecture 15 tells us that this duality (or isomorphism)

is compatible with the decomposition (2) into isotypic components.

3 Other projects

In addition to geometric category O and symplectic duality, I am involved with a number of other research

projects, each of which I will describe briefly.

3.1 Geometrization of matroid invariants and nonabelian Hodge theory

Let π : M → N be hypertoric varieties, as defined in Section 1.1. One may associate to these varieties a

hyperplane arrangements A in t∗, where T is a maximal torus3 in the hamiltonian symplectomorphism group

of M [BD]. Just as toric varieties interact richly with the combinatorics and linear algebra of polytopes,

much of the geometry and topology of M and N can be read off of the arrangement A. For example, the Betti

numbers of M coincide with the h-numbers of the matroid complex of A [Ko, HS, PW], and the intersection

cohomology Betti numbers of N coincide with the h-numbers of the broken circuit complex [PW]. These

facts have been used to establish certain inequalities among the h-numbers [HS], and also to categorify

the Kook-Reiner-Stanton convolution formula for matroid invariants by applying the BBD decomposition

theorem to the map π [PW]. Similarly, symplectic duality for hypertoric varieties categorifies the relationship

between the Tutte polynomial of a matroid and that of its Gale dual matroid. We hope that the geometry

of hypertoric varieties will continue to shed light on combinatorial matroid invariants.

With Hausel, the PI has constructed a triple of algebraic spaces related to M called the toric Dolbeault

space TD, the toric de Rham space TdR, and the toric Betti space TB . These three spaces relate to

each other just like the Dolbeault, De Rham, and Betti moduli spaces in Simpson’s nonabelian Hodge theory

of an algebraic curve [Si]. They are all diffeomorphic, but algebraically they are distinct. The first two

spaces TD and TdR fit together in a family analogous to the twister family in Simpson’s theory, while TdR is

analytically (but not algebraically) isomorphic to TB via an analogue of the Riemann-Hilbert isomorphism.

Just as Hausel and Rodriguez-Villegas [HRV] found for the Simpson moduli spaces, we expect that the

mixed Hodge structures on the cohomology groups of TD and TdR are pure, but that the mixed Hodge

structure on the cohomology groups of TB encode new combinatorial invariants of the arrangement A.

Furthermore, we conjecture that these groups satisfy the “curious Poincaré duality” and “curious hard

Lefschetz” conjectures of [HRV].

3It is usually the case that this group is abelian, and therefore T is the entire group.
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3.2 Intersection cohomology of symplectic quotients

Let G be a reductive Lie group and V a linear representation of G. Let T ⊆ G be a maximal torus with

Weyl group W , and suppose that V T = 0. Let M be the symplectic quotient of T ∗V by G with respect

to a generic character χ of G, and let M ′ be the corresponding symplectic quotients by the torus T . Both

varieties inherit an action of the torus S, as described in Section 1.1. Let

e :=
∏
α∈∆

α(x− α) ∈ (Sym t∗)
W ⊗Q[x] ∼= H∗T×C∗(pt)

W .

Theorem 16 [HP] Suppose that the equivariant Kirwan map from H∗G×S(T ∗V ;Q) to H∗S (M ;Q) is surjective.

Then H∗C∗(M ;Q) is isomorphic to the quotient H∗C∗(M
′;Q)W

/
Ann(e).

The abelian quotient M ′ is a hypertoric variety, and its S-equivariant cohomology ring has been computed

explicitly in [HP1]. Surjectivity of the equivariant Kirwan map is known for some classes of quiver varieties

[HP], and is conjectured for all quiver varieties in [N3]. No example is known in which this map is not

surjective. Thus theorem 16 is a practical way to compute cohomology rings of nonabelian symplectic

quotients.

Now let N be the quotient of T ∗V by G with respect to the trivial character of G, and let N ′ be

the corresponding quotient by T . What can we say about the intersection cohomology groups of N and

N ′? In general, intersection cohomology does not admit a ring structure. Somewhat surprisingly, using

the combinatorics of hyperplane arrangements, the PI showed in work with Webster, Speyer, and Braden

[PW, PS, BP] that the equivariant intersection cohomology sheaf ICN ′ admits canonically the structure of

a ring object in the equivariant bounded derived category Db
S(N ′), inducing a ring structure on IH∗S (N ′;Q).

Furthermore, we are able to give an explicit combinatorial presentations for this ring. Combining this result

with Theorem 16 suggests the following conjecture.

Conjecture 17 The equivariant intersection cohomology sheaf ICN admits canonically the structure of a

ring object in the equivariant bounded derived category Db
S(N), inducing a ring structure on IH∗S (N ;Q).

Furthermore, this ring is isomorphic to the quotient IH∗C∗(N
′;Q)W

/
Ann(e).

Remark 18 Conjecture 17 might make a good thesis problem for a Ph.D. student because, though theoret-

ical in nature, it lends itself to experimentation through computation of Poincaré polynomials of the various

graded vector spaces that appear in the statement. The PI has verified the conjecture in the special case

in which N is a hyperpolygon space (see [HP2]). More generally, quiver varieties provide a natural setting

in which to apply Conjecture 17. In this context, the intersection Poincaré polynomial of N is a Kostka

polynomial [N3], which provides strong connections to both combinatorics and representation theory.

3.3 Orbifold cohomology of the symmetric scheme

Consider the orbifold C2n/Σn, where Σn is the symmetric group acting on C2n ∼= (C2)n by permuting the

factors. The aim of this project is to study the orbifold cohomology ring H∗orb(C2n/Σn;Z). The crepant

resolution conjecture (proven for this particular case in [FG]) says that

H∗orb(C2n/Σn;Z)⊗Q ∼= H∗orb(C2n/Sn;Q) ∼= H∗(Hilbn C2;Q).

If one takes torsion into account, however, the picture is much more subtle. The group H∗orb(C2n/Σn;Z) has

a direct sum decomposition into summands labeled by an integer known as the age. The age = 0 summand
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is a subring, and is isomorphic to the Σn-equivariant cohomology ring of a point. This ring becomes trivial

after tensoring with Q, but it has beautiful structure at various primes.

When working with the Hilbert scheme, it is well-established that the best way to understand the ring

H∗(HilbnC2;Q) is to consider the direct sum
⊕
H∗(Hilbn C2;Q) over all non-negative integers n. This

space may be endowed with a graded ring structure, and this ring structure can be used (in a way that is not

entirely obvious) to understand the cup product on the individual summands [LS]. Similarly, the direct sum

over all n of the Σn-equivariant cohomology groups of a point may be endowed with a graded ring structure,

and this ring structure can be used to understand the cup product on the individual summands [GSS].

Conjecture 19 The direct sum
⊕
H∗orb(C2n/Σn;Z) admits a graded ring structure that extends the known

one on the age = 0 subgroup, and specializes to that on
⊕
H∗(Hilbn C2;Q) after tensoring with Q.

Sinha and the PI intend to give a presentation for this ring, and to use it to understand both the additive

and multiplicative structures of the individual summands.

3.4 Nash blow-ups of toric varieties

Given any quasiprojective variety X, Nash defined a new variety X̃, known as the Nash blow-up of X,

endowed with a projective map from X̃ to X that is an isomorphism over the smooth locus and nowhere else.

Nash conjectured that repeated iterations of this construction would eventually terminate, thus providing a

canonical resolution of any quasiprojective variety.

This project stems from the observation that if X is toric, so is X̃. Thaddeus and the PI have worked

out the procedure for computing the moment polyhedron of X̃ in terms of that of X, thus reducing Nash’s

conjecture in the toric case to a problem in polyhedral geometry. Working with three undergraduates

at Columbia University, we have written a computer program to implement Nash’s resolution algorithm

[ALPT]. We intend to continue to improve this program in the hopes of finding either a counter-example to

the conjecture, or a pattern in the data that suggests an approach to its proof.

4 Prior support

From September 2004 through July 2007 I was supported by an NSF Postdoctoral Research Fellowship.

During this time I wrote twelve papers [BP1, HP, HP2, P1, P2, P3, P4, P5, P6, PS, PW], each of which has

been either published or accepted for publication and distributed on the website http://www.arxiv.org.

Since September 2007, I have been supported by NSF grant DMS-0738335, during which time I have written

four papers [BP2, BP, BLPW1, BLPPW].

• The paper [BP2] is a mathematical counterpart to the physics paper [BP1], in which we study the

moduli spaces of representations of a quiver associated to an exceptional collection of line bundles on

an algebraic variety.

• The paper [BP], accepted for publication in Inventiones Mathematicae, addresses a question raised in

[PW, PS] of whether the intersection cohomology group of a hypertoric variety admits a natural ring

structure. We gave an affirmative answer in the strongest possible sense, showing that the intersection

cohomology sheaf admits uniquely the structure of a ring object in the equivariant derived category.

• The paper [BLPW1] takes up the problem of symplectic duality for hypertoric varieties. We define a

category combinatorially and, modulo the conjecture that this category coincides with the category Q
defined in Section 1.3, we prove Conjectures 3, 4, 6, 7, 8, and 10 in the context of hypertoric varieties.
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• In [BLPPW] we establish the relationship between Koszul duality and Goresky-MacPherson duality,

applying it to categories that arise in both combinatorics and representation theory.

In July of 2009 I am spending two weeks in Oberwolfach with Tom Braden, Anthony Licata, and Ben Webster

to work on the paper [BLPW2], and generally to continue our work on all of the conjectures described above.

5 Educational activities

5.1 Past and present activities

Throughout my career, I have taken an active interest in mathematics education at the high school level.

As a post-doctoral fellow at Columbia University, I taught weekly classes for local high school students

entitled Groups and Symmetry and Modern Geometry as part of the Columbia Science Honors Program

(http://www.columbia.edu/cu/shp/). In the summer of 2009, I gave a week-long course on hyperplane

arrangements at USA/Canada Mathcamp, a summer program in mathematics for talented high school

students (http://mathcamp.org). I have also worked at a similar program at Ohio State University

(http://www.math.ohio-state.edu/ross/). I have found all of these experiences to be extremely re-

warding, and plan to continue to pursue this interest.

As an assistant professor at the University of Oregon I have made a point of teaching many graduate-level

classes, which have provided the Ph.D. students with an introduction to the areas of mathematics in which

I work. I already have one student, and others have expressed interest in working with me, as well. I have a

number of interesting problems for students to work on, many of which fit nicely with the research interests

of the other faculty in my department. I have also written a paper [BLPPW] in collaboration with Chris

Phan, a Ph.D. student at Oregon working with Brad Shelton.

5.2 Proposed activity

I propose to run a week-long educational workshop each September at the University of Oregon, aimed

primarily at advanced graduate students and post-docs from institutions around the country. Each workshop

will be centered around a single, relatively recent series of papers in algebraic geometry, combinatorics, and/or

representation theory. The lectures will be given by the participants, most of whom will not be specialists

on the featured topic. This format will challenge and develop the ability of the participants to read and

understand a paper that may lie outside their narrowest area of expertise, an important skill that is often not

emphasized in graduate programs. It will give young researchers valuable speaking experience, and, most

important, it will provide them with an introduction to a new theme of current research.

I will use a number of different criteria in choosing the topics of the workshop, including

• the importance of the papers in their field,

• the appeal and accessibility of the topic to researchers in related fields, particularly those that are

strongly represented by Oregon graduate students, and

• the availability of a specialist in the area, preferably one of the authors of the papers and somebody

who is known for his or her expositional abilities, to participate the workshop and give a small number

of guiding lectures.

The following are three examples of potential topics:
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Tropical algebraic geometry. Tropical algebraic geometry may be thought of as algebraic geometry over

the semi-ring (R∪{∞},⊕,⊗), where x⊕y := min(x, y) and x⊗y := x+y. It has enjoyed a surge in activity in

recent years, with connections to Gromov-Witten theory, mirror symmetry, representation theory, dynamics,

and mathematical biology. Its youth as well as its computational bent makes it relatively accessible to non-

experts. A good choice of specialist would be David Speyer, an excellent researcher and speaker who has

written many tropical papers [SW, SS2, S1, BJSST, S2] including the very elementary [SS1].

Stability conditions in triangulated categories. This topic would be specifically aimed at understanding

the papers of Tom Bridgeland [B1, B2, B3, B4, B5, B7, BTL], including the 2006 ICM survey [B6]. This work

is currently of great interest in algebraic geometry, category theory, and string theory. Though Bridgeland

would be the obvious choice of specialist for this workshop, I would also expect to receive help from Sasha

Polishchuk, an Oregon professor who is himself an expert in the area.

Category O. This is a topic that touches on the interests of nearly half of the faculty members of my

department. The classical theory of BGG category O touches on the research of Jon Brundan, Sasha

Kleshchev, Victor Ostrik, and Ben Webster. The algebraic geometry involved in the global version relates

to the work of Sasha Polishchuk and Vadim Vologodsky. The braid group actions obtained by twisting and

shuffling functors are of interest to Arkady Vaintrob. The theory of symplectic duality described in Section 2

involves equivariant cohomology, which is a research interest for both Dan Dugger and Dev Sinha. It involves

deformations of Koszul algebras, which is studied by Brad Shelton. Finally the best understood examples

come from hyperplane arrangements, which are the specialty of Sergey Yuzvinsky. All of this means that

there will be many local graduate students to whom this topic will appeal.

In my budget I have requested money to support three graduate students each summer, and I intend

to have these students organize a weekly seminar in preparation for the workshop. The philosophy for this

preparatory seminar, as well as for the workshop itself, is that a student who gives a lecture his or herself

will learn much more than one who attends in a passive role.

One reason why I am confident that this will be a effective format is that it is modeled on workshops that

have been successful in the past. The Talbot Workshops at MIT are organized along similar principles, and

have been very positively received (http://www-math.mit.edu/∼jnkf/talbot/). I intend my workshop to

be more oriented toward a specific set of papers than the Talbot Workshops are, which I believe makes it

easier for less experienced students to give talks. This is an idea that I have adapted from Renzo Cavalieri’s

2006-8 Mini-Workshops at the University of Michigan (http://www.math.lsa.umich.edu/∼crenzo/), at

which a group composed of roughly equal numbers of graduate students and post-docs have gathered for

a workshop similar in format to the one proposed above (but half the length). Cavalieri has expressed an

interest in participating in and helping to organize my workshop series in the future.

Both of these annual workshops have been consistent successes, and I believe that the demand for more

such programs far outweighs the availability. This is particularly the case for young researchers on the West

Coast, which is relatively isolated geographically. This makes it more difficult for West Coast students to

participate in short programs like the one at Michigan, and it also usually results in our students being

less connected within the mathematical world than the group that organizes the Talbot Workshops. I

have purposefully proposed to hold my workshop in Eugene in September, when many of the West Coast

schools (including the University of Oregon, the University of Washington, Stanford University, and all of

the University of California campuses except Berkeley) have not yet begun their fall terms.
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