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Abstracts:

Representations and Characters of Groups

An essential tool for understanding a group G is to examine how it acts on some other object. When that
other object is a vector space, this means we can view group elements as matrices and the group operation
as matrix multiplication. More importantly though, this type of group action, called a representation,
allows us to bring to bear all the power of linear algebra on the problem of understanding groups, and
results in a beautifully rich theory which has applications in all realms of mathematics and physics. In
particular, when G is a finite group and the vector space is complex, one finds that much of the essential
information about G and its representations can be condensed into a compact sudoku-like character table.

An Introduction to Frame Theory

Suppose youre working in an abstract vector space, and you come across a beautiful vector x, which you
want to share with your friend across the country. How do you transmit x to your friend? Here is a first
attempt at a solution: If you both know the same basis e1, . . . , en, you could try to expand your vector in
that basis, writing

x = c1e1 + · · ·+ cnen,

and then you could send your friend the list of coefficients c1, . . . , cn. Your friend can use the equation
above to reconstruct x. This is a good strategy in principle, but it has two issues in practice:

1. Its not obvious how to compute the coefficients ck.

2. Even if you knew an algorithm to compute the coefficients, you probably couldnt send their exact
values to your friend; usually you have to send truncated decimals, while the coefficients are usually
irrational. Worse, every mistake is fatal. Since the basis is linearly independent, any attempt to
reconstruct x using bad coefficients is guaranteed to fail.

The first problem is more or less solved by working in an inner product space. The second problem is more
difficult. Most strategies to solve it replace the basis with a more general collection of vectors featuring
something weaker than linear independence. This reading will focus on such a collection of vectors, called a
frame. Frame theory is an active area of research with a wide variety of open problems, many of which are
accessible to undergraduates. It lies in the intersection of linear algebra, harmonic analysis, and operator
theory, and it has connections with representation theory, algebraic geometry, and combinatorics. It has
applications all over engineering, notably in image compression and signal processing. Most mathematicians
working in this field self-identify as analysts. Entry into the field requires (and nourishes) a solid background
in linear algebra and elementary analysis, and an enjoyment of problems involving inequalities. This is a
good reading for somebody considering graduate school in analysis.

The Fundamental Theorem of Algebra for the Quaternions

The classical Fundamental Theorem of Algebra (FTA) says that every nonconstant polynomial with com-
plex coefficients has a complex root. This crucial and frequently used theorem has many interesting proofs:
some algebraic in nature, while others come from topology and complex analysis. We’ll investigate some
of these proofs, picking up the necessary algebraic, topological, and analytic tools as we go. We will then

2



see a natural way to modify one of these proofs so that it applies to the famous, 4-dimensional, noncom-
mutative algebra known as the quaternions. Once we’ve defined what we mean by “polynomials” in the
noncommutative setting, we will prove an appropriate version of the FTA for the quaternions.

Quaternions and Rotations in R3

The quaternions are a number system extending the usual complex numbers. The quaternions are four-
dimensional and have three distinct square roots of −1. They may be thought of as a quotient of three-
dimensional vectors and this leads to the idea of using them to think about rotations in three-dimensional
Euclidean space. This idea has applications to various areas, including navigation and image rendering.

Quivers

A quiver is a directed graph—a collection of dots with various arrows connecting them. From this simple
mathematical object intriguing structures are born: the path algebra, a ring with elements associated
to paths in the quiver, and quiver representations, which consist of vector spaces placed at each vertex
and linear maps on each arrow. Quivers provide an interesting ‘hands-on’ introduction to algebras and
representation theory, and pop up frequently in a number of areas of current research, from algebraic
geometry to theoretical physics. Then there’s the remarkable ‘Gabriel’s Theorem’, which classifies the
quivers that have a certain finiteness property, and hints at these connections to other areas of mathematics.

Pure Algebraic Geometry

The zeroes of a system of polynomials in n variables can be points/curves/surfaces in n-space. These poly-
nomials also generate an ideal of the ring of all polynomials in n variables, and while adding a polynomial
generator makes for a larger ideal, it makes for a smaller zero set. This dualism between ring theory and
geometry provides new interpretations for both topological/geometric and algebraic operations in terms of
one another, and lets you jump back and forth through a looking-glass between these two worlds to get a
better perspective on both.

Computational Algebraic Geometry

Modern algebraic geometry is known for being very definition-heavy and abstract. But in its real-life
applications, algebraic geometry requires only knowledge of computation with polynomials and other basic
algebra. Starting in the mid-20th century computational algebraic geometry saw a resurgence due to the
increasing popularity of computers, and today it has a multitude of applications in cryptography, control
theory, and robotics (to name a few). Our goal will be to understand the basics of computational algebraic
geometry (Polynomials in several variables, Grobner Bases, Elimination Theory) by learning to use a simple
and open-source computational algebra software system called SAGE. This topic is especially suggested
for students who enjoy using computers to problem-solve.

Image Compression and Linear Algebra

How do we communicate the things we see? Image sharing is a part of our generation’s everyday lives, but
what makes computers so adept at this process? Without a few crucial mathematical observations, image
and video sharing would be next to impossible. These ideas have profound impact on our lives and can
even be found in contemporary math research.
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Abel’s Theorem

Theoretical algebra explains why every polynomial factors completely (even if some of the factors have
imaginary numbers!); this reading project explores the connection between this ability to factor and the
beautiful theory of the geometry of surfaces with complex structure.

Depending on the experience of the student, we will start off with complex arithmetic and factoring
polynomials over the complex numbers, as well as simple geometry of the complex plane, and looking at
transformations of the complex plane that occur by special operations that come from exchanging the
factors of a polynomial. Next we will discuss the Riemann sphere (a way to think about a sphere as being
the complex plane with a point at infinity) and its coverings by more complicated surfaces.

I anticipate this being interesting to anyone who has enjoyed algebra, trig, calculus, or geometry, or wants
to play with crazy pictures. This project should be very flexible: experience with geometry and surfaces
in three dimensions will help, but I’m happy to help you learn this along the way.

My favorite possible outcome is for you to understand Möbius transformations1 of the Riemann sphere
and monodromy actions2 of branched covers.

Soap Films

Take a piece of wire, bent to form a loop, and submerge it in soapy water. Upon its removal, you will
find yourself face-to-face with a ’soap film.’ Why do they form these shapes and what can be said of their
geometry? These are old questions with intriguing answers – let’s discuss them.

Knot Theory

Knot Theory is the study of mathematical knots, which can be described as follows. First, take a piece of
string or rope. Tie a knot in it. Now, glue or tape the ends together. You have created a mathematical
knot. The central problem of Knot Theory is determining whether two knots can be rearranged (without
cutting) to be exactly alike.

Classification of Surfaces

In topology, there are wild and wonderful spaces that defy comprehension, so to save ourselves some trouble,
we often focus on the study of manifolds. A manifold is something that is locally Euclidean, i.e. can be
parameterized locally to be the graph of a continuous function on Rn. Because the graphs of continuous
functions can also be pretty wild, we like restrict our attention to compact manifolds. Breaking things
up further by the dimension n, we ask what sorts of compact manifolds exist. In n = 1, to be compact
means you have to eventually wind up making a loop, so every manifold is a circle. In n = 2, compact
manifolds are called surfaces and we can already imagine spheres and tori, i.e. doughnuts. But is that
all? In fact, there is one manifold lurking outside of 3-space, which must be included to get every surface.
The process of proving that all surfaces are comprised of these three will take us through some elementary
graph theory, and a discussion of the Hauptvermutung, which is German for ”something we think is true,
but don’t know how to prove.” The intrepid student might even venture into more complicated algebraic
constructions as we look ahead to higher dimensions.

1http://youtu.be/JX3VmDgiFnY
2https://en.wikipedia.org/wiki/File:Riemann surface log.jpg
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Curves and Surfaces in Differential Geometry

Geometry is the study of shapes and “differential” geometry involves using calculus to study shapes.
Differential geometry often begins with the study of curvature of various curves like circles, spirals, etc.
and surfaces like cylinders, spheres, saddles, and more. Differential geometry provides powerful tools for
many fields including general relativity.

Topology of Numbers

Topology of Numbers gives an introduction to elementary number theory from a geometric point of view.
For example, there is a correspondence between triples of integers (a, b, c) that satisfy the Pythagorean
Theorem and points on the unit circle with rational coordinates.

Exterior Differential Systems

Just as we can do calculus and differential equations with functions with domain the real line or the
plane, we can also do differential equations with functions which have as their domain more complicated
domains: a circle, the sphere, a torus, etc. Exterior differential systems are the “right” language for
properly talking about differential equations on spaces without canonical coordinates. We’ll try to cover
as much of “Cartan for Beginners” by Ivey and Landsberg, which is an introduction to this topic, as we
can. Prerequisite: MATH 256. Suggested: MATH 281, 282.

Graph Theory

Graphs are just collections of points connected by collections of lines, but this simple structure can be
used to study many kinds of relationships, and gives rise to some interesting problems in probability,
combinatorics, computer science and data analysis. The subject has many simply-stated questions that
remain unsolved.

Number Theory in the spirit of Liouville

This project will follow the methods and results of Liouville in classical number theory. Classical number
theory is the study of integer solutions to Diophantine Equations, which is Greek for ”polynomial equa-
tions”. In short, finding integer solutions to polynomial equations is difficult because addition does not
preserve division. But now we must ask ourselves what sorts of arithmetical properties exist. Formally, we
say f(k) is an arithmetical function if for any k = nm and gcd(m,n) = 1, the function is multiplicitave or
additive, i.e. f(mn) = f(m)f(n) or f(mn) = f(m)+f(n). Thus to better understand possible solutions to
Diophantine equations, we study at length the nature and relationships of various arithmetical functions.
In practice, this involves writing out absurd sums or products and finding them to be something easily
stated, e.g. all coprime numbers less than a number or number of prime to the power k divisors.

Cryptography

Cryptography uses number theory and computational complexity theory to design codes which are difficult
to break. For example, an elegant application of Eulers totient theorem, the RSA algorithm is one of the
most widely used encryption schemes, but it fits on an index card! The subject is a good way to learn
about computation theory, information theory and algorithm design.
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Transcendental Numbers

Real numbers can be separated into various categories: numbers that are integers, numbers that are
rational (fractions of integers), and even numbers that are solutions of polynomial equations with integer
coefficients. Most students only see two types of numbers, those related to π and that related to e, that
aren’t included in any of the above categories. We call these wild real numbers transcendental. Our goal is
to understand the surprising fact that almost all real numbers are transcendental, and try to understand
the reasons why, in particular, π and e are transcendental.

Matroids

A matroid is a combinatorial object, notorious for having dozens of equivalent (“cryptomorphic”) defini-
tions. Some things that an undergraduate could read about include a few accessible definitions (and why
they are equivalent), a few constructions (a vector matroid is constructed from a matrix and a graphic
matroid is constructed from a graph), and geometric representations of “small” matroids. Matroid theory
borrows a lot of terminology/notation from linear algebra and graph theory, so some previous knowledge
of basic linear algebra or discrete math may be helpful but not necessary.

Axiomatic Set Theory

Set Theory is roughly the study of sets, which are (finite or infinite) collections of objects. Axiomatic Set
Theory is usually used as the foundation for mathematical logic. An example of a question that led to this
subject is Russell’s paradox; “The barber shaves all men who do not shave themselves. Who shaves the
barber?”

History of Mathematics

Why is
√
−1 referred to as imaginary? Why are there 360 degrees in a circle? Why did it take over 1000

years to calculate all solutions to cubic equations? These questions and many more can’t be answered using
mathematics alone; we need to study the societies and historical events surrounding them that contributed
to the subject to better understand why mathematics is the way it is today. We will examine how the
lawyers, priests, philosophers, chemists, artists, politicians, revolutionaries, linguists, soldiers, and myriad
other professions of antiquity were essential to our current mathematical understanding.

Philosophy of Mathematics

This subject deals with philosophical questions about mathematics. There are questions of metaphysics:
Does mathematics have a subject-matter? Then there are semantic matters: What is the nature of
mathematical truth? And epistemology: How is mathematics known? What is a proof?
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Mentors:

• Rob Muth (muth@uoregon.edu)

• Joey Iverson (iverson@uoregon.edu)

• Christin Bibby (bibby@uoregon.edu)

• Eric Hogle (ehogle@uoregon.edu)

• Andrew Schopieray (schopier@uoregon.edu)

• Demetre Kazaras (demetre@uoregon.edu)

• Andrew Reynolds (asr@uoregon.edu)

• Leanne Merrill (leannem@uoregon.edu)

• Clover May (clover@uoregon.edu)

• Adam Layne (anlayne@uoregon.edu)

• Katie Gedeon (kgedeon@uoregon.edu)

• Bradley Burdick (bburdick@uoregon.edu)

• Patrick Durkin (pdurkin@uoregon.edu)

Procedure:

Please fill out the Interest Form provided at the meeting. We’ll collect these and assign mentors and topics
in the next week.

You can email Leanne Merrill, the chair of the Undergraduate Mentoring Committee, with any questions.
You can also stop by her office in Deady 216M.

If you have questions for a particular mentor, refer to their email address above.
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