
DUALIZABILITY AND DIMENSIONS

SHILIN YU

1. Hochschild homology

Let k be a field of characteristic 0. A is a unital associative k-algebra,
Ae = A⊗k A

op.

AMA is an (A,A)-bimodule, then M is an (A⊗Aop, k)- and (k,A⊗
Aop)-bimodule.

1.1. The bar complex. Goal: consider e
AM , e.g. AAe . Want to com-

pute Tor•(A,M).
Consider

B•A = ...→ A⊗n b→ ...
b→ A⊗3 b→ A⊗2.

The differential b : A⊗(n+1) → A⊗n is given by

b(a0 ⊗ a1 ⊗ ...⊗ an) =
n−1∑
i=0

(−1)ia0 ⊗ ...⊗ (aiai+1)⊗ ...⊗ an.

Define B•A→ A by

A⊗ A m→ A.

Exercises:

(1) b2 = 0.
(2) B•A→ A is a projective resolution of AAA.

Definition. Hochschild homology of MAe is

HH•(M) = Tor•Ae(M,A) = H•(M ⊗ AeB•A).

Note,

m⊗ (a0 ⊗ ...⊗ an) ∈M ⊗Ae A⊗n

= m(a0 ⊗ aopn )(1⊗ a1 ⊗ ...⊗ an−1 ⊗ 1)

= anma0(1⊗ ...).

So,

M ⊗Ae A⊗n ∼= M ⊗ A⊗(n−2).
1



2 SHILIN YU

1.2. Hochschild chain complex. Define C•(A,M) by

...
b→M ⊗ A⊗2 b→M ⊗ A b→M.

The differential is defined to be

b(m⊗ a1 ⊗ ...⊗ an) = ma1 ⊗ a2 ⊗ ...⊗ an

+
n−1∑
i=1

m⊗ ...⊗ aiai+1 ⊗ ...⊗ an

+ (−1)nanm⊗ a1 ⊗ ...⊗ an−1.

We denote C•(A) = C•(A,A).
Exercise: HH0(M) = M/[M,A].
Remark: HH0(A) = A/[A,A] is not an algebra in general.
What about HH1(A)? Assume A is commutative.

Proposition. HH1(A) ∼= Ω1(A).

Here Ω1(A) is the space of Kähler differentials of A. This is the A-
linear span of db for every b ∈ A with the relations d(ab) = da ·b+a ·db.

More concretely, it is

Ω1(A) = A⊗ A/(ab⊗ c− a⊗ bc+ ac⊗ b).

A⊗3 → A⊗2 → A→ 0.

An element a⊗ b is a cycle if d(a⊗ b) = ab− ba = 0, so everything
is a cycle.

1-boundaries are precisely

d(a⊗ b⊗ c) = ab⊗ c− a⊗ bc+ ac⊗ b.

1.3. Hochschild-Kostant-Rosenberg theorem.

Theorem (HKR). Let X be an smooth affine variety over k, A = k[X].
Then HH•(A) ∼= Ω•(A).

Here Ωn(A) =
∧k

A Ω1(A).

Proof. Construct a chain map

I : (C•(A), b)→ (Ω•(A), 0)

by

In(a0 ⊗ a1 ⊗ ...⊗ an) =
1

n!
a0da1 ∧ ... ∧ dan.
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2. Hochschild cohomology

Definition. LetM be anA-bimodule, thenHH•(M) = Ext•Ae(A,M) =
Hom•(B•A,M).

The complex is

0→ HomAe(A⊗2,M)
b→ HomAe(A⊗3,M)

b→ ...

We have an identification

HomAe(A⊗n,M)
∼→ Homk(A⊗(n−2),M)

given by

φ 7→ (a1 ⊗ ...⊗ an−2 7→ φ(1A ⊗ a1 ⊗ ...⊗ an−2 ⊗ 1)).

The Hochschild complex is

C•(A,M) : 0→M
b→ Homk(A,M)

b→ Homk(A⊗2,M)→ ...

For any f ∈ Cn(A,M) = Homk(A⊗n,M) the differential is defined
by

bf(a1, a2, ..., an+1)

=a1f(a2, ..., an+1)

+
n∑

i=1

(−1)if(a1, ..., aiai+1, ..., an+1)

+ (−1)n+1f(a1, ..., an)an+1.

Examples: HH0(A) ∼= Z(A). For any f ∈ C1(A,M) we have

bf = 0⇔ 0 = bf(a1, a2) = a1f(a2)− f(a1a2) + f(a1)a2,

i.e. f(a1a2) = a1f(a2) + f(a1)a2. 1-coboundaries are inner derivations.
So,

HH1(A,M) = Der(A,M)/Inn(A,M).

For A commutative

HH1(A) = Der(A,A).

Theorem (HKR). HH•(A) ∼=
∧• TX .

Remark: for (A•, d) a dga we define

HH•(A•) = H•(C•(A), b+ d).
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3. Connes’ operator B

It is an operator B : C•(A)→ C•(A) of degree 1. Explicitly,

B(a0 ⊗ ...⊗ an) =
n−1∑
i=0

(−1)no1⊗ ai ⊗ ...⊗ an ⊗ a0 ⊗ ...⊗ ai−1

− (−1)n(i−1)ai−1 ⊗ 1⊗ ai ⊗ ...⊗ an ⊗ ...⊗ a0 ⊗ ...⊗ ai−2.

Exercise: B2 = 0 and Bb+ bB = 0.

HHn(A) HHn+1(A)

Ωn(A) Ωn+1(A)

B

ddR

HKR HKR

Remark: S1 has a natural simplicial structure given by one vertex
and one loop.

HH•(A) = H•(A⊗ S1
•).

Theorem. (Jones) Let X be a simply-connected topological space. Form
LX = Map(S1, X). (S•X, d) is the simplicial cochain complex of X (a
dga).

HH•(S
•X) ∼= H•(LX)

HC•(S
•X) ∼= H•

S1(LX).

Here HC• is the cyclic homology defined as the homology of

C2(A) C1(A) C0(A)

C1(A) C0(A)

C0(A)

BB

B


