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JUSTIN HILBURN

Let X be a derived stack with an affine diagonal.
Outline:

(1) We will define three subcategories of QC(X) of “finite” objects:
QC(X)c, QC(X)d, QC(X)p.

Theorem. QC(X)d = QC(X)p.

Theorem. If OX is compact, then QC(X)c = QC(X)d.

(2)

Definition. A perfect stack X is one with QC(X) = IndQC(X)p.

Theorem. X is perfect iff QC(X) is compactly generated and
QC(X)p = QC(X)c.

Examples:

(1) Quasi-compact derived schemes
(2) Total space of a quasiprojective morphism with perfect base
(3) X/G for X quasiprojective and a linear action of G
(4) X/G for X perfect and G a finite group scheme.
(5) Map(Σ, X) for X perfect and Σ a finite simplicial complex.
(6) Fiber products of perfect stacks

0. Facts about stacks

Our algebras Alg are commutative dgas (negative degree) over a
characteristic zero field k.

Affine schemes are Aff = Algop. We have a sequence

Aff ↪→ Stck ⊆ Psh(Aff).

Define QC(SpecA) = A -mod.
For a general presheaf X we define

QC(X) = lim
f :SpecA→X

QC(SpecA).

This means that a quasi-coherent sheaf on X is a module on every
affine piece which maps to X, which is compatible.
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Definition. Let C be a stable ∞-category. An object M ∈ C is com-
pact if HomC(M,−) preserves colimits.

Theorem. Any map from a compact object to a colimit must factor
through a finite colimit.

Definition. Let C be closed symmetric monoidal and stable. An object
M∈ C is dualizable if

Hom(M,1)⊗− → Hom(M,−)

is an isomorphism.

Let Cd be the full subcategory of dualizable objects.

Theorem. Cd is closed under retracts.

Proof.
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M.

This induces

Hom(M,1)⊗− Hom(M,−)

Hom(N,1)⊗− Hom(N,−)

∼

∼

�

Note: hom(1,Hom(M,−)) = hom(M,−).

Theorem. If 1 is compact, then dualizable implies compact.

Note: Γ(X,−) ≡ hom(OX ,−).

Definition. If X = SpecA we say M ∈ QC(SpecA) = A -mod is per-
fect if M is contained in the smallest subcategory of A -mod containing
A that is closed under retracts and finite colimits.

We say that M ∈ QC(X) is perfect (for an arbitrary X) if f ∗M is
perfect for every f : SpecA→ X.

Theorem. QC(SpecA)d = QC(SpecA)p = QC(SpecA)c.
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Proof. Dualizable ⇒ compact
It follows since A is compact (represents the identity functor).
Compact ⇒ perfect
M = colimD. If M is compact, 1M : M → M factors through a

finite colimit.
Perfect ⇒ dualizable

(A[n])∨ = A[−n].

Finite coproduct of dualizables are dualizable. Cofibers of dualiz-
ables are dualizable. �

For any stack we have

Theorem. QC(X)d = QC(X)p.

Proof. Both dualizability and compactness are local conditions. The
evaluation and coevaluation maps can be glued together. �

Definition. A stable ∞-category C is compactly generated if there
exists a set S of compact objects, such that for every M ∈ C M = 0 iff
hom(s,M) = 0 for every s ∈ S.

Theorem. If C is compactly generated, C ∼= Ind C0, where C0 is the full
subcategory spanned by S.

Note: if S consists of a single object, this is the usual Morita theorem.
Assume C0 is a small category closed under small colimits.

Theorem. If C = Ind C0, then C is cocomplete, compactly generated by
objects in C0. Cc is the idempotent completion of C0.

Theorem. X is perfect (QC(X) = IndQC(X)p) iff QC(X) is com-
pactly generated and QC(X)p = QC(X)c


