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Abstract

Diffusion experiments in a simplified Na2O–CaO–SiO2 liquid system are used to develop a general formulation for the frac-
tionation of Ca isotopes during liquid-phase diffusion. Although chemical diffusion is a well-studied process, the mathematical
description of the effects of diffusion on the separate isotopes of a chemical element is surprisingly underdeveloped and uncer-
tain. Kinetic theory predicts a mass dependence on isotopic mobility, but it is unknown how this translates into a mass depen-
dence on effective binary diffusion coefficients, or more generally, the chemical diffusion coefficients that are housed in a
multicomponent diffusion matrix. Our experiments are designed to measure Ca mobility, effective binary diffusion coefficients,
the multicomponent diffusion matrix, and the effects of chemical diffusion on Ca isotopes in a liquid of single composition.

We carried out two chemical diffusion experiments and one self-diffusion experiment, all at 1250 �C and 0.7 GPa and using
a bulk composition for which other information is available from the literature. The self-diffusion experiment is used to deter-
mine the mobility of Ca in the absence of diffusive fluxes of other liquid components. The chemical diffusion experiments are
designed to determine the effect on Ca isotope fractionation of changing the counter-diffusing component from fast-diffusing
Na2O to slow-diffusing SiO2. When Na2O is the main counter-diffusing species, CaO diffusion is fast and larger Ca isotopic
effects are generated. When SiO2 is the main counter-diffusing species, CaO diffusion is slow and smaller Ca isotopic effects are
observed. In both experiments, the liquid is initially isotopically homogeneous, and during the experiment Ca isotopes become
fractionated by diffusion. The results are used as a test of a new general expression for the diffusion of isotopes in a multi-
component liquid system that accounts for both self diffusion and the effects of counter-diffusing species.

Our results show that (1) diffusive isotopic fractionations depend on the direction of diffusion in composition space, (2)
diffusive isotopic fractionations scale with effective binary diffusion coefficient, as previously noted by Watkins et al.
(2011), (3) self-diffusion is not decoupled from chemical diffusion, (4) self diffusion can be faster than or slower than chemical
diffusion and (5) off-diagonal terms in the chemical diffusion matrix have isotopic mass-dependence. The results imply that
relatively large isotopic fractionations can be generated by multicomponent diffusion even in the absence of large concentra-
tion gradients of the diffusing element. The new formulations for isotope diffusion can be tested with further experimentation
and provide an improved framework for interpreting mass-dependent isotopic variations in natural liquids.
� 2014 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

The trace element and isotopic composition of mineral
phases can be used to probe the temperatures and rates of
mineral formation as well as the degree of post-mineraliza-
tion alteration. The accuracy with which these effects can be
interpreted is limited by our knowledge of three key param-
eters and their relative importance in determining the
composition of a mineral grain and its surroundings: (1)
thermodynamic (equilibrium) partitioning, (2) diffusion
coefficients, and (3) reaction rate constants. The latter two
are typically lumped together as “kinetic” parameters even
though they are distinct. Understanding the mechanisms of
diffusion and reaction in geological liquids, and how these
mass transport processes discriminate between isotopes,
represents an important problem for interpreting the isoto-
pic composition of geologic materials (Richter et al., 1999,
2003, 2009; Roskosz et al., 2006; Watkins et al., 2009, 2011;
Goel et al., 2012), as well as a fundamental materials sci-
ence problem that relates to the structure and dynamics
of complex liquids.

Our focus in this work is on mass transport by chemical
diffusion in silicate liquids. Liquid phase diffusion is inher-
ently complex, and we show in this work that the effects of
liquid phase diffusion on isotopic species poses additional
challenges. Diffusion experiments on silicate liquids have
documented that isotopic species diffuse at different rates
depending on mass, which can result in large transient vari-
ations in isotopic ratios (cf. Watkins et al. (2011) for a sum-
mary). In the relatively simple case of trace element
diffusion, the tracer diffuses in response to its own concen-
tration gradient. Since the concentration of a tracer is low
by definition, counter gradients in other components and
associated changes in melt structure, are negligible. As the
concentration of the diffusing component increases to the
point where the diffusing species constitutes a substantial
fraction of the mass or volume of the bulk material, the
melt components that compose the melt structure must also
diffuse to balance the net flux of the diffusing component
(Liang et al., 1996). In systems with large concentration
gradients in multiple major components, diffusive coupling
arises through thermodynamic activity-composition rela-
tions and kinetic interactions among different diffusing spe-
cies or components (e.g., differences in mobility, size, and
charge). In most natural systems, diffusion of all major
components can be treated using a matrix of diffusion coef-
ficients where the off-diagonal terms describe diffusive cou-
pling (Onsager, 1945; de Groot and Mazur, 1963).

The full diffusion matrix has only been determined for a
few simplified silicate liquid compositions (e.g., Sugawara
et al., 1977; Kress and Ghiorso, 1993; Trial and Spera,
1994; Chakraborty et al., 1995; Liang et al., 1996; Richter
et al., 1998; Liang, 2010), but no study has yet determined
the diffusion matrix for the element fluxes and the mass
dependence on the isotope fluxes simultaneously. There is
evidence from diffusion experiments involving natural sili-
cate liquids that coupling between components affects the
sign and magnitude of isotope fractionation, but these
effects are not yet well understood (Watkins et al., 2009).
In this study we measure both the diffusion matrix and
isotopic fractionation by diffusion along different directions
in composition space for the relatively simple CaO–Na2O–
SiO2 (CNS) system. Because this system is Al2O3-free,
Na2O and CaO should exist exclusively as network-modify-
ing components, avoiding complications associated with
their role in charge-compensating tetrahedrally coordinated
Al. This makes the system relatively “simple,” but neverthe-
less there are still substantial complexities, and the exclu-
sion of Al eliminates other effects that are critical for real
silicate systems and have been shown to be important for
understanding isotopic fractionation for elements like Ca
that tend to be closely coupled to Al (Watkins et al., 2009).

2. THEORY FOR MULTICOMPONENT CHEMICAL

AND SELF DIFFUSION

In this section we endeavor to lay out the equations and
considerations that are necessary to describe the diffusion
of a multi-isotopic chemical species in a silicate liquid. Along
the way we provide a reminder of various definitions,
assumptions, and requirements, and hope that this exposi-
tion will make the later discussion comprehensible. Some of
this material can be found elsewhere, but the review here is
necessary because we ultimately need equations that describe
isotopic effects during diffusion and also conserve mass,
equations that have not been presented in any previous work.

2.1. A general expression for the diffusive flux

In the absence of chemical sinks, sources, and advection,
the change in concentration of component i in a fluid vol-
ume element is given by (de Groot and Mazur, 1963):

@Ci

@t
¼ �r � J i; ð1Þ

where C is molar concentration (moles/m3), r is the gradi-
ent operator, and J is molar flux (moles/m2/s). In a volume-
fixed frame of reference, the diffusive flux of isotope k of
element i can be written as:
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where Dk
i is the self diffusion coefficient of isotope k; Ck

i is
the molar concentration of isotope k; M is the number of
isotopes for element i; f k

i is the mole fraction of k in element
i; Cj is the molar concentration of element j; and the Dk

ij’s
are elements of the multicomponent diffusion matrix
(Liang, 2010). The sum on the RHS is taken over n�1 com-
ponents because only n�1 independent fluxes are required
to describe the system. The nth component is referred to
as the dependent component. Eq. (2) differs slightly from
the equation for the isotopic flux used in previous studies
(e.g., Richter et al., 1999, 2003; Watkins et al., 2011) for
reasons that are described in Appendix A.1.

Eq. (2) is self-consistent for the two limiting cases: (a)
multicomponent diffusion and (b) self diffusion. In the case
of multicomponent diffusion, if we sum Eq. (2) for all the
isotopes of component i, we have
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Since
PM

k¼1f k
i = 1, we have the standard expression for the

diffusive flux in a multicomponent fluid (de Groot and
Mazur, 1963),
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In the case of self diffusion, the bulk concentration gradi-
ents are zero and Eq. (2) takes the form

Jk
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i : ð5Þ

Since Ci= C1
i +C2

i +. . .+CM
i = constant in the case of self

diffusion, we have rCM
i ¼ �

PM�1
m¼1rCm

i , and Eq. (5) can
then be written as
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Eq. (6) is a more generalized expression for self diffusion in
a fluid system in which bulk concentration gradients are
absent and mobilities of individual isotopes are slightly dif-
ferent from each other. When self diffusivities are the same
among the isotopes for a given element, Eq. (6) recovers the
standard expression for self diffusion , i.e., Jk

i ¼ �Dk
irCk

i .
Eq. (6) is identical, in form, to the molecular common
velocity model derived by Liang (1994) where the isotopes
are treated as components in the special case of self
diffusion.

2.2. Effective binary diffusion of an isotope

For many applications the diffusion matrix is not
known, and it is common practice to determine effective
binary diffusion coefficients (EBDCs) of major elements
using an effective binary diffusion (EBD) model (e.g.,
Cooper, 1968). When only EBDCs are available, which is
the case for chemical diffusion in natural silicates, the diffu-
sive flux of isotope k of element i may be written as
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where
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In Eqs. (7a) and (7b), DE
i is the EBDC of component i in the

melt while holding all other components as the dependent
variable (Cooper, 1968). Since EBDCs depend on concen-
tration gradients of all other components, they are highly
sensitive to the bulk composition of the system, the orienta-
tion of a given diffusion couple in composition space, the
diffusion geometry, and the diffusion time (Liang, 2010).
The utility of EBD models is that a single parameter can
describe the flux of an oxide component for a specific situ-
ation, but EBDCs are not generalizable to other situations
even within the same compositional system (Liang et al.,
1996). The main advantage of the diffusion matrix represen-
tation of chemical fluxes is that only one set of n�1 � n�1
diffusion parameters is needed to accurately describe the
chemical fluxes for all components and directions of
diffusion in composition space. It is unclear, however,

whether an analogous general expression exists for diffusion

of isotopes, i.e., whether a single set of isotope-specific

diffusion coefficients can accurately describe the isotopic

fluxes for all directions of diffusion in composition space.

2.3. Isotope fractionation by diffusion

During chemical diffusion, the isotopes of an element
can become fractionated owing to the greater mobility of
lighter isotopes over heavier isotopes. The greater net flux
of lighter isotopes can be due to a greater average velocity
(because of same average kinetic energy) or shorter average
lifetime of chemical bonds. Regardless of the specific mech-
anism(s) of diffusion, the mass dependence of isotopic self
diffusion coefficients can be described by a semi-empirical
power law relationship (Richter et al., 1999):

DH
i

DL
i

¼ mL

mH

� �bi

; ð8aÞ

where m is the mass of the isotope (not the isotope-specific
oxide), and the letters L and H refer to the light isotope and
heavy isotope, respectively. The bi parameter describes the
efficiency of isotope fractionation by diffusion. Larger bi

corresponds to a greater difference between isotopic diffu-
sion coefficients; in gases bi can approach 0.5 but in silicate
liquids it is observed to be in the range 0.020–0.215
(Watkins et al., 2011). We note that m is the mass of the
cation, and does not account for the cation’s affinity for
different molecular species within the melt. In this respect,
the influence of cation speciation is manifest in beta and
is expected to vary with melt composition (Watkins et al.,
2009).

The mass dependence on self diffusivity, or mobility,
should also be manifest in a mass dependence on chemical
diffusion coefficients, but there is not yet a function that
relates isotopic self diffusion coefficients to isotope-specific
chemical diffusion coefficients. For now we define addi-
tional b’s related to elements of the diffusion matrix:

DH
ij

DL
ij

¼ mL

mH

� �bij

; ð8bÞ

and a b related to effective binary diffusion

DE;H
i

DE;L
i

¼ mL

mH

� �bE
i

: ð8cÞ

A test of whether the individual elements of the multicom-
ponent diffusion matrix are mass dependent requires knowl-
edge of the diffusion matrix and measurable diffusive
isotopic fractionations. These two factors guide our exper-
imental approach.



Table 1
Nominal starting compositions in wt% for diffusion couples in the
CaO–Na2O–SiO2 system.

A B D E S

CaO 7 17 17 7 12
Na2O 21 11 16 16 16
SiO2 72 72 67 77 72
Total 100 100 100 100 100

Table 2
Ca isotope compositions measured on post-run diffusion couples.
The isotopic compositions represent an average for each wafer. A
conservative estimate for error bars on D44Ca is �0.15&.

Sample Distance (mm) D44Ca (&) Number of analyses

AB-1 �2.80 �0.59 2
AB-2 �2.17 �0.88 2
AB-3 �1.53 �1.31 2
AB-4 �0.90 �1.46 2
AB-5 �0.26 �0.28 2
AB-6 0.38 0.64 2
AB-7 1.01 0.72 3
AB-8 1.65 0.00 2
AB-9 2.28 �0.07 2
AB-10 2.92 0.10 3

DE-1 �2.25 0.00 2
DE-2 �1.62 �0.32 2
DE-3 �0.98 �0.57 2
DE-4 �0.35 �0.89 2
DE-5 0.29 0.10 2
DE-6 0.93 0.28 2
DE-7 1.56 0.06 2
DE-8 2.20 0.02 2
DE-9 2.83 �0.03 2
DE-10 3.47 0.18 3
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3. EXPERIMENTAL METHODS

3.1. Diffusion couple experiments

The simplest case – a ternary system with a 2 � 2 diffu-
sivity matrix – requires two diffusion couples (Trial and
Spera, 1994). Here we have chosen to investigate diffusion
in the 16Na2O�12CaO�72SiO2 (wt%) system using the same
starting compositions as Wakabayashi and Oishi (1978)
(Fig. 1) for two reasons. First, the run conditions for their
experiments are known, and are easily accessible employing
the standard 19-mm piston-cylinder assembly used in our
laboratory. Second, their diffusion couples represent a case
where the EBDC for CaO varies substantially depending on
the orientation of the diffusion couples in composition
space. In the two experiments we present, CaO diffuses
down a substantial concentration gradient. In couple
A–B, there is a significant Na2O gradient but only a small
initial SiO2 gradient. In couple D–E, there is a significant
SiO2 gradient, but only a small Na2O gradient. In both
cases the initial Ca isotope composition is uniform and
our assessment of diffusive isotope effects comes from the
isotopic variations that develop during the experiment.

Compositions labeled A, B, D, E and S (Fig. 1 and
Table 1) were synthesized from reagent-grade oxides and
carbonates. These sample labels are consistent with those
used in Wakabayashi and Oishi (1978). The mixtures were
ground together under ethanol in a Retsch automated mor-
tar and pestle. For the self diffusion experiment, 1 g of com-
position S was spiked with 0.0046 g of 44Ca (Oak Ridge
National Laboratory Batch no. 192701). All mixtures were
calcined overnight in a platinum crucible at 850 �C and
then fused at 1450 �C under atmospheric conditions in a
Deltech furnace. After about 45 min, the melt was
quenched to glass and remixed in the automated mortar
and pestle. The mixture was dried under a heat lamp and
stored in an oven at 110 �C.
SiO2

10040

40
CaO

Na2O

E

D

A

B

S

Fig. 1. Starting compositions in wt% for diffusion couples in the
CaO–Na2O–SiO2 ternary. Couples A–B and D–E are the same
compositions and labels used by Wakabayashi and Oishi (1978).
Composition S is the bulk composition of the system as well as the
approximate bulk composition for both halves of the self diffusion
experiment.
Each diffusion couple experiment was assembled by jux-
taposing two powders of different composition atop one
another in a graphite capsule (I.D. = 3.4 mm). The capsule
was placed in a standard 3

4
-inch piston cylinder assembly

and cold-pressurized to about 8 kbar. The sample was
brought to 1250 �C at a ramp rate of 100 �C/min and held
at run conditions for 1 h. The total variation in temperature
across the experimental capsule was estimated to be less
than 20 �C based on isotopic variations produced in a
basalt-only experimental run at 1450 �C (Watkins et al.,
2009). The pressure was not adjusted during the ramp or
run.

3.2. Electron microprobe analyses

Post-run diffusion couples are sectioned down their
vertical axis and axis-parallel major-element profiles are
measured with a JEOL JXA-8200 SuperProbe at Lawrence
Livermore National Laboratory. We use a 15 nA beam cur-
rent rastered at 12,000� magnification (12 lm � 9 lm
beam dimensions) with an accelerating voltage of 15 kV.
Sodium is measured first at each spot to mitigate effects
of Na migration. For the purpose of fitting the measured
profiles, the oxide concentrations are normalized to
100 wt% and any impurities including water are ignored.
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Fig. 2. Self diffusion of Ca in the 16Na2O�12CaO�72SiO2 system.
The bulk composition is initially uniform on both sides of the
capsule, but the 44Ca/40Ca ratio differs by a factor of 2. In the
absence of chemical gradients, the rate of isotopic homogenization
is given by the self diffusivity.
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3.3. Ca isotope analyses

For the self diffusion experiment, 44Ca/40Ca ratios were
measured at Lawrence Livermore National Laboratory
using a modified Cameca ims-3f ion microprobe. The sam-
ple was sputtered using a static 16O primary ion beam at
12.5 keV with beam currents ranging between 0.2 to
0.3 nA, producing spot sizes of about 10 lm in diameter.
Positive secondary ions of 28Si, 40Ca, 42Ca, 43Ca, and
44Ca were accelerated at 4500 V and mass analyzed at a
mass resolving power (m/Dm) high enough (>2000) to sep-
arate potential interfering species of 24Mg16O+ and
28Si16O+ from the atomic 40Ca and 44Ca ions respectively.
To avoid crater-edge effects a field aperture was inserted
in the sample image plane, effectively allowing only second-
ary ions from a 30 lm diameter region of the sample sur-
face. A typical analysis consisted of 40 individual mass
scans with count times of 1 s for each mass and count rates
high enough (>4000 cps on mass 44) to make the back-
ground (0.01 cps) correction insignificant.

For all other isotope analyses, diffusion couples were
sectioned into wafers, about 465 lm thick and weighing
about 3 mg, using a Bico diamond wafer saw with blade
thickness of 165 lm. The wafers were dissolved in a mixture
of 8–12 drops hydrofluoric acid and 2 drops perchloric acid.
Samples were treated in the following steps: (1) dried at
165 �C, (2) redissolved in 5 mL 3N HNO3, (3) aliquotted,
(4) spiked, (5) dried, and (6) redissolved in 100 lL 3N
HNO3. Next, the Ca fraction was separated and collected
by cation exchange chromatography using Eichrom Ca-
spec DGA resin. Ca isotope ratio measurements were car-
ried out by thermal ionization mass spectrometry (TIMS)
at UC-Berkeley on a Thermo-Finnigan Triton TI with nine
moveable Faraday collectors. The Ca isotope composition
is expressed as:

dð44=40ÞCasample ¼ d44Casample

¼ 1000 �
44Ca=40Ca
� �

sample

0:0212076
� 1

2
64

3
75: ð9Þ

The magnitude of diffusive isotopic fractionations is given by

D44Ca ¼ d44Casample � d44Cainitial; ð10Þ

where ‘initial’ denotes the isotopic composition of the start-
ing material. Calcium isotope compositions are provided in
Table 2.

4. EXPERIMENTAL RESULTS

4.1. Self diffusion experiment

Fig. 2 shows results of our self diffusion experiment in
which there is a large gradient in the minor isotope 44Ca
but negligible gradient in CaO. For the unspiked side of
the capsule, the approximate abundances of 44Ca and
40Ca are 2% and 96% of total Ca, respectively. The mea-
sured 44Ca/40Ca profile is symmetric about the interface,
as expected for diffusion of a tracer in a compositionally
homogeneous liquid.
4.2. Major element profiles

The measured diffusion profiles cast in terms of wt%
oxide components are shown in Fig. 3. The key feature to
note is the difference in diffusion behavior of CaO between
A–B and D–E. In experiment A–B, the CaO profile is
clearly more evolved than in experiment D–E despite the
fact that both couples were run for 1 h and share the same
bulk composition. In experiment A–B, the flat SiO2 gradi-
ent is accompanied by a monotonic gradient in Na2O, while
in experiment D–E, the steep gradient in SiO2 is accompa-
nied by uphill diffusion of Na2O. These observations are in
agreement with previous experiments that used the same
starting compositions but slightly different run conditions
(1200 �C and 1 atm; Wakabayashi and Oishi, 1978).

4.3. Ca isotope profiles

The bottom panels of Fig. 3 show the measured Ca
isotopic fractionations (Fig. 3d and h). In both experi-
ments, the simple diffusion gradients indicate that the net
flux of CaO is in the direction of its own concentration
gradient, and since diffusivity is inversely related to mass,
the lighter isotope 40Ca diffuses faster and is enriched (lower
44Ca/40Ca) in the CaO-poor side of the diffusion couple. In
couple A–B, which experienced faster diffusion of CaO, the
magnitude of isotopic fractionations is larger (2.5&) than
in couple D–E (1.3&). In these types of experiments the
magnitude of isotopic fractionations is not expected to vary
with duration of the experiment until the minimum in D44Ca
reaches the end of the capsule. The profiles for A–B and
D–E thus represent the first experimental evidence that
the magnitude of diffusive isotope effects varies with the
direction of diffusion in composition space. It is also important
to note that there is no obvious evidence of isotopic frac-
tionation due to undesired temperature gradients in either
experiment, suggesting either there is a negligible tempera-
ture gradient in our experimental capsule or Ca isotopes
are not sensitive to temperature gradients in this ternary
silicate liquid system.
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Fig. 3. Chemical diffusion profiles in the system 16Na2O�12CaO�72SiO2. Panels (a)–(c): Diffusion couple A–B has little to no initial SiO2

gradient and both CaO and Na2O diffuse relatively fast. Panels (e)–(g): Diffusion couple D–E has little to no initial Na2O gradient and both
CaO and SiO2 diffuse relatively slow. Solid lines are model concentration profiles using the matrix representation of diffusive fluxes (see text
and Eq. 12). Panels (d) and (h): Calcium isotope fractionations due to multicomponent chemical diffusion. Solid lines are model isotope
profiles produced using the diffusion matrix representation with a mass dependence on diffusivity parameters (see text and Eqs. (16a) and
(16b)). Estimated confidence interval on the b parameters is about �0.01.
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5. MODELING RESULTS

The following discussion is aimed at reconciling the effects
of pure “self diffusion,” in which isotopes of a certain element
redistribute themselves in a situation where there is no gradi-
ent in the chemical concentration of the element, and “chem-
ical diffusion,” where there is no initial difference in isotopic
composition but a large concentration gradient. In the latter,
although there are no isotopic gradients at the beginning of
an experiment, isotopic gradients develop during the experi-
ment, and thereafter both “chemical diffusion” and “self dif-
fusion” are operating to produce isotopic gradients. These
effects were discussed by Watkins et al. (2011) but in the con-
text of an incomplete theoretical treatment (Appendix A.1).
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5.1. Self diffusion

The self diffusivity of Ca at composition ‘S,’ , based on
the data shown in Fig. 2, is determined by combining
Eqs. (1) and (6) and simultaneously solving for the time
evolution of 44Ca and 40Ca concentration profiles:

@Ck
i

@t
¼ Dk

ir2Ck
i �r �

XM�1

m¼1

f k
i ðDM

i � Dm
i ÞrCm

i : ð11Þ

For this problem, where there is initially a large gradient in
the isotopic ratio, the inferred self diffusivity is insensitive to
differences in isotopic diffusion coefficients. The best-fit
44Ca/40Ca profile in Fig. 2 corresponds to Dk

Ca = 80 �
20 lm2/s, which represents a weighted average of Ca isoto-
pic self diffusivities.

5.2. Multicomponent chemical diffusion and [D] values

Major-element diffusion profiles are modeled by solving
a system of equations based on Eqs. (1) and (4) and assum-
ing the Dij’s are constant as a function of composition:

@Ci

@t
¼
Xn�1

j¼1

Dijr2Cj: ð12Þ

Since the diffusion couples are not long enough to be
regarded as infinite for these experiments, we use the
no-flux boundary condition at either end of the domain:

rCi ¼ 0 at x ¼ LHS and x ¼ RHS; ð13Þ

where LHS and RHS refer to the left-hand side and right-
hand side of the capsule, which are not symmetric about the
initial interface. Note that, in using Eq. (12), we are implic-
itly ignoring the isotopic variability of diffusion coefficients,
and treating each element as if it had only one isotope, or
alternatively, as if the concentration profile can be
described by a single, average diffusion coefficient. For
Ca, because 40Ca constitutes roughly 97% of all calcium iso-
topes, the diffusion coefficient for bulk calcium is effectively
indistinguishable from the diffusion coefficient for 44Ca.

The elements of the 2 � 2 diffusion matrix are obtained
by the full nonlinear joint inversion method (Liang, 1994;
Liang, 2010). The best-fit [D] matrix with SiO2 as the depen-
dent component is (� values represent 95% confidence
intervals):

½D� ¼
DCaO�CaO DCaO�Na2O

DNa2O�CaO DNa2O�Na2O

� �

¼
47� 3 �116� 7

�25� 4 144� 7

� �
� 10�12 m2=s;

ð14Þ

or with Na2O as the dependent component:

½D� ¼
DCaO�CaO DCaO�SiO2

DSiO2�CaO DSiO2�SiO2

� �

¼
163� 6 116� 7

6� 4 28� 4

� �
� 10�12 m2=s:

ð15Þ

The above [D] values are defined with concentrations
expressed in weight percent oxide components. If concen-
trations were expressed using different components or
different units such as mole fraction, the values of the ele-
ments of the diffusion matrix would be slightly different
but the conclusions we draw in this study would be the
same. When components j and i are counter diffusing; i.e.,
their gradients are opposite in sign, a negative Dij indicates
that component j enhances the diffusive flux of i. Con-
versely, a positive Dij indicates that component j suppresses
the diffusive flux of i. In this system, the large negative value
of DCaO�Na2O corresponds to the enhancement of the Ca
diffusive flux due to counter-diffusing Na, while the large
positive value of DCaO�SiO2

is indicative of the suppression
of the Ca diffusive flux due to counter diffusing Si. The
excellent agreement between model and measured profiles
(Fig. 3) provides support for the assumption of constant
Dk

ij values over the (relatively narrow) range of composi-
tions spanned by each diffusion couple.

5.3. Isotope diffusion and b factors

There is no generally accepted approach for how to
model isotope fractionation by multicomponent chemical
diffusion, and mass dependent isotope fractionation by dif-
fusion has not been modeled for a system in which the full
diffusion matrix is known. Richter et al. (2003) established
the groundwork by employing an effective binary diffusion
model where each isotope was treated as an independent
chemical species, diffusing in response to its own concentra-
tion gradient. As discussed earlier, however, the diffusion
parameters DE

i and bE
i obtained by EBD models are non-

generalizable and specific to a given direction of diffusion
in composition space. In contrast, the multicomponent dif-
fusion equation can reproduce the major element profiles in
both experiments with a single set of diffusion matrix
elements.

For the diffusive isotope fractionation problem, it is
important to include all terms of Eq. (2), describing both
chemical and self diffusion. For simplicity we use only
two of the six stable isotopes of Ca, 44Ca and 40Ca, but note
that inclusion of additional isotopes does not affect the
model 44Ca/40Ca profiles. Model isotopic concentration
profiles are calculated from the following system of equa-
tions based on Eq. (2) with SiO2 as the dependent compo-
nent (1 = CaO and 2 = Na2O):

@C40
1

@t
¼ D40

1 r2C40
1 �rf 40

1 D40
1 rC40

1 � f 40
1 D40

1 r2C40
1

�rf 40
1 D44

1 rC44
1 � f 40

1 D44
1 r2C44

1

þrf 40
1 D40

11rC1 þ f 40
1 D40

11r2C1

þrf 40
1 D40

12rC2 þ f 40
1 D40

12r2C2 ð16aÞ

@C44
1

@t
¼ D44

1 r2C44
1 �rf 44

1 D44
1 rC44

1 � f 44
1 D44

1 r2C44
1

�rf 44
1 D40

1 rC40
1 � f 44

1 D40
1 r2C40

1

þrf 44
1 D44

11rC1 þ f 44
1 D44

11r2C1

þrf 44
1 D44

12rC2 þ f 44
1 D44

12r2C2 ð16bÞ

@C2

@t
¼ D21r2C1 þ D22r2C2: ð16cÞ
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Since chemical diffusion coefficients for CaO are dependent
on mobility, there are up to three parameters that could
describe the mass dependence on diffusion coefficients:
b1; b11 and b12 (Eq. (8)). Before presenting model isotope
ratio profiles, it is important to assess how one should treat
these b factors; for example, how do differences in isotopic
mobilities translate into differences in isotope-specific diffu-
sion matrix elements? Should these b factors be treated
independent of one another? Or, can b11 and b12 be written
in terms of a single parameter b1?

5.3.1. Relationship between mobility and chemical diffusion

coefficients

We analyze in Appendix A.2 how varying the self diffu-
sivity of Ca may affect the diagonal and off-diagonal diffu-
sion matrix elements of CaO. To summarize, there are at
least two distinct approaches, one in which only the diago-
nal element is mass dependent, hereafter referred to as the
Common Velocity (CV) Model, and one in which both the
diagonal and off-diagonal elements are mass dependent,
hereafter referred to as the Common Force (CF) Model.
The CV model assumes that each component has the same
velocity relative to its random walk velocity arising from self
diffusion regardless of differences in the interaction forces
between them. The CF model, on the other hand, assumes
that differences between particles are manifested in how they
respond to common interaction forces (cf. Liang, 1994). The
two sets of curves in Fig. 3e and h show the D44Ca profiles
for A–B and D–E resulting from the CV and CF Models.
For the CV Model, the b factors differ between experiments
A–B and D–E; a larger bi is required to reproduce the larger
magnitude of isotopic fractionations in experiment A–B.
This compositional/directional dependence required by the
CV Model, in some sense, defeats the original purpose of
the multicomponent diffusion formulation. The CF Model,
on the other hand, has the property that a single set of b fac-
tors can fit the profiles for the two orthogonal directions of
diffusion in composition space.

6. DISCUSSION

6.1. Why does CaO diffuse faster in A–B than D–E?

During multicomponent diffusion, a net flux of a major
component must be counter-balanced by a flux of other
components in the liquid. The implication of the no net
volume flux constraint is that fast diffusing components
can enhance the diffusive flux of slower diffusing compo-
nents and vice versa. This inference is compatible with the
information contained in the diffusivity matrix. In couple
A–B, the gradients in CaO and Na2O oppose one another
but the off-diagonal term DCaO�Na2O is negative. Hence the
term DCaO�Na2OrCNa2O reinforces the flux of CaO down
its concentration gradient. In couple D–E, the opposite is
true. Gradients in CaO and SiO2 oppose one another but
the off-diagonal term DCaO�SiO2

is positive. Since
jDCaO�CaOrCCaO j> jDCaO�SiO2

rCSiO2
j, the net flux of

CaO is in the direction of its own concentration gradient
but is somewhat inhibited owing to the contribution of
the DCaO�SiO2

rCSiO2
term.
The top panels of Fig. 4 quantify the sensitivity of
EBDCs to the direction of diffusion in composition space.
In experiment A–B, DE

CaO � 140 � 10�12 m2/s, whereas in
D–E, DE

CaO � 40 � 10�12 m2/s. The fact that these two val-
ues bracket the self diffusivity of Ca, which is about
80 � 10�12 m2/s, provides a clear indication that rates of
isotope homogenization are not necessarily faster than rates
of chemical homogenization, in contrast to previous pro-
posals (Baker, 1989; Lesher, 1990, 1994).

6.2. Self diffusion is not necessarily faster than chemical

diffusion

The view that isotopes equilibrate faster than the parent
elements in an inhomogeneous liquid seems to arise in part
from the intuition that isotopes equilibrate at a rate that
depends on the self diffusion coefficient while the parent ele-
ment equilibrates at a rate that depends on the chemical dif-
fusion coefficient(s). Note that if this were true, there would
be cases where the isotopes would equilibrate more slowly
such as when self diffusion is slower than chemical diffusion
as pointed out in Section 6.1. The idea that isotopes will
equilibrate at a rate given by the self diffusivity, while the
parent element will equilibrate at a rate given by the chem-
ical diffusion coefficients is most easily shown to be not gen-
erally true in situations where self diffusion is much faster
than chemical diffusion. Consider for example experiment
RB2 by Richter et al. (2003) involving the interdiffusion
of molten rhyolite and basalt. All the major elements in this
experiment homogenized at the same rate as the slowly dif-
fusing SiO2 component. Isotope fractionation of Ca was
observed as being restricted to the diffusion boundary layer
of CaO. Given that the rate of self diffusion of Ca is much
larger than its EBDC in the rhyolite-basalt diffusion couple,
if the isotopes were homogenizing at a rate given by the self
diffusion coefficient, then the isotopic fractionations would
be spread well beyond the chemical diffusion boundary
layer, which was clearly not the case. This same result of
the isotopic fractionation being restricted to the parent
element diffusion boundary layer can be seen in the experi-
mental results shown in Figs. 3 and 4. Yet another demon-
stration that isotopic homogenization is not generally faster
than homogenization of the parent element was given by
Richter et al. (2014) who showed that the isotopic fraction-
ation of lithium diffused into augite persisted almost ten
times longer than the time required for the lithium concen-
tration to become uniform.

6.3. Why are isotope effects greater in A–B than D–E?

The isotopic results from A–B and D–E suggest that for
a given temperature, pressure, and bulk composition, faster
chemical diffusion promotes larger diffusive isotopic
fractionations. This agrees with what has been observed
in diffusion experiments using natural silicate liquids as well
as simplified silicate liquids, albeit for different reasons
(Richter et al., 2003, 2009; Watkins et al., 2009, 2011).
The conclusion from previous studies (cf. Watkins et al.,
2011; Goel et al., 2012) is that the degree of mass discrim-
ination between isotopes relates directly to the bonding of
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the elements to the alumino-silicate melt structure, such
that the fractionation behavior of the cations varies with
liquid composition as melt structure changes. In basaltic
liquids, CaO is strongly bound to the Al–Si framework
and consequently diffuses at about the same rate as SiO2

(DE
CaO=DE

SiO2
� 1) and has relatively small mass discrimina-

tion. In high silica liquids calcium is not strongly bound
to the Al–Si framework, diffuses much faster than SiO2

(DE
CaO=DE

SiO2
� 1) and has relatively large mass discrimina-

tion. The physical interpretation is that in high-Si liquids
Ca apparently diffuses more or less as an ion through the
quasi-stationary Al–Si matrix; hence its mass discrimina-
tion (bE

i = 0.18) approaches the kinetic-theory prediction
for a dilute, monatomic gas: bE

i = 0.5 (i.e., D / m�0:5). In
mafic liquids, however, diffusion of Ca involves the cooper-
ative motion of a larger number of atoms (cf. Goel et al.,
2012), and the mass discrimination is reduced to �10% of
that expected for m1=2 dependence (bE

i � 0.03).
In this study, the mass discrimination that accompanies

diffusion of an oxide component that is present in major
quantities clearly depends on the cooperative motions of
other components in the liquid. The exact nature of
oxide-oxide coupling is complicated, even with complete
knowledge of the full diffusion matrix (Liang et al., 1996).
Nevertheless, several key insights into how each component
affects the isotopic fractionations of Ca can be obtained by
examining the elements of the diffusion matrix for different
choices of dependent component. If the Dk

ij’s and bij’s are
known for one choice of dependent component, they can
be recast for different choices of dependent component
using the following relations based on Eq. (6)a–d in
Liang et al. (1996):

2D44
11

2D40
11

¼
3D44

11�3D44
12

3D40
11 �3 D44

12

¼ m40

m44

� �2b11

ð17aÞ

2D44
13

2D40
13

¼ �
3D44

12

�3D40
12

¼ m40

m44

� �2b13

ð17bÞ

Substituting Eqs. (17a) and (17b) into Eq. (8b), we arrive at
the following relationships between b’s for different compo-
nents in a three-component system:

2b11 ¼
ln

3D40
11

40
44ð Þ

3b11�3D40
12

40
44ð Þ

3b12

3D40
11
�3D40

12

" #
ln m40=m44ð Þ ð18aÞ

and

2b13 ¼3b12: ð18bÞ

An interesting property of a ternary system is that the off-
diagonal beta factors share the same magnitude and sign
regardless of the choice of dependent component. This is
in contrast to the off-diagonal elements of the diffusion
matrix, which share the same magnitude but are opposite
in sign (Eq. (14) versus Eq. (15)). The implication is that
for any CaO-bearing three component system, one of the
components (Na2O in this case) will enhance the diffusive
flux of CaO, with preferential enhancement of the flux of
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calculations suggest that relatively large diffusive isotope effects
can arise even in the absence of a large concentration gradient in
the parent element.
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40Ca relative to 44Ca in the direction that CaO is diffusing.
The other component (SiO2 in this case) will drag CaO in
the direction opposite of the CaO concentration gradient,
preferentially dragging 40Ca relative to 44Ca in the direction
opposite the CaO gradient. If the CF Model approach is
correct, the implication is that diffusion of CaO against
the component with a negative off-diagonal term should,
in general, tend to maximize the magnitude of diffusive iso-
topic fractionations. A direct consequence is that, for a given

set of b factors, major element diffusive isotope effects should

be largest for the direction of diffusion in which the diffusive

flux is greatest.

The above generalizations lead to interesting predictions
for isotopic fractionations due to diffusive coupling. Con-
sider the case where SiO2 and Na2O counter diffuse in the
presence of a small CaO gradient (Fig. 5). As SiO2 diffuses
from right to left, it preferentially enhances the diffusive
flux of 40Ca relative to 44Ca from right to left. As Na2O dif-
fuses from left to right, it also preferentially enhances the
diffusive flux of 40Ca relative to 44Ca from right to left.
The net result is a superposition of isotopic fractionations
that are quite large (	1&) despite the lack of an initial
CaO concentration gradient. An attempt was made to per-
form this experiment, but the experiment was unsuccessful
due to incomplete melting of the SiO2-rich side of the
couple at 1250 �C. Nevertheless, it appears that diffusive
coupling is capable of generating relatively large (>1&) iso-
topic fractionations even when the initial concentration
contrast for the diffusing element is small, as was originally
suggested by Watkins et al. (2009).

6.4. Isotope fractionation by effective binary diffusion

For the isotope fractionation by diffusion problem, it
has been customary to treat each isotope as an independent
chemical species, diffusing in response to its own concentra-
tion gradient (Richter et al., 1999, 2003, 2009; Chopra et al.,
2012). The advantage of this approach is that only one bE

i

parameter is needed to model the isotopic fractionations
but a disadvantage is that it neglects any isotopic exchange
during the diffusion of isotopes. For couples A-B and D-E,
both the Richter model and the new EBD model (Eq. (7a),
which involves a mass dependence on self diffusivity as well
as the EBDC) can produce profiles that are in excellent
agreement with the data (Fig. 4). For the Eq. (7a)a profiles
we assume bk

Ca = 0.02 for consistency with the CF model
results in Fig. 3. The main conclusion that can be drawn
from Fig. 4 is that regardless of which model is used, it is
clear that for effective binary diffusion of major elements,
the inferred bE

i ’s, like the EBDCs, are non-generalizable
in that they vary depending on the direction of diffusion
in composition space.

Although the Richter et al. (2003) approach has the
major advantage of involving only one free parameter, in
some cases it leads to model isotope ratio profiles that do
not exactly match the spatial variations in diffusive isotopic
fractionations (Richter et al., 2003, 2009; Watkins et al.,
2009; Chopra et al., 2012), and some of the misfit may be
due to neglecting the role of self diffusion. The self diffusion
terms in Eq. (7a) contribute to the modeled isotopic
fractionations in two ways. First, an increase in the self
diffusivity Dk

i relative to the EBDC reduces the isotopic
fractionations and broadens the low D44Ca troughs. This
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behavior was pointed out by Watkins et al. (2011), who
analyzed diffusive isotopic fractionations of Ca and Mg in
simplified, albite-rich liquids. In their analysis, Watkins
et al. (2011) showed how accounting for self diffusion super-
imposed on chemical diffusion could better fit the data from
experiments where it was clear that diffusive isotope effects
extended noticeably beyond the CaO diffusion profiles. The
second influence of self diffusion is that, according to the
behavior of Eq. (7a), it does not act solely to homogenize
the isotope ratios, but rather, its mass dependence enhances
the diffusive isotopic fractionations. That is, the isotope
ratio profiles are sensitive to Dk

i ;D
E
i ; bi and bE

i . Hence,
although Eq. (7a) may be a more accurate representation
of the isotope fluxes in space and time than the Richter
model, its accuracy comes at the expense of two additional
parameters (Dk

i and bi) while still being subject to the limi-
tations of EBD models in general as described in Section
2.2.

7. SUMMARY AND FURTHER DISCUSSION

Diffusion couple experiments on simplified systems pro-
vide valuable clues about the nature of mass discrimination
during chemical transport in geological systems. Previous
studies on Ca and Mg diffusion in albite-rich liquids
showed that mass discrimination during diffusion varies
with liquid composition, and also varies between cations
for a given liquid composition (Watkins et al., 2009,
2011). Furthermore, faster diffusing cations such as Li, tend
to exhibit larger mass discrimination (Richter et al.,
2003;Watkins et al., 2011). The key observation from the
experiments in this study is that the rate of diffusion, as well
as the isotopic fractionations that arise during diffusive
transport in molten silicates, varies depending on how a dif-
fusion couple is oriented in composition space. In one
experiment (A–B), CaO and Na2O counter-diffuse rapidly
in the presence of a small SiO2 gradient and the Ca isotope
fractionations are relatively large (	2.5&). In the other
experiment (D–E), CaO and SiO2 counter-diffuse more
slowly in a small Na2O gradient and the Ca isotope fracti-
onations are reduced (	1.3&). Hence for a given liquid
composition, the orientation of the diffusion couple in com-
position space that promotes faster diffusion seems to also
promote larger diffusive isotopic fractionations.

Observations such as these help guide the theory of iso-
tope diffusion in complex liquids. We presented a new for-
mulation for isotope diffusion that takes into account both
self diffusion and chemical diffusion. Kinetic theory predicts
a mass dependence on the self diffusivity Dk

i , which repre-
sents a cation’s mobility, but no prior study to our knowl-
edge has specifically addressed how a mass dependence on
mobility translates into a mass dependence on chemical dif-
fusion coefficients. We discussed two classes of models that
relate self diffusivities to elements of the diffusion matrix:
the common-velocity (CV) models predict a mass depen-
dence on diagonal terms alone whereas the common-force
(CF) models predict a mass dependence on diagonal as well
as off-diagonal terms. The CF models correctly reproduce
the observed behavior; i.e., a single set of b’s can account
for different degrees of isotopic fractionation for diffusion
along two roughly orthogonal directions in composition
space. This result is particularly intriguing in light of the
fact that Liang et al. (1997) found that the CF models fit
the observed diffusion profiles and diffusion matrices better
than other empirical models in the CaO–Al2O3–SiO2 (CAS)
system. The CF models also predict that (a) diffusive iso-
tope effects should be maximized for the direction of diffu-
sion that maximizes the diffusive flux and (b) diffusive
coupling may give rise to relatively large isotopic fractiona-
tions even in the absence of a large concentration gradient
in the diffusing element. This latter prediction is consistent
with previous observations in natural volcanic liquids
(Watkins et al., 2009).

The equations presented herein argue against the idea
that self diffusion and chemical diffusion are decoupled
from one another (Lesher, 1990, 1994). The experimental
data further show that self diffusion can be either faster
than or slower than chemical diffusion, depending on the
direction of diffusion in composition space. The new formu-
lations for isotope diffusion can be tested with further
experimentation and should aid in the identification and
interpretation of isotopic variations in nature. Moving for-
ward, it will be informative to investigate isotopic diffusion
in a CaO–Al2O3–SiO2 liquid where the self diffusivities and
thermodynamic relationships are known (Liang et al., 1996,
1997). Additional information could be gained by investi-
gating diffusive isotopic fractionations for multiple ele-
ments, e.g., in a CaO–MgO–Al2O3–SiO2 liquid in which
isotopic variations in both Ca and Mg can be measured.
Although the theory of diffusive mass transport is relatively
mature, there are still key aspects of isotope diffusion that
are not well understood.
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APPENDIX A

A.1. Alternative formulation for the isotopic flux

The expression for the isotopic flux (Eq. (2)) differs
slightly from an expression that has been used in previous
studies of isotope diffusion (e.g., Richter et al., 1999;
Watkins et al., 2011). The expression used by Richter
et al. (1999) was arrived at by considering deviations in self
diffusivity (Liang, 1994):

J k
i ¼ �Dk

irCk
i þ

XM

m¼1

f k
i ðDm

i � Dk
i þ Dk

i ÞrCm
i

�
Xn�1

j¼1

f k
i Dk

ijrCj: ðA:1Þ

Since Ci = C1
i + C2

i + � � � + CM
i , Eq. (A.1) can also be writ-

ten as



Fig. A.1. Self diffusion experiment from Richter et al. (1999)
designed to measure the self diffusivity of Ca and its mass
dependence in molten CaO–Al2O3–SiO2 at 1500 �C and 1 GPa.
The initial composition of each half of the diffusion couple is shown
in the boxes at the bottom of the figure. The self diffusion
coefficient Dk

i is determined from the fit to the 44Ca/40Ca profile and
its mass dependence is inferred from the fit to the 48Ca/40Ca profile.
The curves represent model results using two different expressions
for the isotopic flux. Although the fits are nearly identical, the
inferred b factors differ significantly depending on which formu-
lation is used, thus demonstrating that the third term in Eq. (A.1) is
non-negligible.
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Richteretal:ð1999Þ

þ
XM

m¼1

f k
i ðDm

i � Dk
i ÞrCm

i|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
negligible?

: ðA:2Þ

The first two terms in Eq. (A.2) are identical to the Richter
et al. (1999) flux equation except that here the Dij’s are
written with a superscript k to denote that they are iso-
tope-specific. The third term was previously neglected
because diffusivity differences among the isotopes of i are
known to be very small (i.e., second order terms) and there-
fore negligible in many applications. However, these small
terms affect the inferred b factors in studies of isotope frac-
tionation by diffusion even though the first two terms on the
RHS of Eq. (A.2) are relatively large. To illustrate this
point, Fig. A.1 compares the result one would obtain using
all three terms of Eq. (A.2) versus the result obtained by
Richter et al. (1999) using only the first two terms. Although
the fits are nearly identical for both approaches, the inferred
b factor is about 3 times greater when the third term of Eq.
(A.2) is neglected. Hence, although diffusivity differences
among isotopes are small they cannot be neglected in the
special case of stable isotope fractionation by diffusion.

A.2. Relationship between mobility and chemical diffusion

coefficients

Diffusive fluxes are related to concentration gradients by

J i ¼ �
Xn�1

k¼1

DikrCk : ðA:3Þ

For self diffusion, if we treat the isotopes as “independent”
components and assume that (a) the partial molar volumes
of isotopes are equal and (b) diffusive mixing of isotopes is
thermodynamically ideal, then we arrive at a general
expression for self diffusion (Eq. (6)) (Liang et al., 1997).
The expression for self diffusion is added to the expression
for chemical diffusion (Eq. (4)) using the principle of super-
position for linear partial differential equations to arrive at
the flux expression for the combined chemical and self
diffusion equation (Eq. (2)).

The diffusion matrix [D] can be written as a product of a
thermodynamic matrix [G] and a kinetic matrix [L]
(Onsager, 1945):

½D� ¼ ½L� � ½G� ðA:4Þ

or

Dik ¼
XN�1

j¼1

LijGjk ðA:5Þ

The elements of the thermodynamic matrix [G] are func-
tions of model-independent activity-composition relations
and can be written as (Liang et al., 1997):

Gjk ¼ Cj
@ ln aj

@Ck
� V k

V n

@ ln aj

@Cn

� �
; ðA:6Þ
where component n is the dependent component; a is activ-
ity; Ci and V i are the molar concentration and partial molar
volume of component i. In many systems, including the
16Na2O�12CaO�72SiO2 system, the activity-composition
relations are not known. In an ideal liquid where aj = Cj

and in the special case where partial molar volumes of com-
ponents are equal, the thermodynamic matrix reduces to
the identity matrix. For simplicity, we adopt this ideal solu-
tion model and assume further that the activities and partial
molar volumes of isotopically-substituted oxides are equal.

The diffusion matrix elements are related to self diffusiv-
ities through the kinetic [L] matrix. A general expression for
building the model-dependent [L] matrix is (Liang, 1994,
2010; Liang et al., 1997):

Lij ¼ Djdij

þ Ci ðV nDn � V jDjÞAi þ ðpnznDn � pjzjDjÞBi

	 

; ðA:7Þ

where component n is the dependent component; Dj and zj

are the self diffusivity and charge number of cation j,
respectively; Ci and V j are the molar concentration and
partial molar volume of components i and j, respectively;
pj is the stoichiometric coefficient of the cation in
oxide component j (e.g., p = 2 for Na2O); and Ai and Bi

are scaling factors (cf. Liang, 2010). For example,
(Ai, Bi) = (1, 0), (1,si), (/i, 0), and (Xi;Ui), for the molecular

James
Sticky Note
Should be A.2

James
Sticky Note
Should be Eq. A.2
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common-velocity model, ionic common-velocity model,
molecular common-force model, and ionic common-force
model, respectively. The full expressions for the scaling fac-
tors are (Liang, 1994; Liang et al., 1997):

si ¼
Pn

j¼1ðdij � CioV joÞCjozjDjPn
j¼0Cjz2

j Dj
; ðA:8Þ

/i ¼
V iDiPn

k¼1CkV 2
kDk

; ðA:9Þ

Xi ¼
MiðziW 22 � V io=piW 21Þ

W 11W 22 � W 12W 21

; ðA:10Þ

and

Ui ¼
CioMiðV i=piW 11 � ziW 12Þ

W 11W 22 � W 12W 21

; ðA:11Þ

where

W 11 ¼
Xn

i¼1

CioV ioziMi; W 12 ¼
Xn

i¼1

CioV 2
ioMi

pi

; ðA:12Þ

W 21 ¼
Xn

i¼0

Ciz2
i Mi; W 22 ¼ W 11:

In the above equations, the subscript ‘io’ refers to the i-
bearing oxide component. The only measurable quantities
one needs in order to calculate the diffusion matrix elements
are (1) the self diffusivities and (2) the partial molar vol-
umes. Isotope-specific elements of the diffusion matrix are
calculated by substituting the isotope-specific mobilities
into the above expressions. The ratio of isotopic diffusion
coefficients is then expressed in terms of b factors using
Eq. (8b). Table A.1 shows the values of b11 and b12 calcu-
lated from b1 = 0.1, partial molar volumes from Lange
(1997) and using placeholder values for the self diffusivities
of Na and Si. Using different values of the self diffusivities
would not affect the following conclusions: (1) bi¼j � bi for
all four models, (2) bi–j � 0 for the common-velocity mod-
els, and (3) bi–j � bi for the common-force models. Hence
there are at least two distinct approaches to investigate,
one in which only the diagonal element is mass dependent,
hereafter referred to as CV Model, and one in which both
the diagonal and off-diagonal elements are mass dependent,
hereafter referred to as CF Model.
Table A.1
Comparison between four different empirical models that relate
how a mass dependence on the self diffusivity bi translates into a
mass dependence on diffusion matrix elements bij. For these

calculations we used partial molar volumes from Lange (1997) and

the following self diffusivities: Dk
Ca = 80 � 10�12 m2/s, Dk

Na = 140

� 10�12 m2/s, and Dk
Si = 30 � 10�12 m2/s.

Model (Ai;Bi) b1 b11 b12

Molecular common velocity (1,0) 0:1 0.093 0
Ionic common velocity (1,si) 0:1 0.093 0.019
Molecular common force (/i,0) 0:1 0.101 0.093
Ionic common force (Xi;Ui) 0:1 0.092 0.092
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