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1. Motivation: Beilinson-Bernstein localization

Possible ref: Ben-Zvi + Nadler (bn.pdf) ; talk

1.1. Recollection: BB localization theorem. Let G be a reductive group and B < G a Borel.
Then we have the flag variety G/B. As we saw in a previous talk, there are quasi-inverse equiva-
lences of categories,

Γ : D(G/B) ∼→ Ug-mod0,M 7→ Γ(G/B,M);(1.1)

∆ : Ug-mod0 → D(G/B)-mod,M 7→ DG/B ⊗Ug M.(1.2)

Here Ug-mod0 denotes Ug-modules (i.e., g-modules) on which the augmentation ideal Z+ ⊆ Z(Ug)
of the center acts trivially. The action of Ug on global sections Γ(M) comes from the fact that
Γ(D(G/B)) = Ug/Z+ · Ug.

Interpretation: This is saying that the variety G/B is D-affine, i.e., that the global sections
functor on D-modules on G/B is an equivalence. This is not true for O-modules on G/B, since
G/B is not affine!!

1.2. Structure of smooth G-categories. This is an awesome result, but there is additional
structure that has been omitted from the above. Namely, both sides of the equivalence canonically
carry an action of D(G), the category of D-modules on G.

To explain this, note that G obviously acts on G/B by left translation, and hence it should act
canonically on the category of D-modules on G/B. Naively, given g ∈ G and a D-module M on
G/B, we can translate M by g to g∗M . This alone would give a “weak G-action on D(G/B)” (see
below).

To upgrade this to a strong action, we need to equip this with a trivialization of the g = LieG
action, or more precisely, with the action of the formal group Ĝ1 of G. In this case, we get such
a trivialization because the action of g on D(G/B) by translation is inner. More generally, if G
acts on a variety X, we have the infinitesimal action of g on D-modules on X via the composition
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g → Vect(X) ⊆ DX , which is inner: it preserves the isomorphism class of the D-module. This is
the action of g on D(X) induced by the G-action on D(X), and it is trivial. (Note on the other
hand that g∗M need not be isomorphic to M for M ∈ D(X) and g ∈ G.)

Next, G acts on the category Ug-mod0 by the adjoint action; the action of g is trivialized since
it acts by an inner action on Ug-modules, preserving the action of the center Z(Ug).

Then, the BB localization theorem can be enhanced to say: the action is compatible with the
above strong D(G)-actions on each side.

To see this compatibility, we note that the Ug-action on the global sections of a D(G/B)-module
comes from the left G-invariant vector fields on G/B, so that translating a D(G/B)-module by G
corresponds to applying the adjoint action to the left G-invariant vector field.

Similarly (this requires working in the derived setting) the isomorphism is compati-
ble with what remains of the G action on the right on G/B, namely the finite Hecke category
EndD(G)(D(G/B)) = DB(G/B) = D(B \G/G)-action (this equality is only true taking the derived
endomorphisms of the category D(G/B) commuting with the D(G)-action). (How do we describe
the action on Ug-mod0??) See the next talk !!

1.3. (Weakly) equivariant D-modules. Let us recall the definition of (weakly) equivariant D-
modules. Let a : G×X → X be an action of an algebraic groupG on a varietyX. Let p : G×X → X
be the projection.

A weakly G-equivariant module on X is a D-module M on X which is equipped with an isomor-
phism Φ : a∗M ∼→ p∗M of OG ⊗DX -modules compatible with the G-multiplication.

[skip:] technical condition: for m : G×G→ G the multiplication map and p13, p23 : G×G×X →
G×X the two projections,

(1.3) (m× Id)∗Φ = p∗23(Φ) ◦ p∗13(Φ).

A (strongly) G-equivariant D-module M is one where Φ is additionally an isomorphism of DG⊗
DX modules. This can equivalently be formulated as a weakly G-equivariant structure where two
actions of g = LieG on M coincide: one coming from the infinitesimal equivariant structure, and
one coming from the composition of the Vect(X) ⊆ DX -action on M with the infinitesimal action
of g on the variety X:

g→ Vect(X) ⊆ DX .

In general, given a weakly G-equivariant D-module M , the difference of the above actions yields
an action ρ : g→ EndOX

(M); we can also consider weakly equivariant D-modules where this action
is fixed (in particular, this can be useful fixing ρ to be some possibly nontrivial character of g times
the identity). This yields a “ρ-twisted” analogue of strongly equivariant D-modules, since when
the action ρ is trivial then it is (untwisted) strongly equivariant.

1.4. Souped-up BB localization theorem ([BN]) for Ug-mod. More generally there are
similar equivalences involving all of Ug [BN: the draft bnṗdf on the workshop webpage], for N =
[B,B] < B and H < B a maximal torus (so H ∼= B/N), Let P := Dw,H(G/N) be the category of
weakly H-equivariant D-modules on G/N . Then we have

(1.4) PW
∼↔Ug-mod

∼↔PW ,

between U(g-mod) and modules (or comodules) in the category P under the algebra (or coalge-
bra) W := DN\G/N of differential operators on N \ G/N , equipped with its canonical weakly H-
biequivariant structure. The (co)algebra W is a (co)algebra in the Hecke category, EndD(G)(P) ∼=
DH×H(N \ G/N), which naturally acts on DH(G/N), and that explains why W = DN\G/N , with
its weakly H-biequivariant structure, acts on DH(G/N).
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As observed in [BN] (following [BD] and [FG]), the equivalence above is naturally also an equiv-
alence compatible with the D(G)-module structures on both sides, for exactly the same reasons as
before.

2. G-categories and smooth G-categories

We follow Negut’s notes from Dennis Gaitsgory’s seminar; see also Frenkel-Gaitsgory, arXiv/
0508382, Appendix, §20.

We said above that a “smooth” (or “strong”) G-action on a category is an action by the category
D(G) of D-modules on G. Let us define this more precisely.

First we recall the non-categorical setup. Let G act on a variety X. We then have maps
a, p : G × X → X, given by the action and the projection, respectively. Then, a G-equivariant
quasicoherent sheaf on X is a quasicoherent sheaf M on X equipped with an isomorphism

a∗(M) ∼= p∗(M).

Next we move to the D-module version. A weak G-action on C is a functor

a∗ : C → QCohG⊗C,
which satisfies two properties: first, it is unital:

a∗|1→G = Id : C → C;
secondly, it is multiplicative, which means that we are equipped with a natural isomorphism between
the two compositions of the diagram, where m : G×G→ G is the multiplication map:

C a∗
//

a∗

��

QCohG⊗C

a∗

��

QCohG⊗C
m∗
// QCohG⊗QCohG⊗C.

Example 2.1. The trivial weak action of G on an arbitrary category C is

triv∗ |G : C → QCohG⊗C, C 7→ OG ⊗ C.
Example 2.2. If A is a topological associative algebra acted on by G, we get a weak G-action
on the category A-mod of discrete A-modules. For A = Ug this recovers the weak action of G on
Ug-mod mentioned above.

Example 2.3. If X is a scheme acted on by G, we get a weak action of G on QCoh(X).

Given a weak G-action on a category C, we can take the weak G-invariants, Cw,G, of weakly
equivariant objects.

Example 2.4. For the trivial weak action of G on Vec, the weak invariants Vecw,G is precisely
RepG.

A smooth or strong G-action is one additionally equipped with a trivialization of the action of
g, more precisely, either of the following equivalent conditions are satisfied:

• We are given functorial isomorphisms between the restrictions a∗|s, a∗|s′ , for s and s′ in-
finitesimally close points of G;
• We are given functorial trivializations of a∗|s for any s → Ĝ1, the formal neighborhood of

the identity 1 ∈ G.

The second condition is also the same as a trivialization of the induced action of the formal group
G of G; i.e., our G-action descends to an action of G/G. Note that a quasicoherent sheaf over G/G
is the same as a D-module over G, so this explains why this turns an action of QCohG into an
action of D(G), i.e., we conclude the following.
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Lemma 2.5. A strong G-action is the same as an action of the category D(G),

a∗ : C → D(G)⊗ C,
satisfying the analogous compatibility conditions to the preceding.

Remark 2.6. The motivation for the term smooth comes from representation theory of groups
over local fields: if F is a local nonarchimedean field (e.g., F = Fq((t)) or F = Qp) and O ⊆ F
is its ring of integers (in the above examples, Fq[[t]] and Zp). Then, G(F ) can be topologized
using the adic topology, which produces a locally compact, totally disconnected group. A smooth
representation of G(F ) is then a representation which is generated by fixed vectors under a compact
open subgroup of G(F ), which says that G(F ) acts continuously, or equivalently smoothly (since
G(F ) is totally disconnected). Thus, the above condition on an infinitesimal trivialization can be
viewed as analogous to a smooth representation in the above sense (where some open neighborhood
of the identity acts trivially, for a totally disconnected locally compact group).

3. K-equivariance and Hecke patterns

Possible ref: BD appendix sections 7.6–7.8; ... proof on jantzen conjs has equiv :: 7.1
To proceed, it is very fruitful for K < G to consider a K-equivariant version of the Beilinson-

Bernstein correspondence. Namely, they prove that we have equivalences

Γ : DK(G/B) ∼→ (g,K)-mod0, M 7→ Γ(G/B,M);(3.1)

∆ : (g,K)-mod0 → DK(G/B),M 7→ D(G/B)⊗Ug M.(3.2)

As explained in [BD, §7.6–7.8], in this case, in the derived setting, the isomorphism is compatible
with the Hecke algebra action, H := DK(G/K), which acts by left translation respecting the K-
equivariant structure. (We can perhaps think of an action of this Hecke algebra as a “smooth”
action of the stack K \G/K since DK(G/K) = D(K \G/K).)

3.1. Version in families? I would think, by analogy, that the above extends to a version in
families of the form (where everything is derived)

KPW(g,K)-mod
∼↔KPW ,

compatible with the action of the Hecke category DK(G/K) coming from left translation on G/N ,
and with the symmetries Dw,H×H(N \G/N) coming from right translation.

4. G-invariants and Goresky-Kottwitz-Macpherson

Let K be a compact connected Lie group. Then, as explained in [BGG],[BGS],[GKM], there is
a Koszul duality between the cohomology algebra H∗(BK) of the classifying space of K and the
cohomology H∗(K) of the group K viewed as a coalgebra under the multiplication K ×K → K.
The latter is also identified with the Lie algebra cohomology H∗(k).

Example 4.1. In the case that K = S1, H∗(BK) = H∗(CP∞) = C[x] where x has degree two;
on the other hand H∗(k) ∼= ∧〈y〉 where y has degree one (more precisely, this is the symmetric
algebra on the supervector space spanned by y, since y is odd). Moreover the coalgebra structure
on H∗(K) is also the usual structure of the symmetric algebra (which is always a Hopf algebra).

Example 4.2. By the preceding, forK = (S1)n, we obtain thatH∗(BK) andH∗(K) are symmetric
algebras on vector spaces of dimension n, placed in the first case in degree two (in particular, even)
and in the second case in degree one (in particular, odd); in the latter case, the canonical coalgebra
structure encoding the multiplication K ×K is the usual structure on an exterior coalgebra.

For a general compact connected Lie group K, the situation is not far from the above: if
T < K is a maximal torus, and W = N(T )/T is the Weyl group, then we always obtain that
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H∗(BK) ∼= H∗(BT )W and H∗(K) ∼= H∗(T )W , and these are in fact polynomial algebras (this
is not immediately obvious: in general, by a theorem of Chevalley-Shephard-Todd, given a finite
group W acting on a complex vector space V , SV W is also a polynomial algebra if and only if W is
generated by complex reflections, i.e., elements s ∈W such that the rank of s− Id is one, i.e., the
eigenvalue of one occurs with multiplicity dimV − 1. This explains why we get a Koszul duality
between H∗(BK) and H∗(K), since it follows from the Koszul duality between the symmetric and
exterior algebras.

By the general yoga of Koszul duality as explained in [BGS], this yields an equivalence between
the categories of graded modules over H∗(BK) and the category of comodules over H∗(K) (also
in this special case, this is equivalent to the category of modules over H∗(K) because a symmetric
algebra happens to be self-dual as a Hopf algebra).

Next, let X be a reasonable space on which K acts (in GKM, this is a subanalytic action on a
subanalytic space). Then the action K×X → X induces an coaction of H∗(K) on the cohomology
H∗(X), or better an action in the derived category on C∗(X), i.e., C∗(X) is naturally an object
of Db(C∗(K)-comod) (which equals Db(H∗(K)-comod) since C∗(K) is quasi-isomorphic as a dg
coalgebra to its cohomology, i.e., it is “formal”). Alternatively, there is a model for C∗(X) which
is a complex admitting a (graded) action of H∗(K).

Theorem 4.3 (GKM). The (suitably shifted) Koszul duality functorsDb(H∗(BK))↔ Db(H∗(K)-comod)
are equivalences, which take the equivariant cochain complex C∗K(X) ∈ Db(H∗(BK)) to the ordi-
nary cochain complex C∗(X), up to quasi-isomorphism.

As a consequence, we can pass between the (derived=cochain) version of equavariant cohomology
and ordinary cohomology via Koszul duality.

This can be interpreted as follows: The coaction of C∗(K) on C∗(X) should be viewed as a K-
action on C∗(X), i.e., this gives C∗(X) the structure of an algebra sheaf on the stack BK. Then,
the equivariant cohomology C∗K(X) is the global sections C∗K(X) = Γ(BK,C∗(X)), equipped with
the action of C∗(BK). The above says that the global sections functor is an equivalence sending
cohomology to equivariant cohomology. Thus it is a localization theorem on the level of cohomology
(related to the world of locally constant or constructible functions), which is one categorical level
down from the preceding Beilinson-Bernstein theorem: the global sections functor induces a quasi-
isomorphism here, and a (Morita) equivalence in the categorical setup before. Note though that
here we are only interested in topological concerns about X and the action of G on X.

Heuristic summary: For K a connected compact Lie group, the topological classifying space
BK is affine for locally constant, or more generally constructible functions (those functions whose
cohomology is related to the topological cohomology as above), and the global sections functor
transforms cohomology to equivariant cohomology. We will see that this is not true in the categorical
algebraic setting, replacing constructible functions by D-modules!

5. Failure of Morita equivalence for smooth G-categories

Let us explain that last comment.
First of all, a comment on the relationship between constructible functions / topological coho-

mology and D-modules. First of all we can categorify them by constructible sheaves. Then in
characteristic zero there is a well-known Riemann-Hilbert correspondence between holonomic D-
modules with regular singularities and perverse sheaves (a nice abelian subcategory of the derived
category of constructible sheaves).

A concrete statement relating D-modules to topological cohomology is Grothendieck’s theorem:
the hypercohomology (in the complex topology) of the complex of algebraic differential forms
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on a smooth algebraic variety X is isomorphic to the de Rham cohomology of X. In terms of D-
modules, this says that the derived pushforward of the canonical D-module OX under the projection
X → {pt} is the topological cohomology of X.

Remark 5.1. There are many more statements, that are well beyond our scope, explaining the
relationship between (certain) D-modules, or more generally quantization algebras and modules, to
(symplectic) topology: I have in mind relationships not merely to constructible sheaves, but also
to Fukaya categories, see, e.g., work of Nadler and Zaslow...

Now, let us proceed to our explanation. A D-module on BG, almost by definition, is a strongly
equivariant D-module on a point. (In general, an object over BG is always the same as a G-object
over the point, or more generally, an object over a quotient stack Y/G is the same as a G-object
on Y .)

Let us consider this more carefully. A weakly G-equivariant D-module on a point is the same as
a vector space with a G-action, since D-modules on a point are the same as vector spaces (note that
this is also the same as a G-equivariant quasicoherent sheaf on a point, or therefore a quasicoherent
sheaf on BG). This is nothing but RepG.

A strongly G-equivariant D-module is a weakly G-equivariant D-module with an isomorphism
between the two induced g actions. In this case, since G acts trivially on a point, this says that
the g action on the G-representation above is trivial: we get merely a representation of the group
of connected components of G.

In the derived setting, we get a bit more: a strongly equivariant derived D-module is the same
as a representation of the fundamental infinity-groupoid of G, i.e., the homotopy type of the group
G.

Still, this only sees topological information aboutG, and loses all of the algebraic (or holomorphic)
information. On the other hand, D(G) sees this algebraic information. So there is no hope to get
an equivalence, taking G-invariants, between D(G) and D(BG). In particular, the global sections
functor

smooth G-categories = Comodule categories over D(G)
Γ−→D(BG)-modules,

cannot be an equivalence. Here, Γ is the functor taking G-invariants; heuristically this can
be thought of as categorifying the passage between a strongly G-equivariant object on a point,
i.e., something with a G-action, to an object over BG, i.e. something with an action of global
functions/differential operators/etc. on BG.

6. Morita equivalence for G-categories

On the other hand, by results of Gaitsgory and [BFN], we do obtain Morita equivalence for
non-smooth G-categories, i.e., modules over quasicoherent sheaves. Namely, given any algebraic
variety X with an action by an affine algebraic group G, Gaitsgory proves that the stack X/G is
1-affine, which means that taking global sections (or G-invariants) yields an equivalence

{G-equivariant categories on X} =: {categories over X/G} Γ−→{Categories with an action of QCoh(X/G)}.

In particular, in the case that X is a point, this yields an equivalence

{weak G-categories} = {Categories with a comodule action of QCohG}
∼→ {QCoh(BG)-mod},

C 7→ CG.

Note that the left-hand side is in terms of the comonoid structure of QCohG using the multiplication
G×G→ G; the RHS is just using the structure of modules over QCoh(BG) which is the same as
what one can define over QCoh(Y ) for any derived stack Y .
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In fact, in Gaitsgory’s theorem, the first, more general equivalence above works when X/G is
replaced by any geometric stack, i.e., a derived stack ... with an affine diagonal.

We can apply this latter statement to similarly yield a categorification of the relative Morita
equivalence for matrix algebras, C[X ×Y X]-mod ' C[Y ] discussed on the first day of lectures.

More generally we can allow π : X → Y to be a faithfully flat morphism of perfect stacks. Then,
following the appendix [BFN], since X and Y are 1-affine by the above result of Gaitsgory, the
functor

QCoh(Y )-mod→ QCoh(X)-mod

is conservative, and so by the Barr-Beck-Lurie theorem, we obtain an equivalence

QCoh(Y )-mod ≡ ComodT∨(QCoh(X)-mod),

where T∨ is the comonad associated to the endofunctor π∗π∗. Next, note that T∨-modules in
QCoh(X) are the same as comodules in QCoh(Y )-mod over

T∨(QCoh(X)) ' QCoh(X)⊗QCoh(Y ) QCoh(X) ' QCoh(X ×Y X),

using in the last isomorphism a theorem of [BFN].
Comment: If the above worked in the setting of D-modules (which we saw was not true for

BG in the previous section), then we wouldn’t need to consider modules over Hecke categories
D(B \G/B), but we could just take G-invariants and look at D(BG)-categories, etc.

7. Summary

In summary, we have the following equivalences, which are compatible with the relevant symme-
tries (strong G-actions, etc):

Γ : D(G/B) ∼→ (Ug)-mod0,(7.1)

Γ : Db(H∗(K)-comod) ∼→ Db(H∗(BK)), C∗(X) 7→ C∗K(X),(7.2)

Γ : {QCohG -comodule categories, G affine} = {weak G-categories} ∼→ {QCohBG -categories},
(7.3)

Γ : {QCohG -comodule categories on a G-variety X, G affine} = {weak G-categories on a G-variety X}
(7.4)

∼→ {QCohX/G -categories},

QCoh(Y )-modules ∼→ QCoh(X ×Y X)-comodules in QCoh(Y )-mod, X → Y faithfully flat.

(7.5)

On the other hand, we do not have equivalences

Γ : QCoh(G/B)→ Γ(OG/B)-mod = Vec;(7.6)

Γ : {strong G-categories} → {D(BG)-categories};(7.7)

D(Y )-modules→ D(X ×Y X)-comodules in D(Y )-modules.(7.8)
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