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Summary: These lecture notes provide an introduction to orthogonal polynomials of several
variables. It will cover the basic theory but deal mostly with examples, paying special attention
to those orthogonal polynomials associated with classical type weight functions supported on
the standard domains, for which fairly explicit formulae exist. There is little prerequisites for
these lecture notes, a working knowledge of classical orthogonal polynomials of one variable
satisfies.
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1. Introduction

1.1. Definition: one variable vs several variables. Let µ be a positive Borel
measure on R with finite moments. For n ∈ N0, a nonnegative integer, the number
µn =

∫
R tndµ is the n-th moment of dµ. The standard Gram-Schmidt process

applied to the sequence {µn} with respect to the inner product

〈f, g〉 =

∫
R

f(t)g(t)dµ(t)

of L2(dµ) gives a sequence of orthogonal polynomials {pn}∞n=0, which satisfies
〈pn, pm〉 = 0, if n 6= m, and pn is a polynomial of degree exactly n. The orthogonal
polynomials are unique up to a constant multiple. They are called orthonormal
if, in addition, 〈pn, pn〉 = 1, and we assume that the measure is normalized by∫

R dµ = 1 when dealing with orthonormality. If dµ = w(t)dt, we say that pn

are associated with the weight function w. The orthogonal polynomials enjoy
many properties, which make them a useful tool in various applications and a
rich source of research problems. A starting point of orthogonal polynomials of
several variables is to extend those properties from one to several variables.
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To deal with polynomials in several variables we use the standard multi-index
notation. A multi-index is denoted by α = (α1, . . . , αd) ∈ Nd

0. For α ∈ Nd
0 and

x ∈ Rd a monomial in variables x1, . . . , xd of index α is defined by

xα = xα1
1 . . . xαd

d .

The number |α| = α1 + · · · + αd is called the total degree of xα. We denote
by Pd

n := span{xα : |α| = n, α ∈ Nd
0} the space of homogeneous polynomials of

degree n, by Πd
n := span{xα : |α| ≤ n, α ∈ Nd

0} the space of polynomials of (total)
degree at most n, and we write Πd = R[x1, . . . , xd] for the space of all polynomials
of d variables. It is well known that

rd
n := dim Pd

n =

(
n + d− 1

n

)
and dim Πd

n =

(
n + d

n

)
.

Let µ be a positive Borel measure on Rd with finite moments. For α ∈ Nd
0, denote

by µα =
∫

Rd xαdµ(x) the moments of µ. We can apply the Gram-Schmidt process
to the monomials with respect to the inner product

〈f, g〉µ =

∫
Rd

f(x)g(x)dµ(x)

of L2(dµ) to produce a sequence of orthogonal polynomials of several variables.
One problem, however, appears immediately: orthogonal polynomials of several
variables are not unique. In order to apply the Gram-Schmidt process, we need
to give a linear order to the moments µα which means an order amongst the
multi-indices of Nd

0. There are many choices of well-defined total order (for ex-
ample, the lexicographic order or the graded lexicographic order); but there is
no natural choice and different orders will give different sequences of orthogonal
polynomials. Instead of fixing a total order, we shall say that P ∈ Πd

n is an
orthogonal polynomial of degree n with respect to dµ if

〈P, Q〉 = 0, ∀Q ∈ Πd with deg Q < deg P.

This means that P is orthogonal to all polynomials of lower degrees, but it may
not be orthogonal to other orthogonal polynomials of the same degree. We denote
by Vd

n the space of orthogonal polynomials of degree exactly n; that is,

Vd
n = {P ∈ Πd

n : 〈P, Q〉 = 0, ∀Q ∈ Πd
n−1}. (1.1)

If µ is supported on a set Ω that has nonempty interior, then the dimension of
Vd

n is the same as that of Pd
n. Hence, it is natural to use a multi-index to index

the elements of an orthogonal basis of Vd
n. A sequence of orthogonal polynomials

Pα ∈ Vd
n are called orthonormal, if 〈Pα, Pβ〉 = δα,β. The space Vd

n can have many
different bases and the bases do not have to be orthonormal. This non-uniqueness
is at the root of the difficulties that we encounter in several variables.

Since the orthogonality is defined with respect to polynomials of different degrees,
certain results can be stated in terms of Vd

0 ,Vd
1 , . . . ,Vd

n, . . . rather than in terms of
a particular basis in each Vd

n. For such results, a degree of uniqueness is restored.
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For example, this allows us to derive a proper analogy of the three-term relation
for orthogonal polynomials in several variables and proves a Favard’s theorem.
We adopt this point of view and discuss results of this nature in Section 2.

1.2. Example: orthogonal polynomials on the unit disc. Before we go on
with the general theory, let us consider an example of orthogonal polynomials
with respect to the weight function

Wµ(x, y) =
2µ + 1

2π
(1− x2 − y2)µ−1/2, µ > −1/2, (x, y) ∈ B2,

on the unit disc B2 = {(x, y) : x2 + y2 ≤ 1}. The weight function is normalized
so that its integral over B2 is 1. Among all possible choices of orthogonal bases
for Vd

n, we are interested in those for which fairly explicit formulae exist. Several
families of such bases are given below.

For polynomials of two variables, the monomials of degree n can be ordered by
{xn, xn−1y, . . . , xyn−1, yn}. Instead of using the notation Pα, |α| = |α1 +α2| = n,
to denote a basis for V2

n, we sometimes use the notation P n
k with k = 0, 1, . . . , n.

The orthonormal bases given below are in terms of the classical Jacobi and Gegen-

bauer polynomials. The Jacobi polynomials are denoted by P
(a,b)
n , which are or-

thogonal polynomials with respect to (1− x)a(1 + x)b on [−1, 1] and normalized

by P
(a,b)
n (1) =

(
n+a

n

)
, and the Gegenbauer polynomials are denoted by Cλ

n , which

are orthogonal with respect to (1− x2)λ−1/2 on [−1, 1], and

Cλ
n(x) = ((2λ)n/(λ + 1/2)n)P (λ−1/2,λ−1/2)

n (x),

where (c)n = c(c + 1) . . . (c + n− 1) is the Pochhammer symbol.

1.2.1. First orthonormal basis. Consider the family

P n
k (x, y) = hk,nC

k+µ+ 1
2

n−k (x)(1− x2)
k
2 Cµ

k

( y√
1− x2

)
, 0 ≤ k ≤ n,

where hk,n are the normalization constants.

Since Cλ
k (x) is an even function if k is even and is an odd function if k is odd,

P n
k are indeed polynomials in Π2

n. The orthogonality of these polynomials can be
verified using the formula∫

B2

f(x, y)dxdy =

∫ 1

−1

∫ √
1−x2

−
√

1−x2

f(x, y)dxdy

=

∫ 1

−1

∫ 1

−1

f(x,
√

1− x2t)
√

1− x2dxdt.
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1.2.2. Second orthonormal basis. Using polar coordinates x = r cos θ, y = r sin θ,
we define

hn
j,1P

(µ− 1
2
,n−2j+ d−2

2
)

j (2r2 − 1)rn−2j cos(n− 2j)θ, 0 ≤ 2j ≤ n,

hn
j,2P

(µ− 1
2
,n−2j+ d−2

2
)

j (2r2 − 1)rn−2j sin(n− 2j)θ, 0 ≤ 2j ≤ n− 1,

where hn
j,i are the normalization constants.

For each n these give exactly n+1 polynomials. That they are indeed polynomials
in (x, y) of degree n can be verified using the relations r = ‖x‖,

cos mθ = Tm(x/‖x‖), and sin mθ/ sin θ = Um−1(x/‖x‖),

where Tm and Um are the Chebyshev polynomials of the first and the second
kind. The orthogonality of these polynomials can be verified using the formula∫

B2

f(x, y)dxdy =

∫ 1

0

∫ 2π

0

f(r cos θ, r sin θ)dθ r dr.

1.2.3. An orthogonal basis. A third set is given by

P n
k (x, y) = Cµ+1/2

n

(
x cos

kπ

n + 1
+ y sin

kπ

n + 1

)
, 0 ≤ k ≤ n.

In particular, if µ = 1/2, then the polynomials

P n
k (x, y) =

1√
π

Un

(
x cos

kπ

n + 1
+ y sin

kπ

n + 1

)
, 0 ≤ k ≤ n,

form an orthonormal basis with respect to the Lebesgue measure on B2. The
case µ = 1/2 first appeared in [22] in connection with a problem in computer
tomography.

1.2.4. Appell’s monomial and biorthogonal bases. The polynomials in these bases
are denoted by V n

k and Un
k for 0 ≤ k ≤ n (cf. [2]). The polynomials V n

k are defined
by the generating function

(1− 2(b1x + b2y) + ‖b‖2)−µ−1/2 =
∞∑

n=0

n∑
k=0

bk
1b

n−k
2 V n

k (x, y), b = (b1, b2),

and they are called the monomial orthogonal polynomials since

V n
k (x, y) = xkyn−k + q(x, y),

where q ∈ Π2
n−1. The polynomials Un

k are defined by

Un
k (x, y) = (1− x2 − y2)−µ+ 1

2
∂k

∂xk

∂n−k

∂yn−k
(1− x2 − y2)n+µ−1/2.
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Both V n
k and Un

k belong to V2
n, and they are biorthogonal in the sense that∫

B2

V n
k (x, y)Un

j (x, y)Wµ(x, y) = 0, k 6= j.

The orthogonality follows from a straightforward computation of integration by
parts.

1.3. Orthogonal polynomials for classical type weight functions. In the
ideal situation, one would like to have fairly explicit formulae for orthogonal poly-
nomials and their various structural constants (such as L2-norm). The classical
orthogonal polynomials of one variable are good examples. These polynomials
include the Hermite polynomials Hn(t) associated with the weight function e−t2

on R, the Laguerre polynomials La
n(t) associated with tae−t on R+ = [0,∞), and

the Jacobi polynomials P
(a,b)
n (t) associated with (1 − t)a(1 + t)b on [−1, 1]. Up

to an affine linear transformation, they are the only families of orthogonal poly-
nomials (with respect to a positive measure) that are eigenfunctions of a second
order differential operator.

One obvious extension to several variables is using tensor product. For 1 ≤ j ≤ d
let wj be the weight function on the interval Ij ⊂ R and denote by pn,j orthogonal
polynomials of degree n with respect to wj. Then for the product weight function

W (x) = w1(x1) . . . wd(xd), x ∈ I1 × . . .× Id,

the product polynomials Pα(x) =
∏d

j=1 pαj ,j(xj) are orthogonal with respect to
W . Hence, as extensions of the classical orthogonal polynomials, we can have
product Hermite polynomials associated with

WH(x) = e−‖x‖
2

, x ∈ Rd,

product Laguerre polynomials associated with

WL
κ (x) = xκe−|x|, x ∈ Rd

+, κi > −1,

the product Jacobi polynomials associated with

Wa,b(x) =
d∏

i=1

(1− xi)
ai(1 + xi)

bi , x ∈ [−1, 1]d, ai, bi > −1,

as well as the mixed product of these polynomials. Throughout this lecture, the
notation ‖x‖ stands for the Euclidean norm and |x| stands for the `1-norm of
x ∈ Rd. The product basis in this case is also the monomial basis. There are
other interesting orthogonal bases; for example, for the product Hermite weight
function, another orthonormal basis can be given in polar coordinates.

More interesting, however, are extensions that are not of product type. The
geometry of Rd is rich, i.e., there are other attractive regular domains; the unit
ball Bd = {x : ‖x‖ ≤ 1} and the simplex T d = {x ∈ Rd : x1 ≥ 0, . . . , xd ≥
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0, 1 − |x| ≥ 0} are two examples. There are orthogonal polynomials on Bd and
on T d for which explicit formulae exist, and their study goes back at least as far
as Hermite (cf. [2] and [11, Vol. 2, Chapt. 12]). The weight functions are

WB
µ (x) = (1− ‖x‖2)µ−1/2, x ∈ Bd, µ > −1/2,

and

W T
κ (x) =

d∏
i=1

|xi|κi−1/2(1− |x|)κd+1−1/2, x ∈ T d, κi > −1/2.

In both cases, there are explicit orthonormal bases that can be given in terms
of Jacobi polynomials. In Section 4 and 5 we discuss these two cases and their
extensions.

There is no general agreement on what should be called classical orthogonal poly-
nomials of several variables. For d = 2 Krall and Sheffer [18] gave a classifica-
tion of orthogonal polynomials that are eigenfunctions of a second order partial
differential operator, which shows that only five such families are orthogonal
with respect to a positive measure: product Hermite, product Laguerre, product
Hermite-Laguerre, orthogonal polynomials with respect to WB

µ on the disc and

with respect to W T
κ on the triangle T 2. Clearly these families should be called

classical, but perhaps equally entitled are product Jacobi polynomials and a score
of others.

1.4. Harmonic and h-harmonic polynomials. Another classical example of
orthogonal polynomials of several variables is the spherical harmonics. The
Laplace operator ∆ on Rd is defined by

∆ = ∂2
1 + · · ·+ ∂2

d ,

where ∂i = ∂/∂xi. Harmonic polynomials are polynomials that satisfy ∆P = 0,
and spherical harmonics are the restriction of homogeneous harmonic polynomials
on the sphere Sd−1. Let Hd

n be the set of homogeneous harmonic polynomials of
degree n; Hd

n = Pd
n ∩ ker ∆. It is known that

P ∈ Hd
n if and only if

∫
Sd−1

PQdω = 0, ∀Q ∈ Πd, deg Q < n,

where dω is the surface measure of Sd−1. An orthonormal basis for spherical
harmonics can also be given in terms of Jacobi polynomials. The fact that the
Lebesgue measure dω is invariant under the orthogonal group O(d) plays an
important role in the theory of spherical harmonics.

An important extension of harmonic polynomials are the h-harmonics introduced
by Dunkl [7], in which the role of the rotation group is replaced by a reflection
group. The h-harmonics are homogeneous polynomials that satisfy ∆hP = 0,
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where ∆h is a second order differential-difference operator. This h-Laplacian can
be decomposed as

∆h = D2
1 + . . . +D2

d,

where Di are the first order differential-difference operators (Dunkl’s operators)
which commute, that is, DiDj = DjDi. The h-harmonics are orthogonal with
respect to h2dω where h is a weight function invariant under the underlying
reflection group. Examples include h(x) =

∏d
i=1 |xi|κi invariant under Zd

2 and
h(x) =

∏
i<j |xi − xj|κ invariant under the symmetric group.

It turns out that there is a close relation between orthogonal polynomials on the
sphere and those on the simplex and the ball. The classical examples of orthog-
onal polynomials on these two domains can be derived from the corresponding
results for h-harmonics associated to the product weight function

∏d
i=1 |xi|κi . We

discuss h-harmonics in Section 3, giving special emphasis to the case of prod-
uct weight function since it can be developed without prerequisites of reflection
groups.

1.5. Fourier orthogonal expansion. Let µ be a positive measure with finite
moments such that the space of polynomials is dense in L2(dµ). Let Pα be a
sequence of orthonormal polynomials with respect to dµ. Then the standard
Hilbert space theory shows that every f ∈ L2(dµ) can be expanded in terms of
Pα as

f(x) =
∑
α∈Nd

0

aα(f)Pα(x) with aα(f) =

∫
Rd

f(x)Pα(x)dµ(x). (1.2)

This is the Fourier orthogonal expansion. Just as the case of the classical Fourier
series, the expansion does not hold pointwisely in general if f is merely a contin-
uous function. We define the n-th partial sum of the expansion by

Sn(f ; x) :=
n∑

k=0

∑
|α|=k

aα(f)Pα(x) =

∫
Rd

f(y)Kn(x, y)dµ(y),

where the first equation is the definition and the second equation follows from
the formula for aα(f), where

Kn(x, y) =
n∑

k=0

Pk(x, y) with Pk(x, y) =
∑
|α|=k

Pα(x)Pα(y);

the function Kn(x, y) is the reproducing kernel of the space Πd
n in the sense that∫

Kn(x, y)P (y)dµ(y) = P (x) for all P ∈ Πd
n, and the function Pn(x, y) is the

reproducing kernel of the space Vd
n. In particular, the definition of the kernels

and thus Sn(f) are independent of the choices of particular orthonormal bases.
As an application, we discuss the convergence of Fourier orthogonal expansions
for the classical type weight functions in Section 7.
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1.6. Literature. The main early references of orthogonal polynomials of several
variables are Appell and de Fériet [2], and Chapter 12 of Erdélyi et. al. [11],
as well as the influential survey of Koornwinder on orthogonal polynomials of
two variables [15]. There is also a more recent book of Suetin [30] on orthogonal
polynomials of two variables, which is in the spirit of the above references. We
follow the presentation in the recent book of Dunkl and Xu [10]. However, our
main development for orthogonal polynomials with respect to the classical type
weight functions follows a line that does not require background in reflection
groups, and we also include some more recent results. We will not give references
to every single result in the main body of the text; the main references and the
historical notes will appear at the end of the lecture notes.

2. General properties

By general properties we mean those properties that hold for orthogonal polyno-
mials associated with weight functions that satisfy some mild conditions but are
not any more specific.

2.1. Three-term relations. For orthogonal polynomials of one variable, one
important property is the three-term relation, which states that every system
of orthogonal polynomials {pn}∞n=0 with respect to a positive measure satisfies a
three-term relation

xpn(x) = anpn+1(x) + bnpn(x) + cnpn−1(x), n ≥ 0, (2.1)

where p−1(x) = 0 by definition, an, bn, cn ∈ R and ancn+1 > 0; if pn are orthonor-
mal polynomials, then cn = an−1. Furthermore, Favard’s theorem states that
every sequence of polynomials that satisfies such a relation must be orthogonal.

Let {Pα : α ∈ Nd
0} be a sequence of orthogonal polynomials in d variables and

assume that {Pα : |α| = n} is a basis of Vd
n. The orthogonality clearly implies

that xiPα(x) is orthogonal to all polynomials of degree at most n − 2 and at
least n + 2, so that it can be written as a linear combination of orthogonal
polynomials of degree n− 1, n, n + 1, although there are many terms for each of
these three degrees. Clearly this can be viewed as a three-term relation in terms
of Vd

n−1,Vd
n,Vd

n+1. This suggests to introduce the following vector notation:

Pn(x) = (P n
α (x))|α|=n = (Pα(1)(x), . . . , P

α(rd
n)(x))T = Gnx

n + . . . ,

where α(1), . . . , α(rn) is the arrangement of elements in {α ∈ Nd
0 : |α| = n}

according to the lexicographical order (or any other fixed order), and xn =

(xα(1)
, . . . , xα(rd

n)
)T is the vector of the monomials of degree n; the matrix Gn

of size rd
n × rd

n is called the leading coefficient of Pn, and it is invertible. We note
that if S is a nonsingular matrix of size |α|, then the components of SPn are also
a basis for Vd

n. In terms of Pn, we have the three-term relation:
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Theorem 2.1. Let Pα be orthogonal polynomials. For n ≥ 0, there exist unique
matrices An,i : rd

n × rd
n+1, Bn,i : rd

n × rd
n, and CT

n,i : rd
n × rd

n−1, such that

xiPn = An,iPn+1 + Bn,iPn + Cn,iPn−1, 1 ≤ i ≤ d, (2.2)

where we define P−1 = 0 and C−1,i = 0. If Pα are orthonormal polynomials, then
Cn,i = AT

n−1,i.

Proof. Looking at the components, the three-term relation is evident. The co-
efficient matrices satisfy An,iHn+1 =

∫
xiPnPT

n+1dµ, Bn,iHn =
∫

xiPnPT
ndµ, and

An,iHn+1 = HnC
T
n+1,i, where Hn =

∫
PnPT

ndµ is an invertible matrix. Hence the
coefficient matrices are unique. If Pα are orthonormal, then Hn is an identity
matrix and Cn,i = AT

n−1,i. �

For orthonormal polynomials, An,i =
∫

xiPnPT
n+1dµ and Bn,i =

∫
xiPnPT

ndµ,
which can be used to compute the coefficient matrices.

Example. For the first orthonormal basis on the unit disc in the previous section,
we have

Bn,1 = Bn,2 = 0, An,1 =


a0,n © 0

a1,n 0
. . .

...

© an,n 0

 ,

and

An,2 =


e0,n d0,n © 0

c1,n e1,n d1,n
...

. . . . . . . . .
...

cn−1,n dn−1,n 0

© cn,n en,n dn,n

 ,

where the coefficients can all be computed explicitly.

For d = 1 the relation reduces to the classical three-term relation. Moreover, let
An = (AT

n,1| . . . |AT
n,d)

T denote the joint matrix of An,1, . . . , An,d, then the following
is an analog of the condition ancn+1 > 0:

Theorem 2.2. For n ≥ 0 and 1 ≤ i ≤ d, rank An,i = rank Cn+1,i = rd
n. Moreover,

for the joint matrix An of An,i and the joint matrix CT
n of CT

n,i,

rank An = rd
n+1 and rank CT

n+1 = rd
n+1.

Proof. Comparing the leading coefficients of the both sides of (2.2) shows that
An,iGn+1 = GnLn,i, where Ln,i is the transformation matrix defined by Ln,ix

n+1 =
xix

n, which implies that rank Ln,i = rd
n. Hence, rank An,i = rd

n as Gn is in-
vertible. Furthermore, let Ln be the joint matrix of Ln,1, . . . , Ln,d. Then the
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components of Lnx
n+1 contain every xα, |α| = n + 1. Hence Ln has full rank,

rank Ln = rd
n+1. Furthermore, AnGn+1 = diag{Gn, . . . , Gn}Ln from which follows

that rank An = rd
n+1. The statement on CT

n,i and CT
n follows from the relation

An,iHn+1 = HnC
T
n+1,i. �

Just as in the one variable case, the three-term relation and the rank conditions of
the coefficients characterize the orthogonality. A linear functional L is said to be
positive definite if L(p2) > 0 for all nonzero polynomials p ∈ Πd

n. The following is
the analog of Favard’s theorem, which we only state for the case of Cn,i = AT

n−1,i

and Pα orthonormal.

Theorem 2.3. Let {Pn}∞n=0 = {P n
α : |α| = n, n ∈ N0}, P0 = 1, be an arbitrary

sequence in Πd. Then the following statements are equivalent.

(1). There exists a linear function L which defines a positive definite linear
functional on Πd and which makes {Pn}∞n=0 an orthogonal basis in Πd.

(2). For n ≥ 0, 1 ≤ i ≤ d, there exist matrices An,i and Bn,i such that

(a) the polynomials Pn satisfy the three-term relation (2.2) with Cn,i = AT
n−1,i,

(b) the matrices in the relation satisfy the rank condition in Theorem 2.2.

The proof follows roughly the line that one uses to prove Favard’s theorem of
one variable. The orthogonality in the theorem is given with respect to a positive
definite linear functional. Further conditions are needed in order to show that the
linear functional is given by a nonnegative Borel measure with finite moments.
For example, if Lf =

∫
fdµ for a measure µ with compact support in (1) of

Theorem 2.3, then the theorem holds with one more condition

sup
k≥0

‖Ak,i‖2 < ∞ and sup
k≥0

‖Bk,i‖2 < ∞, 1 ≤ i ≤ d

in (2). The known proof of such refined results uses the spectral theory of self-
adjoint operators.

Although Favard’s theorem shows that the three-term relation characterizes or-
thogonality, it should be pointed out that the relation is not as strong as in the
case of one variable. In one variable, the coefficients of the three-term relation
(2.1) can be any real numbers satisfying an > 0 (in the case of orthonormal
polynomials cn = an−1). In several variables, however, the coefficients of the
three-term relations have to satisfy additional conditions.
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Theorem 2.4. The coefficients of the three-term relation of a sequence of or-
thonormal polynomials satisfy

Ak,iAk+1,j = Ak,jAk+1,i,

Ak,iBk+1,j + Bk,iAk,j = Bk,jAk,i + Ak,jBk+1,i,

AT
k−1,iAk−1,j + Bk,iBk,j + Ak,iA

T
k,j = AT

k−1,jAk−1,i + Bk,jBk,i + Ak,jA
T
k,i,

for i 6= j, 1 ≤ i, j ≤ d, and k ≥ 0, where A−1,i = 0.

Proof. The relations are obtained from computing the matrices L(xixjPkPT
k+2),

L(xixjPkPT
k ), and L(xixjPkPT

k+1) in two different ways, using the three-term re-
lation (2.2) to replace xiPn and xjPn, respectively. �

These equations are called the commuting conditions. Since they are necessary
for polynomials to be orthogonal, we cannot choose arbitrary matrices to gen-
erate a family of polynomials satisfying the three-term relation and hope to get
orthogonal polynomials.

As an application, let us mention that the three-term relation implies a Christoffel-
Darboux formula. Recall that reproducing kernel Kn(x, y) is defined in Section
1.5.

Theorem 2.5. (The Christoffel-Darboux formula) For n ≥ 0,

Kn(x, y) =

[
An,iPn+1(x)

]T Pn(y)− PT
n (x)An,iPn+1(y)

xi − yi

, 1 ≤ i ≤ d,

for x 6= y and

Kn(x, x) = PT
n (x)An,i∂iPn+1(x)− [An,iPn+1(x)]T Pn(x).

The proof follows just as in the case of one variable. Note, that the right hand
side depends on i, but the left hand side is independent of i.

2.2. Common zeros of orthogonal polynomials. If {pn} is a sequence of
orthogonal polynomials of one variable, then all zeros of pn are real and distinct,
and these zeros are the eigenvalues of the truncated Jacobi matrix Jn.

Jn =


b0 a0 ©
a0 b1 a1

. . . . . . . . .

an−2 bn−1 an−1

© an−1 bn

 ,

where an and bn are coefficients of the three-term relation satisfied by the or-
thonormal polynomials. This fact has important applications in a number of
problems.
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The zero set for a polynomial in several variables can be a point, a curve, and
an algebraic variety in general – a difficult object to study. However, using the
three-term relation, it is possible to study the common zeros of Pn(x); that is, the
common zeros of all Pα, |α| = n. Note, that this means the common zeros of all
polynomials in Vd

n, which are independent of the choice of the bases. Throughout
this subsection we assume that {Pα} is a sequence of orthonormal polynomials
with respect to a positive measure µ.

Using the coefficient matrices of the three-term relation (2.2), we define the trun-
cated block Jacobi matrices Jn,i as follows:

Jn,i =


B0,i A0,i ©
AT

0,i B1,i A1,i

. . . . . . . . .

AT
n−3,i Bn−2,i An−2,i

© AT
n−2,i Bn−1,i

 , 1 ≤ i ≤ d.

Then Jn,i is a square matrix of size N × N with N = dim Πd
n−1. We say that

Λ = (λ1, . . . , λd)
T ∈ Rd is a joint eigenvalue of Jn,1, . . . , Jn,d, if there is a ξ 6= 0,

ξ ∈ RN , such that Jn,iξ = λiξ for i = 1, . . . , d; the vector ξ is called a joint
eigenvector associated to Λ.

Theorem 2.6. A point Λ = (λ1, . . . , λd)
T ∈ Rd is a common zero of Pn if and

only if it is a joint eigenvalue of Jn,1, . . . , Jn,d; moreover, a joint eigenvector of Λ
is (PT

0 (Λ), . . . , PT
n−1(Λ))T .

Proof. If Pn(Λ) = 0, then the three-term relation for Pk, 0 ≤ k ≤ n − 1, is
the same as Jn,iξ = λiξ with ξ = (PT

0 (Λ), . . . , PT
n−1(Λ))T . On the other hand,

suppose Λ = (λ1, . . . , λd) is an eigenvalue of Jn,1, . . . , Jn,d with a joint eigenvector

ξ = (xT
0 , . . . ,xT

n−1)
T , xj ∈ Rrd

j . Let us define xn = 0. Then Jn,iξ = λiξ implies
that {xk}n

k=0 satisfies the same (first n−1 equations of the) three-term relation as
{Pk(Λ)}n

k=0 does. The rank condition on An,i shows inductively that x0 6= 0 unless
ξ is zero. But ξ 6= 0 as an eigenvector and we can assume that x0 = 1 = P0. Then
{yk}n

k=0 with yk = xk − Pk satisfies the same three-term relation. But y0 = 0,
it follows from the rank condition that yk = 0 for all 1 ≤ k ≤ n. In particular,
yn = Pn(Λ) = 0. �

The main properties of the common zeros of Pn are as follows:

Corollary 2.1. All common zeros of Pn are real distinct points and they are
simple. The polynomials in Pn have at most N = dim Πd

n−1 common zeros and
Pn has N zeros if and only if

An−1,iA
T
n−1,j = An−1,jA

T
n−1,i, 1 ≤ i, j ≤ d. (2.3)
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Proof. Since the matrices Jn,i are symmetric, the joint eigenvalues are real. If x
is a common zero, then the Christoffel-Darboux formula shows that

PT
n (x)An,i∂iPn+1(x) = Kn(x, x) > 0,

so that at least one of the partial derivatives of Pn is not zero at x; that is, the
common zero is simple. Since Jn,i is an N×N square matrix, there are at most N
eigenvalues, and Pn has at most N common zeros. Moreover, Pn has N distinct
zeros if and only if Jn,1, . . . , Jn,d can be simultaneously diagonalized, which holds
if and only if Jn,1, . . . , Jn,d commute,

Jn,iJn,j = Jn,jJn,i, 1 ≤ i, j ≤ d.

From the definition of Jn,i and the commuting conditions in Theorem 2.4, the
above equation is equivalent to the condition

AT
n−2,iAn−2,j + Bn−1,iBn−1,j = AT

n−2,jAn−2,i + Bn−1,jBn−1,i.

The third equation of the commuting condition leads to the desired result. �

The zeros of orthogonal polynomials of one variable are nodes of the Gaussian
quadrature formula. A similar result can be stated in several variables for the
common zeros of Pn. However, it turns out that the condition (2.3) holds rarely;
for example, it does not hold for those weight functions that are centrally sym-
metric (the support set Ω of W is symmetric with respect to the origin and
W (x) = W (−x) for all x in Ω). Consequently, Pn does not have N common
zeros in general and the straightforward generalization of Gaussian quadrature
usually does not exist. The relation between common zeros of orthogonal poly-
nomials and quadrature formulae in several variables is quite complicated. One
needs to study common zeros of subsets of (quasi-)orthogonal polynomials, and
the main problem is to characterize or identify subsets that have a large number
of common zeros. In the language of polynomial ideals and varieties, the prob-
lem essentially comes down to characterize or identify those polynomial ideals
generated by (quasi)-orthogonal polynomials whose varieties are large subsets of
points, and the size of the variety should equal to the codimension of the ideal.
Although some progress has been made in this area, the problem remains open
for the most part.

3. h-harmonics and orthogonal polynomials on the sphere

After the first subsection on the relation between orthogonal polynomials on the
sphere and those on the ball, we discuss h-harmonics in two steps. The main
effort is in a long subsection devoted to the case of the product weight function,
which can be developed without any background in reflection groups, and it is
this case that offers most explicit formulae. The theory of h-harmonics associated
to general reflection groups is summarized in the third subsection.
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3.1. Orthogonal polynomials on the unit ball and on the unit sphere.
If a measure µ is supported on the unit sphere Sd−1 = {x ∈ Rd : ‖x‖ = 1} of Rd,
then the integrals of the positive polynomials (1− ‖x‖2)2n over Sd−1 are zero, so
that the general properties of orthogonal polynomials in the previous section no
longer hold. There is, however, a close relation between orthogonal structure on
the sphere and that on the ball, which can be used to study the general properties
for orthogonal polynomials on the sphere.

As a motivating example, recall that in polar coordinates y1 = r cos θ and y2 =
r sin θ, the spherical harmonics of degree n on S1 are given by

Y (1)
n (y) = rn cos nθ = rnTn(y1/r), Y (2)

n (y) = rn sin nθ = rny2Un−1(y1/r),

where Tn and Un are the Chebyshev polynomials, which are orthogonal with
respect to 1/

√
1− x2 and

√
1− x2 on B1 = [−1, 1], respectively. This relation

can be extended to higher dimension. In the following we work with Sd instead
of Sd−1.

Let H be a weight function defined on Rd+1 and assume that H is nonzero
almost everywhere when restricted to Sd, even with respect to yd+1, and centrally
symmetric with respect to the variables y′ = (y1, . . . , yd); for example, H is even
in each of its variables, H(y) = W (y2

1, . . . , y
2
d+1). Associated with H define a

weight function WB
H on Bd by

WB
H (x) = H(x,

√
1− ‖x‖2), x ∈ Bd. (3.1)

We use the notation Vd
n(W ) to denote the space of orthogonal polynomials of

degree n with respect to W . Let {Pα} and {Qα} denote systems of orthonormal
polynomials with respect to the weight functions

WB
1 (x) = 2WB

H (x)/
√

1− ‖x‖2 and WB
2 (x) = 2WB

H (x)
√

1− ‖x‖2,

respectively. We adopt the following notation for polar coordinates: for y ∈ Rd+1

write y = (y1, . . . , yd, yd+1) = (y′, yd+1) and

y = r(x, xd+1), where r = ‖y‖, (x, xd+1) ∈ Sd.

For |α| = n and |β| = n− 1 we define the following polynomials

Y (1)
α (y) = rnPα(x) and Y

(2)
β (y) = rnxd+1Qβ(x), (3.2)

and define Y
(2)
β,0 (y) = 0. These are in fact homogeneous orthogonal polynomials

with respect to Hdω on Sd:

Theorem 3.1. Let H(x) = W (x2
1, . . . , x

2
d+1) be defined as above. Then Y

(1)
α and

Y
(2)
α in (3.2) are homogeneous polynomials of degree |α| on Rd+1 and they satisfy∫

Sd

Y (i)
α (y)Y

(j)
β (y)H(y)dωd(y) = δα,βδi,j, i, j = 1, 2.
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Proof. Since both weight functions WB
1 and WB

2 are even in each of its variables,
it follows that Pα and Qα are sums of monomials of even degree if |α| is even and

sums of monomials of odd degree if |α| is odd. This is used to show that Y
(i)
α (y)

are homogeneous polynomials of degree n in y. Since Y
(1)
α , when restricted to Sd,

is independent of xd+1 and Y
(2)
α contains a single factor xd+1, it follows that Y

(1)
α

and Y
(2)
β are orthogonal with respect to H dωd on Sd for any α and β. Since H

is even with respect to its last variable, the elementary formula∫
Sd

f(x)dωd(x) = 2

∫
Bd

f(x,
√

1− ‖x‖2)dx/
√

1− ‖x‖2

shows that the orthogonality of {Y (i)
α } follows from that of the polynomials Pα

(for i = 1) or Qα (for i = 2), respectively. �

Let us denote by Hd+1
n (H) the space of homogeneous orthogonal polynomials of

degree n with respect to Hdω on Sd. Then the relation (3.2) defines a one-to-one
correspondence between an orthonormal basis of Hd+1

n (H) and an orthonormal
basis of Vd

n(WB
1 ) ⊕ xd+1Vd

n−1(W
B
2 ). Therefore, we can derive certain properties

of orthogonal polynomials on the spheres from those on the balls. An immediate
consequence is

dimHd+1
n (H) =

(
n + d

d

)
−

(
n + d− 2

d

)
= dimPd+1

n − dimPd+1
n−2.

Furthermore, we also have the following orthogonal decomposition:

Theorem 3.2. For each n ∈ N0 and P ∈ Pd+1
n , there is a unique decomposition

P (y) =

[n/2]∑
k=0

‖y‖2kPn−2k(y), Pn−2k ∈ Hd+1
n−2k(H).

The classical example is the Lebesgue measure H(x) = 1 on the sphere, which
gives the ordinary spherical harmonics. We discuss a family of more general
weight functions in detail in the following section.

3.2. Orthogonal polynomials for the product weight functions. We con-
sider orthogonal polynomials in Hd+1

n (h2
κ) with hκ being the product weight func-

tion

hκ(x) =
d+1∏
i=1

|xi|κi , κi > −1, x ∈ Rd+1.

Because of the previous subsection, we consider Sd instead of Sd−1. The elements
of Hd+1

n (h2
κ) are called the h-harmonics, which is a special case of Dunkl’s h-

harmonics for reflection groups. The function hκ is invariant under the group
Zd+1

2 , which simply means that it is invariant under the sign changes of each
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variable. We shall work with this case first without referring to general reflection
groups. An expository of the theory of h-harmonics is given in the next section.

3.2.1. An orthonormal basis. Since the weight function hκ is of product type, an
orthonormal basis with respect to h2

κ can be given using the spherical coordinates

x1 = r cos θd,

x2 = r sin θd cos θd−1,

. . .

xd = r sin θd . . . sin θ2 cos θ1,

xd+1 = r sin θd . . . sin θ2 sin θ1,

with r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π for i ≥ 2. In polar coordinates the surface
measure on Sd is

dω = (sin θd)
d−1(sin θd−1)

d−2 · · · sin θ2 dθd dθd−1 . . . dθ1.

Whenever we speak of orthonormal basis, we mean that the measure is normalized
to have integral 1. The normalization constant for hκ is

σd

∫
Sd

h2
κ(x)dω(x) =

Γ(d+1
2

)

π
d
2

Γ(κ1 + 1
2
) . . . Γ(κd+1 + 1

2
)

Γ(|κ|+ d+1
2

)
,

where σ−1
d =

∫
Sd dω = 2π(d+1)/2/Γ((d + 1)/2). The orthonormal basis is given in

terms of the generalized Gegenbauer polynomials C
(λ,µ)
n defined by

C
(λ,µ)
2n (x) =

(λ + µ)n(
µ + 1

2

)
n

P (λ−1/2,µ−1/2)
n (2x2 − 1),

C
(λ,µ)
2n+1(x) =

(λ + µ)n+1(
µ + 1

2

)
n+1

xP (λ−1/2,µ+1/2)
n (2x2 − 1),

which are orthogonal with respect to the weight function |x|2µ(1 − x2)λ−1/2 on

[−1, 1]. It follows that C
(λ,0)
n = Cλ

n , the usual Gegenbauer polynomial. Let

C̃
(λ,µ)
n denote the corresponding orthonormal polynomial. For d = 1 and hκ(x) =

|x1|κ1|x2|κ2 an orthonormal basis for H2
n(h2

κ) is given by

Y 1
n (x) = rnC̃(κ2,κ1)

n (cos θ), Y 2
n (x) = rn

√
κ1 + κ2 + 1

κ2 + 1
2

sin θ C̃
(κ2+1,κ1)
n−1 (cos θ).

For d > 1, we use the following notation: associated to κ = (κ1, . . . , κd+1), define

κj = (κj, . . . , κd+1), 1 ≤ j ≤ d + 1.

Since κd+1 consists of only the last element of κ, write κd+1 = κd+1. Similarly
define αj for α ∈ Nd

0.
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Theorem 3.3. Let d ≥ 1. In spherical coordinates an orthonormal basis of
Hd+1

n (h2
κ) is given by

Y n,i
α (x) = [An

α]−1rn

d−1∏
j=1

[
C̃(aj ,κj)

αj
(cos θd−j+1)(sin θd−j+1)

|αj+1|
]
Y i

αd
(cos θ1, sin θ1),

where α ∈ Nd+1
0 , |α| = n, aj = |αj+1| + |κj+1| + d−j

2
, Y i

αd
with i = 1, 2 are

two-dimensional h-harmonics with parameters (κd−1, κd) and

[An
α]2 =

1(
|κ|+ d+1

2

)
n

d∏
j=1

(
|αj+1|+ |κj|+ d− j + 2

2

)
αj

.

This can be verified by straightforward computation, using the integral∫
Sd

f(x)dωd(x) =

∫ π

0

∫
Sd−1

f(cos θ, sin θ x′)dωd−1(x
′) sind−1 θdθ

inductively and the orthogonality of C
(λ,µ)
n .

3.2.2. h-harmonics. There is another way of describing the space Hd+1
n (h2

κ) using
a second order differential-difference operator that plays the role of the Laplace
operator for the ordinary harmonics. For κi ≥ 0, define Dunkl’s operators Dj by

Djf(x) = ∂jf(x) + κj
f(x)− f(x1, . . . ,−xj, . . . , xd+1)

xj

, 1 ≤ j ≤ d + 1.

It is easy to see that these first order differential-difference operators map Pd
n into

Pd
n−1. A remarkable fact is that these operators commute, which can be verified

by an easy computation.

Theorem 3.4. The operators Di commute: DiDj = DjDi, 1 ≤ i, j ≤ d + 1.

Proof. Let xσj = (x1, . . . ,−xj, . . . , xd+1). A simple computation shows that

DiDjf(x) =∂i∂jf(x) +
κi

xi

(∂jf(x)− ∂jf(xσj)) +
κj

xj

(∂if(x)− ∂if(xσi))

+
κiκj

xixj

(f(x)− f(xσj)− f(xσi)− f(xσjσi)),

from which DiDj = DjDi is evident. �

The operator Di plays the role of ∂i. The h-Laplacian is defined by

∆h = D2
1 + · · ·+D2

d+1.
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It’s a second order differential-difference operator. If all κi = 0 then ∆h becomes
the classical Laplacian ∆. A quick computation shows that

∆hf(x) = ∆f(x) + 2
d+1∑
j=1

κj

xj

∂

∂j

f(x)−
d+1∑
j=1

κj
f(x)− f(x1, . . . ,−xj, . . . , xd)

x2
j

.

Let us write ∆h = Lh + Dh, where Lh is the differential part and Dh is the
difference part of the above equation. The following theorem shows that h-
harmonics are homogeneous polynomials P satisfying ∆hP = 0.

Theorem 3.5. Suppose f and g are homogeneous polynomials of different degrees
satisfying ∆hf = 0 and ∆hg = 0, then

∫
Sd f(x)g(x)h2

κ(x)dω = 0.

Proof. Assume κi ≥ 1 and use analytic continuation to extend the range of
validity to κ ≥ 0. The following formula can be proved using Green’s identity:∫

Sd

∂f

∂n
gh2

κdω =

∫
Bd+1

(gLhf + 〈∇f,∇g〉)h2
κdx,

where ∂f/∂n denotes the normal derivative of f . If f is homogeneous, then
Euler’s equation shows that ∂f/∂n = (deg f)f . Hence,

(deg f − deg g)

∫
Sd

fgh2
κdω =

∫
Bd+1

(gLhf − fLhg)h2
κdx

=

∫
Bd+1

(gDhf − fDhg)h2
κdx = 0,

since the explicit formula of Dh shows that it is a symmetric operator. �

There is a linear operator Vκ, called the intertwining operator, which acts between
ordinary harmonics and h-harmonics. It is defined by the properties

DiVκ = Vκ∂i, V 1 = 1, V Pn ⊂ Pn.

It follows that ∆hVκ = Vκ∆ so that if P is an ordinary harmonic polynomial,
then VκP is an h-harmonic. In the case Zd+1

2 , Vκ is given by an integral operator:

Theorem 3.6. For κi ≥ 0,

Vκf(x) =

∫
[−1,1]d+1

f(x1t1, . . . , xd+1td+1)
d+1∏
i=1

cκi
(1 + ti)(1− t2i )

κi−1dt,

where cλ = Γ(λ + 1/2)/(
√

πΓ(λ)) and if any one of κi = 0, the formula holds
under the limit

lim
µ→0

cµ

∫ 1

−1

f(t)(1− t2)µ−1dµ(t) = [f(1) + f(−1)]/2.
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Proof. Denote the difference part of Di as D̃i so that Di = ∂i + D̃i. Clearly,

∂jVκf(x) =

∫
[−1,1]d+1

∂jf(x1t1, . . . , xd+1td+1)tj

d+1∏
i=1

cκi
(1 + ti)(1− t2i )

κi−1dt.

Taking into account the parity of the integrand, an integration by parts shows

D̃jVκf(x) =

∫
[−1,1]d+1

∂jf(x1t1, . . . , xd+1td+1)(1− tj)
d+1∏
i=1

cκi
(1 + ti)(1− t2i )

κi−1dt.

Adding the last two equations gives DiVκ = Vκ∂i. �

As one important application, a compact formula of the reproducing kernel can be
given in terms of Vκ. The reproducing kernel Pn(h2

κ; x, y) of Hd+1
n (h2

κ) is defined
uniquely by the property∫

Sd

Pn(h2
κ; x, y)Q(y)h2

κ(y)dω(y) = Q(x), ∀Q ∈ Hd+1
n (h2

κ).

If Yα is an orthonormal basis of Hd+1
n (h2

κ), then Pn(h2
κ; x, y) =

∑
Yα(x)Yα(y).

Theorem 3.7. For κi ≥ 0, and ‖y‖ ≤ ‖x‖ = 1,

Pn(h2
κ; x, y) =

n + |κ|+ d−1
2

|κ|+ d−1
2

Vκ

[
C
|κ|+ d−1

2
n

(〈
·, y

‖y‖

〉)]
(x)‖y‖n.

Proof. Let Kn(x, y) = V
(x)
κ (〈x, y〉n)/n!. Using the defining property of Vκ,

it is easy to see that Kn(x,D(y))f(y) = f(x) for f ∈ Pd+1
n . Fixing y let

p(x) = Kn(x, y); then Pn(h2
κ; x, y) = 2n(|κ| + d/2)n projn p(x), where projn is

the projection operator from Pd+1
n onto Hd+1

n (h2
κ). The projection operator can

be computed explicitly, which gives

Pn(h2
κ; x, y) =

∑
0≤j≤n/2

(
γκ + d

2

)
n
2n−2j(

2− n− γκ − d/2)jj!
‖x‖2j‖y‖2jKn−2j(x, y).

When ‖x‖ = 1, we can write the right hand side as Vκ(Ln(〈·, y/‖y‖〉))(x), where
the polynomial Ln is a constant multiple of the Gegenbauer polynomial. �

For the classical harmonics (κ = 0), these are the so-called zonal harmonics,

Pn(x, y) =
n + d−1

2
d−1
2

C
d−1
2

n (〈x, y〉), x, y ∈ Sd.

As one more application of the intertwining operator, we mention an analogue of
the Funk-Hecke formula for ordinary harmonics. Denote by wλ the normalized
weight function

wλ(t) =
Γ(λ + 1)√

πΓ(λ + 1/2)
(1− t2)λ−1/2, t ∈ [−1, 1],
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whose corresponding orthogonal polynomials are the Gegenbauer polynomials.

Theorem 3.8. Let f be a continuous function on [−1, 1]. Let Y h
n ∈ Hd

n(h2
κ).

Then ∫
Sd

Vκf(〈x, ·〉)(y)Y h
n (y)h2

κ(y)dω(y) = λn(f)Y h
n (x), x ∈ Sd,

where λn(f) is a constant defined by

λn(f) =
1

C
|κ|+(d−1)/2
n (1)

∫ 1

−1

f(t)C
|κ|+ d−1

2
n (t)w|κ|+(d−1)/2(t)dt.

The case κ = 0 is the classical Funk-Hecke formula.

3.2.3. Monomial basis. Another interesting orthogonal basis of Hd+1
n (h2

κ) can be
given explicitly. Let Vκ be the intertwining operator.

Definition 3.1. Let Pα be polynomials defined by

Vκ

[
(1− 2〈b, ·〉+ ‖b‖2)−|κ|−

d−1
2

]
(x) =

∑
α∈Nd+1

0

bαPα(x), b ∈ Rd+1.

The polynomials Pα are indeed homogeneous polynomials and they can be given
explicitly in terms of the Lauricella function of type B which is defined by

FB(α, β; c; x) =
∑

γ

(α)γ(β)γ

(c)|γ|γ!
xγ, α, β ∈ Nd+1

0 , c ∈ R,

where the summation is taken over γ ∈ Nd+1
0 . For α ∈ Nd+1

0 , let [α/2] denote
the multi-index whose elements are [αi/2] where [a] denotes the integer part of
a. The notation (α)γ abbreviates the product (α0)γ0 · · · (αd+1)γd+1

.

Theorem 3.9. For α ∈ Nd+1
0 ,

Pα(x) =
2|α|(|κ|+ d−1

2
)α

α!

(1
2
)[α+1

2
]

(κ + 1
2
)[α+1

2
]

Yα(x),

where Yα are given by

Yα(x) = xα×

×FB

(
−α +

[
α+1

2

]
, −

[
α+1

2

]
− κ + 1

2
; −|α| − |κ| − d−3

2
; 1

x2
1
, . . . , 1

x2
d+1

)
.

Proof. Let λ = |κ|+ d−1
2

. The multinomial and binomial formulae show that

(1− 2〈b, x〉+ ‖b‖2)−λ =
∑

α

bα2|α|
∑

γ

(λ)|α|−|γ|(−α + γ)γ

(α− γ)!γ!
2−2|γ|xα−2γ.
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Applying the intertwining operator and using the formula

Vκx
α−2γ =

(1
2
)[α+1

2
]

(κ + 1
2
)[α+1

2
]

(
−

[
α+1

2

]
− κ + 1

2

)
γ(

−
[

α+1
2

]
+ 1

2

)
γ

xα−2γ

completes the proof. �

Since (−a)k = 0 if a < k, Yα(x) is a homogeneous polynomial of degree |α|. Fur-
thermore, when restricted to Sd, Yα(x) = xα+ lower order terms. The following
theorem says that we can call Yα monomial orthogonal polynomials.

Theorem 3.10. For α ∈ Nd+1
0 , Yα are elements of Hd+1

|α| (h2
κ).

Proof. We show that Yα are orthogonal to xβ for β ∈ Nd+1
0 and |β| ≤ n − 1.

If one of the components of α − β is odd, then the orthogonality follows from
changing sign of that component in the integral. Hence, we can assume that
all components of α − β are even and we only have to work with xβ for |β| =
|α| − 2, since every polynomial of degree n on the sphere is the restriction of a
homogeneous polynomial of degree n. Using the beta integral on the sphere, a
tedious computation shows that∫

Sd

Pα(x)xβh2
κ(x)dω(x) =

(κ + 1
2
)α+β

2

(|κ|+ d+1
2

)|α|

∑
γ

(−α + [α+1
2

])γ(−[α+1
2

]− κ + 1
2
)γ

(−α+β
2
− κ + 1

2
)γγ!

=
(κ + 1

2
)α+β

2

(|κ|+ d+1
2

)|α|

d+1∏
i=1

2F1

(−αi + [αi+1
2

],−[αi+1
2

]− κi + 1
2

−αi+βi

2
− κi + 1

2

; 1
)
.

Since at least one βi < αi, this last term is zero using the Chu-Vandermonde
identity for 2F1. �

A standard Hilbert space argument shows that among all polynomials of the
form xα+ polynomials of lower degrees, Yα has the smallest L2(h2

κdω)-norm and
Yα is the orthogonal projection of xα onto Hd+1

n (h2
κ). Let us mention another

expression of Yα. For any α ∈ Nd, define homogeneous polynomials Hα (cf. [44])

Hα(x) = ‖x‖2|κ|+d−2+2|α|Dα
{
‖x‖−2|κ|−d+2

}
,

where Dα = Dα1
1 . . .Dαd

d .

Theorem 3.11. For α ∈ Nd+1
0 and |α| = n,

Hα(x) = (−1)n2n
(
|κ|+ d− 1

2

)
n
Yα(x).

For κ = 0, the polynomials Hα are called Maxwell’s representation. That they are
constant multiples of monomial polynomials follows from the recursive relation

Hα+εi
(x) = −(2|κ|+ d− 2 + 2|α|)xiHα(x) + ‖x‖2DiHα,
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where εi = (0, . . . , 1, . . . , 0) is the i-th standard unit vector in Rd+1.

3.3. h-harmonics for a general reflection group. The theory of h-harmonics
is established for a general reflection group ([6, 7, 8]). For a nonzero vector
v ∈ Rd+1 define the reflection σv by xσv := x − 2〈x, v〉v/‖v‖2, x ∈ Rd+1, where
〈x, y〉 denotes the usual Euclidean inner product. A finite reflection group G is
described by its root system R, which is a finite set of nonzero vectors in Rd+1 such
that u, v ∈ R implies uσv ∈ R, and G is the subgroup of the orthogonal group
generated by the reflections {σu : u ∈ R}. If R is not the union of two nonempty
orthogonal subsets, the corresponding reflection group is called irreducible. Note,
that Zd+1

2 is reducible, a product of d + 1 copies of the irreducible group Z2.
There is a complete classification of irreducible finite reflection groups. The
list consists of root systems of infinite families Ad−1 with G being the symmetric
group of d objects, Bd with G being the symmetry group of the hyper-octahedron
{±ε1, . . . ,±εd+1} of Rd+1, Dd with G being a subgroup of the hyper-octahedral
group for d ≥ 4, the dihedral systems I2(m) with G being the symmetric group of
regular m-gons in R2 for m ≥ 3, and several other individual systems H3, H4, F4

and E6, E7, E8.

Fix u0 ∈ Rd+1 such that 〈u, u0〉 6= 0. The set of positive roots R+ with respect
to u0 is defined by R+ = {u ∈ R : 〈u, u0〉 > 0} so that R = R+ ∪ (−R+). A
multiplicity function v 7→ κv of R+ 7→ R is a function defined on R+ with the
property that κu = κv if σu is conjugate to σv; in other words, the function is
G-invariant. Fix a positive root system R+. Then the function hκ defined by

hκ(x) =
∏

v∈R+

|〈x, v〉|κv , x ∈ Rd+1,

is a positive homogeneous function of degree γκ :=
∑

v∈R+
κv and hκ(x) is invari-

ant under G. The h-harmonics are homogeneous orthogonal polynomials on Sd

with respect to h2
κdω. Beside the product weight function hκ =

∏d+1
i=1 |xi|κi , the

most interesting to us are the case Ad for which R+ = {εi − εj : i > j} and

hκ(x) =
∏

1≤i,j≤d+1

|xi − xj|κ, κ ≥ 0,

which is invariant under the symmetric group Sd, and the case Bd+1 for which
R+ = {εi − εj, εi + εj : i < j} ∪ {ε : 1 ≤ i ≤ d + 1} and

hκ(x) =
d+1∏
i=1

|xi|κ0

∏
1≤i,j≤d+1

|x2
i − x2

j |κ1 , κ0, κ1 ≥ 0,

which is invariant under the hyper-octahedral group.
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For a finite reflection group G with positive roots R+ and a multiplicity function,
Dunkl’s operators are defined by

Dif(x) := ∂if(x) +
∑
v∈R+

κ(v)
f(x)− f(xσv)

〈x, v〉
〈v, εi〉, 1 ≤ i ≤ d + 1,

where ε1, . . . , εd+1 are the standard unit vectors of Rd+1. The remarkable fact
that these are commuting operators, DiDj = DjDi, holds for every reflection
group. The h-Laplacian is defined again by ∆h = D2

1 + · · · + D2
d+1, which plays

the role of the Laplacian in the theory of ordinary harmonics. The h-harmonics
are the homogeneous polynomials satisfying the equation ∆hP = 0 and Theorem
3.5 holds also for a general reflection group.

There again exists an intertwining operator Vκ between the algebra of differential
operators and the commuting algebra of Dunkl’s operators, and it is the unique
linear operator defined by

VκPn ⊂ Pn, V 1 = 1, DiVκ = Vκ∂i, 1 ≤ i ≤ d.

The representation of the reproducing kernel in Theorem 3.7 in terms of the
intertwining operator holds for a general reflection group. It was proved by
Rösler [27] that Vκ is a nonnegative operator; that is, Vκp ≥ 0 if p ≥ 0.

However, unlike the case of G = Zd+1
2 , there are few explicit formulae known

for h-harmonics with respect to a general reflection group. In fact, there is no
orthonormal basis of Hd+1

n (h2
κ) known for d > 0. Recall, that the basis given in

Theorem 3.3 depends on the product nature of the weight function there. For the
orthogonal basis, one can still show that Hα defined in the previous section are
h-harmonics and {Hα : |α| = n, α ∈ Nd+1

0 , αd+1 = 0 or 1} is an orthogonal basis,
but explicit formulae for Hα and its L2(h2

κdω)-norm are unknown. Another basis
for Hd+1

n (h2
κ) consists of VκYα, where Yα is a basis for the space Hd+1

n of ordinary
harmonics. However, other than Zd+1

2 , an explicit formula of Vκ is known only
in the case of the symmetric group S3 on R3, and the formula is complicated
and likely not in its final form. In fact, even in the case of dihedral groups on
R2 the formula of Vκ is unknown. The first non-trivial case should be the group
I2(4) = B2 for which hκ(x) = |x1x2|κ1|x2

1 − x2
2|κ2 .

4. Orthogonal polynomials on the unit ball

As we have seen in the Section 3.1, the orthogonal polynomials on the unit ball are
closely related to orthogonal polynomials on the sphere. This allows us to derive,
working with G × Z2 on Rd+1, various properties for orthogonal polynomials
with respect to the weight function hκ(x)(1− ‖x‖)µ−1/2, where hκ is a reflection
invariant function defined on Rd. Again we will work with the case of hκ being a
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product weight function,

WB
κ,µ(x) =

d+1∏
i=1

|xi|2κi(1− ‖x‖)µ−1/2, κi ≥ 0, µ > −1/2

for which various explicit formulae can be derived from the results in Section 3.2.
In the case κ = 0, WB

µ = WB
0,µ is the classical weight function on Bd, which is

invariant under rotations.

4.1. Differential-difference equation. For y ∈ Rd+1 we use the polar coordi-
nates y = r(x, xd+1), where r = ‖y‖ and (x, xd+1) ∈ Sd. The relation in Sec-
tion 3.1 states that if Pα are orthogonal polynomials with respect to WB

κ,µ, then

Yα(y) = rnPα(x) are h-harmonics with respect to hκ,µ(y) =
∏d

i=1 |yi|κi|yd+1|µ.
Since the polynomials Yα defined above are even in yd+1, we only need to deal
with the upper half space {y ∈ Rd+1 : yd+1 ≥ 0}. In order to write the operator
for P n

α in terms of x ∈ Bd, we choose the following mapping:

y 7→ (r, x) : y1 = rx1, . . . , yd = rxd, yd+1 = r
√

1− x2
1 − · · · − x2

d,

which is one-to-one from {y ∈ Rd+1 : yd+1 ≥ 0} to itself. We rewrite the h-
Laplacian in terms of the new coordinates (r, x). Let ∆κ,µ

h denote the h-Laplacian
associated with the weight function hκ,µ, and preserve the notation hκ for the h-

Laplacian associated with the weight function hκ(x) =
∏d

i=1 |xi|κi for x ∈ Rd.

Proposition 4.1. Acting on functions on Rd+1 that are even in yd+1, the operator
∆κ,µ

h takes the form

∆κ,µ
h =

∂2

∂r2
+

d + 2|κ|+ 2µ

r

∂

∂r
+

1

r2
∆κ,µ

h,0

in terms of the coordinates (r, x) in {y ∈ Rd+1 : yd+1 ≥ 0}, where the spherical
part ∆κ,µ

h,0 , acting on functions in the variables x, is given by

∆κ,µ
h,0 = ∆h − 〈x,∇〉2 − (2|κ|+ 2µ + d− 1)〈x,∇〉,

in which the operators ∆h and ∇ = (∂1, . . . , ∂d) are all acting on x variables.

Proof. Since ∆κ,µ
h is just ∆

(y)
h acting on functions defined on Rd+1 for hκ(y) =∏d+1

i=1 |yi|κi (with κd+1 = µ), its formula is given in Section 3.2. Writing r and xi

in terms of y under the change of variables y 7→ (r, x) and computing the partial
derivatives ∂xi/∂yi, the chain rule implies that

∂

∂yi

= xi
∂

∂r
+

1

r

( ∂

∂xi

− xi〈x,∇(x)〉
)
, 1 ≤ i ≤ d + 1,



160 Yuan Xu

where for i = d + 1 we use the convention that xd+1 =
√

1− ‖x‖2
2 and define

∂/∂xd+1 = 0. A tedious computation gives the second order derivatives

∂2

∂y2
i

= x2
i

∂2

∂r2
+

1− x2
i

r

∂

∂r
+

1

r2

[ ∂2

∂x2
i

− (1− x2
i )〈x,∇(x)〉 − xi〈x,∇(x)〉 ∂

∂xi

]
+

(
xi

∂

∂xi

− x2
i 〈x,∇(x)〉

)(1

r

∂

∂r
− 1

r2

)
−

(
xi

∂

∂xi

− x2
i 〈x,∇(x)〉

)
〈x,∇(x)〉.

Using these formulae and the fact that f(y1, . . . , yd+1)− f(y1, . . . ,−yd+1) = 0 for
f even in yd+1, the stated equation follows from a straightforward computation.

�

We use the notation Vd
n(W ) to denote the space of orthogonal polynomials of

degree exactly n with respect to the weight function W .

Theorem 4.1. The orthogonal polynomials in Vd
n(WB

κ,µ) satisfy the differential–
difference equation[

∆h − 〈x,∇〉2 − (2|κ|+ 2µ + d− 1)〈x,∇〉
]
P = −n(n + d + 2|κ|+ 2µ− 1)P.

Proof. Let P ∈ Vd
n(WB

κ,µ). The formula in the Proposition 4.1 applied to the
homogeneous polynomial Yα(y) = rnPα(x) gives

0 = ∆κ,µ
h Yα(y) = rn−2[n(n + d + 2|κ|+ 2µ− 1)Pα(x) + ∆κ,µ

h,0Pα(x)].

The stated result follows from the formula for ∆κ,µ
h,0 . �

For κ = 0, ∆h becomes the ordinary Laplacian and the equation becomes a
differential equation, which is the classical differential equation in [2]; note, that
in this case the weight function WB

µ is rotation invariant. A similar differential-

difference equation holds for the weight functions of the form h2
κ(x)(1−‖x‖2)µ−1/2

for hκ associated with a general reflection group.

4.2. Orthogonal bases and reproducing kernels. From the correspondence
Yα(y) = rnPα(x), y = r(x, xd+1) ∈ Rd and x ∈ Bd, several orthogonal bases
for Vd

n(WB
κ,µ) follow from the bases for the h-harmonics in Section 3.2. All or-

thonormal bases are with respect to the weight function normalized to have unit
integral. Associated with x = (x1, . . . , xd) ∈ Rd, define xj = (x1, . . . , xj) for
1 ≤ j ≤ d and x0 = 0.

Theorem 4.2. An orthonormal basis of Vd
n(WB

κ,µ) is given by {Pα : α ∈ Nd
0, |α| =

n} defined by

Pα(x) = [hB
α ]−1

d∏
j=1

(1− ‖xj−1‖2)
αj
2 C̃(aj ,κj)

αj

(
xj√

1− ‖xj−1‖2

)
,
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where aj = µ + |αj+1|+ |κj|+ d−j
2

and hB
α are given by

[hB
α ]2 =

1

(|κ|+ µ + d+1
2

)n

d∏
j=1

(
µ + |αj+1|+ |κj|+ d− j + 2

2

)
αj

.

Proof. In the spherical coordinates of (x, xd+1) ∈ Sd, cos θd−j = xj+1/
√

1− ‖xj‖2

and sin θd−j =
√

1− ‖xj+1‖2/
√

1− ‖xj‖2. Hence, this basis is obtained from the
h-harmonic basis in Theorem 3.3 using the correspondence. �

Another orthonormal basis can be given in the polar coordinates. Using∫
Bd

f(x)dx =

∫ 1

0

rd−1

∫
Sd−1

f(rx′)dω(x′)dr,

the verification is a straightforward computation.

Theorem 4.3. For 0 ≤ j ≤ n/2 let {Sh
n−2j,β} denote an orthonormal basis of

Hd
n−2j(h

2
κ); then the polynomials

Pβ,j(x) = [cB
j,n]−1C̃

(µ,n−2j+|κ|+ d−1
2

)

2j (‖x‖)Sh
β,n−2j(x)

form an orthonormal basis of Vd
n(WB

κ,µ), in which the constants are given by

[cB
j,n]2 =

Γ(|κ|+ µ + d+1
2

)Γ(n− 2j + |κ|+ d
2
)

Γ(|κ|+ d
2
)Γ(n− 2j + |κ|+ µ + d+1

2
)
.

Another interesting basis, the monomial basis, can be derived from the monomial
h-harmonics in Section 3.2.3. This is a basis for which Pα(x) = cαxα + . . .,
corresponding to αd+1 = 0 of the basis in Definition 3.1. We denote this basis by
PB

α , they are defined by the generating function∫
[−1,1]d

1

(1− 2(b1x1t1 + . . . + bdxdtd) + ‖b‖2)λ

d∏
i=1

cκi
(1 + ti)(1− t2i )

κi−1dt

=
∑
α∈Nd

0

bαPB
α (x),

where λ = |κ| + µ + d−1
2

. This corresponds to the case of bd+1 = 0 in Definition
3.1. The explicit formulae of these polynomials follow from Theorem 3.9,

PB
α (x) =

2|α|(|κ|+ µ + d−1
2

)α

α!

(1
2
)[α+1

2
]

(κ + 1
2
)[α+1

2
]

xα×

FB

(
− α +

[α + 1

2

]
,−

[α + 1

2

]
− κ +

1

2
;−|α| − |κ| − µ− d− 3

2
;

1

x2
1

, . . . ,
1

x2
d+1

)
.
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Clearly the highest degree of PB
α (x) is a multiple of xα, and these are monomial

polynomials. In the case of the classical weight function WB
µ , κ = 0, and using

the fact that(
− α +

[α + 1

2

])
γ

(
−

[α + 1

2

]
+

1

2

)
γ

=
(
− α

2

)
γ

(
− α

2
+

1

2

)
γ
,

the formula of PB
α can be rewritten as

Vα(x) = PB
α (x) =

2|α|(µ + d−1
2

)|α|

α!
xα ×

×FB

(
− α

2
,−α + 1

2
;−|α| − µ− d− 3

2
;

1

x2
1

, . . . ,
1

x2
d+1

)
,

which are Appell’s monomial orthogonal polynomials. In this case, there is an-
other basis defined by

Uα(x) =
(−1)|α|(2µ)|α|

2|α|(µ + 1
2
)|α|α!

(1− ‖x‖2)−µ+ 1
2

∂|α|

∂xα1
1 . . . ∂xαd

d

(1− ‖x‖2)|α|+µ− 1
2 ,

which is biorthogonal to the monomial basis in the following sense:

Theorem 4.4. The polynomials {Uα} and {Vα} are biorthogonal,

wB
µ

∫
Bd

Vα(x)Uβ(x)WB
µ (x)dx =

µ + d−1
2

|α|+ µ + d−1
2

·
(2µ)|α|

α!
δα,β.

Proof. Since {Vα} form an orthogonal basis, we only need to consider the case
|β| ≥ |α|. Using the Rodrigues formula and integration by parts yields

wB
µ

∫
Bd

Vα(x)Uβ(x)WB
µ (x)dx

= wB
µ

(2µ)|α|

2|α|(µ + 1
2
)|α|α!

∫
Bd

[ ∂|β|

∂xβ1

1 . . . ∂xβd

d

Vα(x)
]
(1− ‖x‖2)|α|+µ− 1

2 dx.

However, since Vα is a constant multiple of a monomial orthogonal polynomial,
∂|β|

∂xβ Vα(x) = 0 for |β| > |α|, which proves the orthogonality. A simple computation
gives the constant for the case |β| = |α|. �

Among other explicit formulae that we get, the compact formula for the repro-
ducing kernel is of particular interest. Let us denote the reproducing kernel of
Vd

n(W ) by Pn(W ; x, y) as defined in Section 1.5.
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Theorem 4.5. For x, y ∈ Bd, the reproducing kernel can be written as an integral

Pn(WB
κ,µ; x, y) =

n + |κ|+ µ + d−1
2

|κ|+ µ + d−1
2

×∫ 1

−1

∫
[−1,1]d

C
|κ|+µ+ d−1

2
n

(
t1x1y1 + · · ·+ tdxdyd + s

√
1− ‖x‖2

√
1− ‖y‖2

)
×

d∏
i=1

cκi
(1 + ti)(1− t2i )

κi−1dt cµ (1− s2)µ−1ds.

Proof. Let hκ(y) =
∏d+1

i=1 |yi|κi with κd+1 = µ. Then the correspondence in
Section 3.1 can be used to show that

Pn(WB
κ,µ; x, y) =

1

2

[
Pn(h2

κ; x, (y,
√

1− |y|2)) + Pn(h2
κ; x, (y,−

√
1− |y|2))

]
,

from which the stated formula follows from Theorem 3.6. �

In particular, taking the limit κi → 0 for i = 1, . . . , d, we conclude that for the
classical weight function WB

µ ,

Pn(WB
µ ; x, y) = cµ

n + µ + d−1
2

µ + d−1
2

(4.1)

×
∫ 1

−1

C
µ+ d−1

2
n

(
〈x, y〉+ t

√
1− ‖x‖2

√
1− ‖y‖2

)
(1− t2)µ−1dt.

Even in this case the formula has been discovered only recently. For d = 1, this
reduces to the classical product formula of the Gegenbauer polynomials:

Cµ
n(x)Cµ

n(y)

Cµ
n(1)

= cµ

∫ 1

−1

Cµ
n(xy + t

√
1− x2

√
1− y2)(1− t2)µ−1dt.

There is also an analogue of the Funk-Hecke formula for orthogonal polynomials
on Bd. The most interesting case is the formula for the classical weight function:

Theorem 4.6. Let f be a continuous function on [−1, 1]. Let P ∈ Vd
n(WB

µ ).
Then ∫

Bd

f(〈x, y〉)P (y)WB
µ (y)dy = λn(f)P (x), ‖x‖ = 1,

where λn(f) is the same as in Theorem 3.8 with |κ| replaced by µ.

As a consequence, it follows that the polynomial C
(µ+(d−1)/2)
n (〈x, η〉) with η satis-

fying ‖η‖ = 1 is an element of Vd
n(WB

µ ). Furthermore, if ξ also satisfies ‖ξ‖ = 1,
then ∫

Bd

C
µ+ d−1

2
n (〈x, ξ〉)Cµ+ d−1

2
n (〈x, η〉)WB

µ (x)dx = λnC
µ+ d−1

2
n (〈η, ξ〉),
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where λn = (µ + (d− 1)/2)/(n + µ + (d− 1)/2). The basis in Subsection 1.2.3 is
derived from this integral.

Several results given above hold for the weight functions h2
κ(x)(1 − ‖x‖2)µ−1/2,

where hκ is one of the weight functions in Section 3.3 that are invariant under
reflection groups. Most notably is Theorem 4.2, which holds with |κ| replaced by
γκ =

∑
v∈R+

κv. Analogous of Theorems 4.4 and 4.5, in which the intertwining
operator is used, also hold, but the formulae are not really explicit since neither
an explicit basis for Hd

n(h2
κ) nor the formula for Vκ are known for h2

κ associated
with the general reflection groups.

4.3. Rotation invariant weight function. If ρ(t) is a nonnegative even func-
tion on R with finite moments, then the weight function W (x) = ρ(‖x‖) is a
rotation invariant weight function on Rd. Such a function is call a radial func-
tion. The classical weight function WB

µ (x) corresponds to ρ(t) = (1− t2)µ−1/2 for
|t| < 1 and ρ(t) = 0 for |t| > 1. The orthonormal basis in Theorem 4.3 can be
extended to such a weight function.

Theorem 4.7. For 0 ≤ j ≤ n/2 let {Sn−2j,β} denote an orthonormal basis for

Hd
n−2j of ordinary spherical harmonics. Let p

(2n−4j+d−1)
2n denote the orthonormal

polynomials with respect to the weight function |t|2n−4j+d−1ρ(t). Then the poly-
nomials

Pβ,j(x) = p
(2n−4j+d−1)
2j (‖x‖)Sβ,n−2j(x)

form an orthonormal basis of Vd
n(W ) with W (x) = ρ(‖x‖).

Since |t|2n−4j+d−1ρ(t) is an even function, the polynomials p
(2n−4j+d−1)
2j (t) are even

with respect to W . Hence, Pβ,j(x) are indeed polynomials of degree n in x. The
proof is an simple verification upon writing the integral in polar coordinates.

As one application, we consider the partial sums of the Fourier orthogonal expan-
sion Sn(W ; f) defined in Section 1.5. Let sn(w, g) denote the n-th partial sum
of the Fourier orthogonal expansion with respect to the weight function w(t) on
R. The following theorem states that the partial sum of a radial function with
respect to a radial weight function is also a radial function.

Theorem 4.8. Let W (x) = ρ(‖x‖) be as above and w(t) = |t|d−1ρ(t). If g : R 7→
R and f(x) = g(‖x‖), then

Sn(W ; f, x) = sn(w; f, ‖x‖), x ∈ Rd.



Orthogonal polynomials of several variables 165

Proof. The orthonormal basis in the previous theorem gives a formula for the
reproducing kernel,

Pn(x, y) =
∑

0≤2j≤n

p
(2n−4j+d−1)
2j (‖x‖)p(2n−4j+d−1)

2j (‖y‖)

×
n + d−1

2
d−1
2

‖x‖n−2j‖y‖n−2jC
d−1
2

n−2j(〈x, y〉),

where we have used the fact that Sn−2j,β are homogeneous and
∑

β Sm,β(x)Sm,β(y)

for x, y ∈ Sd−1 is a zonal polynomial. Using polar coordinates,

Sn(W ; f, x) =

∫ ∞

0

g(r)

∫
Sd−1

Pn(x, ry′)dω(y′)rd−1ρ(r)dr.

Since C
d−1
2

n (〈x, y〉) is a zonal harmonic, its integral over Sd−1 is zero for n > 0
and is equal to the surface measure σd−1 of Sd−1 if n = 0. Hence, we get

Sn(W ; f, x) = σd−1

∫ ∞

0

g(r)p(d−1)
n (r)w(r)dr p(d−1)

n (‖x‖).

Since orthonormal bases are assumed to be with respect to the normalized weight
function, setting g = 1 shows that there is no constant in front of sn(w; g). �

5. Orthogonal polynomials on the simplex

Orthogonal polynomials on the simplex T d = {x ∈ Rd : x1 ≥ 0, . . . , xd ≥ 0, 1 −
|x| > 0} are closely related to those on the unit ball. The relation depends on
the basic formula∫

Bd

f(y2
1, . . . , y

2
d)dy =

∫
T d

f(x1, . . . , xd)
dx

√
x1 . . . xd

.

Let WB(x) = W (x2
1, . . . , x

2
d) be a weight function defined on Bd. Associated with

WB define a weight function W T on T d by

W T (y) = W (y1, . . . , yd)
/√

y1 . . . yd, y = (y1, . . . , yd) ∈ T d.

Let Vd
2n(WB; Zd

2) denote the subspace of orthogonal polynomials in Vd
2n(WB) that

are even in each of its variables (that is, invariant under Zd
2). If Pα ∈ Vd

2n(WB; Zd
2),

then there is a polynomial Rα ∈ Πd
n such that Pα(x) = Rα(x2

1, . . . , x
2
d). The

polynomial Rα is in fact an element of Vd
n(W T ).

Theorem 5.1. The relation Pα(x) = Rα(x2
1, . . . , x

2
d) defines a one-to-one cor-

respondence between an orthonormal basis of V2n(WB, Zd
2) and an orthonormal

basis of Vd
n(W T ).
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Proof. Assume that {Rα}|α|=n is an orthonormal polynomial in Vd
n(W T ). If

β ∈ Nd
0 has one odd component, then the integral of Pα(x)xβ with respect to WB

over Bd is zero. If all components of β are even and |β| < 2n, then it can be
written as β = 2τ with τ ∈ Nd

0 and |τ | ≤ n − 1. The basic integral can be used
to convert the integral of Pα(x)x2τ over Bd to the integral over T d, so that the
orthogonality of Rα implies that Pα is orthogonal to xβ. �

The classical weight function W T
κ on the simplex T d is defined by

W T
κ (x) =

d∏
i=1

|xi|κi−1/2(1− |x|)κd+1−1/2, x ∈ T d, κi > −1.

Sometimes we write W T
κ as W T

κ,µ with µ = κd+1, as the orthogonal polynomi-

als with respect to W T
κ,µ on T d are related to the orthogonal polynomials with

with respect to WB
κ,µ on Bd. Below we give explicit formulas for these classical

orthogonal polynomials on the simplex.

Theorem 5.2. The orthogonal polynomials in Vd
n(W T

κ ) satisfy the partial differ-
ential equation

d∑
i=1

xi(1− xi)
∂2P

∂x2
i

− 2
∑

1≤i<j≤d

xixj
∂2P

∂xi∂xj

+
d∑

i=1

((
κi +

1

2

)
−

(
|κ|+ d− 1

2

)
xi

)
∂P

∂xi

= −n
(
n + |κ|+ d− 1

2

)
P.

Proof. For functions that are even in each of its variables, the h-Laplacian ∆h for
the product weight function becomes a differential operator (see the formula in
Section 3.2.2). Consequently, for the orthogonal polynomials Pα ∈ Vd

2n(WB
κ,µ; Zd

2),
the differential-difference equation in Theorem 4.1 become a differential equation.
Changing variables xi →

√
zi gives

∂

∂xi

= 2
√

zi
∂

∂zi

and
∂2

∂x2
i

= 2
[ ∂

∂zi

+ 2zi
∂2

∂z2
i

]
,

from which the equation for Pα(x) = Rα(x2
1, . . . , x

2
d) translates into an equation

satisfied by Rα ∈ Vd
n(W T

κ,µ). �

The theorem and its proof can be extended to the case of the weight function
d∏

i=1

x
κ0−1/2
i

∏
1≤i<j≤d

|xi − xj|κ1(1− |x|)µ−1/2,

and the differential equation becomes a differential-difference equation.

Next we give explicit formulae for orthogonal bases. Let {Pα} be the orthonormal
basis with respect to WB

κ,µ given in Theorem 4.2; then it is easy to check that
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{P2α : α ∈ Nd
0, |α| = n} forms an orthonormal basis for Vd

2n(WB
κ,µ; Zd

2). Hence,

using the fact that C
(λ,µ)
2n is given in terms of Jacobi polynomial, we get

Theorem 5.3. With respect to W T
κ , the polynomials

Pα(x) = [hT
α ]−1

d∏
j=1

( 1− |xj|
1− |xj−1|

)|αj+1|
p(aj ,bj)

αj

( 2xj

1− |xj−1|
− 1

)
,

where aj = 2|αj+1| + |κj+1| + d−j−1
2

and bj = κj − 1
2
, are orthonormal and the

normalization constants hT
α are given by

[hT
α ]−2 =

(|κ|+ d+1
2

)2|α|∏d
j=1(2|αj+1|+ |κj|+ d−j+2

2
)2αj

.

On the simplex T d, it is often convenient to define xd+1 = 1−|x| and work with the
homogeneous coordinates (x1, . . . , xd+1). One can also derive a basis of orthogonal
polynomials that are homogeneous in the homogeneous coordinates. In fact, the
relation between orthogonal polynomials on Bd and Sd allows us to work with
h-harmonics. Let us denote by Hd+1

2n (h2
κ, Zd+1

2 ) the subspace of h-harmonics in
Hd+1

2n (h2
κ) that are even in each of its variables. Let {Sn

α(x2
1, . . . , x

2
d+1) : |α| =

n, α ∈ Nd
0} be an orthonormal basis of Hd

2n(h2
κ, Zd+1

2 ). Then {Sn
α(x1, . . . , xd+1) :

|α| = n, α ∈ Nd
0} forms an orthonormal homogeneous basis of Vd

n(W T
κ ).

For x ∈ T d let X = (x1, . . . , xd, xd+1) denote the homogeneous coordinates. Let
Yα be the monomial basis of h-harmonics in Section 3.2.3. Then Y2α are even in
each of their variables, which gives monomial orthogonal polynomials in Vd

n(W T
κ )

in the homogeneous coordinates X := (x1, . . . , xd+1) with xd+1 = 1− |x|,

Pα(x) = XαFB

(
− α,−α− κ +

1

2
;−2|α| − |κ| − d− 3

2
;

1

x1

, . . . ,
1

xd+1

)
.

Furthermore, changing summation index shows that the above Lauricella function
of type B can be written as a constant multiple of the Lauricella function of type
A defined by

FA(c, α; β; x) =
∑

γ

(c)|γ|(α)γ

(β)γγ!
xγ, α, β ∈ Nd+1

0 , c ∈ R,

where the summation is taken over γ ∈ Nd+1
0 . This gives the following:

Theorem 5.4. For each α ∈ Nd+1
0 with |α| = n, the polynomials

Rα(x) = FA(|α|+ |κ|+ d,−α; κ + 1; X), x ∈ T d

are orthogonal polynomials in Vd
n(W T

κ ) and

Rα = (−1)n (n + |κ|+ d)n

(κ + 1)α

Xα + pκ
α, pκ

α ∈ Πd
n−1,
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where 1 = (1, . . . , 1) ∈ Rd+1.

The polynomial Rα is a polynomial whose leading coefficient is a constant multiple
of Xα for α ∈ Nd+1

0 . The set {Rα : α ∈ Nd+1
0 , |α| = n} clearly has more elements

than it is necessary for a basis of Vd
n(W T

κ ); its subset with αd+1 = 0 forms a basis
of Vd

n(W T
κ ). Let us write V T

β (x) = R(β,0)(x). Then {V T
β : β ∈ Nd

0, |β| = n} is

the monomial basis of Vd
n(W T

κ ). The notation Vβ goes back to [2], we write a
superscript T to distinguish it from the notation for the intertwining operator.
Associated with V T

β is its biorthogonal basis, usually denoted by Uβ.

Theorem 5.5. For α ∈ Nd, |α| = n, the polynomials Uα defined by

Uα(x) = x
−κ1+1/2
1 . . . x

−κd+1/2
d (1− |x|)−κd+1+1/2

× ∂|α|

∂xα1
1 . . . ∂xαd

d

x
α1+κ1−1/2
1 . . . x

αd+κd−1/2
d (1− |x|)|α|+κd+1−1/2.

are polynomials in Vd
n(W T

κ ) and they are biorthogonal to polynomials Vα,∫
T d

Vβ(x)Uα(x)W T
κ (x)dx =

(κ + 1/2)α(κd+1 + 1/2)|α|
(|κ|+ (d + 1)/2)2|α|

α! δα,β.

Proof. It follows from the definition that Uα is a polynomial of degree n. Inte-
grating by parts leads to

wT
κ

∫
T d

Vβ(x)Uα(x)W T
κ (x)dx

= wT
κ

∫
T d

[ ∂|α|

∂xα1
1 . . . ∂xαd

d

Vβ(x)
] d∏

i=1

x
αi+κi− 1

2
i (1− |x|)|α|+κd+1− 1

2 dx.

Since Vα is an orthogonal polynomial with respect to W T
κ , the left integral is zero

for |β| > |α|. For |β| ≤ |α| the fact that Vβ is a monomial orthogonal polynomial
gives

∂|α|

∂xα1
1 . . . ∂xαd

d

Vβ(x) = α! δα,β,

from which the stated formula follows. The fact that Uα are biorthogonal to Vβ

also shows that they are orthogonal polynomials with respect to W T
κ . �

The correspondence between orthogonal polynomials in Theorem 5.1 also gives
an explicit formula for the reproducing kernel associated with W T

κ .
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Theorem 5.6. Let λ = |κ|+ (d− 1)/2. Then

Pn(W T
κ,µ, x, y) =

2n + λ

λ

∫
[−1,1]d+1

Cλ
2n

(√
x1y1 t1 + · · ·+√

xd+1yd+1td+1

)
×

d+1∏
i=1

cκi
(1 + ti)(1− t2i )

κi−1dt,

where xd+1 = 1− |x| and yd+1 = 1− |y|.

Proof. Recall that we write W T
κ,µ for W T

κ with κd+1 = µ. Using the correspondence
in Theorem 5.1, it can be verified that

Pn(W T
κ,µ; x, y) =

1

2d

∑
ε∈Zd

2

P2n

(
WB

κ,µ; (ε1

√
x1, . . . , εd

√
xd ), (

√
y1, . . . ,

√
yd)

)
.

Hence the stated formula follows from Theorem 4.5. �

6. Classical type product orthogonal polynomials

As mentioned in the introduction, if W (x) is a product weight function

W (x) = w1(x1) . . . wd(xd), x ∈ Rd,

then an orthonormal basis with respect to W is given by the product orthogonal
polynomials Pα(x) = pα1,1(x1) . . . pαd,d(xd), where pm,i is the orthogonal polyno-
mial of degree m with respect to the weight function wi. In this section we discuss
the product classical polynomials and some of their extensions.

6.1. Multiple Jacobi polynomials. Recall that the product Jacobi weight
functions is denoted by Wa,b in Section 1.3. One orthonormal basis is given
by

Pα(x) = p(a1,b1)
α1

(x1) . . . p(ad,bd)
αd

(xd),

where p
(a,b)
m is the m-th orthonormal Jacobi polynomial. Although this basis of

multiple Jacobi polynomials are simple, there is no close formula for the repro-
ducing kernel Pn(Wa,b; x, y) in general. There is, however, a generating function
for Pn(Wa,b; x,1), where 1 = (1, 1, . . . , 1) ∈ [−1, 1]d. It is based on the generating
function (Poisson formula) of the Jacobi polynomials,

G(a,b)(r; x) :=
∞∑

k=0

p
(a,b)
k (1)p

(a,b)
k (x)rn

=
1− r

(1 + r)a+b+2 2F1

(a+b+2
2

, a+b+3
2

b + 1
;
2r(1 + x)

(1 + r)2

)
, 0 ≤ r < 1,
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which gives a generating function for the multiple Jacobi polynomials that can
be written in term of the reproducing kernel Pn(Wa,b) as

∞∑
n=0

Pα(Wa,b; x, y)rn =
d∏

i=1

G(ai,bi)(r; xi) := G
(a,b)
d (r; x).

Moreover, in some special cases, we can derive an explicit formula for Pn(W ; x,1).

Let us consider the reproducing kernel for the case that a = b and ai are half-
integers. This corresponds to the multiple Gegenbauer polynomials with respect
to the weight function

Wλ(x) =
d∏

i=1

(1− xi)
λi−1/2, λi > −1/2, x ∈ [−1, 1]d,

Recall that the generating function of the Gegenbauer polynomials is given by

1− r2

(1− 2rx + r2)λ+1
=

∞∑
n=0

λ + n

λ
Cλ

n(x)rn.

Since λ+n
λ

Cλ
n(x) = C̃λ

n(1)C̃λ
n(x), it follows that Pn(W ; x,1) satisfies a generating

function relation

(1− r2)d∏d
i=1(1− 2rxi + r2)λi+1

=
∞∑

n=0

Pn(Wλ; x,1)rn.

If λ ∈ N0, then the reproducing kernel can be given in terms of the divided
difference, defined inductively by

[x0]f = f(x0), [x0, . . . xm]f =
[x1, . . . xm]f − [x0, . . . xm−1]f

xm − x0

.

The divided difference [x1, . . . , xd]f is a symmetric function of x1, . . . , xd.

Theorem 6.1. Let λi ∈ Nd
0. Then

Pn(Wλ; x,1) = [

λ1+1︷ ︸︸ ︷
x1, . . . , x1, . . . ,

λd+1︷ ︸︸ ︷
xd, . . . , xd]Gn,

with

Gn(t) = (−1)[ d+1
2

]2(1− t2)
d−1
2

{
Tn(t) for d even,

Un−1(t) for d odd.

Proof. In the case of λi = 0, the left hand side of the generating function for
Pn(W0; x,1) can be expanded as a power series using the formula

[x1, . . . , xd]
1

a− b(·)
=

bd−1∏d
i=1(a− bxi)

,
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which can be proved by induction on the number of variables; the result is

(1− r2)d∏d
i=1(1− 2rxi + r2)

=
(1− r2)d

(2r)d−1
[x1, . . . , xd]

1

1− 2r(·) + r2

=
(1− r2)d

(2r)d−1
[x1, . . . , xd]

∞∑
n=d−1

Un(·)rn

using the generating function of the Chebyshev polynomials of the second kind.
Using the binomial theorem to expand (1 − r2)d and the fact that Um+1(t) =
sin mθ/ sin θ and sin mθ = (eimθ − e−imθ)/(2i) with t = cos θ, the last term can
be shown to be equal to

∑∞
r=0[x1, . . . , xd]Gnr

n.

For λi > 1, we use the fact that (dk/dxk)Cλ
n(x) = 2k(λ)kC

λ+k
n−k (x) and λ + n =

(λ + k) + (n− k), which implies

dk

dxk
Pn(Wλ; x,1) = 2k(λ + 1)kPn−k(Wλ+k; x,1),

so that the formula

d

dx1

[x1, x2, . . . , xd]g = [x1, x1, x2, x3, . . . , xd]g

and the fact that the divided difference is a symmetric function of its knots can
be used to finish the proof. �

For multiple Jacobi polynomials, there is a relation between Pn(Wa,b; x, y) and
Pn(Wa,b; x,1). This follows from the product formula of the Jacobi polynomials,

P
(α,β)
n (x1)P

(α,β)
n (x2)

P
(α,β)
n (1)

=

∫ π

0

∫ 1

0

P (α,β)
n (2A2(x1, x2, r, φ)− 1)dmα,β(r, φ),

where α > β > −1/2,

A(x1, x2, r, φ)

=
1

2

(
(1 + x1)(1 + x2) + (1− x1)(1− x2)r

2 + 2
√

1− x2
1

√
1− x2

2 r cos φ
)1/2

and

dmα,β(r, φ) = cα,β(1− r2)α−β−1r2β+1(sin φ)2βdrdφ,

in which cα,β is a constant so that the integral of dmα,β over [0, 1] × [0, π] is 1.
Sometimes the precise meaning of the formula is not essential, and the following
theorem of [12] is useful.

Theorem 6.2. Let a, b > −1. There is an integral representation of the form

p(a,b)
n (x)p(a,b)

n (y) = p(a,b)
n (1)

∫ 1

−1

p(a,b)
n (t)dµ(a,b)

x,y (t), n ≥ 0,
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with the real Borel measures dµ
(a,b)
x,y on [−1, 1] satisfying∫ 1

−1

|dµ(a,b)
x,y (t)|dt ≤ M, −1 < x, y < 1,

for some constant M independent of x, y, if and only if a ≥ b and a + b ≥ −1.

Moreover, the measures are nonnegative, i.e., dµ
(a,b)
x,y (t) ≥ 0, if and only if b ≥

−1/2 or a + b ≥ 0.

The formula can be extended to the multiple Jacobi polynomials in an obvious
way, which gives a relation between Pn(Wa,b; x, y) and Pn(Wa,b; x,1). Hence the
previous theorem can be used to give a formula of Pn(Wλ, x, y). In the simplest
case of λi = 0, 1 ≤ i ≤ d, we have [5]

Pn(W0; x, y) =
∑
τ∈Zd

2

Pn(W0; cos(Φ + τΘ),1),

where x = cos Θ = (cos θ1, . . . , cos θd) and y = cos Φ = (cos φ1, . . . , cos φd). The
vector Φ + τΘ has components φi + τiθi.

6.2. Multiple Laguerre polynomials. The multiple Laguerre polynomials are
orthogonal with respect to WL

κ (x) = xκe−|x| with x ∈ Rd
+. One orthonormal basis

is given by the multiple Laguerre polynomials Pα(x) = Lκ1
α1

. . . Lκd
αd

. Let us denote

this basis by Pα(WL
κ ; x) to emphasis the weight function. Recall the classical

relation

lim
b→∞

P (a,b)
n (1− 2x/b) = Lb

n(x);

there is an extension of this relation to several variables. Let us denote the
orthogonal basis with respect to the weight function W T

κ,µ in Theorem 5.3 by

P n
α (W T

κ,µ; x) (set κd+1 = µ).

Theorem 6.3. The multiple Laguerre polynomials associated to WL
κ are the limit

of the product type polynomials in Theorem 5.3,

lim
µ→∞

P n
α (W T

κ+1/2,µ; x/µ) = L̃κ1
α1

(x1) . . . L̃κd
αd

(xd),

where L̃κ
α denotes the normalized Laguerre polynomials.

Proof. As µ → ∞, 1 − |xj|/µ → 1 so that the orthogonal polynomials in The-
orem 5.3 converge to the multiple Laguerre polynomials, and the normalization
constants also carry over under the limit. �

As a consequence of this limit relation, the differential equation for the classi-
cal polynomials on the simplex leads to a differential equation for the multiple
Laguerre polynomials.
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Theorem 6.4. The multiple Laguerre polynomials associated to WL
κ satisfy the

partial differential equation

d∑
i=1

xi
∂2P

∂x2
i

+
d∑

i=1

(
(κi + 1)− xi

)∂P

∂xi

)
= −nP.

Proof. We make a change of variables x 7→ x/µ in the equation satisfied by the
orthogonal polynomials with respect to W T

κ,µ and then divide by µ and take the
limit µ →∞. �

The limit relation, however, does not give an explicit formula for the reproducing
kernel. Just as in the case of multiple Jacobi polynomials, there is no explicit for-
mula for the kernel Pn(WL

κ ; x, y) in general. There is, however, a simple formula
if one of the arguments is 0.

Theorem 6.5. The reproducing kernel for Vd
n(WL

κ ) satisfies

Pn(WL
κ ; x, 0) = L|κ|+d−1

n (|x|), x ∈ Rd
+.

Proof. The generating function of the Laguerre polynomials is

(1− r)−a−1 exp

(
−xr

1− r

)
=

∞∑
n=0

La
n(x)rn, |r| < 1.

Since La
n(0) = (a + 1)n/n! = ‖La

n‖2
2, where the norm is taken with respect to

the normalized weight function xae−x, multiplying the formula gives a generating
function for Pn(WL

κ ; x, 0),

∞∑
n=0

Pn(WL
κ ; x, 0)rn =

∞∑
n=0

∑
|α|=n

L̃κ
α(0)L̃κ

α(x)rn = (1− r)−|κ|−de−|x|r/(1−r),

which gives the stated formula. �

There is also a product formula for the multiple Laguerre polynomials which gives
a relation between Pn(WL

κ ; x, y) and Pn(WL
κ ; x, 0). The relation follows from the

product formula

Lλ
n(x)Lλ

n(y) =
Γ(n + λ + 1)2λ

Γ(n + 1)
√

2π

∫ π

0

Lλ
n(x + y + 2

√
xy cos θ)e−

√
xy cos θ

× jλ− 1
2
(
√

xy sin θ) sin2λ θ dθ,

where jµ is the Bessel function of fractional order.

More interesting, however, is the fact that the limiting relation in Theorem 6.3
and the differential equations can be extended to hold for orthogonal polynomials
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with respect to the weight functions

d∏
i=1

xκ0
i

∏
1≤i<j≤d

|xi − xj|κ1e−|x|, x ∈ Rd
+.

6.3. Multiple generalized Hermite polynomials. By generalized Hermite
polynomials we mean orthogonal polynomials with respect to the weight function
|x|µe−x2

on R. For µ ≥ 0 the generalized Hermite polynomial Hµ
n (x) is defined

by

Hµ
2n(x) = (−1)n22nn!Lµ−1/2

n (x2),

Hµ
2n+1(x) = (−1)n22n+1n!xLµ+1/2

n (x2).

The normalization is chosen such that the leading coefficient of Hµ
n is 2n. For

several variables, we consider the multiple generalized Hermite polynomials with
respect to WH

κ (x) =
∏d

i=1 |xi|κie−‖x‖
2
, κi ≥ 0; evidently an orthogonal basis is

given by Hκ1
α1

(x1) . . . Hκd
αd

(xd), and another basis can be given in polar coordinates

in terms of h-spherical harmonics associated with hκ(x) =
∏d

i=1 |xi|κi . One can
also define analogous of Appell’s biorthogonal bases.

Much of the information about these polynomials can be derived from the or-
thogonal polynomials on the unit ball, since

lim
λ→∞

λ−n/2Cλ
n

( x√
λ

)
=

1

n!
Hn(x).

Indeed, denote the orthonormal polynomials with respect to WB
κ,µ on Bd in The-

orem 4.2 by P n
α (WB

κ,µ; x), then it is easy to see the following:

Theorem 6.6. Let H̃µ
n denote the orthonormal generalized Hermite polynomials.

Then

lim
µ→∞

P n
α (WB

κ,µ; x/
√

µ) = H̃κ1
α1

(x1) . . . H̃κd
αd

(xd).

Using this limit relation, it follows from the equation in Theorem 4.1 that the
polynomials in Vd

n(WH
κ ) satisfy the differential equation

(∆− 2〈x,∇〉)P = −2nP.

There is, however, no explicit formula for the reproducing kernel Pn(WH
κ ; x, y),

not even when y takes a special value. In fact, there is no special point to be
taken for Rd and no convolution structure. What can be proved is a generating
function for the reproducing kernel (Mehler type formula):
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Theorem 6.7. For 0 < z < 1 and x, y ∈ Rd

∞∑
n=0

Pn(WH
κ ; x, y)zn =

1

(1− z2)γκ+d/2
×

× exp
{
− z2(‖x‖2 + ‖y‖2)

1− z2

}
Vκ

[
exp

{2z〈x, ·〉
1− z2

}]
(y),

where Vκ is the formula given in Theorem 3.6 with d + 1 there replaced by d.

We should also mention the relation between the multiple generalized Hermite
and the multiple Laguerre polynomials, defined by Pα(x) = Rα(x2

1, . . . , x
2
d), just

as the relation between the orthogonal polynomials on Bd and those on T d. Much
of the properties for the multiple Laguerre polynomials can be derived from this
relation and properties of the multiple Hermite polynomials. For example, there
is a counterpart of Mehler’s formula for the multiple Laguerre polynomials.

The limiting relation similar to that in Theorem 6.6 holds for the orthogonal
basis in polar coordinates, which implies that the differential equations also hold
for orthogonal polynomials with respect to the weight functions h2

κ(x)e−‖x‖
2
. For

example, it holds for the type A weight functions

∏
1≤i<j≤d

|xi − xj|2κe−‖x‖
2

, x ∈ Rd

and the type B weight functions

d∏
i=1

|xi|2κ0

∏
1≤i<j≤d

|x2
i − x2

j |2κe−‖x‖
2

, x ∈ Rd.

These two cases are related to the Schrödinger equations of the Calogero-Suther-
land systems; these are exactly solvable models of quantum mechanics involving
identical particles in a one dimensional space. The eigenfunctions can be ex-
pressed in terms of a family of homogeneous polynomials, called the nonsymmet-
ric Jack polynomials, which are simultaneous eigenfunctions of a commuting set
of self-adjoint operators. Although there is no explicit orthogonal basis known for
these weight functions, there is a uniquely defined basis of orthogonal polynomials
for which the L2-norm of the polynomials can be computed explicitly. The ele-
ments of this remarkable family are labeled by partitions, and their normalizing
constants are proved using the recurrence relations and algebraic techniques.
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7. Fourier orthogonal expansion

The n-th partial sums of the Fourier orthogonal expansion do not converge for
continuous functions pointwisely or uniformly. It is necessary to consider summa-
bility methods of the orthogonal expansions, such as certain means of the partial
sums. One important method are the Cesàro (C, δ) means.

Definition 7.1. Let {cn}∞n=0 be a given sequence. For δ > 0, the Cesàro (C, δ)
means are defined by

sδ
n =

n∑
k=0

(−n)k

(−n− δ)k

ck.

The sequence {cn} is (C, δ) summable by Cesàro’s method of order δ to s if sδ
n

converges to s as n →∞.

If δ = 0, then sδ
n is the n-th partial sum of {cn} and we write s0

n as sn.

7.1. h-harmonic expansions. We start with the h-harmonics. Using the re-
producing kernel Pn(h2

κ; x, y), the n-th (C, δ) means of the h-harmonic expansion
Sδ

n(h2
κ; f) can be written as an integral

Sδ
n(h2

κ; f, x) = ch

∫
Sd

f(y)Kδ
n(h2

κ; x, y)h2
κ(y)dω(y),

where ch is the normalization constant of h2
κ and Kδ

n(h2
κ; x, y) are the Cesàro

(C, δ) means of the sequence {Pn(h2
κ; x, y)}. If δ = 0, then Kn(h2

κ) is the n-th
partial sum of Pk(h

2
κ).

Proposition 7.1. Let f ∈ C(Sd). Then the (C, δ) means Sδ
n(h2

κ; f, x) converge
to f(x) if

In(x) := ch

∫
Sd

|Kδ
n(h2

κ; x, y)|h2
κ(y)dω < ∞;

the convergence is uniform if In(x) is uniformly bounded.

Proof. First we show that if p is a polynomial then Sδ
n(h2

κ; p) converge uniformly to
p. Indeed, let Sn(h2

κ; f) denote the n-th partial sum of the h-harmonic expansion
of f (δ = 0 of Sδ

n). It follows that

Sδ
n(h2

κ; f) =
δ

δ + n

n∑
k=0

(−n)k

(1− δ − n)k

Sk(h
2
κ; f).

Assume p ∈ Πd
m. By definition, Sn(h2

κ; p) = p if n ≥ m. Hence,

Sδ
n(h2

κ; p, x)− p(x) =
δ

δ + n

m−1∑
k=0

(−n)k

(1− δ − n)k

(
Sk(h

2
κ; p, x)− p(x)

)
,
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which is of size O(n−1) and converges to zero uniformly as n → ∞. Now the
definition of In(x) shows that |Sδ

n(h2
κ; f, x)| ≤ In(x)‖f‖∞, where ‖f‖∞ is the

uniform norm of f taken over Sd. The triangular inequality implies

|Sδ
n(hκ; f, x)− f(x)| ≤ (1 + I(x))‖f − p‖∞ + |Sδ

n(hκ; p, x)− p(x)|.
Since f ∈ C(Sd), we can choose p such that ‖f − p‖∞ < ε. �

Recall that the explicit formula of the reproducing kernel is given in terms of the
intertwining operator. Let pδ

n(wλ; x, y) be the (C, δ) means of the reproducing
kernels of the Gegenbauer expansion with respect to wλ(x) = (1−x2)λ−1/2. Then
pδ

n(wλ, x, 1) are the (C, δ) means of n+λ
λ

Cλ
n(x). Let λ = |κ|+ (d− 1)/2, it follows

from Theorem 3.7 that

Kδ
n(h2

κ; x, y) = Vκ

[
pδ

n(wλ; 〈x, ·〉, 1)
]
(y).

Theorem 7.1. If δ ≥ 2|κ|+d, then the (C, δ) means of the h-harmonic expansion
with respect to h2

κ define a positive linear operator.

Proof. The (C, δ) kernel of the Gegenbauer expansion with respect to wλ is
positive if δ ≥ 2λ + 1 (cf [3, p. 71]), and Vκ is a positive operator. �

The positivity shows that In(x) = 1 for all x, hence it implies that Sδ
n(h2

κ; f)
converges uniformly to the continuous function f . For convergence, however,
positivity is not necessary. First we state an integration formula for the inter-
twining operator.

Theorem 7.2. Let Vκ be the intertwining operator. Then∫
Sd

Vκf(x)h2
κ(x)dω(x) = Aκ

∫
Bd+1

f(x)(1− ‖x‖2)|κ|−1dx,

for f ∈ L2(h2
κ; S

d) such that both integrals are finite. In particular, if g : R 7→ R
is a function such that all integrals below are defined, then∫

Sd

Vκg(〈x, ·〉)(y)h2
κ(y)dω(y) = Bκ

∫ 1

−1

g(t‖x‖)(1− t2)|κ|+
d−2
2 dt,

where Aκ and Bκ are constants whose values can be determined by setting f(x) =
1 and g(t) = 1, respectively.

To prove this theorem, we can work with the Fourier orthogonal expansion of
Vκf in terms of the orthogonal polynomials with respect to the classical weight
function WB

|κ|−1/2 on the unit ball Bd+1. It turns out that if Pn ∈ Vd
n(WB

|κ|−1/2),

then the normalized integral of VκPn with respect to h2
κ over Sd is zero for n > 0,

and 1 for n = 0, so that the integral of Vκf over Sd is equal to the constant term
in the orthogonal expansion on Bd+1. Of particular interest to us is the second
formula, which can also be derived from the Funk-Hecke formula in Theorem
3.8. It should be mentioned that this theorem holds for the intertwining operator
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with respect to every reflection group (with |κ| replaced by γκ), even though an
explicit formula for the intertwining operator is unknown in general. The formula
plays an essential role in the proof of the following theorem.

Theorem 7.3. Let f ∈ C(Sd). Then the Cesàro (C, δ) means of the h-harmonic
expansion of f converge uniformly on Sd provided δ > |κ|+ (d− 1)/2.

Proof. Using the fact that Vκ is positive and Theorem 7.2, we conclude that

In(x) ≤ ch

∫
Sd

Vκ

[
|pδ

n(wλ; 〈x, ·〉, 1)|
]
(y)h2

κ(y)dω(y) = bλ

∫ 1

−1

|pδ
n(wλ; 1, t)|wλ(t)dt,

where bλ is a constant (in fact, the normalization constant of wλ). The fact that
the (C, δ) means of the Gegenbauer expansion with respect to wλ converge if and
only if δ > λ finishes the proof. �

The above theorem and its proof in fact hold for h-harmonics with respect to
any reflection group. It reduces the convergence of the h-harmonics to that of
the Gegenbauer expansion. Furthermore, since supx |In(x)| is also the L1 norm
of Sδ

n(h2
κ; f), the Riesz interpolation theorem shows that Sδ

n(h2
κ; f) converges in

Lp(h2
κ; S

d), 1 ≤ p < ∞, in norm if δ > |κ|+ (d− 1)/2.

It is natural to ask if the condition on δ is sharp. With the help of Theorem 7.2,
the above proof is similar to the usual one for the ordinary harmonics in the sense
that the convergence is reduced to the convergence at just one point. For the
ordinary harmonics, the underlying group is the orthogonal group and Sd is its
homogeneous space, so reduction to one point is to be expected. For the weight
function hκ(x) =

∏d+1
i=1 |xi|κi , however, the underlying group Zd+1

2 is a subgroup
of the the orthogonal group, which no longer acts transitively on Sd. In fact, in
this case, the condition on δ is not sharp. The explicit formula of the reproducing
kernel for the product weight function allows us to derive a precise estimate for
the kernel Kδ

n(h2
κ; x, y): for x, y ∈ Sd and δ > (d− 2)/2,

|Kδ
n(h2

κ; x, y)| ≤ c
[∏d+1

j=1(|xjyj|+ n−1|x̄− ȳ|+ n−2)−κj

nδ−(d−2)/2(|x̄− ȳ|+ n−1)δ+ d+1
2

+

∏d+1
j=1(|xjyj|+ |x̄− ȳ|2 + n−2)−κj

n(|x̄− ȳ|+ n−1)d+1

]
,

where x̄ = (|x1|, . . . , |xd+1|) and ȳ = (|y1|, . . . , |yd+1|). This estimate allows us to
prove the sufficient part of the following theorem:

Theorem 7.4. The (C, δ) means of the h-harmonic expansion of every continu-

ous function for hκ(x) =
∏d+1

i=1 |xi|κi converge uniformly to f if and only if

δ > (d− 1)/2 + |κ| − min
1≤i≤d+1

κi.
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The sufficient part of the proof follows from the estimate, the necessary part
follows from that of the orthogonal expansion with respect to WB

κ,µ in Theorem
7.7, see below. For κ = 0, the order (d − 1)/2 is the so-called classical index
for the ordinary harmonics. The proof of the theorem shows that the maximum
of In(x) appears on the great circles defined by the intersection of Sd and the
coordinate planes. An estimate that takes the relative position of x ∈ Sd into
consideration proves the following result:

Theorem 7.5. Let f ∈ C(Sd). If δ > (d − 1)/2, then Sδ
n(h2

κ, f ; x) converges to
f(x) for every x ∈ Sd

int defined by

Sd
int = {x ∈ Sd : xi 6= 0, 1 ≤ i ≤ d + 1}.

This shows that the great circles {x ∈ Sd : xi = 0} are like a boundary on the
sphere for summability with respect to h2

κ; concerning convergence the situation
is the same as in the classical case where we have a critical index (d − 1)/2 at
those points away from the boundary.

The sequence of the partial sums Sn(h2
κ; f) does not converge to f if f is merely

continuous, since the sequence is not bounded. The sequence may converge for
smooth functions, and the necessary smoothness of the functions depends on the
order of Sn(h2

κ; f) as n →∞.

Theorem 7.6. Let λ = |κ|+ (d− 1)/2. Then as n →∞,

‖Sn(h2
κ; ·)‖ = sup

‖f‖∞≤1

‖Sn(h2
κ; f)‖∞ = O

(
nλ

)
.

In particular, if f ∈ C [λ]+1(Sd), then Sn(h2
κ; f) converge to f uniformly.

Proof. By the definition of Sn(h2
κ; f) and Theorem 7.2, we get

|Sn(h2
κ; f, x)| ≤ bλ

∫ 1

−1

∣∣∣ n∑
k=0

k + λ

λ
Cλ

k (t)
∣∣∣wλ(t)dt ‖f‖∞.

The integral of the partial sum of the Gegenbauer polynomials is known to be
bounded by O(nλ). The smoothness of f shows that there is a polynomial P
of degree n such that ‖f − P‖∞ ≤ cn−[λ]−1, from which the convergence follows
from the fact that Sn(hκ; P ) = P . �

Again, this theorem holds for hκ associated with every reflection group. For
the product weight function hκ(x) =

∏d+1
i=1 |xi|κi , the statement in Theorem 7.6

suggests the following conjecture:

‖Sn(h2
κ; ·)‖ = O

(
nσ

)
with σ =

d− 1

2
+ |κ| − min

1≤i≤d+1
κi;

furthermore, for x ∈ Sd
int, |Sn(h2

κ; f, x)| is of order O(n
d−1
2 ). If the estimate of

Kδ
n(h2

κ; x, y) could be extended to δ = 0, then the conjecture would be proved.
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However, in the proof given in [21], the restriction δ > (d − 1)/2 seems to be
essential.

7.2. Orthogonal expansions on Bd and on T d. For a weight function W on
Bd or T d we denote the (C, δ) means of the orthogonal expansion with respect
to W as Sδ

n(W ; f). It follows that

Sδ
n(W ; f, x) = c

∫
Ω

Kδ
n(W ; x, y)f(y)W (y)dy,

where Ω = Bd or T d, c is the constant defined by c−1 =
∫

Ω
W (y)dy, and Kδ

n(W )
is the (C, δ) means of the sequence Pn(W ). Using the correspondence in Theo-
rem 3.1, most of the results for h-harmonics can be extended to the orthogonal
expansions with respect to WB

κ,µ on the ball Bd.

Theorem 7.7. The (C, δ) means of the orthogonal expansion of every continuous
function with respect to WB

κ,µ converge uniformly to f if and only if

δ > (d− 1)/2 + |κ|+ µ−min{κ1, . . . , κd, µ}. (7.1)

Furthermore, for f continuous on Bd, Sδ
n(WB

κ,µ, f ; x) converges to f(x) for every

x ∈ Bd
int, where

Bd
int = {x ∈ Bd : ‖x‖ ≤ 1 and xi 6= 0, 1 ≤ i ≤ d}

provided δ > (d− 1)/2.

Proof. The sufficient part of the first and the second statement follow from
Theorems 7.4 and 7.5, upon using the fact that

Kδ
n(WB

κ,µ; x, y) =
1

2

[
Kδ

n(h2
κ; x, (y,

√
1− |y|2)) + Kδ

n(h2
κ; x, (y,−

√
1− |y|2))

]
and the elementary integration formula in the proof of Theorem 3.1. The neces-
sary part of the first statement uses the fact that the expansion reduces to the gen-
eralized Gegenbauer expansion at certain points. Let wλ,µ(t) = |t|2µ(1− t2)λ−1/2.
Denote by Kδ

n(wλ,µ; t, s) the (C, δ) means of the kernel for the generalized Gegen-
bauer expansion. Let γ = |κ| + µ + (d − 1)/2. From the explicit formula of the
reproducing kernel, it follows that

Kδ
n(WB

κ,µ; x, 0) = Kn(wµ,γ−µ; ‖x‖, 0) and Kδ
n(WB

κ,µ; x, εi) = Kn(wγ−κi,κi
; xi, 1)

for i = 1, 2, . . . , d, so that the necessary condition can be derived from the con-
vergence of the (C, δ) means of the generalized Gegenbauer expansion sδ

n(wλ,µ; f)
at 0 and 1. In fact, for continuous functions g on [−1, 1], sδ

n(wλ,µ; g) converge
uniformly to g if and only if δ > max{λ, µ}. �

We can also state that the order of growth of ‖Sn(WB
κ,µ; ·)‖∞ is bounded by nλ

with λ = |κ|+ µ + (d− 1)/2, just as in the Theorem 7.6, and conjecture that the
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sharp order is σ = d−1
2

+ |κ|+ µ−min1≤i≤d+1 κi with κd+1 = µ. For the classical

orthogonal polynomials with respect to WB
µ = (1− ‖x‖2)µ−1/2, we have

‖Sn(WB
µ ; ·)‖ = sup

‖f‖∞≤1

‖Sn(WB
µ ; f)‖∞ ∼ nµ+ d−1

2 , µ ≥ 0.

The operator f 7→ Sn(WB
µ ; f) is a projection operator from the space of contin-

uous functions onto Πd
n. It is proved in [31] that every such projection operator

Ln satisfies

‖Ln‖∞ ≥ c n
d−1
2 , d ≥ 2,

where c is a constant depending only on d. It turns out that the minimal norm
is obtained for the weight function WB

µ with µ < 0 ([48]):

Theorem 7.8. For −1 < µ < 0 and d ≥ 3,

‖Sn(WB
µ ; ·)‖ ∼ n

d−1
2 .

That is, Sn(WB
µ ; ·) has the smallest possible rate of growth for µ ≤ 0. The proof

of this theorem is quite involved, and does not follow from h-harmonics. In fact,
the explicit formula for the reproducing kernel in (4.1) holds only for µ ≥ 0. A
formula that works also for µ < 0 can be derived from it using integration by
parts and analytic continuation. Then a careful estimate of the kernel is derived
to prove the above theorem.

Similar questions can be asked for the weight function WB
κ,µ or hκ, κi < 0. It is

easy to conjecture, but likely hard to prove, that ‖Sn(WB
κ,µ; ·)‖ ∼ n

d−1
2 if µ ≤ 0

and κi ≤ 0, 1 ≤ i ≤ d.

For orthogonal expansions with respect to W T
κ , we can state similar results for the

convergence of the Cesàro means, but the results do not follow directly from those
for orthogonal expansions. In fact, from the relation between the reproducing
kernels of Vn(WB

κ,µ) and Vn(W T
κ,µ),

Pn(W T
κ,µ; x, y) =

1

2d

∑
ε∈Zd

2

P2n

(
WB

κ,µ; (ε1

√
x1, . . . , εd

√
xd ), (

√
y1, . . . ,

√
yd)

)
,

the (C, δ) means of the left hand side does not relate directly to that of the
(C, δ) means of the right hand side. Much of the difference can be seen already
in the case of d = 1, for which the weight function WB

κ,µ(t) = |t|2κ(1 − t)µ−1/2

for t ∈ [−1, 1] and W T
κ,µ(t) = tκ−1/2(1 − t)µ−1/2 for t ∈ [0, 1], and the latter one

is the classical Jacobi weight function (1 + t)κ−1/2(1 − t)µ−1/2 when converting
to t ∈ [−1, 1]; thus, it is the difference between the generalized Gegenbauer
expansion and the Jacobi expansion on [−1, 1].
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Theorem 7.9. Suppose the parameters of W T
κ,µ satisfy the conditions

d+1∑
i=1

(
2κi − [κi]

)
≥ 1 + min

1≤i≤d+1
κi with µ = κd+1, (7.2)

where [x] stands for the largest integer part of x. Then the (C, δ) means of the
orthogonal expansion of every continuous function with respect to W T

κ,µ converge

uniformly to f on T d if and only if (7.1) holds.

The necessary part of the theorem follows from the (C, δ) means of the Jacobi
expansion without the additional condition (7.2). The proof of the sufficient
part uses an explicit estimate of the kernel Kδ

n(W T
κ,µ; x, y) just as in the proof

of Theorem 7.7. However, there is an additional difficulty for the estimate of
Kδ

n(W T
κ,µ; x, y), and condition (7.2) is used to simplify the matter. We note, that

the condition excludes only a small range of parameters. Indeed, if one of the
parameters, say κ1 or µ, is 1/2, or if one of the parameters is ≥ 1, then the
condition holds. In particular, it holds for the unit weight function (κ1 = . . . =
κd+1 = 1/2). Naturally, we expect that the theorem holds for all κi ≥ 0 without
the condition.

For pointwise convergence, a theorem similar to that of Theorem 7.7 can be stated
for the interior of the simplex, but the proof in [21] puts a stronger restriction on
the parameters. We only state the case for the unit weight function.

Theorem 7.10. If f ∈ C(T d), then the (C, δ) means of the orthogonal expansion
of f converge to f uniformly on each compact set contained in the interior of T d

if δ > (d− 1)/2.

For the unit weight function, the uniform convergence of the (C, δ) means on T d

holds if and only if δ > d− 1/2.

7.3. Product type weight functions. The Fourier expansions for the product
type weight functions are quite different from those on the ball and on the simplex.
As we pointed out in Section 6, there is no explicit formula for the kernel function.
In the case of multiple Jacobi polynomials and multiple Laguerre polynomials, the
product formulae of the orthogonal polynomials lead to a convolution structure
that can be used to study the Fourier expansions.

Let us consider the multiple Jacobi polynomials. Denote the kernel function of
the Cesàro means by Kδ

n(Wa,b; x, y).

Theorem 7.11. In order to prove the uniform convergence of the (C, δ) means of
the multiple Jacobi expansions for a continuous function, it is sufficient to prove
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that, for aj ≥ bj > −1, aj + bj > −1,∫
[−1,1]d

|Kδ
n(Wa,b;1, y)|Wa,b(y)dy ≤ c,

where c is a constant independent of n.

Proof. We know that the convergence of the (C, δ) means follows from∫
[−1,1]d

|Kδ
n(Wa,b; x, y)|Wa,b(y)dy ≤ c, x ∈ [−1, 1]d, n ≥ 0.

The product formula in Theorem 6.2 shows that that

Kδ
n(Wa,b; x, y) =

∫
[−1,1]d

Kδ
n(Wa,b; t,1)dµ(a,b)

x,y (t),

where the measure µ
(a,b)
x,y is the product measure given in Theorem 6.2. This leads

to a convolution structure which gives the stated result using the corresponding
result for one variable. �

This shows that uniform convergence is reduced to convergence at one point.
Multiplying the generating function of the multiple Jacobi polynomials by (1 −
r)−δ−1 =

∑∞
n=0

(
n+δ

n

)
rn gives

∞∑
n=0

(
n + δ

n

)
Kδ

n(Wa,b; x,1)rn = (1− r)−δ−1G
(a,b)
d (r; x).

This is the generating function of Kδ
n(Wa,b; x,1), which does not give the explicit

formula. What can be used to study the orthogonal expansion is the following:

Theorem 7.12. For d ≥ 1 and 0 ≤ r < 1,

Kδ
n(Wa,b; x,1) =

(
n + δ

n

)−1
1

πrn

∫ π

−π

(1− reiθ)−δ−1G
(a,b)
d (reiθ; x)e−inθdθ.

Proof. Since both sides are analytic functions of r for |r| < 1, the generating
function for Kδ

n(Wa,b; x, y) holds for r being complex numbers. Replacing r by
reiθ, we get

∞∑
n=0

(
n + δ

n

)
Kδ

n(Wa,b; x,1)rneinθ = (1− reiθ)−δ−1G
(a,b)
d (reiθ; x).

Hence, we see that
(

n+δ
n

)
Kδ

n(Wa,b; x,1)rn is the n-th Fourier coefficient of the
function (of θ) in the right hand side. �

With r = 1 − n−1, this expression allows us to derive a sharp estimate for the
kernel Kδ

n(Wa,b; x,1), which can be used to show that the integral in Theorem
7.13 is finite for δ larger than the critical index. One result is as follows:
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Theorem 7.13. Let aj, bj ≥ −1/2. The Cesàro (C, δ) means of the multiple
Jacobi expansion with respect to Wa,b are uniformly convergent in the norm of

C([−1, 1]d) provided δ >
∑d

j=1 max{aj, bj}+ d
2
.

Similar results also hold for the case aj > −1, bj > −1 and aj + bj ≥ −1, 1 ≤
j ≤ d, with a properly modified condition on δ. In particular, if aj = bj = −1/2,
then the convergence holds for δ > 0.

The difference between the Fourier expansion on [−1, 1]d and the expansion on
Bd or T d is best explained from the behavior of the multiple Fourier series on Td,

f ∼
∑

α

aα(f)eiα·x, where aα(f) =

∫
Td

f(x)eiα·xdx,

On the one hand, we have seen that the orthogonal expansion with respect to
the weight function (1 − ‖x‖2)−1/2 on Bd is closely related to the spherical har-
monic expansion, which is known to behave like summability of spherical multiple
Fourier series; that is, sums are taken over the `-2 ball,

S(2)
n (f ; x) =

∑
‖α‖≤n

aα(f)eiα·x = (D(2)
n ∗ f)(x),

where f ∗ g means the convolution of f and g and the Dirichlet kernel D
(2)
n (x) =

gn(‖x‖) is a radial function (gn is given in terms of the Bessel function). In this
case, it is known that the (C, δ) means converge if δ > (d − 1)/2, the so-called
critical index.

On the other hand, the usual change of variables xi = cos θi shows that the
summability in the case of

∏d
i=1(1−x2

i )
−1/2 on [−1, 1]d corresponds to summability

of multiple Fourier series in the `-1 sense; that is,

S(1)
n (f ; x) =

∑
|α|1≤n

aα(f)eiα·x = (D(1)
n ∗ f)(x),

the Dirichlet kernel D
(1)
n is given by (recall Theorem 6.1)

D(1)
n (x) = [cos x1, . . . , cos xd]Gn.

In this case, the (C, δ) means converge if δ > 0, independent of the dimension.

For the multiple Laguerre polynomials, there is also a convolution structure which
allows us to reduce the convergence of the (C, δ) means to just one point, x = 0;
the proof is more involved since the measure is not positive. The result is as
follows:

Theorem 7.14. Let κi ≥ 0, 1 ≤ i ≤ d, and 1 ≤ p ≤ ∞. The Cesàro (C, δ)
means of the multiple Laguerre expansion are uniformly convergent in the norm
of C(Rd

+) if and only if δ > |α|+ d− 1/2.
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For both multiple Jacobi expansions and multiple Laguerre expansions, the uni-
form convergence is reduced to a single point, the corner point of the support
set of the weight function. In the case of the multiple Hermite expansions, the
support set is Rd and there is no finite corner point. In fact, the convergence
in this case cannot be reduced to just a single point. Only the situation of the
classical Hermite expansions, that is, the case κi = 0, is studied, see [32].

8. Notes and Literature

Earlier books on the subject are mentioned at the end of the Section 1. Many
historical notes on orthogonal polynomials of two variables can be found in Koorn-
winder [15] and in Suetin [30]. The references given below are for the results in the
text. We apologize for any possible omission and refer to [10] for more detailed
references.

Section 2: The study of the general properties of orthogonal polynomials in
several variables appeared in Jackson [14] of 1936. In the paper [18] of 1967, Krall
and Sheffer suggested that some of the properties can be restored if orthogonality
is taken in terms of orthogonal subspaces instead of a particular basis. The first
vector-matrix form of the three-term relation and Favard’s theorem appeared
in Kowalski [16, 17]; the present form and the theorem appeared in Xu [34,
35]. This form adopted the point of view of Krall and Sheffer. Further studies
have been conducted in a series of papers; see the survey in [37] and the book
[10]. The study of Gaussian cubature formulae started with the classical paper
of Radon [26]. Significant results on cubature formulae and common zeros of
orthogonal polynomials were obtained by Mysovskikh and his school [24] and
Möller [23]. Further study appeared in [36, 43]. The problem can be studied
using the language of polynomial ideals and varieties.

Section 3: Section 3.1 is based on [40]. Ordinary spherical harmonics appeared
in many books, for example, [1, 28, 33]. The h-harmonics are introduced and
studied by Dunkl in a number of papers; see [6, 7, 8] and the references in [10].
A good reference for reflection groups is [13]. The account of the theory of h-
harmonics given in [10] is self-contained. The case of the product weight function
in Section 3.2 is studied in [38], while the monomial basis contained in Subsection
3.2.3 is new [49].

Section 4, 5 and 6: The relation between orthogonal polynomials with respect
to (1−‖x‖2)(m−1)/2 on Bd and spherical harmonics on Sd+m can be traced back to
the work of Hermite, Didon, Appell and Kampé de Fériet; see Chapt. XII, Vol. II,
of [11]. In the general setting, the relation is studied in [40] and further properties
are given in [45, 46]. In various special cases the explicit formulae for the classical
orthogonal polynomials on Bd and on T d have appeared in the literature. The
relation between orthogonal polynomials on the simplex and those on the ball
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or on the sphere has also appeared in special cases. It is studied in the general
setting in [41]. Except for the multiple Jacobi polynomials, all other classical type
orthogonal polynomials can be studied using h-harmonics; see [47]. Apart from
some two dimensional examples (cf. [15]), classical and product type orthogonal
polynomials are the only cases for which explicit formulae are available.

The Hermite type polynomials of type A and type B are studied by Baker and
Forrester [4], Lassalle [19], Dunkl [9], and several other people. The commuting
self-adjoint operators that are used to define the nonsymmetric Jack polynomials
are due to Cherednik. They are related to Dunkl operators. The nonsymmetric
Jack polynomials are defined by Opdam [25]. There are many other papers
studying these polynomials and Calogero-Sutherland models.

Section 7: Summability of orthogonal expansion is an old topic, but most of
the results in this section are obtained only recently. See [42] for the expansion
of classical orthogonal polynomials on the unit ball, [20] for the product Jacobi
polynomials, [46] and [21] for h-harmonics expansions and expansions on the unit
ball and on the simplex. The integration formula of the intertwining operator and
its application to summability appeared in [39]. The topic is still in its initial
stage, apart from the problems on the growth rate of the partial sums, many
questions such as those on Lp and almost everywhere convergence have not been
studied.

Acknowledgement: I would like to thank the organizers of the workshop for inviting me
to give these lectures, and especially Wolfgang zu Castell for carefully reading through these
notes and making numerous corrections.
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d’Hermite, Gauthier-Villars, Paris, 1926.

[3] R. Askey, Orthogonal polynomials and special functions, Regional Conference Series in
Applied Mathemathics 21, SIAM, Philadelphia, 1975.

[4] T.H. Baker and P.I. Forrester, Nonsymmetric Jack polynomials and integral kernels, Duke
Math. J. 95 (1998), 1–50.

[5] H. Berens and Yuan Xu, Fejér means for multivariate Fourier series, Math. Z. 221 (1996),
449–465.

[6] C.F. Dunkl, Reflection groups and orthogonal polynomials on the sphere, Math. Z. 197
(1988), 33-60.

[7] , Differential-difference operators associated to reflection groups, Trans. Amer.
Math. Soc. 311 (1989), 167–183.

[8] , Integral kernels with reflection group invariance, Canad. J. Math. 43 (1991),
1213-1227.



Orthogonal polynomials of several variables 187

[9] , Orthogonal polynomials of types A and B and related Calogero models, Comm.
Math. Phys. 197 (1998), 451–487.

[10] C.F. Dunkl and Yuan Xu, Orthogonal Polynomials of Several Variables, Encyclopedia of
Mathematics and its Applications 81, Cambridge University Press, Cambridge, 2001.
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