
2014 Undergraduate Readings in Mathematics

You’ve expressed interest in taking part in a reading this winter term with a graduate
student. The goal of this reading program is for participating graduate student advisors to
help a small group of undergraduates ask questions, solve problems, and learn techniques in
an area of mathematics which is not normally covered in depth by undergraduate coursework.
The specifics of each reading are really up to the advisor and the students.

• This sheet contains a list of all the topics for suggested readings. If there is something
you would like to do a reading in which isn’t listed, let AJ know and he will see if any
graduates students would be willing to change topics.

• The readings will begin in the winter term. There should be one meeting between un-
dergraduates and advisors in the fall to determine a schedule as well as some specific
goals for the reading.

• This is a strictly extra curricular reading. This means there will be no credit attached
to your participation.

• Sometime early in the spring term, there will be a poster session. This is purely op-
tional and only meant to give undergraduates a chance to share some of the work they
did in the spring with the rest of the department.

• If you have any questions about the particulars of the reading program, you should
send your questions to AJ at allens@uoregon.edu

List of Topics

• Matroids
Advisor: Christin Bibby (bibby@uoregon.edu)

A matroid is a combinatorial object, notorious for having many equivalent (”crypto-
morphic”) definitions. Some things that an undergraduate could read about include
a few (five?) definitions (and why they’re equivalent), some constructions (a vector
matroid from a matrix, and a graphic matroid from a graph), and geometric repre-
sentations of ”small” matroids. Matroid theory borrows a lot of terminology/notation
from linear algebra and graph theory, so some previous knowledge of linear algebra or
discrete math would be helpful but not necessary.
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• Liouville’s Methods in Number Theory
Advisor: Christophe Dethier (cdethier@uoregon.edu)

In this project, I’d like to go through some of the more combinatorial methods for
learning about natural numbers. The main tool will be reindexing finite sums - using
the commutivity of addition to devastating effect. Of particular importance are the
functions σk(n), which are defined to be the sum of the kth powers of the divisors
of n. Through methods as simple as reindexing finite sums, and notions as simple
as σk(n), a surprising number of perplexing results follows. For example, the number
of ways to write a number n as a sum of four squares (with ordering) is given by
8σ1(n) − 32σ1(n/4). The number of ways to write n as a sum of four triangular
numbers (triangular numbers are numbers k for which k dots can be arranged into a
triangle, i.e. 0, 1, 3, 6, 10, . . .) is given by σ1(2n + 1). This is a particularly interesting
result, since its unclear what triangular numbers and σk(n) have in common. Lastly,
and perhaps most bizarrely, it turns out that

σ7(n) = σ3(n) + 120
n−1∑
m=1

σ3(m)σ3(n−m).

Similar results abound when the indices of the σ-functions in the sum add up to 2,
4, 6, 8, or 12. Why not 10? Come and find out. I’m envisioning readings mostly
out of “Number Theory in the Spirit of Liouville”, by Kenneth Williams. As far as
prerequisites go, all you need is a cavalier attitude towards complicated-looking but
actually simple-minded expressions.

• Symmetry and the Hydrogen Atom
Advisor: Justin Hilburn (jhliburn@uoregon.edu)

We will learn how symmetry consideration allow us to make concrete predictions about
the behavior of the simplest quantum mechanical system: a single electron in a hy-
drogen atom. In more mathematical terms, the state space for the hydrogen atom
admits a spherical symmetry and is hence a representation of the Lie group SO(3).
Understanding this representation is the key to understanding the hydrogen atom and,
more generally, understanding the structure of the periodic table. If time allows, we
can study other manifestations of symmetry in physics such as Noether’s theorem
(which states that conserved quantities of a classical mechanical system correspond to
the symmetries of the equations governing that system) or the eightfold way (which
predicts the behavior of mesons by studying the irreducible representations of SU(2)).

Prerequisites: Comfort with linear algebra and vector calculus is essential. Basic knowl-
edge of physics would be helpful but is not necessary.

References: Singer, S: Linearity Symmetry and Prediction in the Hydrogen Atom,
Symmetry in Mechanics Sternberg, S: Group Theory and Physics
Woit, P: Quantum Mechanics for Mathematicians
(http://www.math.columbia.edu/%7Ewoit/QM/fall-course.pdf)
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• Galois Theory: Geometry of Complex Surfaces
Advisor: Nick Howell (nlh@uoregon.edu)

Theoretical algebra explains why every polynomial factors completely; this reading
project explores the connection between this ability to factor and the beautiful theory
of the geometry of surfaces with complex structure.

Depending on the experience of the student, we will start off with complex arithmetic
and factoring polynomials over the complex numbers, as well as simple geometry of
the complex plane, and looking at transformations of the complex plane that occur by
special operations that come from exchanging the factors of a polynomial. Next we
will discuss the Riemann sphere (a way to think about a sphere as being the complex
plane with a point at infinity) and its coverings by more complicated surfaces.

I anticipate this being interesting to anyone who has enjoyed algebra, trig, calculus, or
geometry, or wants to play with crazy pictures. This project should be very flexible:
experience with geometry and surfaces in three dimensions will help, but I’m happy to
help you learn this along the way. My favorite possible outcome is for you to understand
Möbius transformations1 of the Riemann sphere and monodromy actions2of branched
covers.

• Polynomials over the integers
Advisor:Max Kutler (Kutler@uoregon.edu)

Let p be a polynomial in two (or more) variables with integer coefficients. Find all
integer solutions to the equation p = 0. This is a completely elementary question
to state, but it can be incredibly difficult to answer completely, depending on the
polynomial p. These are some of the oldest problems in mathematics, and they continue
to be of interest in the present day. A few examples:

1. The integer solutions to the equation x2 +y2 = z2 are of fundamental importance,
as any Math 112 student knows.

2. There are no integer solutions to x3 + y3 = z3, or indeed to xn + yn = zn for any
n ≥ 3. This is one of the most famous and difficult problems in the history of
mathematics. It was only recently solved by Andrew Wiles in 1996.

3. The integer solutions to x2 − ny2 = 1 are the integer points on a hyperbola.

Considering such equations quickly leads to deep mathematics. In this project, we
will begin by looking at several examples and solving easy cases. We will encounter
notions of unique factorization, rings of polynomials and their ideals, and other aspects
of algebraic number theory. There are many different directions this project could go,
depending on the interests of the student. This project should be accessible to any
student who has had some experience writing proofs. Some basic abstract algebra
would be helpful but not necessary.

1http://youtu.be/JX3VmDgiFnY
2https://en.wikipedia.org/wiki/File:Riemann surface log.jpg)
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• grad=div=curl; Versions of Stokes’ Theorem
Advisor: Adam Layne (anlayne@uoregon.edu)

The general Stokes’ Theorem is a generalization of the Fundamental Theorem of Cal-
culus, Green’s Theorem and the Divergence Theorem.

We’ll get familiar with the idea of Stokes’ Theorem by looking at it through these three
theorems, and then learn the machinery necessary to formulate the general Stokes’
Theorem in an arbitrary number of dimensions. This will involve learning some tools
which are fundamental for the modern study of geometry and topology: manifolds and
the algebraic constructions associated with them. Then we’ll go back and write down
precisely how the three theorems above are special cases of Stokes’ theorem.

If time permits, we can then investigate other properties of integration on manifolds,
including the Gauss-Bonnet Theorem and integration in the complex numbers.

• Mathematics of Zombies
Advisor: Bronson Lim (bcl@uoregon.edu)

Introduction to mathematical biology via single species, predator-prey, or infectious
disease models emphasizing the mathematics behind zombie outbreaks. Recall, ”Zom-
bies are fictional undead creatures regularly encountered in horror and fantasy themed
works. They are typically depicted as mindless, reanimated corpses with a hunger for
human flesh, and particularly for human brains in some depictions.” - Wikipedia.

• Knot Theory
Advisor: Leanne Merrill (leannem@uoregon.edu)

I’d like to read from The Knot Book by Colin Adams. This book is a gentle introduction
to the foundations of knot theory. The content of the reading would depend largely
on the interests of the undergraduates, but I can think of at least three possible paths.
For those interested in pure mathematics (particularly topology), we could start with
Chapters 1-3, which cover the classification of certain knots using knot invariants, and
then move on to surfaces (Chapter 4) and 3-manifolds (Chapter 9). For those with
interest in the sciences, we could cover the basic definitions in Chapters 1 and 2, and
jump to Chapter 7, which deals with applications of knot theory to the sciences, filling
in necessary background as we go. For students who know some computer science, we
could focus on the graph theoretic applications of knot theory (Chapter 8). I would like
students who have completed at least Math 251 and 252 (although, strictly speaking,
there is no calculus in this book).
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• Touring Hamiltonian Graphs
Advisor: Julia Porcino (jporcino@uoregon.edu)

A Hamiltonian cycle is a path through a graph that visits each vertex exactly once
before returning to the starting vertex. A graph that contains a Hamiltonian cycle is
called a Hamiltonian graph. Hamiltonian graphs are closely tied to many problems
in graph theory such as the traveling salesman problem, the knights tour, and the
snake-in-the-box problem. The properties and applications of Hamiltonian cycles and
graphs have widespread use in areas ranging from complexity theory to combinatorics
to coding. The goal of this reading will be to study Hamiltonian graphs to motivate and
develop an understanding of basic graph theory and then to explore the consequences
of these ideas in areas of interest.

• Fundamental Theorem of Algebra for the Quaternions
Advisor: Andrew Reynolds (asr@uoregon.edu)

The Fundamental Theorem of Algebra (FTA) says that any non-constant complex
polynomial has a complex root. This property of the complex numbers is extremely
important; any problem which boils down to solving a polynomial equation can be
solved if we use complex numbers! There are many ways to prove this theorem, which
require tools from various branches of mathematics. We will investigate a few of these
proofs, picking up some of these tools along the way. Next we will see how one of these
proofs can be modified to prove a similar theorem for the famous non-commutative
extension of the complex numbers known as the Quaternions. This topic should be
accessible and interesting to anyone who has taken multi-variable calculus, and knows
what a Jacobian is. You can expect to learn about several interesting topics not
confined to the FTA, such as homotopy theory, field extensions, complex analysis, and
more.

• Galois Theory: Classical Results and Computations
Advisor: Andrew Schopieray (schopier@uoregon.edu)

Galois Theory is a universal subject that has applications in almost every field of
mathematics, but requires little more than a high school knowledge of polynomials to
study. Through Galois Theory one can study the existence of transcendental numbers,
the impossibility of squaring a circle (with a straight edge and compass), and the
insolubility of equations of degree 5 and higher. There is also plenty of opportunity to
use computer algebra systems to simulate the calculations Galois imagined, but didn’t
have the technology to complete.
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• Dynamical Systems and Chaos
Advisor: Aaron Shatzer (shatzer@uoregon.edu)

The stock market, the weather, gravitational motion, predator-prey populations, and
traffic are all examples of complex dynamical systems that people care quite a bit
about being able to predict, and in general, long-range forecasts for the behavior of
these systems are difficult-to-impossible to make reliably. While the complexity of the
systems and the number of variables involved play a role in this unpredictability, a
more subtle phenomena is at work: it turns out that even in incredibly simple systems
– think quadratic functions, for instance – slight changes in initial conditions can
snowball into large discrepancies later on.

In this reading, we’ll explore the behavior of nonlinear dynamical systems described
by iterated functions as well as possibly by differential equations, using numerical,
graphical, and algebraic/topological methods (don’t worry if you don’t know what
that means just yet). We’ll look at some ways to formalize the intuitive notion of
”chaos” and see how it’s possible for simple systems to still exhibit chaotic behavior.
We can follow that up with a look at the connections between dynamical systems
and the beautiful mathematics surrounding the Mandelbrot set, Julia sets, and other
fractals, making some pretty pictures along the way, or we can work on a specific
application of chaos theory to physics/biology/chemistry, if you have interests in those
areas. I’m flexible as to the direction the reading takes.

Texts: ”A First Course in Chaotic Dynamical Systems” by Devaney and/or ”Nonlinear
Dynamics and Chaos” by Strogatz

Prerequisites: Single-variable calculus is the only background knowledge needed to dive
into Devaney. Some knowledge of multivariable calculus and/or differential equations
would be good for reading Strogatz. We can tailor the reading to your experience
level. Ability or willingness to learn how to write basic computer programs either in
Maple/Mathematica or a language such as Python would be helpful, since lots of the
ideas involved are best illustrated experimentally (and you probably don’t want to
compute hundreds of outputs of a function by hand).

• Processing: Mixing Art and Mathematics
Advisor: AJ Stewart (allens@uoregon.edu)

Processing is an open source programming language, development environment, and
online community. One of Processing’s main strengths is it enables a user to visually
represent complicated data relatively easily. In this reading we will learn how to code
in the processing environment, then using what we have learned we will attempt to
create digital artistic representations of interesting mathematical results and/or create
interesting digital art using mathematical results. No coding experience necessary and
there are no mathematical prerequisites, although some knowledge of linear algebra
would be helpful.

6



• Topology of Numbers
Advisor: Deb Vicinsky (vicinsky@uoregon.edu)

We will use Topology of Numbers by Allen Hatcher, which is available for free online.
This book gives an introduction to elementary number theory from a geometric point
of view. For example, there is a correspondence between triples of integers (a,b,c) that
satisfy the Pythagorean theorem and points on the unit circle with rational coordinates.
Another topic the text covers is continued fractions. Continued fractions can be used
to compute integer solutions to the equation ax+by=n, where a, b, and n are given
integers. This problem is equivalent to finding points (x,y) on the line ax+by=n whose
coordinates are integers.

This reading will be accessible to students who have completed Math 253. Students
who have taken Math 391 may choose to focus on later chapters of the book.
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