
Outline for Eugene Talk on Basics of D-Modules
Hendrik Orem - Summer 2012
These notes have been heavily influenced by J. Bernstein’s course notes on D-modules, M.
Kashiwara’s book on D-modules and microlocal calculus, the book “D-Modules, Perverse
Sheaves and Representation Theory”, and V. Ginzburg’s course notes on the subject.

First Perspective: Analytic Motivation
One motivation for the theory of D-modules is the ability to talk about a differential

equation without having to specify a solution space. Suppose P =
∑

α aα∂
α is a linear

differential operator in the ring D of linear partial differential operators (to be defined).
Then D/D · P is a module over D. Let O denote another D-module which we think of as a
function space (which may be analytic, smooth, etc). Then HomD(D/D · P,O) encodes the
set of solutions u of P · u = 0: the image of 1 under any homomorphism will be some u ∈ O
which is annihilated by P . The study of D/D · P separates questions about regularity of
solutions from the study of the differential equation itself.

The ring DX
Let X be a smooth variety over C.

Definition 1. Let TX be the tangent sheaf on X. Note that we have naturally TX ,OX ⊂
EndC(OX) (functions act by multiplication). We let DX be the C-subalgebra of EndC(OX)
generated by TX and OX .

Definition 2. A DX-module M is a sheaf of modules over DX which is quasi-coherent as
an OX-module under the induced action. A DX-module is coherent if it is locally finitely
generated over DX .

Recall that for any x ∈ X, there is an affine open neighborhood U of x with functions
x1, . . . , xn ∈ OX(U) and vector fields ∂1, . . . , ∂n ∈ TX(U) such that ∂i(xj) = δij, and the ∂i
generate the tangent bundle on U . This is called an etale coordinate system on U .

Lemma 3. On the open set U as above, DX(U) ∼= OX(U)⊗C C[∂1, . . . , ∂n].

Example 4. Let X = A1. Then DX = C〈x, ∂〉/(∂x− x∂ − 1), the Weyl algebra.

Flat Connections
In order for M ∈ OX −mod to carry an action of DX (on the left, by convention), M

must have a lot of very special geometry.
An action of DX on M in particular means that we have a map ∇ : TX → EndC(M) such

that
∇(v1) ◦ ∇(v2)−∇(v2) ◦ ∇(v1)−∇([v1, v2]) = 0.

If M is a vector bundle, this is precisely the data of a flat connection on M ; this means that
we have infinitesimal parallel transport (that is, locally, we can always find flat sections of
the sheaf M canonically identifying nearby fibers). This can be made precise by saying that
D-modules are crystals, that is, sheaves on the de Rham stack, but I won’t pursue this.

Example 5. Set X = A1.
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1. DX acts in the usual way on OX ∼= C[x] ∼= DX/DX · ∂.

2. Similarly, DX acts on C[∂] ∼= DX/DX · x.

Characteristic Varieties and Holonomic D-Modules
The sheaf DX has a natural filtration by order DX = ∪kD≤kX .

Lemma 6. Let π denote the projection T ∗X → X. Then grDX ∼= π∗OT ∗X .

Remark 7. This is reasonable because, locally, we think of DX as being “polynomials in
vector fields”, which is what we expect functions on the cotangent bundle to look like.

Definition 8. A filtration on M ∈ DX − Mod is a decomposition into OX-submodules
M0 ⊂ M1 ⊂ · · · such that DiXM j ⊂ M i+j. Then grM is naturally a module over π∗OT ∗X .
A filtration on M is good if grM coherent over π∗OT ∗X .

Lemma 9. M admits a good filtration iff M is coherent over DX .

Thus we can state

Definition 10. The characteristic variety Ch(M) of a coherent DX-module M as {z ∈
T ∗X : (grM)z 6= 0}. This is well-defined, that is, independent of the choice of good filtration.

The characteristic variety detects a lot of geometry, as shown by the following

Theorem 11. Let M be a coherent DX-module. Then the following are equivalent:

1. M is a vector bundle with flat connection.

2. Ch(M) is the zero section of T ∗X.

3. M is coherent over OX .

Lemma 12. Ch(M) is defined by the annihilator ideal of grM in OT ∗X .

Example 13. Following the earlier example (here X = A1):

1. grDX = C[x, ξ], so Ch(DX) = T ∗X.

2. We can write C[x] ∼= DX/DX · ∂ as DX · 1, and thus the generator of C[x] is annihilated
by (ξ). Therefore Ch(C[x]) = V (ξ) = X ⊂ T ∗X, the zero section.

3. Similarly, C[∂] is annihilated by (x), so Ch(C[∂]) = V (x) ⊂ T ∗X.

Theorem 14. Let 0 6= M ∈ DX −Mod be coherent. Then dimCh(M) ≥ dimX.

Definition 15. Let M ∈ DX −Mod be coherent. Then M is holonomic if dimCh(M) =
dimX or if M = 0.

Remark 16. If M corresponds to a differential equation Pf = 0, then small Ch(M) means
that DXP is large, which means that the solution space of the differential equation is small.
This condition is related to finite dimensionality of solution spaces of differential equations.
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Pull-back, Push-forward, and the Need for the Derived Category
Basic question: given a map f : X → Y of smooth varieties, can we construct functors

DX −mod� DY −mod? Our intuition coming from D-modules as function spaces suggests
that pull-back will be easier (pushing forward functions, i.e., integrating over fibers, carries
with it a host of analytical problems), so we’ll try that first.
Pull-Back Given M ∈ DY −mod, we set

f †(M) = OX ⊗f−1OY
f−1M

where f−1 denotes sheaf-theoretic inverse image. So far, this is the usual OY -module inverse
image; we let DX act by

v · (ϕ⊗m) = (v · ϕ)⊗m+ ϕ ·

(∑
yi

v · yi ⊗ ∂yi ·m

)

where {(yi, ∂yi)} is an etale coordinate system on Y (in the above formula, v acts on yi via
push-forward along f). The formula looks complicated, but it is really just a version of the
Leibniz rule; defining an action of DX always involves an appropriate Leibniz-style formula
as we have generated an associative algebra with the derivations TX .

To encapsulate this complicated structure, we typically rewrite this functor using a trans-
fer bimodule: we set DX→Y = f †(DY ); this is a (DX , f−1DY )-bimodule. Now write

f †(M) = DX→Y ⊗f−1DY
f−1M.

Note that the tensor product always collapses and recovers the original definition; the ad-
vantage is that we can now pack all of the complicated Leibniz-type structure of pull-back
into a single bimodule.
Direct Image One can define an analogous transfer bimoduleDY←X which is a (f−1DY ,DX)-
bimodule; tentatively, we can set

f+(M) = f·(DY←X ⊗DX
M)

in an attempt to duplicate our pull-back (here f· is direct image in the category of sheaves).
But here we have composed a left exact functor with a right exact functor, which leads to
the complication that (f ◦ g)+ 6∼= f+ ◦ g+ (unless we are dealing with affine morphisms, in
which case sheaf-theoretic direct image is exact).

This suggests that we will need to replace some D-modules with “nice” resolutions (e.g.
locally projective), that is, we will need to introduce the derived category. If we assume that
X is quasiprojective, then DX −mod has enough injective and locally projective objects.

Definition 17. Let Db(DX) denote the bounded derived category of DX-modules. We say
that a complex M · ∈ Db(DX) is coherent if its cohomology sheaves are coherent (i.e., locally
finitely generated over DX).
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We can now redefine our two functors:

f † : Db(DY )→ Db(DX)

M · 7→
(
DX→Y ⊗Lf−1DY

f−1M ·)
f ! : Db(DY )→ Db(DX)

M · 7→ f †(M ·)[dimX − dimY ]

f∗ : Db(DX)→ Db(DY )

M · 7→ Rf·
(
DY←X ⊗LDX

M ·)
Remark 18. It is a nice exercise to check that if i : X → Y is a closed immersion, then
locally as a left DX-module,

DX→Y ∼= DX ⊗C C[∂r+1, . . . , ∂n]

where dimY = n, {yi, ∂i} is a local coordinate system, and X is defined by yr+1 = yr+2 =
· · · = yn = 0.

For a bit of concreteness, in this situation DY←X (though I haven’t defined it) is given
by

DY←X ∼= C[∂r+1, . . . , ∂n]⊗C DX
as a right DX-module.

Kashiwara’s Theorem
Kashiwara’s theorem makes precise the idea that D-modules have no transverse infor-

mation. Suppose i : X → Y is a closed immersion. As i is affine, we have no need for the
derived category here.

Theorem 19. Let DY − modX denote those DY -modules M such that M |Y \X = 0. The
functor H0i∗ : DX −mod→ DY −modX is an equivalence of categories.

Remark 20. This allows us to define D-modules on singular varieties: embed such a variety
as a closed subvariety of something smooth and use support.

Proof Idea. Let’s pick local coordinates {yi, ∂i}, with X defined by y = y1 = 0 (we can
induct on the codimension of X). The key is that the relation [∂i, yi] = 1 means that there
is no transverse information: if y acts by 0 on a section m of a DY -module M , then

m = 1 ·m = (∂y − y∂)m

= ∂(ym)− y(∂m)

= −y∂m

The point is that ∂ acts freely:

m�y1
∂1

(∂1m) �y1
∂1

(∂21m) �y1
∂1

(∂31m) �y1
∂1
· · ·

which is precisely what we get from the push-forward functor (local expression for DY←X
just freely adds the transverse vector fields).
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Tensor Products and Duality

Definition 21. Given M ∈ DX −mod, N ∈ DY −mod, we define

M �N = DX×Y ⊗π−1
1 DX⊗π−1

2 DY

(
π−11 M ⊗C π

−1
2 N

)
∈ DX×Y −mod

where π1, π2 : X × Y → X, Y are the projections.

This external tesnor product is exact in both factors and hence extends to the bounded
derived categories.

Definition 22. Let ∆ : X → X × X be the diagonal map. Given M,N ∈ DX −mod we
define

M ⊗N = ∆†(M �N).

Note that, as OX-modules, M ⊗N ∼= M ⊗OX
N .

Remark 23. The pull-back functor f † is monoidal with respect to ⊗ as both agree with the
corresponding functors on the underlying quasi-coherent sheaves.

Definition 24. Define the duality

D : Db
coh(DX)→ Db

coh(DX)op

M · 7→
(
RHomDX

(M ·,DX)⊗OX
ω−1

)
[dimX]

Remark 25. The purpose of the cohomological shift is as follows: a DX-module M is holo-
nomic iff D(M) is concentrated in a single degree; the degree shift is such that the resulting
DX-module is in degree 0.

Functors, Coherence, and Holonomicity
Recall that Db

coh(DX) (resp. Db
hol(DX)) denotes the bounded derived category of DX-

modules with coherent cohomology (resp. holonomic cohomology).

Theorem 26.

1. Suppose that f : X → Y is smooth. Then f ! descends to a functor Db
coh(DY )→ Db

coh(DX).

2. Suppose that f : X → Y is proper. Then f∗ descends to a functor Db
coh(DX)→ Db

coh(DY ).

3. For arbitrary f : X → Y , f ! and f∗ descend to functors

f ! : Db
hol(DY )→ Db

hol(DX) f∗ : Db
hol(DY )→ Db

hol(DX)

4. D preserves Db
hol(DX) and D2 ∼= Id.

Remark 27. The theorem shows that holonomic DX-modules are a nice subcategory to work
with, as they are preserved by standard operations. As we will see, for holonomic modules
we can even duplicate the 6 functor formalism of Grothendieck.
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Definition 28. Let f : X → Y , and define

f ∗ : Db
hol(DY )→ Db

hol(DX) f! : Db
hol(DY )→ Db

hol(DX)

by
f ∗ = Df !D f! = Df∗D.

Theorem 29. The above functors satisfy the standard adjunctions (f!, f
!) and (f ∗, f∗).

Correspondences and Integral Transforms
Many of the key operations in harmonic analysis are given by convolution with an integral

kernel acting on a space of functions:

f(x) 7→ (K ∗ f)(y) =

∫
f(x)K(x, y)dx.

In the theory of D-modules, we can think of replacing a function with a D-module (for
example, the function exp(x) on A1 corresponds to the DX-module DX/DX(∂x − 1) (since
f(x) = d

dx
f(x) is the defining differential equation of exp(x)). Thus we replace a vector space

of functions with a category of D-modules.
The above operation of convolution could be rephrased via the diagram

X × Y

π1
{{

π2
##

X Y

f 7→ π2∗(K · π∗1f)

where π∗1, π2∗ denote pull-back (precomposition) and push-forward (integration over fibers),
respectively. We categorify this notion and say that natural operations between D-module
categories are given by diagrams

Z

p

��

q

��

��
X × Y

π1
{{

π2
##

X Y

M 7→ q∗(K ⊗ p!M)

It is a nice exercise to use the projection formula for D-modules to show that one can factor
this “integral transform” through a related sequence of operations on X × Y .

This approach allows for the separation of purely geometric questions regarding differen-
tial equations and integral geometry from analytic ones about solvability in any particular
function space. At the same time, it gives us a classical perspective on functors between
categories of D-modules.
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