1 Stationary distributions and the limit

theorem

Definition 1.1. The vector 7 is called a stationary distribution of a
Markov chain with matrix of transition probabilities P if 7w has entries
(m; : j €5) such that:

(@) mj > 0forall j, > ;7 =1, and
(b) @ = P, which is to say that m; = ) . m;p;; for all j (the balance
equations).
Note: This implies that
aP" =m foralln >0,

e.g. if Xy has distribution 7t then X,, has distribution 7 for all n.




Proposition 1.2. An irreducible chain has a stationary distribution 7
if and only if all the states are non-null persistent; in this case, 7 is the

unique stationary distribution and is given by m; = ui for each 1 € S,

where p; Is the mean recurrence time of 1.

We will carry out the proof of this in several steps.




Fix a state k£ and let p;(k) be the mean number of visits of the chain

to the state 7 between two successive visits to state k:

pi(k) = E[N;[Xo = k],

Ni:il{xn:z'}mmzn}

and T}, is the time of the first return to state k. We write p(k) for the
vector (p;(k) :i € S). Clearly Ty, = > .. N;, and hence

we =Y pi(k)

€S




Lemma 1.3. For any state k of an irreducible persistent chain, the
vector p(k) satisfies p;(k) < oo for all i, and furthermore

p(k) = p(k)P.




Proof. We show first that p;(k) < oo when i # k. Observe that
pr(k) = 1. We write

i (n) = P{X,, =i, T > n|Xy =k} .

Clearly frr(m +n) > lg;(m) fir(n). By irreducibility of the chain,

there exists n such that f;x(n) > 0. So for such an > 2

> 1

— n;lki(m) (m+n) ka(n) < 0

as required.




Next observe that lx;(1) = pg;, and

ki(n) = Y P(Xn =1, Xn 1 =j, T > n|Xo = k) =
jj#k

Summing over n > 2, we obtain

= Pki T Sj S‘ lkj p]’L — pk<k DPki T+ Z ,03 p]i:

J:jFEk \n=>2 71:9%£k

since pr(k) = 1. []




We have shown that for any irreducible chain, the vector p(k) satisfies
p(k) = p(k)P, and furthermore that the components of p(k) are

non-negative with sum p. Hence, if pp < oo, the vector 7 with
entries m; = p;(k)/p is a distribution satisfying w = wP.

Therefore, every non-null persistent irreducible chain has a stationary
distribution.




Proposition 1.4. For any irreducible, persistent Markov chain with

matrix of transition probabilities P, there exists a positive solution x
to the equation
x = xP,

which is unique up to a multiplicative constant. The chain is non-null
if Y .x; < oo and null if Y. x; = oo.

We’'ve seen all of this except for the uniqueness claim, which we
won’t establish — although it isn’t difficult.




Proof of Proposition (1.2) Suppose the 7 is a stationary distribution of
the chain. If all states are transient then p;;(n) — 0 as n — oo, for all

v and j. So

as n — oo for all 7 and 7,

which contradicts » ;m; = 1.




We show next that the existence of 7 implies that all states are
non-null and that m; = /% for each i. Suppose that X has
distribution 7, so that P{Xy =i} = m; for each i. Then

ming =P{Xo =4} P{T; >n|Xo=j} =) P{T; >n,Xo=j}.
n=1 n=1




However, P{T; > 1, Xy =j} =P{Xo =4}, and for n > 2,

P{T; > n,Xo =7}

=P{Xog=7,Xm #jfor1 <m<n-—1}

=P{X,, #jfor1<m<n—-1}-P{X,, #jfor0<m<n—1}

=P{X,, #jfor0<m<n—-2}-P{X,,Ajfor0<m<n-—1}
by stationarity

— Qp—2 — Qp—1

where a,, = P{X,, # j for 0 <m < n}.




Sum over n to obtain

i s :P{onj}—HP){Xo#j}—nli_)rrgoan:1— lim a,.

n—aoo

However, a,, — P{X,, # j for all m} = 0 as n — oo, by the
persistence of 7. We have shown that

mipg =1,

so that p; = == < oo if m; > 0. To see that 7; > 0 for all j, suppose
J

on the contrary that m; = 0 for some j.




0=m; = Zmpij (n) > mipi;(n) for all ¢ and n,

i
yielding that m; = 0 whenever ¢ — j. The chain is assumed irreducible,
so that m; = O for all 2 in contradiction of the fact that m;'s sum to 1.

Hence p; < oo and all states of the chain are non-null. Furthermore,

we see that m; are specified uniquely as /%

J




Thus, if 7t exists then it is unique and all the states of the chain are

non-null persistent. Conversely, if the states of the chain are non-null

persistent then the chain has a stationary distribution given by
Lemma (1.3)).




Proposition 1.5. Ifi < 4 then i is null persistent if and only if j is
null persistent.

Proof. Let C(i) be the irreducible closed equivalence class of states
which contains the non-null persistent state i. Suppose that

Xo € C(i). Then X,, € C(i) for all n, and Lemma (1.3)) and
Proposition (1.2) combine to tell us that all the states in C(7) are

non-null.




Proposition 1.6. Let s € S be any state of an irreducible chain. The
chain is transient if and only if there exists a non-zero solution

{y; : i # s}, satisfying |y;| < 1 for all i, to the equations




1.0.1 Example: Random walk with retaining barrier

A particle performs a random walk on the non-negative integers with a
retaining barrier at 0. The transition probabilities are

P00 = q, Diig1 =p fort >0 pii—1=¢q fort>1,

Let p =p/q.

(a) If g <p, take s=0toseethaty; =1— # satisfies the equation
in Proposition (1.6, and so the chain is transient.




(b)

(c)

Solve the equation w = 7P to find that there exists a stationary
distribution, with 7; = p?(1 — p), if and only if ¢ > p. Thus the
chain is non-null persistent if and only if ¢ > p.

If ¢ =p = % the chain is persistent since symmetric random walk

is persistent (just reflect negative excursions of a symmetric
random walk into the positive half-line). Solve the equation
x = xP to find that x; = 1 for all 7 is the solution, unique up to a
multiplicative constant. However, ZZ x; = oo so that the chain is

null by Proposition (1.4]).




Theorem 1.7. For an irreducible aperiodic chain, we have that

1
pij(n) — — as n — oo, for all v and ;.

g

Proof. If the chain is transient the the result is trivial.

Suppose X is an irreducible, aperiodic, non-null, persistent Markov
chain. Construct the “coupled chain” Z = (X,Y), as an ordered pair
X =4{X,:n>0},Y ={Y, :n >0} of independent Markov chains,

each having state space S and transition matrix P. Then
Z ={Z, = (X,,Yn) :n >0} takes values in § x S, and it is easy to
check that Z is a Markov chain with transition probabilities
Pijt = P(Znt1 = (k,1)|Zn = (4, 7))
=P (Xp11 =kl X, =) P (Yo =Y, =) by independence

= PikPjl




Since X is irreducible and aperiodic then Z is also irreducible. Since X

is non-null persistent it has a unique stationary distribution 7, and it is

easy to see that Z has a stationary distribution v = (v;; : 4,7 € 5)
given by v;; = m;m;; thus Z is also non-null persistent.




Now suppose that Xy =i and Yy = j, so that Zy = (¢, 7). Choose any
state s € S and let

T=min{n>1:27,=(s,9)}

denote the time that Z first hits (s,s). Note that P{T < o0} = 1.
Starting from Zy = (Xo, Yo) = (¢, )

pik(n) P{X, =k}

P{X,=kT<n'+P{X,=kT>n)
P{Y, =k T<n}+P{X,=kT>n},

since given T' < n, X,, and Y,, are identically distributed. Also,

P{Y, =k} +P{T >n}
pik(n) + P{T >n}.




This, and the related inequality with ¢ and j interchanged, yields
pir(n) —pjr(n)| <P{T'>n} -0 as n— oo;
therefore,
pik(n) —pjr(n) =0 as n — oo for all 4,7 and k.

Thus, if lim, . pix(n) exists, then it does not depend on i. To show
that it exists, write

T — pik(n) = Zm (pir(n) —pjr(n)) — 0 asn — oo.




1.1 Examples

1.1.1 Example: The age of a renewal process

Initially an item is put into use, and when it fails it is replaced at the
beginning of the next time period by a new item. Suppose that the
lives of the items are independent and each will fail in its ¢th period of
use with probability P;,7 > 1, where the distribution {P;} is aperiodic
and > . 1P; < oo. Let X,, denote the age of the item in use at time n
— that is, the number of periods (including the nth) it has been in

use.




Then if we let
P;

Z;)iz P
denote the probability that a unit that has lived for ¢ — 1 time units
fails on the ith time unit, then {X,,,n > 0} is a Markov chain with
transition probabilities given by

Ai

Pii=A=1-P;;41, 12>1.

Hence the limiting probabilities are such that

m = ZTQ)\(’L),

1

mir1 = mi(1— X)), > 1




iterating yields

7T@(1 — )\z)
7Tz'_1(1 — )\Z)(l — >\i—1)

7T1(1 — )\1)(1 — )\2) <o (1 — )\z)

lepj

j=it1
7T1P{X > 9+ 1},

where X is the life of an item.




Using > .=, m = 1 yields

1=m Y P{X >}
1=1

1
Tl = =t

E[X]

and hence

- P{X >4} ,
= E[X] 1 > 1.

T

This is an example of a size-biased distribution.




1.1.2 Example: Poisson births

Suppose that during each time period, each member of a population
dies independently of the others with probability p, and that a
Poisson(\) number of new members join the population each time
period. If we let X,, denote the number of members of the population

at the beginning of period n, then it is easy to see that
{X,,n=1,...} is a Markov chain.

To find the stationary distribution of this chain, suppose that X has a
Poisson distribution with mean «. Since each of these X individuals
will independently be alive at the beginning of the next period with
probability 1 — p, by the Poisson marking theorem, the number of
them that are still in the population at time 1 is a Poisson random

variable with mean a(1 — p).




As the number of new members that join the population at time 1 is an
independent Poisson random variable with mean \, it thus follows that
X is a Poisson random variable with mean a(1 — p) + A. Hence, if

a=a(l—p)+ A

then the chain is stationary. By uniqueness of the stationary
distribution, we can conclude that the stationary distribution is
Poisson with mean A\/p. That is,

m;=e MP(\/p)/jl, j=0,1,...




1.1.3 Example: the Gibbs sampler

Let p(x1,...,x,) be the joint probability mass function of the random

vector (X1,...,X,). In some cases, it may be difficult to directly
sample from such a distribution, but relatively easy to sample from the
conditional distributions of each coordinate X, given the values of all

of the other coordinates X, j # <.

In this case, we can generate a random vector whose probability mass
function is approximately p(z1,...,x,) by constructing a Markov
chain whose stationary distribution is p as follows.




Let X0 = (X?,...,X?) be any vector for which p(X?,..., X%) > 0.

First we generate a random variable whose distribution is the

conditional distribution of the first coordinate X; given that
X; =X}, j=2,...,n, and call its value Xj.

Next, generate a random variable whose distribution is the conditional
distribution of X3 given that X; = Xj, and X; = X?,j =3,...,n,
and call its value X3.

Continue in this fashion until we have a whole new vector

X! = (X{,...,X}). Then, repeat the process, this time starting with
X1 in place of X, to obtain the new vector X2, and so on. It is easy
to see that the sequence of vectors X7, 5 > 0 is a Markov chain. We
claim that its stationary distribution is p(x1,...,x,).




To verify the claim, suppose that X" has probability mass function
p(x1,...,x,). Then it is easy to see that at any point in this
algorithm the vector X7,..., X7 |, X7 .. XJ=1 will be the value
of a random variable with mass function p(z1,...,x,). For instance,
letting X7 be the random variable that takes on the value denoted by
27 then

]P){Xll:xl,X;):xj,j:Z...,n}

:IP’{Xll:xllX?:ajj,j:Z...,n}
X IP’{X]Q::I;j,j:Z...,n}

=P{X1=21|X, =24, =2,...,n}
x P{X,=z;,7=2,...,n}

=p(x1,...,Tn).




Therefore, p(x1,...,x,) is a stationary probability distribution, so
provided that the Markov chain is irreducible and aperiodic, we can
conclude that it is the limiting probability vector for the Gibbs sampler.

It also follows from the proceeding that p(x1,...,z,) would be the
limiting probability vector even if the Gibbs sampler were not
systematic in first changing the value of X;, then X5, and so on.,
Indeed, even if the component whose value was to be changed was

always randomly determined, then p(x1,...,z,) would remain a
stationary distribution, and would thus be the limiting probability mass
function provided that the resulting chain is aperiodic and irreducible.




2 Exercises

1) Each day one of n possible elements is requested; it is the ¢th one
with probability P;,i > 1,> " | P; = 1. These elements are at all
times arranged in an ordered list that is revised as follows: the element
selected is moved to the front of the list, and the relative positions of
all other elements remain unchanged. Define the state at any time to
be the ordering of the list at that time.

(a) Argue that the above is Markov chain.

(b) For any state (i1, ...,%,) (which is a permutation of (1,2,...,n))

let 7(i1,...,4,) denote the limiting probability. Argue that

P, P;

‘1- P, 1-P, —

11

n—1

W(il,...,in> :Pz




2) Let {X,,,n > 0} be a Markov chain with stationary probabilities 7,
7 > 0. Suppose that Xy = 0 and define

T = min{n > 0: X, = 0}.

Let Y, = Xr_;,7=0,1,...,7. Show that {Y;,7 =0,...,T} is
distributed as the states visited by a Markov chain (the “reversed”
Markov chain) with transition probabilities P} = m; P;; /m; started in
state 0 and watched until it returns to 0.




3) Consider a finite Markov chain on the state space {0,1,2,..., N}
with transition probability matrix P = (P;;);",_o, and divide the state
space into the three classes {0}, {1,2,...,N — 1} and {N}. Let 0
and N be absorbing states, both accessible from all states in

l,...,N—1,and let {1,2,..., N — 1} be a transient class.

Let k£ be a transient state. Define an auxiliary process (the “return
process” ) with transition matrix P by altering the first and last row of

P so that 15% — ﬁNk = 1 and leave the other rows unchanged.

The return process is clearly irreducible. Prove that the expected time
until absorption g with initial state k& in the original process equals
1/(mo + mn) — 1 where mg 4+ 7y is the stationary probability of being
in state 0 or NV for the return process.

Hint: use the relation between stationary probabilities and expected
recurrence times to states.




3 Reversibility

Suppose that {X,, : 0 < n < N} is an irreducible, non-null, persistent
Markov chain, with transition matrix P and stationary distribution 7.
Suppose further that X,, has distribution 7 for every n. Define the
'reversed chain" Y by Y, = Xy_,, for 0 <n < N.




Proposition 3.1. The sequence Y is a Markov chain with
]P){YO = Z} = T and

) ) 5
P{Y,1 = jlYn =i} = —~pji.

1

We call the chain Y the time reversal of chain X, and we say that X
is reversible if X and Y have the same transition probabilities.




Proof. The crucial step is the stationarity of X:

P{Yn+1 — in—i—l‘Yn — inaYn—l — in—lw"?YO — iO}
B P{Yk:Zk,ng‘Sn—l—l}
- PV, =0,0< k< n}

_ P{XN-n-1 = ing1, XN—n = in, ..., XN =0}

IP){XN_TL = lpy-... ,XN = ZQ}
. Tipy1Pini1,inPin,in_1 -+ Pii,io
T Pip i1+« + Piq,ig

Tt 1Pin11,in

T

n




Let X ={X,,:0<n < N} be an irreducible Markov chain such that
X, has the stationary distribution 7 for all n. The chain is called
reversible if the transition matrices of X and its time-reversal Y are

the same, which is to say that

TiPij — TiPjq for all Z,j

These equations are called the detailed balance equations.




Proposition 3.2. Let P be the transition matrix of an irreducible
chain X, and suppose that there exists a distribution 7 such that

TiDij = T;p4i for all 1,5 € S. Then m is a stationary distribution of the

chain.




Proof. Suppose that 7 satisfies the conditions above. Then

D TP = Y WP =T Y Pji =T

and so w = wP, whence 7 is stationary.




3.1 Reversible Examples

3.1.1 Example: Ehrenfest model of diffusion

Two containers A and B are placed adjacent to each other and gas is
allowed to pass through a small aperture joining them. A total of m
gas molecules is distributed between the containers. We assume that
at each epoch of time one molecule, picked uniformly at random from
the m available, passes through this aperture. Let X,, be the number
of molecules in container A after n units of time has passed. Clearly
{X.,} is a Markov chain with transition matrix
i

Piiv1 =1 ——, pii—1=— if 0<i<m.
m m




Rather than solve the equation m = @wP to find the stationary
distribution, we look for solutions of the detailed balance equations

TiPij = TjPji

This is solved by m; = ("')(5)™, which is therefore the stationary

distribution.




3.1.2 Example: the Metropolis algorithm

Let a; ,j = 1,...,m be positive numbers and let A = Z;nﬂ

Suppose that m is large and that A is difficult to compute, and
suppose we ideally want to simulate the values of a sequence of
independent random variables whose probabilities are p; = a,;/A, for

17=1,....m.

Similar to the Gibbs sampler, one way of simulating a sequence of
random variables whose distributions converge to {p;,j7 =1,...,m} is
to find a Markov chain that is both easy to simulate and whose
limiting probabilities are the p;. The Metropolis algorithm provides an
approach for accomplishing this task.

44



Let Q be any irreducible transition probability matrix on the integers
1,2,...,n such that ¢;; = ¢;; for all © and j. Now define a Markov
chain {X,,,n > 0} as follows. If X,, =1, then generate a random
variable that is equal to j with probability g;;,%,5 = 1,...,m. If this
random variable takes on the value j, then set X,,.; equal to 5 with
probability min{1,a;/a;}, and set it equal to ¢ otherwise.

That is, the transition probabilities of {X,,,n > 0} are

¢;; min(1,a;/a;) if § # 1,
Qii + )52 {1 —min(1,a5/a;)}  if j =14

45



We will now show that the stationary distribution of this Markov chain
is given by the p;.

We will first show that the chain is reversible with stationary
probabilities p;,7 = 1,...,m by showing that

pili; = p; Pji.

To show this, we must show that

Piqij miﬂ(L ai/aj) = DPjd4yi min(l, @j/ai)-

Now, ¢;; = ¢;; and a;/a; = p;/p; and so we must verify that

p;min(1, p;/p;) = p; min(1, p;/p;).

This is immediate since both sides of the equation are equal to
min(p;, p;).




That these stationary probabilities are also limiting probabilities follows
from the fact that since Q is an irreducible transition probability
matrix, { X, } will also be irreducible, and as P;; > 0 for some
(except in the trivial case where p; = 1/n), it is also aperiodic.

By choosing a transition probability matrix QQ that is easy to simulate
— that is, for each 7 it is easy to generate the value of a random
variable that is equal to 5 with probability g;; — we can use the
preceding to generate a Markov chain whose limiting probabilities are

a;/A, without computing A.
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3.1.3 Example: Random walk on a graph

Consider a graph having a positive number w;; associated with each
edge (7, ), and suppose that a particle moves from vertex to vertex in
the following manner:

If the particle is at vertex ¢ then it will move to vertex j with
probability proportional to the outgoing edge weights:

Py = wij/ Y wi
j

where w;; is 0 if (4, 7) is not an edge of the graph. The Markov chain
describing the sequence of vertices visited by the particle is called a
random walk on an edge weighted graph.




Proposition 3.3. Consider a random walk on an edge weighted graph
with a finite number of vertices. If this Markov chain is irreducible,
then in steady state it is time reversible with stationary probabilities
given by

_ 2_i Wiy
Zj D i Wij

Uy
Proof. The time reversible equations

7Tz'Pij = 7'('ij'

reduce to

Wiwij . ijjq;

Zk Wik Zk Wik




or, equivalently, since w;; = wj;

Uy 7Tj

Do Wik 2k Wik

implying that

T, — C E Wik -
k

Since Y m; = 1, we are done.




4 Exercises

1) Consider a time-reversible Markov chain on the state space
{0,1,2,...} with transition probabilities P;; and limiting probabilities
;. Suppose we truncate the chain to the states {0,1,..., M} by
defining the transition probabilities

(Pij‘|—zk>MPika 0<:<M,j=1

L0, otherwise.

Show that the truncated chain is also time reversible and has limiting
probabilities given by




2) Suppose M balls are initially distributed among m urns. At each
stage one of the balls is selected at random, taken from whichever urn
it is in, and placed, again at random, in one of the other m — 1 urns.
Consider the Markov chain whose state at any time is the vector

(n1,...,Nm), where n; denotes the number of balls in urn 7. Guess at

the limiting probabilities for this Markov chain and verify your guess,
showing at the same time that the Markov chain is time reversible.




	Stationary distributions and the limit theorem
	Example: Random walk with retaining barrier
	Examples
	Example: The age of a renewal process
	Example: Poisson births
	Example: the Gibbs sampler


	Exercises
	Reversibility
	Reversible Examples
	Example: Ehrenfest model of diffusion
	Example: the Metropolis algorithm
	Example: Random walk on a graph


	Exercises

