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Preface

Right now this is a collection of leftovers that didn’t make it into the book “A
geometric introduction to K-theory”. Maybe one day it will be another book (hence
the working title). This material concentrates more on the topological side of K-
theory, whereas the former book was focused more on the links between geometry
and topology.

At the moment there are many broken references created by peeling off the whole
first part of the book. These will get fixed some day. Sorry!
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Part 1. Topological techniques and applications

In the next few sections we will mostly ignore the “geometric” perspective on K-
theory that we have developed so far. Instead we will concentrate on the topological
aspects of K-theory, in particular its use as a cohomology theory (forgetting about
the complex-orientation). We will develop the basic topological tools for computing
K-groups, use them to carry out some important computations, and then apply
these computations to solve (or at least obtain information about) certain types of
geometric, algebraic, and topological problems.

1. The Atiyah-Hirzebruch spectral sequence, Part 1

In this section we review the basic workings of spectral sequences and set up
the Atiyah-Hirzebruch spectral sequence, which is the main tool for computing the
groups K∗(X) and KO∗(X). In the next section we will discuss several examples
and then delve into some of the deeper structure of the spectral sequence, for ex-
ample the nature of the differentials and the relation to the Chern character.

Let E be a cohomology theory. Let X be a CW-complex with cellular filtration

∅ = F−1 ⊆ F0 ⊆ F1 ⊆ F2 ⊆ · · · ⊆ X.
So each Fk/Fk−1 is a wedge of k-spheres, and X =

⋃
k Fk. Since one knows the

cohomology groups E∗(Fk/Fk−1), one can attempt to inductively determine the
cohomology groups E∗(Fk) and thus to eventually determine E∗(X). A spectral
sequence is a device for organizing all the information in such a calculation, and
it has the surprising feature that one can sometimes determine E∗(X) without
explicitly determining each of the steps E∗(Fk). It is somewhat magical that this
can be done.

We will not try to teach the theory of spectral sequences from scratch here.
For a thorough treatment the reader may refer to [McCleary], for example. We
will assume some familiarity with this theory, but we will also give a brief though
self-contained review.

1.1. Generalities. Each inclusion Fq−1 ↪→ Fq yields a long exact sequence on
cohomology, and these long exact sequences braid together to yield the following
infinite diagram:

i�� i
��

· · · // Ep−1(Fq)

i
��

j // Ep(Fq+1, Fq)
k // Ep(Fq+1)

i
��

j // Ep+1(Fq+2, Fq+1)
k //

· · · // Ep−1(Fq−1)
j //

i

��

Ep(Fq, Fq−1) k // Ep(Fq)

i
��

j // Ep+1(Fq+1, Fq)
k //

· · · // Ep−1(Fq−2)
j //

i

��

Ep(Fq−1, Fq−2)
k // Ep(Fq−1)

i

��

j // Ep+1(Fq, Fq−1) k //

(1.2)
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The terms in boxes constitute one long exact sequence: the one for the inclusion
Fq−1 ↪→ Fq. Shifting these terms vertically yields an infinite family of long exact
sequences, each linked to the next via two of their three terms. A spectral sequence
is a bookkeeping device for managing diagram chases in this setting. One obtains
a spectral sequence of the form

Ep,q1 = Ep(Fq, Fq−1)⇒ Ep(X).

Let us explain how this works, and in the course of doing so we will also explain
what it means. By the way, notice that in our particular setup the columns of the
diagram are eventually zero as one proceeds downward, because Fi = ∅ when i is
negative. Notice as well that if X = Fn for some value of n (so the filtration is
finite) then the columns stabilize when moving upwards.

Remark 1.3. There seems to be no standard name for diagrams like the one
above, consisting of families of long exact sequences braided together. But they
are the source of essentially every spectral sequence. Massey defined the more
general notion of an exact couple, but personally I have found that level of gen-
erality more overwhelming than useful. Briefly, define D = ⊕p,qEp(Fq) and
E = ⊕p,qEp(Fq, Fq−1). So the D groups form two-thirds of the columns in the
above diagram, and the E-groups are the remaining third. The exact couple con-
sists of the maps

D
i // D

j~~
E

k

``

and the requirement of exactness at each vertex. While this is an elegant abstraction
of our situation, the suppression of the gradings can get in the way of understanding
what is happening.

We will refer to our braided long exact sequences as an “exact couple”, even
though this is a slight abuse of terminology. “Bigraded exact couple” might be
more appropriate.

We return to our development of the spectral sequence machinery:

(0). Here is the basic idea for how the spectral sequence operates. Consider an
element x ∈ Ep(Fq, Fq−1), and proceed as follows:

(i) Let x0 = kx.
(ii) If j(x0) = 0 then x0 = i(x1) for some x1 ∈ Ep(Fq+1). We may then look at

jx1.
(iii) If jx1 = 0 then x1 = i(x2) for some x2 ∈ Ep(Fq+2). We may then look at jx2.
(iv) Continuing in this way, we get a sequence of “obstructions” jxu, u = 0, 1, 2, . . ..

Each one only exists if the previous one vanishes. Note that at each stage the
vanishing of jxu can depend on the choice of xu, as well as the choices made
for the xv at previous stages. In this sense the obstructions are not unique:
different choices of lifts may lead to different obstructions. We will see, though,
that the obstructions become unique after quotienting out by a subgroup that
we can maintain some control over.

(v) Two questions to consider: (A) For each n, can we make a consistent choice
of liftings x1, . . . , xn? In other words, can we lift kx arbitrarily far up in the
diagram? And (B) Can we make a consistent choice of liftings xi for all i ≥ 1?
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That is to say, can we lift kx coherently all the way up the diagram? Questions
(A) and (B) are not equivalent, because it could be that extending from xn to
xn+1 is not possible even though it would have been possible with a different
choice of the lower xi. If one constantly has to be changing the lower choices
in order to make each extension, it could be that there is no coherent choice
of all the extensions as once.

The vanishing of our obstructions says something about these questions. If
the filtration F• was finite then the questions are the same, and imply that
we have produced an element of Ep(X). In situation (B) something like this
also works for infinite filtrations, although the resulting element of Ep(X) is
only uniquely determined in good cases. The spectral sequence is a device
for keeping track of these obstructions and liftings, and what they ultimately
produce.

We will now go through all of the machinery needed to define and work with
the spectral sequence associated to our exact couple. Important advice: Write
out your own version of the exact couple (1.2) with a few more terms added, and
carefully follow along in the diagram while reading.

(1). For 1 ≤ r ≤ ∞ write

Zp,qr = {x ∈ Ep(Fq, Fq−1)
∣∣ kx may be lifted at least r times under i}.

This is called the group of r-cycles in the spectral sequence. The phrasing is
ambiguous when r =∞, but we mean Zp,q∞ =

⋂
r Z

p,q
r . We also define Bp,qr ⊆ Zp,qr

to be the subgroup generated by all “obstructions” that arise from at most r − 1
layers lower down in the diagram. To be precise, Bp,qr is spanned by the sets

ji−sk(Ep−1(Fq−s−1, Fq−s−2))

for 0 ≤ s ≤ r − 1. It is best to immediately forget this precise description and just
remember the idea.

Notice that everything in Bp,qr maps to zero under k, and hence is contained in
every Zp,qt . That is, we have

0 = Bp,q0 ⊆ Bp,q1 ⊆ · · · ⊆ Bp,q∞ ⊆ Zp,q∞ ⊆ · · · ⊆ Zp,q2 ⊆ Zp,q1 ⊆ Zp,q0 = Ep(Fq, Fq−1).

Note that Bp,q∞ =
⋃
r B

p,q
r and Zp,q∞ =

⋂
r Z

p,q
r .

(2). It as an easy exercise to prove that x ∈ Bp,qr if and only if x can be written
as x = j(y1 + y2 + · · · + yr) for some yu’s such that iu(yu) = 0, for all u. As an
immediate corollary, Bp,q∞ coincides with the image of j, or equivalently with the
kernel of k (here we are using that F−1 = ∅).

Let x0 ∈ Ep(Fq) and assume that we lifted x0 a total of r times: that is, assume
we have chosen elements xu ∈ Ep(Fq+u) for 1 ≤ u ≤ r such that i(xu) = xu−1. If
j(xr) ∈ Bs for some s ≤ r−1 then (using the result of the previous paragraph) there
exists a chain of elements x′u ∈ Ep(Fq+u) for 1 ≤ u ≤ r such that i(x′u) = x′u−1,
x′u = xu for u ≤ r− s, and j(x′r) = 0. That is to say, we can alter our chain of xu’s
in the top s spots and end up with a chain that can be extended upwards one more
level. Indeed, just define x′u = xu− ir−u(y1+ · · ·+ys) where j(xr) = j(y1+ · · ·+ys)
and the yi’s are as in the preceding paragraph.

(3). Define Ep,qr = Zp,qr−1/B
p,q
r−1. The process “apply k, lift r − 1 times, then apply

j” yields a well-defined map dr : E∗,∗
r → E∗,∗

r . This is our “obstruction” map, and it
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is now well-defined precisely because we are quotienting out by the subgroup B∗,∗
r−1.

Note that dr shifts the bigrading, so that we have dr : Ep,qr → Ep+1,q+r
r .

The map dr satisfies d2r = 0 because kj = 0. A little work shows that E∗,∗
r+1 is

precisely the homology of E∗,∗
r with respect to dr. The sequence of chain complexes

E1, E2, E3, . . ., each the homology of the previous one, is the spectral sequence
associated to our exact couple.

(4). For fixed values of p and q we have “entering” and “exiting” differentials

E?,?
r

dr−→ Ep,qr
dr−→ E?,?

r

for certain unimportant values of ‘?’. Using (2) it is easy to check that
(i) The exiting map dr is zero if and only if Zp,qr−1 = Zp,qr , and
(ii) The entering map dr is zero if and only if Bp,qr−1 = Bp,qr .

So if in degree (p, q) all of the entering and exiting dr vanish for r ≥ N then we
have Zp,q∞ = Zp,qN−1, B

p,q
∞ = Bp,qN−1, and Ep,q∞ = Zp,qN−1/B

p,q
N−1 = Ep,qN .

(5). It remains to interpret the E∞-term. Notice that, strictly speaking, this is not
one of the stages of our spectral sequence—it is not by definition obtained as the
homology of a previous complex. Still, in many examples one finds that E∞ agrees
with some finite stage Er, at least through a range of degrees (as in (4) above).

Write Ep(Fq)∞ for the set of all x ∈ Ep(Fq) such that i(x) = 0 and x lifts
arbitrarily far up in the diagram (and note that this is not the same as saying that
x lifts to the inverse limit). The map k induces a surjection Zp,q∞ Ep(Fq)∞,
and Bp,q∞ is clearly the kernel since it equals the image of j. So we have an induced
isomorphism

Γ: Ep,q∞
∼=−→ Ep(Fq)∞.

Consider the groups Ep(F) = limq E
p(Fq). As for any inverse limit these come

with a filtration where we define

Ep(F)ZPq = {α ∈ Ep(F)
∣∣ the image of α in Ep(Fq−1) is zero}.

The “ZPq” subscript is supposed to remind us “zero past Fq”. We call this the
“ZP -filtration”:

Ep(F) = Ep(F)ZP0 ⊇ Ep(F)ZP1 ⊇ Ep(F)ZP2 ⊇ · · ·
There is an evident map Ep(F)ZPq → Ep(Fq)∞ which induces an injection

Ep(F)ZP (q/q+1) := Ep(F)ZPq/E
p(F)ZP (q+1) ↪→ Ep(Fq)∞ = Ep,q∞ .(1.4)

Notice our notation for the associated graded of the ZP -filtration.

(6). We are ultimately trying to get information about E∗(X). Observe that we
have a natural map Ep(X) → Ep(F). This is always surjective; while not obvious,
it is a consequence of the fact that if Z is any topological space then [X,Z] →
limq[Xq, Z] is surjective, which in turn is a routine application of the homotopy
extension property for cellular inclusions (this also appears in the surjectivity part
of the Milnor exact sequence). Let

Ep(X)ZPq = ker
(
Ep(X)→ Ep(Fq−1)

)
and note that we have a map of filtrations Ep(X)ZP• → Ep(F)ZP•. The map on
associated graded groups

Ep(X)ZP (q/q+1) → Ep(F)ZP (q/q+1)
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is readily seen to be an isomorphism, for all q.

(7). If we are in “good” cases then the map in (1.4) will actually be an isomorphism.
The question is whether an element of Ep(Fq) that can be lifted arbitrarily high in
the diagram can also be lifted into the inverse limit—note that this is not automatic!
It might be possible that higher and higher liftings exist but not “coherently”; that
is, to get a higher lifting one needs to change arbitrarily many elements lower down
in the chain.

Fix a p and consider the following condition:

(SSCp) :
There exists an N such that for all q the differentials entering and
exiting the group Ep,qr are zero for all r ≥ N .

If this “Spectral Sequence Convergence Condition” holds then by (4) we know
Zp,qN−1 = Zp,qr and Bp,qN−1 = Bp,qr for all r ≥ N . Therefore Zp,q∞ = Zp,qN−1,
Bp,q∞ = Bp,qN−1, and consequently Ep,q∞ = Ep,qN . These statements hold for all values
of q. So the Ep,∗∞ groups coincide with the stable values of the Ep,∗r groups.

The convergence condition (SSCp) gives us one more important consequence,
namely that the map of (1.4) is an isomorphism:

(SSCp)⇒
[
Ep(F)ZP (q/q+1)

∼= Ep,q∞ , for all q
]
.

To prove this, let x0 ∈ Ep(Fq)∞. Then there exist elements xu ∈ Ep(Fq+u) for
1 ≤ u ≤ 2N such that i(xu) = xu−1 for each u (nothing special about 2N is being
used here, it is just a convenient large number). The element j(x2N ) lies in B2N+1,
which we have seen equals BN−1 by (SSCp). Therefore by (2) we may modify the
xu’s in dimensions x2N , x2N−1, . . . , xN+2 in such a way that the chain extends to
an x2N+1. It is important here that only the top N−1 elements are affected, for we
can now continue by induction and build an element of Ep(F) = lims E

p(Fs) that
maps to x in Ep(Fq). This completes the proof.

To summarize, the statement that the spectral sequence “converges to Ep(X)” is
usually interpreted to mean that

• The groups Ep,∗r stabilize, and equal Ep,∗∞ , at some value of r (usually one
that is independent of the grading ∗); and,

• The maps in (1.4) are isomorphisms, for all values of q.
Under these conditions the stable values of the spectral sequence give the associated
graded groups of the ZP -filtration on Ep(X). We have seen that (SSCp) implies
this kind of convergence.

(8). Sometimes it is convenient to have in mind a variation on the exact couple
diagram (1.2). Fix an integer q and consider the following:

...

��

...

��

...

Ep(Fq+2, Fq−1) k //

��

Ep(Fq+2)
j //

��

Ep+1(Fq+3, Fq+2)

Ep(Fq+1, Fq−1) k //

��

Ep(Fq+1)
j //

��

Ep+1(Fq+2, Fq+1)

Ep(Fq, Fq−1)
k // Ep(Fq)

j // Ep+1(Fq+1, Fq)
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The groups in the boxes are “new”, in the sense that they are not part of the
exact couple (and they are being drawn in places which previously were occupied
by other groups from the exact couple). Each trio of groups Ep(Fq+r, Fq−1) →
Ep(Fq+r−1, Fq−1)

jk−→ Ep+1(Fq+r, Fq+r−1) is part of the long exact sequence for a
triple, and so is exact in the middle spot. From this one can see via a diagram
chase that a class u ∈ Ep(Fq, Fq−1) = Ep,q1 lies in Zr if and only if u lifts to a class
in Ep(Fq+r, Fq−1) (for this argument one needs to combine the above diagram with
(1.2) and do the chase in both at once). So the differentials in the spectral sequence
can be viewed as a sequence of obstructions for lifting u to a class in Ep(FN , Fq−1),
for larger and larger N .

(9). (Summary of the general workings of spectral sequences). We have produced
a sequence of bigraded chain complexes E∗,∗

1 , E∗,∗
2 , . . . such that each equals the

homology of the previous one. We also have a “limiting” collection of bigraded
groups E∗,∗

∞ , and we have seen that under certain convergence conditions these E∞
groups really are the “stable values” in the sequence of Er’s, and moreover they
give the associated graded groups for the ZP -filtration of E∗(X).

(10). Everything that we have said so far works for any increasing filtration F• of
X that is empty in small enough degrees. Now we use the fact that a CW-filtration
is very special. Notice that

Ep,q1 = Ep(Fq, Fq−1) ∼= Ẽp(Fq/Fq−1) ∼= Ẽp
(∨
α

Sq
)
∼=
⊕
α

Ẽp(Sq) ∼=
⊕
α

Ep−q(pt)

where the wedges and direct sums are over the set of q-cells in X. We can iden-
tify this group with the cellular cochain group Cq(X;Ep−q(pt)). The differential
d1 : E

p,q
1 → Ep+1,q+1

1 is a map Cq(X;Ep−q(pt)) → Cq+1(X;Ep−q(pt)) and it is
readily checked to coincide with the differential in the cellular cochain complex.
We conclude that

Ep,q2
∼= Hq(X;Ep−q(pt)).

Notice that the E2-term is a homotopy invariant of X, whereas the E1-term was
not.

(11). The bigraded groups forming each term of the spectral sequence can be rein-
dexed in whatever way seems convenient, and topologists use various conventions
in different settings. For the Atiyah-Hirzebruch spectral sequence the standard
convention is to choose the grading Ep,q1 = Ep+q(Fp, Fp−1) so that we get

Ep,q2 = Hp(X;Eq(pt)).

Under this grading we have that the differential dr is a map

dr : E
p,q
r → Ep+r,q−r+1

r .

The groups in the spectral sequence are drawn on a grid where p is the horizontal
axis and q the vertical one, with Ep,q2 drawn in the (p, q)-spot. Finally, in this
grading the Γ-map relating the E∞-term to the associated graded of E∗(X) has the
form

Γ: Ep+q(X)ZP (p/p+1) ↪→ Ep,q∞ .

In terms of the charts, the “total degree” lines are the diagonals where p + q is
constant. The (SSCt) condition, translated into this new indexing, says that on the
diagonal p+q = t all entering and exiting differentials vanish past some finite stage
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of the spectral sequence. When this condition holds we are guaranteed convergence
for the groups along this diagonal.

When one uses the Atiyah-Hirzebruch spectral sequence it is easy (after a while)
to remember the indexing scheme for the groups and differentials, and the fact that
the diagonals p+ q = n give the associated graded of En. The other thing to keep
track of is whether the Ep,q∞ groups give the pth or qth associated graded piece of
the filtration (those are the only two obvious choices). To recall which one, just
remember that the filtration is associated to cellular dimension, which is what also
indexes cohomology H∗. The formula Ep,q2 = Hp(X;Eq) is enough to identify the
p variable as the one that is relevant here, so that Ep,q∞ is the pth graded piece.

Remark 1.5 (Warning about indexing.). For the rest of this book we will
adopt the indexing conventions from (11) above, which are the standard ones for
the Atiyah-Hirzebruch spectral sequence. This is different than the indexing we
used in (0)–(10).

Remark 1.6 (Independence of cell structure). As we have defined things, the spec-
tral sequence depends on the chosen CW-structure onX. However, this dependence
actually goes away from the E2-term onward. Let X1 and X2 denote the same space
but with two different CW-structures. The identity map X1 → X2 is homotopic
to a cellular map f : X1 → X2, and f gives us a map of spectral sequences by
naturality. Since f is a homotopy equivalence it induces an isomorphism on the
E2-terms, and therefore on all the finite pages of the spectral sequence as well.

The ZP -filtration on X was defined in terms of the CW-structure, but we can
define it in a different way that doesn’t make use of that. We leave it as an exercise
to check that

Ep(X)ZPq = {α ∈ Ep(X)
∣∣u∗(α) = 0 for any map u : A→ X where A is a

CW-complex of dimension less than q}.
These remarks show us that the spectral sequence from E2-onwards may be

regarded as a natural homotopy invariant of X. In particular, any map g : X → Y
gives a map of spectral sequences in the opposite direction (by replacing g with a
cellular map).

Exercise 1.7. Verify the above assertion about Ep(X)ZPq.

1.8. The Postnikov tower approach. Let E be a spectrum representing the
cohomology theory E∗ and let PnE denote the nth Postnikov section for E (the
spectrum obtained from E by attaching cells to kill off πn+1 and higher). There is
a tower of fibrations

· · · // // P1E // // P0E // // P−1E // // · · ·

ΣH(E1)

OO

H(E0)

OO

Σ−1H(E−1)

OO

where Ei = πi(E) = E−i(pt) and HA denotes the Eilenberg-MacLane spectrum for
the group A. If we apply function spectra F (X,−) to all the spots in this diagram
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we get a new tower of fibrations

· · · // // F (X,P1E) // // F (X,P0E) // // F (X,P−1E) // // · · ·

F (X,ΣH(E1))

OO

F (X,H(E0))

OO

F (X,Σ−1H(E−1))

OO

Each fibration sequence F (X,ΣqH(Eq))→ F (X,PqE)→ F (X,Pq−1E) gives rise to
a long exact sequence in homotopy groups, and these long exact sequences inter-
twine to form an exact couple. The associated spectral sequence has

Ep,q1 = π−p−qF (X,Σ
qH(Eq)) = Hp+2q(X;E−q),

dr : E
p,q
r −→ Ep−r+1,q+r

r ,

and it is trying to converge to

π−p−qF (X,E) = Ep+q(X).

It is not obvious, but with some trouble it can be seen that after re-indexing this is
“the same” as the previously-constructed spectral sequence but with the E1-term of
this one corresponding to the E2-term of the one constructed via CW-structures.

We won’t really need this Postnikov version of the spectral sequence for anything,
but it often provides a useful perspective. For example, note that this version of
the spectral sequence is manifestly functorial in X and a homotopy invariant.

1.9. Differentials. The d2-differential in the Atiyah-Hirzebruch spectral sequence
is a map Hp(X;Eq) → Hp+2(X;Eq−1). This is natural in X and it is also stable
under the suspension isomorphism; so it is a stable cohomology operation. The
d3-differential is in some sense a secondary cohomology operation, and so on for all
the differentials. This is often a useful perspective. For example, we can now prove
the following general fact:

Proposition 1.10. Suppose that the coefficient groups E∗(pt) are rational vector
spaces. Then for any space X the differentials in the Atiyah-Hirzebruch spectral se-
quence all vanish. If X is homotopy equivalent to a finite-dimensional CW-complex
then there are (non-canonical) isomorphisms

En(X) ∼= ⊕p+q=nHp(X;Eq(pt))

for every n ∈ Z.

Proof. The point is that the only stable cohomology operation of nonzero degree
on H∗(−;Q) is the zero operation. This immediately yields that all d2-differentials
are zero. But then d3 is a stable cohomology operation (not a secondary operation
anymore) and therefore it also vanishes. Continue by induction.

Since En(X) is a rational vector space and has a finite filtration where the quo-
tients are the Q-vector spaces Hp(X;Eq), there are no extension problems and one
obtains the isomorphism from the statement. □

Corollary 1.11. Suppose the groups E∗(pt) are all torsion-free, and that X is a
space with H∗(X;Z) free in each degree. Then all the differentials in the Atiyah-
Hirzebruch spectral sequence vanish.
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Proof. Consider the natural transformation of cohomology theories E∗ → E∗
Q, which

is an injection on coefficients. There is a resulting map between the two Atiyah-
Hirzebruch spectral sequences, and by the universal coefficient theorem this is an
injection on E2-terms (this is where we use that H∗(X) is free). So if there were
a nonzero d2-differential in the E-spectral sequence, there would also be one in
the EQ-spectral sequence—which there are not. So all d2 differentials vanish, and
continuing inductively shows the same for dr for all r. □

Remark 1.12. In the Postnikov approach to the Atiyah-Hirzebruch spectral se-
quence one sees the d2-differentials very explicitly. The Postnikov tower has “k-
invariants” of the form

ΣqH(Eq)→ Σq+2H(Eq+1)

which desuspend to give H(Eq) → Σ2H(Eq+1). These are quite visibly stable
cohomology operations H∗(−;E−q) → H∗+2(−;E−q−1). The connection between
higher differentials and higher cohomology operations has a similar realization, but
the details are too cumbersome to recount here.

It is worth observing that from the E2-term onward there are never any differ-
entials emanating from the p = 0 line of the spectral sequence. For convenience
assume X is connected. The map X → ∗ induces a map of Atiyah-Hirezebruch
spectral sequences that is an isomorphism at the E2-page on the p = 0 line, and
so naturality immediately forces the vanishing of these differentials. Alternatively,
choose a cell structure on X where F0 = {∗}. By the remarks in (8) above, such
differentials would be the obstructions for a class in Eq(F0, ∅) to lift to Eq(Fr, ∅);
but such a lifting necessarily exists, because F0 ↪→ Fr is split.

Note that when X is connected Eq(X)ZP1 = Ẽq(X), and Eq(X)ZP (0/1) =

Eq(X)/Ẽq(X) = Eq(pt), giving further confirmation that the E∞-term coincides
with the E2-term on the p = 0 line.

In the original exact couple (1.2) we could replace all the E∗ groups with Ẽ∗

groups and still have an exact couple, with the resulting spectral sequence having
the form

Ep,q2 = H̃ p(X;Eq)⇒ Ẽp+q(X).

This just amounts to removing the entire p = 0 line from the Atiyah-Hirzebruch
spectral sequence. Sometimes it is convenient to consider this reduced version of
the spectral sequence.

1.13. Multiplicativity. Suppose that E is a multiplicative cohomology theory.
Then for spaces X and Y we have the external product

Er(X)⊗ Es(Y )→ Er+s(X × Y ),

and this is readily checked to induce associated pairings on the ZP -filtration:

Er(X)ZPa ⊗ Es(Y )ZPb → Er+s(X × Y )ZP (a+b)

and

(1.14) Er(X)ZP (a/a+1) ⊗ Es(Y )ZP (b/b+1) → Er+s(X × Y )ZP (a+b/a+b+1).

The pairings Eq(pt) ⊗ Eq
′
(pt) → Eq+q

′
(pt) also can be fed into the cup product

machinery to give
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(1.15) Hp(X;Eq(pt))⊗Hp′(Y ;Eq
′
(pt)) −→ Hp+p′(X × Y ;Eq+q

′
(pt)).

Since the Atiyah-Hirzebruch spectral sequence starts with the groups E2(−) =
H∗(−;E∗) and then converges to the groups E∗(−), it is natural to ask if the pairings
of (1.15) and (1.14) are connected via this convergence process. The machinery for
making this connection is somewhat cumbersome to write out, although in practice
not so cumbersome to use. Here are some things one can ask for:

(i) For each r there is a product Ep,qr (X)⊗ Ep′,q′r (Y )→ Ep+p
′,q+q′

r (X × Y );
(ii) The differential dr satisfies the Leibniz rule

dr(a · b) = dr(a) · b+ (−1)pa · drb
for all a ∈ Ep,qr (X) and b ∈ Ep

′,q′

r (Y ), and therefore induces a product on
H∗(Er) = Er+1;

(iii) The product on the Er+1-term equals the one induced by the product on the
Er-term, for all r;

(iv) There is a product on the E∞-term that agrees with the products on the
Er-terms whenever such a comparison is possible.

(v) The maps Ep(−)ZP (q/q+1) → Eq,p−q∞ (−) are compatible with the products, in
the evident sense.

When (i)—(iii) hold one often says that this is a pairing of spectral sequences
E∗(X)⊗E∗(Y )→ E∗(X × Y ), though this is not so useful without something like
(iv) and (v) to go along with it. It is tricky to turn (iv) into a precise statement at
the maximum level of generality, but in all of our applications the Ep,q∞ groups will
agree with the Ep,qr -terms for all r ≫ 0 and (iv) is to be interpreted in that light.

To give a decent treatment of pairings between Atiyah-Hirzebruch spectral se-
quences it is best to work at the level of spectra, and to work with a category of
spectra where there is a well-behaved smash product. This introduces several layers
of foundational technicalities that we do not wish to dwell on, so let us just say that
these things can all be worked out. See [D1, D2] for one treatment. In this setting
the right notion of “multiplicative cohomology theory” consists of a spectrum E to-
gether with a map E∧ E→ E that is associative and unital. Both the complex and
real K-theory spectra can be given this structure. One has the following general
result:

Theorem 1.16. Let E be a spectrum with a product E ∧ E → E. Then there is
a pairing of Atiyah-Hirzebruch spectral sequences where the product on E2-terms
Hp(X;Eq)⊗Hp′(Y ;Eq

′
)→ Hp+p′(X × Y ;Eq+q

′
) is equal to (−1)p′q times the cup

product, and where the product converges to the product on E-theory in the sense of
(iv) and (v) above.

We will not prove the above theorem here, as this would take us too far afield.
For a proof, see [D2, Section 3]. What is more important is how to use the theorem;
we will give some examples in the following section.

Remark 1.17. The signs in the above theorem cannot, in general, be neglected.
See [D2, Section 2] for a complete discussion. However, notice that in the case of
complex K-theory it is irrelevant because the groups Hp(X;Kq) are only nonzero
when q is even. This is a pleasant convenience. A similar convenience occurs for
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KO-theory: whereas the coefficients groups do have some nonzero terms in odd
degrees, since these terms are all Z/2’s one can once again neglect the signs.

◦ Exercises ◦

Exercise 1.18.
(a) Use the Atiyah-Hirzebruch spectral sequence to compute the groups K∗(S) for

every compact surface S.
(b) Let T be the torus. Using only the Atiyah-Hirzebruch spectral sequence, com-

pute the groups KO∗(T ) for ∗ ̸= 0 (mod 8) and prove that K̃O 0(T ) is either
Z/2⊕ Z/4 or (Z/2)3.

(c) The torus is the cofiber of a map S1 → S1 ∨ S1, and this map is null after one
suspension. So T ≃ S1 ∨ S1 ∨ S2 in the stable homotopy category. Use this to
give a different computation of KO∗(T ) and prove that K̃O 0(T ) ∼= (Z/2)3.

(d) Attempt to use the Atiyah-Hirzebruch spectral sequence to compute
KO∗(RP 2). This is mostly straightforward, except for the case of KO0 where
there is again some indeterminacy. Perhaps consult Section ??.

(e) Using either the method of (b) or (c) (or a combination), compute the groups
KO∗(S) for every compact surface S.

Exercise 1.19. In the Atiyah-Hirzebruch spectral sequence for complex K-theory,
prove that all d3 differentials vanish on classes in Hp(X) for p ≤ 2. [Hint: Use the
naturality of the spectral sequence to reduce to a universal example.]

Exercise 1.20. Let p : E → B be a fibration with fiber F , where B is a CW-
complex. If F• ⊆ B is the CW-filtration, then using the filtration p−1(F•) ⊆ E
with the cohomology theory H leads to the Leray-Serre spectral sequence

Ep,q2 = Hp(B;Hq(F ))⇒ Hp+q(E).

Here Hq(F ) refers to a local coefficient system on B (i.e., a locally constant sheaf),
but if π1(B) = 0 then all local coefficient systems are trivializable. Try to work out
the details here, consulting [McCleary] if you get stuck.

If E is a cohomology theory, use the same ideas to produce a spectral sequence
of the form

Ep,q2 = Hp(B;Eq(F ))⇒ Ep+q(E).

The only reasonable name for this is the Leray-Serre-Atiyah-Hirzebruch spectral
sequence, though that is quite a mouthful.

2. The Atiyah-Hirzebruch spectral sequence, Part 2

This section continues our tour of the Atiyah-Hirzebruch spectral sequence. We
explore some examples and take a deeper look into the differentials. To keep things
simple, we will focus entirely on complex K-theory. Further examples, for both K
and KO, are in Section 6.
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2.1. Some examples. Let us start by redoing the calculation K0(CPn) =
Z[X]/(Xn+1) where X = 1−L, now using the Atiyah-Hirzebruch spectral sequence.
The following is the E2-term:

Z Z Z Z Z1 x x2 x3 x4

Z Z Z Z Zβ−1 β−1x β−1x2 β−1x3 β−1x4

Z Z Z Z Zβ βx βx2 βx3 βx4

Z Z Z Z Zβ2 β2x β2x2 β2x3 β2x4

t -

6

?

p

q

����

��
��

��
��

Note that the E2-term vanishes to the right of the line p = 2n, since H∗(CPn)
vanishes in this range. The circled groups (and others along the same diagonal)
are the ones that contribute to K0(CPn). Note that there is no room for any
differentials, because the nonzero groups only occur when both p and q are even.
So the spectral sequence immediately collapses, and E2 = E∞. It follows that the
filtration quotients for the ZP -filtration on K0(CPn) are as follows:

K0(CPn) K0(CPn)ZP1
ooZoo K0(CPn)ZP2

oo0oo K0(CPn)ZP3
ooZoo · · ·oooo

with the Z’s appearing exactly n + 1 times. Since the quotients are free there are
no extension problems and we conclude that K0(CPn) ∼= Zn+1 as abelian groups.

The spectral sequence also gives information about the ring structure on
K0(CPn). Note that K0(CPn)ZP1 = K̃0(CPn), and that K0(CPn)ZP2 =
K0(CPn)ZP1 by the previous paragraph. Consider the canonical map

K0(CPn)ZP (2/3)

∼=−→ E2,−2
∞ = Z⟨βx⟩.

Let α denote a preimage for βx under this isomorphism. The multiplicativity of
the spectral sequence tells us that αk maps to βkxk under the corresponding map
K0(CPn)ZP (2k/2k+1) → E2k,−2k

∞ . In particular, αk is nonzero for k < n + 1. We
know αn+1 = 0, either by Lemma ?? or by the fact that αn+1 ∈ K0(CPn)ZP (2n+2)

and this filtration group is zero by the spectral sequence.
Now consider the map Z[α]/(αn+1) → K0(CPn). This may be regarded as a

map of filtered rings, where the domain is filtered by the powers of (α) and the
target has the ZP -filtration. The spectral sequence tells us this is an isomorphism



ANOTHER BOOK ON K-THEORY 15

on the filtration quotients; but since there are only finitely many of these, it follows
that the map is an isomorphism.

To complete our calculation it only remains to show that we may take α =
±(1− [L]). First verify this when n = 1, where it just comes down to the fact that
1 − [L] is a generator for K̃0(S2). For general n we can now use the naturality
of the spectral sequence, applied to the inclusion j : CP 1 ↪→ CPn. The spectral
sequences tell us that the natural map

K0(CPn)ZP (2/3) → K0(CP 1)ZP (2/3)

is an isomorphism. The element 1− [L] represents an element in the domain, which
must be a generator precisely because it maps to a generator in the target. This
tells us that one of ±(1 − [L]) maps to βx and is therefore a candidate for α, and
this is enough to conclude K0(CPn) = Z[X]/(Xn+1) where X = 1− [L].

For our next example let us consider K0(RPn). The E2-term is very similar to
the one before, with the difference that most Z’s are changed to Z/2’s:

Z/2 Z/2 Z/2 Z/2

1

β−1

β

β2

Z

Z

Z

Z/2 Z/2 Z/2 Z/2
y y2 y3 y4

Z/2 Z/2 Z/2 Z/2

Z Z/2 Z/2 Z/2 Z/2

t -

6

?

p

q

· · ·

· · ·

· · ·

· · ·

Z/2
ym

Z/2

Z/2

Z/2

(Z)

(Z)

(Z)

(Z)

The Z’s in parentheses lie in degree p = n when n is odd, and are not present
when n is even. And m = ⌊n2 ⌋ (this is the largest power of y in the chart). As
discussed in (1.9) above, there can be no differential emanating from the p = 0
column. So the only possible differentials allowed by the grading would occur when
n is odd and would have a Z/2 mapping into one of the Z’s; but such a map must be
zero. So all differentials vanish, and we again have E2 = E∞. We conclude that the
associated graded of the ZP -filtration on K̃0(RPn) consists of ⌊n2 ⌋ copies of Z/2,
and so K̃0(RPn) is an abelian group of order 2⌊

n
2 ⌋. It remains to determine the

group precisely. For this, use the map of spectral sequences induced by j : RPn ↪→
CPn. At the E2-term this consists of the maps H∗(CPn) j∗−→ H∗(RPn), which in
positive degrees are the surjections Z→ Z/2. Therefore we have surjections on E∞
in the regions where the total degree is even. This surjection on E∞-terms shows
that α = 1− [j∗L] generates the filtration quotient K0(RPn)ZP (2/3), since 1− [L]

generates the corresponding quotient in the CPn case. Note that α2, . . . , α⌊n
2 ⌋

therefore generate the other filtration quotients, and so in particular are nonzero.



16 DANIEL DUGGER

But we can compute

α2 = (1− [j∗L])2 = 1− 2[j∗L] + [j∗L]2 = 1− 2[j∗L] + 1 = 2(1− [j∗L]) = 2α,

where in the third equality we have used that the square of any real line bundle
is trivial (Corollary ??). It follows that αi = 2i−1α. Since α⌊n

2 ⌋ ̸= 0 this gives
2(⌊

n
2 ⌋−1)α ̸= 0. The only abelian group of order 2⌊

n
2 ⌋ that admits such an element

is Z/(2⌊n
2 ⌋), and so K̃0(RPn) is isomorphic to this cyclic group.

The spectral sequence also quickly shows that K1(RPn) is isomorphic to Z when
n is odd, and 0 otherwise.

Many more calculations using these techniques can be found in Section 6 below.

2.2. More on differentials. We now turn to a deeper study of the differentials in
the Atiyah-Hirzebruch spectral sequence forK-theory. SinceKodd(pt) = 0 it follows
for degree reasons that all differentials d2r vanish. So our first significant differential
is d3, which is a stable cohomology operation H∗(−;Z) → H∗+3(−;Z). It is an
easy matter to compute all such stable operations, as they are parameterized by the
group H3(HZ) of stable homotopy classes HZ→ Σ3HZ; this can be computed as
the cohomology group Hn+3(K(Z, n)) for n ≥ 3. A routine calculation (say, with
the Serre spectral sequence) shows that this group is Z/2. The nonzero element is
an operation α that is an integral lift of Sq3, in the sense that if u ∈ H∗(X;Z) then

α(u) = Sq3(u)

where x denotes the mod 2 reduction of a class x.
The above paragraph shows that our differential d3 either equals zero (for all

spaces X) or coincides with the operation α. The latter option is the correct one,
and to see this it suffices to produce a single space X where d3 is nonzero. For
this we take the space X from Example ??, constructed as the cofiber of a map
Σ3RP 2 → S3 that gives a null-homotopy for 2η. This space has H3(X) = Z and
H6(X) = Z/2, so there is a potential d3 in the spectral sequence. If this d3 were
zero then we would have K̃0(X) = Z/2, but we calculated in Example ?? (using
the Chern character) that K̃0(X) = 0. So d3 is nonzero here. We have therefore
proven:

Proposition 2.3. The differential d3 in the Atiyah-Hirzebruch spectral sequence
is the unique nonzero cohomology operation H∗(−;Z) → H∗+3(−;Z). It satisfies
2d3(x) = 0, for all x.

Remark 2.4. We have now explained the motivation for the space X from Exam-
ple ??. It is literally the smallest space for which there is a nonzero α-operation in
its cohomology.

The fact that 2d3(x) = 0 shows that d3 must vanish on any class x ∈ H∗(X)
whose order is prime to 2. Alternatively, if we tensor the Atiyah-Hirzebruch
spectral sequence with Z[ 12 ] then all d3 differentials vanish. In that case d5 is a
cohomology operation H∗(−;Z[ 12 ]) → H∗+5(−;Z[ 12 ]), and such things are class-
fied by H5(HZ;Z[ 12 ]). This group is readily calculated to be Z/3 (see below).
If one then also inverts 3 this will kill d5, but it turns out to also kill d7 be-
cause H7(HZ;Z[ 16 ]) = 0. The d9 differential becomes a cohomology operation in
H9(HZ;Z[ 16 ]) ∼= Z/5, and so one can kill it by inverting 5. This process continues,
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and shows that inverting all primes smaller than p kills all differentials below d2p−1.
Note that this gives another proof of Proposition 1.10 (but with more precise in-
formation), saying that after tensoring with Q all Atiyah-Hirzebruch differentials
vanish.

The following result summarizes and expands the discussion in the last para-
graph. The two parts are closely related and almost equivalent, but it is useful to
have them both stated explicitly. The result and its proof are from [AH2, Section
7].

Proposition 2.5. Fix a prime p.
(a) Inverting (p − 1)! in the Atiyah-Hirzebruch spectral sequence results in dr = 0

for r < 2p − 1, together with d2p−1(u) = −βP 1(ū) for all classes u, where ū
is reduction modulo p, P 1 is Steenrod’s first reduced power operation (for the
prime p), and β is the Bockstein for the sequence 0→ Z[ 1

(p−1)! ]
p−→ Z[ 1

(p−1)! ]→
Z/p→ 0.

(b) Let u ∈ H∗(X) be pe-torsion, where p is a prime. Then in the Atiyah-
Hirzebruch spectral sequence di(u) = 0 for i < 2p−1, and d2p−1(u) = −βP 1(ū)

where β is the Bockstein for 0→ Z p−→ Z→ Z/p→ 0 and P 1 is as in (a).

Proof. Fixing a prime p, the following is known about H∗(K(Z, n)) assuming n >
2p− 1:

(i) Hi(K(Z, n)) = 0 for 0 < i < n and Hn(K(Z, n)) ∼= Z;
(ii) Hi(K(Z, n)) is torsion, with all orders prime to p, for n < i < n+ 2p− 1;
(iii) Hn+2p−1(K(Z, n)) is isomorphic to a direct sum Z/p⊕A where A is a torsion

group whose order only has prime factors smaller than p. The Z/p summand
is generated by βP 1(u), where u ∈ Hn(K(Z, n)) is the fundamental class.

Alternatively, the above results imply that (and are almost equivalent to)

H∗
(
K(Z, n);Z[ 1

(p−1)! ]
)
∼=


0 if i < n,

Z[ 1
(p−1)! ] if i = n,

0 if n < i < n+ 2p− 1,

Z/p if i = n+ 2p− 1.

These facts are easy calculations with the Serre spectral sequence, using the meth-
ods of [MT, Chapter 9].

Consider the Atiyah-Hirzebruch spectral sequence for K(Z, n), and in particular
the differentials on the fundamental class u. By naturality of the spectral sequence
this serves as a universal example for what happens on all spaces. Since inverting
(p− 1)! kills all of the cohomology of K(Z, n) in dimensions strictly between n and
n + 2p − 1, this shows that it also kills the differentials dr(u) for r < 2p − 1. By
universality, inverting (p− 1)! kills these differentials for any space X.

Let u ∈ H∗(X) be a pe-torsion class. Then dr(u) is killed by pe, but for r < 2p−1
it is also killed by a power of (p−1)! by the preceding paragraph. Since these integers
are relatively prime it follows that dr(u) = 0 for r < 2p− 1.

It remains to identify d2p−1 in both (a) and (b). We know by the calculation of
H∗(K(Z, n)) for n≫ 0 that after localization at (p− 1)! one must have d2p−1(u) =
λ ·βP 1(ū), for some λ ∈ Z/p. We need to determine λ, and for this we can examine
a single well-chosen example space. The sample space we choose is a generalization
of the one from Example ??. Consider the projection π : CP p → CP p/CP p−1 ∼=
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S2p. We claim that there is a stable map f : S2p → CP p such that the composite
S2p → CP p π−→ S2p has degree Mp for some integer M prime to p; for the proof,
see Lemma 2.7 below. The “stable map” phrase is to indicate that f might only exist
after suspensing some number of times, so really it is a map f : ΣrS2p → ΣrCP p.
We can assume that r is even. Let X be the cofiber of f , and note that

H̃i(X) =


Z if r + 2 ≤ i < r + 2p and i is even,
Z/(Mp) if i = r + 2p+ 1,

0 otherwise.

Consider the cofiber sequence

ΣrCP p j−→ X
p−→ Sr+2p+1

Let x ∈ H2(CP p) be a chosen generator, and let u ∈ Hr+2(X) be a class that j∗
maps onto the suspension σr(x). Let v ∈ Hr+2p+1(X) be the image under p∗ of
the canonical generator from Hr+2p+1(Sr+2p+1). Note that j∗ is an isomorphism
on H∗(−;Z/p) for ∗ ≤ 2p + r, and so we can write σrx̄k for the generator of
H2k+r(X;Z/p) that maps to the element of the same name in H2k+r(ΣrCP p;Z/p).
Observe that β(σrx̄p) =Mv in H∗(X).

In H∗(CP p;Z/p) we have P 1(x̄) = x̄p, as this is how P 1 behaves on classes of
degree 2. So in H∗(ΣrCP p;Z/p) we have P 1(σrx̄) = σr(x̄p), by stability of the P 1

operation. It follows that βP 1(ū) =Mv.
In the Atiyah-Hirzebruch spectral sequence for X, after inverting (p− 1)! there

is only one possible nonvanishing differential, namely d2p−1 : Z[ 1
(p−1)! ] → Z/p. We

know by the definition of λ that

d2p−1(u) = λ · βP 1(ū) = λMv.(2.6)

But we can also compute d2p−1(u) directly. The class u is represented by an element
in K0(Xr+2, Xr+1) (a cellular (r + 2)-cochain). As explained in (8) of Section 1
the differential can be computed by choosing a lift of u ∈ K0(Xr+2, Xr+1) to
ξ ∈ K0(X2p+r, Xr+1) and then applying the connecting homomorphism from the
long exact sequence for the triple (X2p+r+1, X2p+r, Xr+1):

ξ ∈ K0(X2p+r+1, Xr+1)

��

δ // K1(X2p+r+1, X2p+r)

u ∈ K0(Xr+2, Xr+1).

Recall that Xr+1 = ∗ and that u is represented by the class σr(1 − [L]) ∈
K̃0(ΣrCP 1). The element 1− [L] ∈ K̃0(CP 1) lifts to the class with the same name
in K̃0(CP p), and so we may take ξ = σr(1 − [L]) ∈ K0(ΣrCP p, ∗). To compute
δ(ξ) we can use the Chern character:

K0(X2p+r, ∗) δ //

ch

��

K1(X2p+r+1, X2p+r)

ch
��

Hev(X2p+r, ∗;Q)
δ // Hodd(X2p+r+1, X2p+r;Q).
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We know from Lemma ?? that the right vertical map is an injection and that its
image is the integral subgroup Hodd(X2p+r+1, X2p+r;Z). So we compute

ch(ξ) = ch
(
σr(1− [L])

)
= σr ch(1− [L]) = σr(x− x2

2 + x3

6 − · · · ),
recalling that c1(L) = −x. Applying δ to this expresstion kills everything except the
class in degree 2p+ r, which is (−1)p+1σr(xp/p!). Let us again use v to denote the
generator of H2p+r+1(X2p+r+1, X2p+r), so that we have δ(xp) = Mpv. Therefore
we get

δ(ch ξ) = (−1)p+1 · 1
p! ·Mp.v = (−1)p+1 M

(p−1)! .v.

Note that commutativity of the above square implies that M
(p−1)! must be an integer,

and that
δ(ξ) = (−1)p+1 M

(p−1)! · v′

where v′ denotes the preferred generator of K1(X2p+r+1, X2p+r) ∼= Z.
Putting everything together, we have just proven that in the Atiyah-Hirzebruch

spectral sequence for X with (p− 1)! inverted one has

d2p−1(u) =
[
(−1)p+1 M

(p−1)!

]
p
· v

where [−]p denotes the residue modulo p. Wilson’s Theorem says that (p−1)! ≡ −1
mod p, and so

d2p−1(u) =
[
(−1)pM

]
p
· v.

Comparing to (2.6) gives λ = (−1)p. For p > 2 of course this sign is always −1.
For p = 2 the sign is +1, but for p = 2 the sign does not actually matter because
the differential is 2-torsion (Proposition 2.3). So it is correct to just say λ = −1 for
all p, and this finishes (a).

Part (b) can be deduced from (a) using the commutative square

H∗(X)
d2p−1 //

��

H∗+2p−1(X)

��
H∗(X;Zf )

d2p−1 // H∗+2p−1(X;Zf )

where we are writing Zf = Z[ 1
(p−1)! ]. Let B ⊆ H∗+2p−1(X) be the subgroup of

elements killed by a power of p, and note that B injects into H∗+2p−1(X;Zf ). If
peu = 0 then both d2p−1u and −βP 1(ū) belong to B. The commutative square,
together with part (a), show that the two classes map to the same element of
H∗+2p−1(X;Zf ); hence, they are the same. □

Lemma 2.7. Fix a prime p. Then for some r > 0 there exists a map S2p+r →
ΣrCP p such that the composite

S2p+r → ΣrCP p Σrπ−→ ΣrS2p

has degree equal to Mp for some M relatively prime to p. Here π : CP p → S2p is
the map that collapses CP p−1 to a point.

Proof. This is a computation with stable homotopy groups. Consider the homology
theory X 7→ E∗(X) = πs∗(X) ⊗ Z(p). When X = S0 the groups E∗(X) are the p-
components of the stable homotopy groups of spheres, and it is known that Ei(X) =
0 for 0 < i < 2p − 3 and E2p−3(X) ∼= Z/p. An easy induction using the cofiber
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sequences CPn−1 ↪→ CPn → S2n shows that E2p−1(CPn) ∼= Z/p for all 1 ≤ n ≤
p− 1. The long exact sequence for CP p−1 ↪→ CP p → S2p then gives

· · · → πs2p(CP
p−1)→ πs2p(CP

p)→ Z→ πs2p−1(CP
p−1)→ · · ·

The element p ∈ Z necessarily maps to zero in πs2p−1(CP
p−1)⊗Z(p), since the latter

group is Z/p. This means that there exists M ∈ Z prime to p such that Mp maps
to zero in πs2p−1(CP

p−1). But then Mp is the image of an element in πs2p(CP
p),

and this element is what we were looking for. □

2.8. Differentials and the Chern character. In the proof of Proposition 2.5
there was a key step where we used the Chern character to help compute a differ-
ential in the Atiyah-Hirzebruch spectral sequence. We will next explain a general-
ization of this technique.

The E1-term of the Atiyah-Hirzebruch spectral sequence breaks up into chain
complexes that look like

· · · → K−1(Fq−1, Fq−2)→ K0(Fq, Fq−1)→ K1(Fq+1, Fq)→ · · ·
If q is odd this is the zero complex, and if q is even we have seen that it is iso-
morphic to the cellular chain complex for X with Z coefficients. The latter is
via isomorphisms K0(Fq, Fq−1) ∼= K̃0(∨αSq) ∼=

⊕
α K̃

0(Sq) ∼=
⊕

α Z. Notice
that we can also use the Chern character to obtain such an isomorphism, as we
know ch: K0(Fq, Fq−1) → H∗(Fq, Fq−1;Q) to be injective with image equal to
H∗(Fq, Fq−1;Z) (Lemma ??). Since the Chern character is natural it actually gives
us an isomorphism of chain complexes

· · · // K−1(Fq−1, Fq−2)

∼=
��

// K0(Fq, Fq−1) //

∼=
��

K1(Fq+1, Fq) //

∼=
��

· · ·

· · · // H∗(Fq−1, Fq−2) // H∗(Fq, Fq−1) // H∗(Fq+1, Fq) // · · ·
Taken on its own, this is just a matter of convenience: we already had a natural
isomorphism between these complexes, so identifying it as the Chern character
just gives it a nice name. But using the fact that the Chern character is defined
more globally (i.e., on all pairs (Y,B)) allows us to push this a bit further and
obtain a description of the Atiyah-Hirzebruch differentials. The following result is
a combination of [AH2, Lemmas 1.2 and 7.3].

Proposition 2.9. Let X be a CW-complex and let u ∈ Hp(X), for p ∈ Z. Let r ≥ 3
be odd. Then in the Atiyah-Hirzebruch spectral sequence one has diu = 0 for all
2 ≤ i < r if and only if there exist ũ ∈ Hp(Fp+r−1, Fp−1) and ξ ∈ K∗(Fp+r−1, Fp−1)
such that

(i) ũ is a lift for u under Hp(Fp+r−1, Fp−1)→ Hp(Fp+r−1)
∼=←− Hp(X), and

(ii) ch(ξ) = ũ+ higher degree terms.
Moreover, if in the above situation α is a cellular cochain representating ch(ξ)p+r−1

then its cellular coboundary δα is integral and represents the differential dru.

Proof. To symplify some typography we assume throughout the proof that p is
even, although the odd case is identical (or else one could just replace X with its
suspension).

Assume that u ∈ Hp(X) satisfies diu = 0 for 2 ≤ i < r. Identifying u
with an element in E2, this condition says that u can be represented by a class
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z ∈ E1 = K0(Fp, Fp−1) with the property that z ∈ Zr−1. The element associated
to z by the isomorphism K0(Fp, Fp−1) ∼= Cpcell(X;Z) is a cellular p-cochain rep-
resentative for u. By Lemma ?? we can realize this isomorphism via the Chern
character ch: K0(Fp, Fp−1) → Hp(Fp, Fp−1;Q), which is an injection with image
Hp(Fp, Fp−1;Z).

As remarked in (8) of Section 1.1, the condition z ∈ Zr−1 is equivalent to saying
that z lifts to a class z̃ ∈ K0(Fp+r−1, Fp−1). Now apply the Chern character to get
the square

K0(Fp+r−1, Fp−1) //

ch

��

K0(Fp, Fp−1)

ch

��
H∗(Fp+r−1, Fp−1;Q)

j∗ // H∗(Fp, Fp−1;Q),

z̃ //

��

z

��
ch(z̃) // ch(z).

The element ch(z) is an (integral) cellular p-cochain that represents the class u.
The groups H∗(Fp+r−1, Fp−1) are zero in degrees ∗ < p, so ch(z̃) is of the form
ch(z̃)p + higher order terms. The fact that ch(z) is a cellular cochain representing
u says that any lift of ch(z) into Hp(Fp+i, Fp−1) has the same image in Hp(Fp+i)
as u: consult the diagram

Hp(X) //
%%

%%

Hp(Fp+i)
��

��

Hp(Fp+i, Fp−1)oo
��

��
Hp(Fp) Hp(Fp, Fp−1).oo

In particular, ch(z̃)p has the same image in Hp(Fp+r−1) as u. This completes the
(⇒) direction of the first statement in the proposition. The (⇐) direction follows
in the same way, as all the steps are reversible.

For the final statement of the proposition we continue to assume (for convenience)
that p is even. Consider the diagram

ξ ∈ K0(Fp+r−1, Fp−1)

ch

��

δ // K1(Fp+r, Fp+r−1)

ch

��
H∗(Fp+r−1, Fp−1;Q)

δ // H∗+1(Fp+r, Fp+r−1;Q)

where in both rows the map δ is the connecting homomorphism in the long exact
sequence for the triple (Fp+r, Fp+r−1, Fp−1). Looking back on (8) of Section 1.1,
the element δ(ξ) represents dr(u) in the Er-term of the spectral sequence. But we
know (again from Lemma ??) that the right vertical map is an injection whose
image consists of the integral elements, and our isomorphism of the E2-term with
H∗(X;Z) identifies δ(ξ) with ch(δ(ξ)). Commutativity of the square says this
element is also δ((ch ξ)p+r−1) (and also verifies that this class is integral). □

Proposition 2.9 does not surface as a useful tool as often as one might imag-
ine. But we have seen that one can sometimes use algebraic geometry to produce
convenient elements of K∗(−,−), and that ch is fairly “computable” from a prac-
tical standpoint. Sometimes these stars line up and can be used to explain some
Atiyah-Hirzebruch differentials. See Theorem 3.12 for one example.
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◦ Exercises ◦

Exercise 2.10. Mimic the computation of K∗(RPn) to compute KO∗(RP 2) (the
nontrivial part is KO0(RP 2)). Try to compute KO∗(RPn) as well.

Remark 2.11. Note that we previously determined back in Section ?? that
K̃0(RP 2) was an abelian group of order 4. Comparing the “brute force” approach
used there to the spectral sequence machinery really shows the power of the latter:
the argument is basically the same, but the spectral sequence allows us to get at
the conclusion much more quickly.

Exercise 2.12. Recall connective K-theory ku∗(−) from Section ??, and recall
there is a natural transformation ku∗(−)→ K∗(−). Use the Atiyah-Hirzebruch to
compute all of the groups kuk(RP 4) for all k, and compare to K∗(RP 4). Generalize
to RPn. [Hint: Use the comparison map between the ku- and K-spectral sequences
as part of your argument.]

Exercise 2.13. In Proposition 2.3 we saw that 2d3 = 0 in the Atiyah-Hirzebruch
spectral sequence for K. We also saw that after inverting 2 one has 3d5 = 0,
because d5 = −βP 1 and the composite 3β vanishes. It follows that any class d5(u)
is annihilated by an integer of the form 2N · 3 for some N . It is natural to ask
whether we can find a single N that will work for all u, and what the smallest such
N is. The following method gives an approach to this.

Let H = HZ denote the integral Eilenberg-MacLane spectrum. Let F be the
homotopy fiber of the map α : H → Σ3H. Then F is the universal example of a
spectrum having a vanishing d3-operation.

The Postnikov tower for the K-spectrum inherits a kind of periodicity from Bott
periodicity. Applying Σ−2 everywhere is the same as shifting the tower down one
spot. So analyzing the happenings around one “layer” actually tells us everything.
The following diagram shows the fiber sequences Σ2nH → P2nK → P2n−2K to-
gether with the cofiber of the second map in that sequence, which is Σ(Σ2nH) =
Σ2n+1H. The composites Σ2nH → P2nK → Σ2n+3H represent the d3 differentials
in the spectral sequence.

The composite from F to Σ3H is null-homotopic by construction, so the map
F → P0K lifts into P2K as shown. The composite F → Σ5H represents the d5
operation, in the sense that if u ∈ Hp(X) is such that d3(u) = 0 then the map
u : X → ΣpH lifts to X → ΣpF , and d5(u) is the composite X → ΣpF → Σ5+pH.

...

����
Σ2H // P2K

����

// Σ5H

F //

66

H // P0K //

����

Σ3H

...
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One way to get information about d5 is therefore to compute the entire group
H5(F ). The long exact cohomology sequence associated to F → H → Σ3F gives

· · · ←− H3(H)←− H5(F )←− H5(H)←− H2(H)←− H4(F )←− · · ·
But H2H = 0, H3H = Z/2, and H5H =?? (these come from computing the
cohomology of Eilenberg-MacLane spaces K(Z, n) in the stable range). So H5F is
killed by ???, and this proves that ??? kills all d5 operations.

The (rather open-ended) exercise is to fill in as many details as you can for this
argument.

3. Algebraic cycles on complex varieties

Note: The material in this section requires the Atiyah-Hirzebruch spectral se-
quence from Section 1 below.

Let X be a smooth, projective algebraic variety over C. As discussed in Sec-
tion ?? every smooth subvariety Z of codimension q has a fundamental class
[Z] ∈ H2q(X;Z). In fact it turns out that the smoothness of Z is not needed
here: every subvariety Z ↪→ X of codimension q has such a fundamental class.
This can be proven either by using resolution of singularities or by more naive
methods—we will explain below.

DefineH2q
alg(X;Z) ⊆ H2q(X;Z) to be the subgroup generated by the fundamental

classes of all algebraic subvarieties. How large are these “algebraic” parts of the even
cohomology groups? Are there examples of varieties X for which the algebraic part
does not equal everything?

The answer to the latter question is provided by Hodge theory: yes, there do
exist varieties X where not all of the even cohomology is algebraic. Hodge theory
gives a decomposition of the cohomology groups Hn(X;C) ∼= ⊕p+q=nHp,q(X), and
the algebraic classes all lie in the Hi,i pieces. The (even-dimensional) cohomology
is entirely algebraic only when Hp,q = 0 for p ̸= q and p+ q even. But it is known
that for an elliptic curve E one has H1,0 = C = H0,1, and the Künneth Theorem
in this context says

Ha,b(X × Y ) =
⊕

a=a1+a2
b=b1+b2

Ha1,b1(X)⊗Ha2,b2(Y ).

So for E × E one gets H2,0(E × E) ∼= C ∼= H0,2(E × E) and therefore not all of
H2(E × E) is algebraic.

The problem with Hodge theory is that it cannot see any torsion classes, as the
coefficients of the cohomology groups need to be C. Could it be true that torsion
cohomology classes are always algebraic? A classical theorem of Lefschetz says that
this holds for classes in H2. This is the so-called Lefschetz (1,1)-theorem, proven in
modern times via sheaf cohomology (see [GH, Chapter 1, Section 2]). But for higher
cohomology groups the answer is again no, and the first examples were given by
Atiyah and Hirzebruch [AH2]. There are three basic components to their approach:
(1) Every algebraic class must survive the Atiyah-Hirzebruch spectral sequence.

The vanishing of the differentials therefore gives a sequence of obstructions for
a given cohomology class to be algebraic.

(2) The differentials in the spectral sequence can be analyzed in terms of coho-
mology operations. If p is a prime then on a pe-torsion class the first nonzero
differential is d2p−1 and coincides with the operation u 7→ −βP 1(ū) where ū is
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reduction modulo p, P 1 is the first Steenrod pth power operation, and β is the
mod p Bockstein. Note that this cohomology operation has degree 2p− 1.

(3) A clever construction of Serre’s shows how to obtain smooth algebraic varieties
whose cohomology contains that of BG through a range of dimensions, for
G any finite group. Using this, one readily finds smooth varieties with even-
dimensional, p-torsion cohomology classes for which βP 1 does not vanish; such
a class cannot be algebraic.

The Atiyah-Hirzebruch proof is no longer the most efficient way to obtain condi-
tions for torsion classes to be algebraic. Resolution of singularities shows that every
algebraic class is actually a pushforward of the fundamental class of a manifold—
i.e., every algebraic class lifts into complex cobordism. In the 1950s Thom had
already obtained some necessary conditions for such a lifting to exist, in terms of
Steenrod operations. Via this method K-theory is not needed at all, and moreover
Thom’s theory yields a stronger set of conditions: all odd degree mod p cohomology
operation must vanish, for every prime p. Note that resolution of singularities was
not proven by Hironaka until 1964 [Hironaka1], and so of course was not available
at the time of [AH2].

Despite the modern shortcomings of Atiyah and Hirzebruch’s method, we will
spend this section describing it in detail. It sheds some light on the relationship
between K-theory and singular cohomology, and also offers some interesting obser-
vations about algebraic varieties. We will also describe the approach via resolution
of singularities, for comparison.

Remark 3.1. We should mention that [AH2] treats the case of analytic cycles in
addition to algebraic cycles. The proofs are essentially the same, with one or two
key differences. We will not cover the material on analytic cycles here.

Remark 3.2. The modern Hodge conjecture states that any class α ∈ H2n(X;Q)
whose image in H2n(X;C) lies in the Hodge group Hn,n(X) is necessarily
algebraic—that is, it lies in the subgroup H2n(X;Q)alg. When Hodge originally
raised this question he did not explicitly specify rational coefficients. Since any tor-
sion class in H2n(X;Z) would map to zero in H2n(X;C), and therefore lie inside
Hn,n(X), an integral version of the Hodge conjecture would imply that all torsion
classes are algebraic. One of the main points of [AH2] was to demonstrate that this
integral form of the Hodge conjecture does not hold in general.

How complicated does a smooth complex variety need to be in order to violate the
integral Hodge conjecture? The smallest such varieties produced by the methods
of [AH2] were of complex dimension 7. Arguments in [BCC] showed the existence
of such varieties in dimension 3 (in fact sufficiently general hypersurfaces in CP 4

of large degree), but without producing explicit examples. Examples of dimension
5 were produced in [SV], and then explicit examples of dimension 3 were obtained
in [Totaro3] and later [BO]. This is just a sample of what is a very active area of
research.

It turns out that the integral Hodge conjecture does hold for certain special
classes of algebraic varieties, and this remains a topic of current interest. See
[Totaro4] and [Voisin] as just two examples.

Up until Section 3.22 the material in this section closely follows [AH2].

3.3. Fundamental classes for subvarieties. If X is a smooth complex algebraic
variety and Y ⊆ X is a smooth subvariety of codimension q then we have seen
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that complex orientability yields a fundamental class [Y ] ∈ H2q(X) and a relative
fundamental class [Y ]rel ∈ H2q(X,X−Y ). This comes about by choosing a tubular
neighborhood U of Y together with an orientation-preserving homeomorphism to
the normal bundle, and using the isomorphisms

H2q(X,X − Y ) ∼= H2q(U,U − Y ) ∼= H2q(N,N − 0).

Assuming Y is connected it follows that H2q(X,X − Y ) ∼= Z (by Thom isomor-
phism), and [Y ]rel is defined to be the image of the Thom class UN ∈ H2q(N,N−0).
The fundamental class [Y ] is just the image of [Y ]rel underH∗(X,X−Y )→ H∗(X).
Note that the argument shows the choice of U and orientation-preserving homeo-
morphism U ∼= N to be irrelevant: there are only two generators in H2q(X,X−Y ),
and any choices will lead to the same generator.

If Y is disconnected but all components have the same codimension then we
define [Y ] to be

∑r
i=1[Yi] where the Yi are the connected components of Y . Note

that in this case H2q(X,X − Y ) ∼= Zr, with the generators corresponding to the
images of the [Yi]rel under H2q(X,X − Yi)→ H2q(X,X − Y ).

We aim to show the existence of fundamental classes [Y ] even when the subvariety
Y is not smooth. The approach we follow is to throw away the singular set and
then observe that because this is in smaller dimension it didn’t matter anyway.

In our level of generality Y might contain irreducible components of different
dimensions. In this case we define codimX(Y ) to be the minimum of the codimen-
sions of the different components. We say that Y has pure codimension q if all
of its irreducible components have codimension q.

Lemma 3.4. Let X be a smooth algebraic variety and let W ↪→ Y ↪→ X be closed
subvarieties. Assume that Y has codimension q ≥ 1 inside of X, and that W has
codimension at least one inside of Y .
(a) H∗(X)→ H∗(X − Y ) is an isomorphism for ∗ ≤ 2q− 2 and a monomorphism

for ∗ = 2q − 1.
(b) H∗(X,X − Y ) → H∗(X − W,X − Y ) is an isomorphism for ∗ ≤ 2q and a

monomorphism when ∗ = 2q + 1.
(c) If Y is irreducible then H2q(X,X − Y ) ∼= Z.

Proof. First note that part (a) is true when Y is smooth, using the long exact
sequence for the pair (X,X−Y ), the isomorphism H∗(X,X−Y ) ∼= H∗(N,N −0),
and the Thom isomorphism theorem. For the general case, we can filter Y by
subvarieties

∅ ⊆ Y0 ⊆ Y1 ⊆ · · · ⊆ Ys = Y

where each Yi is the singular set of Yi+1 (so that Yi+1 − Yi is smooth). Since Y0 is
smooth, we can assume by induction that H∗(X)→ H∗(X−Yi) is an isomorphism
for ∗ ≤ 2(codimYi)− 2 and a monomorphism in the next degree. Now look at the
composition

H∗(X)→ H∗(X − Yi)→ H∗(X − Yi+1) = H∗((X − Yi)− (Yi+1 − Yi)
)
.

Since Yi+1 − Yi is smooth in X − Yi, the second map is an isomorphism for ∗ ≤
2(codimYi+1)−2 and a monomorphism in the next degree. It follows that the same
is true for the composite, and now the desired result follows by induction.
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Part (b) follows from part (a) via the long exact sequences

· · · // H∗−1(X − Y ) //

=

��

H∗(X,X − Y ) //

��

H∗(X) //

j∗

��

H∗(X − Y ) //

=

��

· · ·

· · · // H∗−1(X − Y ) // H∗(X −W,X − Y ) // H∗(X −W ) // H∗(X − Y ) // · · ·
By (a) the map labelled j∗ is an isomorphism for ∗ ≤ 2q and a monomorphism for
j = 2q + 1, and so the result follows by the five lemma.

Finally, for (c) we let Z be the singular set of Y . Then H2q(X,X − Y ) ∼=
H2q(X−Z, (X−Z)− (Y −Z)) by (b). But Y −Z is a smooth closed subvariety of
X−Z of codimension q. A nonempty open subset of an irreducible is also irreducible
(see [Hartshorne, Example I.1.1.3]). Therefore Y − Z is irreducible, since Y is.
By [Shafarevich2, Chapter 7, Section 2, Theorem 7.1], Y − Z is connected in the
complex topology. The remarks from the beginning of this section then show that
H2q(X −Z, (X −Z)− (Y −Z)) is isomorphic to Z, with generator [Y −Z]rel. □

Remark 3.5 (Fundamental classes for singular subvarieties). Let Y ↪→ X be an
algebraic subvariety of pure codimension q, and let Z be the singular set. Since
Y − Z is a smooth subvariety of X − Z of codimension q, we have a fundamental
class [Y −Z] ∈ H2q(X−Z). But by Lemma 3.4(a) the map H2q(X)→ H2q(X−Z)
is an isomorphism. We define [Y ] ∈ H2q(X) to be the preimage of [Y − Z] under
this map. Additionally, note that we have the diagram

H2q(X − Z) H2q(X)oo

H2q(X − Z,X − Y )

OO

H2q(X,X − Y )oo

OO

and that both horizontal maps are isomorphisms by Lemma 3.4. We know the
fundamental class [Y − Z] ∈ H2q(X − Z) is the image of a relative fundamental
class [Y − Z]rel ∈ H2q(X − Z,X − Y ) (note that (X − Z) − (Y − Z) = X − Y ),
and so we define [Y ]rel ∈ H2q(X,X − Y ) to be its preimage. Then [Y ]rel maps to
[Y ], as should be expected.

Define H∗
alg(X) ⊆ H∗(X) to be the subgroup generated by the fundamental

classes of all the algebraic subvarieties ofX of pure codimension (this last hypothesis
is mainly for convenience, as for cases of non-pure codimension one should define
the fundamental class to be the sum of the fundamental classes of the irreducible
components).

Sometimes it helps to be able to focus on classes [Y ] where Y is irreducible. To
this end, the following is useful:

Proposition 3.6. If Y ↪→ X is a pure codimension q subvariety with irreducible
components Y1, . . . , Yr then [Y ] =

∑
i[Yi] in H2q(X). Therefore the subgroup

H∗
alg(X) is spanned by fundamental classes of irreducible subvarieties.

Proof. Let Z ⊆ Y be the singular set. This contains the points in each Yi ∩ Yj , so
Y −Z is the disjoint union of the Yi − (Z ∩ Yi). So [Y −Z] =∑i[Yi − (Z ∩ Yi)] in
H∗(X − Z). Now consider the maps

H2q(X) −→ H2q(X − Z)←− H2q(X − (Z ∩ Yi))←− H2q(X).
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On the left, [Y ] is the unique class that maps to [Y − Z] =∑i[Yi − (Z ∩ Yi)]. On
the right, [Yi] is the unique class that maps to [Yi − (Z ∩ Yi)]. It follows at once
that [Y ] =

∑
i[Yi] in H2q(X). □

In the above results we saw the homological connectivity of the pairs (X,X−Y ).
In fact this can easily be ugraded to a homotopical connectivity, as the following
results show.

Proposition 3.7. Let M be a smooth real manifold and let Z ↪→M be a codimen-
sion k real submanifold. Then M − Z ↪→M is (k − 1)-connected.

Proof. Let U ⊆M be a tubular neighborhood of N and consider the square

U − Z // //
��

��

M − Z
��

��
U // // M.

The map U −Z ↪→M −Z is 0-connected by inspection. If N is the normal bundle
of Z in M then the map U − Z ↪→ U is, up to homotopy, the bundle projection
N − 0 → Z, which is (k − 1)-connected (the fibers are homotopy equivalent to
Sk−1). The Blakers-Massey theorem implies that πi(U,U −Z)→ πi(M,M −Z) is
an isomorphism for i ≤ k−2 and an epimorphism for i = k−1. But πi(U,U−Z) ∼=
πi(N,N − 0) ∼= πi−1S

k−1 = 0 for i ≤ k − 1, and therefore M − Z ↪→M is (k − 1)-
connected. □

Remark 3.8. The Blakers-Massey theorem is very homotopical, so it is worth
keeping in mind the underlying geometric intuition behind the above result. If Z
is a point and dimM = n, then M − Z is (up to homotopy) the complement of
an n-disk in M and M is therefore obtained from M − Z by attaching an n-cell.
More generally, after removing a tubular neighborhood of Z one glues it back in
by attaching a (k + i)-cell for every i-cell of Z. So M is obtained from M − Z by
attaching cells of dimension k and higher.

Corollary 3.9. Let X be a smooth complex algebraic variety and let Y ↪→ X
be a subvariety of codimension q. Then X − Y ↪→ X is (2q − 1)-connected. In
particular, up to homotopy (X,X−Y ) may be replaced by a CW-pair (W,A) where
W is obtained from A by attaching (2q − 1)-cells and higher.

Proof. If Y is smooth then this is a special case of Proposition 3.7. For the general
case, filter Y by ∅ ⊆ Y0 ⊆ Y1 ⊆ · · · ⊆ Ys = Y where each Yi is the singular set of
Yi+1. Consider the chain of inclusions

X − Y ⊆ X − Ys−1 ⊆ X − Ys−2 ⊆ · · · ⊆ X − Y0 ⊆ X.
Since X − Yi = (X − Yi−1) − (Yi − Yi−1) and Yi − Yi−1 is smooth, we have that
X−Yi ↪→ X−Yi−1 is (2 codimX(Yi)−1)-connected. But codimX(Y ) ≤ codimX(Yi)
for all i, and so every inclusion in our chain is (2 codimX Y − 1)-connected. The
result follows at once. □

3.10. Vanishing of differentials on algebraic classes. Let X be a smooth
complex algebraic variety, and let Y ⊆ X be a subvariety. Let F• be a bounded
resolution of OY by locally-free coherent OX -modules (such a resolution exists by
Remark ??), and write F• for the associated chain complex of C-vector bundles on
X. Then [F•] defines a class in K0(X,X − Y ) which we will denote [Y ]K,rel. Note
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that when Y is smooth this agrees with the relative fundamental class provided by
the complex orientation of K-theory, by Theorem ??.

Proposition 3.11. Suppose that Y has pure codimension in X. Then
ch([Y ]K,rel) = [Y ]H,rel + higher degree terms.

Proof. We first prove this when Y is smooth. If N denotes the normal bundle for Y
in X, then the result will follow once we know ch(UKN ) = UHN + higher order terms,
since both [Y ]K,rel and [Y ]H,rel are obtained from the Thom classes by applying
natural maps. However, we have already seen in our discussion of Riemann-Roch
that the complete formula is in fact

ch(UKN ) = UHN · Td(N)−1

(see Proposition ??). Now just observe that Td(N)−1 = 1 + higher order terms.
Now let Y be arbitrary. Let Z be the singular locus, and let q denote the

codimension of Y . Consider the diagram

K0(X,X − Y )
j∗ //

ch

��

K0(X − Z,X − Y )

ch

��
H∗(X,X − Y )

j∗ // H∗(X − Z,X − Y ).

Both maps j∗ are simply restriction to an open set, and so j∗([Y ]K,rel) = [Y −
Z]K,rel and j∗([Y ]H,rel) = [Y − Z]H,rel. By Lemma 3.4(b) the bottom map is an
isomorphism for ∗ ≤ 2q. So the desired result for Y follows from the corresponding
result for Y − Z, which has already been proven because Y − Z is smooth in
X − Z. □

Theorem 3.12. Let X be a smooth algebraic variety, and let Y ⊆ X be a subvariety
of pure codimension. Then [Y ]H survives the Atiyah-Hirzebruch spectral sequence;
that is, all differentials vanish on this class.

Proof. This is now easy. We might as well assume that Y is irreducible, by
Proposition 3.6. The class [Y ]H is the image of [Y ]H,rel under the natural map
H∗(X,X − Y ) → H∗(X). By naturality of the Atiyah-Hirzebruch spectral se-
quence, it suffices to show that all differentials on [Y ]H,rel are zero. This follows
at once from Proposition 3.11 and Proposition 2.9, in the latter taking r = ∞
and using the relative version for (X,X − Y ). Note that by Corollary 3.9 the pair
(X,X − Y ) can be replaced up to homotopy by a CW-pair (W,A) where W is
obtained from A by adding 2q-cells and higher, or equivalently by the space W/A
which is a CW-complex having cells only in dimensions 2q and higher. So in this
case the F2q−1 terms would all disappear from the statement of Proposition 2.9. □

Corollary 3.13. Let X be a smooth algebraic variety, and let p be a fixed prime.
If a pe-torsion class u ∈ Hev(X) is algebraic then βP 1(u) = 0.

Proof. Proposition 2.5(b) identifies the first possible differential on a pe-torsion
class in the Atiyah-Hirzebruch spectral sequence as u 7→ −βP 1(ū). Using this, the
result is immediate from Theorem 3.12. □
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3.14. Construction of varieties with non-algebraic cohomology classes. At
this point our job is to construct a smooth, projective algebraic variety X that has
a class u ∈ Hev(X) for which βP 1ū ̸= 0, for some prime p. Such a class cannot be
algebraic by Corollary 3.13. It turns out that p can be any prime we like—that is,
for any given p we can find an example of an X and a u. Moreover, u can be taken
to lie in degree 4. The construction comes out of the following three results:

Theorem 3.15 (Serre). Let G be a finite group and let n ≥ 1. Then there exists
a linear action of G on a projective space CPN together with an n-dimensional,
closed, smooth subvariety X ↪→ CPN which is a complete intersection, invariant
under G, and has G acting freely. Under these conditions X/G is also a smooth
projective variety.

Corollary 3.16. If X is a variety having the properties in Theorem 3.15 then there
is an n-connected map X/G→ CP∞×BG. In particular, the homotopy (n−1)-type
of X/G is the same as that of K(Z, 2)×BG.

Proposition 3.17. Let p be a prime. Then there exists a finite group G and a
class u ∈ H4(BG;Z) that is killed by p and is such that βP 1(ū) ̸= 0. (In fact, one
can take G = Z/p× Z/p× Z/p.)

We postpone the proofs for one moment so that we can observe the immediate
consequence:

Corollary 3.18 (Atiyah-Hirzebruch). Fix a prime p. There exists a smooth, pro-
jective, complex algebraic variety X and a class u ∈ Hev(X) that is killed by p such
that u is not algebraic.

Proof. By Proposition 3.17 there exists a finite group G and a p-torsion class u ∈
H4(BG;Z) such that βP 1(ū) ̸= 0. Note that P 1 has degree 2(p − 1) and so
βP 1(ū) ∈ H2p+3(BG;Z/p).

By Corollary 3.16 there is a smooth, projective variety W of dimension 2p + 3
that admits a (2p + 3)-connected map W → K(Z, 2) × BG. But then H∗(BG;Z)
injects into H∗(W ) up through dimension 2p+ 3, and likewise for Z/p coefficients.
So there is a class w ∈ H4(W ) such that βP 1(w̄) ̸= 0, and by Corollary 3.13 this
class cannot be algebraic. □

Theorem 3.15 requires some algebraic geometry, but the proofs of both Corol-
lary 3.16 and Proposition 3.17 are purely topological. We tackle these in reverse
order:

Proof of Proposition 3.17. We start by considering p = 2 (the odd case turns out
to be extremely similar). As a first attempt we might try to take G = Z/2. Then
BZ/2 = RP∞, H∗(RP∞;Z/2) = Z/2[x], and H∗(RP∞;Z) = Z/2[x2]. Note that
we can regard the integral cohomology as being contained in the mod 2 cohomol-
ogy. Unfortunately Sq3 = β Sq2 vanishes on all the integral classes, by an easy
calculation. So this attempt doesn’t work.

Next look at B(Z/2×Z/2) = RP∞×RP∞. The mod 2 cohomology is Z/2[x, y],
and because the integral cohomology is all 2-torsion it coincides with the subring of
H∗(RP∞ × RP∞;Z/2) consisting of all elements whose Bockstein vanishes. Such
elements of course include all polynomials in x2 and y2, but it also includes θ =
x2y + xy2 = β(xy). In fact, the integral cohomology is spanned by the elements
x2iy2j and x2iy2j · θ, for i, j ≥ 0. As before, the operation Sq3 vanishes on all
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elements of the first type. Another easy calculation shows that Sq3 applied to an
element of the second type is x2iy2j Sq3(θ), and Sq3(θ) = x4y2 + x2y4 ̸= 0. This
gives us lots of classes that are not killed by Sq3, however they are all in odd
dimensions. So this still doesn’t solve our problem.

In the preceding paragraph, the reason things didn’t work ultimately came down
to the fact that β(xy) had odd dimension. This gets fixed once we move to
B(Z/2×Z/2×Z/2). The mod 2 cohomology is Z/2[x, y, z], and again the integral
cohomology is 2-torsion and so coincides with the elements in the mod 2 cohomology
where the Bockstein vanishes. One such element is θ = β(xyz) = x2yz+xy2z+xyz2.
It is easy to calculate that Sq3 θ = x4y2z + x4yz2 + · · · ̸= 0. So finally we have an
even-dimensional integral cohomology class where Sq3 is nonzero.

The argument for odd primes works the same way. Recall that H∗(BZ/p;Z/p) =
Λ(u) ⊗ Fp[v], with |u| = 1, |v| = 2, β(u) = v and P 1(v) = vp. Take G = Z/p ×
Z/p×Z/p. The integral cohomology of BG is all p-torsion and so coincides with the
subring of H∗(BG;Z/p) where the Bockstein vanishes. Look at θ = β(u1u2u3) ∈
H4(BG;Z). A simple calculation shows that βP 1(θ) ̸= 0. □

Exercise 3.19. Verify all of the calculations outlined in the above proof.

Next we prove the corollary to Serre’s theorem, again following [AH2]:

Proof of Corollary 3.16. Let j : X ↪→ CPN be the subvariety provided by Theo-
rem 3.15(a). Since X ↪→ CPN is a complete intersection, the homotopical form
of the Lefschetz Hyperplane Theorem (e.g. [Milnor6, Theorem 7.4]) yields that
X → CPN is an isomorphism on πi for i < dimX = n and an epimorphism on
πdimX . In other words, the map X → CPN is n-connected.

Let L → CPN be the tautological line bundle CN+1 − 0 → CPN . Note that G
acts on CN+1, and so G acts on the bundle L. Hence G acts on the pullback bundle
j∗L→ X. Since the action of G on X is free we get a line bundle (j∗L)/G→ X/G
which pulls back to j∗L along the projection X → X/G. Let the classifying map
for this line bundle be X/G→ CP∞. The diagram

X //

��

CPN

��
X/G // CP∞

necessarily commutes up to homotopy, as the two compositions classify the same
bundle j∗L. Since X → CPN and CPN → CP∞ are both n-connected, so is the
composite X → CP∞.

Consider the composite map X → X/G→ CP∞. This is a G-equivariant map,
where the target is given the trivial G-action. Recall the homotopy coinvariants
XhG = (X × EG)/G (where we quotient by the diagonal G-action). The collapse
map X → pt induces a fibration XhG → BG with fiber X, and our equivariant
map X → CP∞ gives a map of fibration sequences

X //

��

XhG

��

// // BG

CP∞ // (CP∞)hG // // BG.
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Using the long exact homotopy sequence and the five-lemma, the fact that X →
CP∞ is n-connected implies the same for XhG → CP∞

hG. But since the G-action
on X is free one has XhG ≃ X/G, and since the action on CP∞ is trivial one has
(CP∞)hG ≃ CP∞ ×BG. This completes the proof. □

Finally we prove Serre’s theorem, following [Serre1, Section 20]. Serre credits
the method to Godeaux.

Proof of Theorem 3.15. Recall that we start with a finite group G and an n ≥ 1.
Let V be the regular representation of G and let P = P(VM ) where M ≥ 1.
Eventually we will assume that M is larger than a certain bound that depends on
n, but for now let us keep that open. Let e = #G, so that dimP = eM−1. The only
reason for starting with the regular representation here is that the resultingG-action
on P is generically free—that is, the set of points A ⊆ P with nontrivial stabilizer
is a proper closed subvariety. In fact, A is just the union of the projectivizations
of the eigenspaces of all of the g ∈ G − {1G} acting on VM . In a moment we will
bound the dimension of A, but for now just regard A as a “small”.

The quotient P/G can be constructed as a projective algebraic varierty (see
???), and its dimension will be the same as P . We can choose a closed embedding
j : P/G ↪→ CP b for some b > eM − 1. Let π : P → P/G denote the quotient map,
and let f = j ◦ π The map P −A→ P/G− π(A) is a covering space (a finite étale
map). Let R and S be the homogeneous coordinate rings of P and CP b.

Figure 3.19.1. Schematic diagram of the map f : P → CP b

A

f

H

X = f−1(Z ∩H)
f(A) ⊇ SingZ

π

j

P/G

π(A)
Z = f(P ) = j(P/G)

P = CP eM−1 = ProjR
CP b = ProjS

The reader might find Figure 3.19.1 helpful for navigating the next few steps
of the proof. Let H ⊆ CP b be a generic linear subspace of dimension equal to
b + n− (eM − 1), where now we assume n < eM − 1 so that H ⊊ CP b. Then we
can choose H so that it intersects Z transversely, and Y = H ∩Z will be smooth of
dimension n. Our setup now forces X = f−1(Y ) to be stable under G. If f(A) is
small enough then we can also insist that H avoid it: this will be possible as long
as b + n − (eM − 1) + dimA < b, or equivalently n + 1 + dimA < eM . So if we
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have this bound then we can arrange for Y ∩ f(A) = ∅, in which case X ∩ A = ∅
and so the G-action on X is free.

Let us pause here and analyze the dimension condition. Let g ∈ G − {1G}
and write H = ⟨g⟩. Let G =

⋃
iHgi be the right-coset decomposition. Then

V = C⟨G⟩ =⊕i C⟨Hgi⟩ as H-sets. The eigenspaces of g acting on G⟨H⟩ are all at
most one-dimensional, so the eigenspaces in V have dimension equal to at most the
number of right cosets, which is #G/#⟨g⟩. In particular, this number is at most
#G/2 = e/2. The eigenspaces of g acting on VM thus have dimension at most
eM/2, and from this one derives that dimA ≤ (eM/2) − 1. So to guarantee that
n+ 1 + dimA < eM it is enough to insist that M was chosen to satisfy 2n

e < M .
At this point we have produced a projective variety X ⊆ P on which G acts

freely. It is smooth because X → Y is a finite étale map (a covering space) and
Y is smooth. It only remains to show that X is a complete intersection in P . For
this, let h1, . . . , ht ∈ S be linear forms such that H = V (h1, . . . , ht), where here
t = (eM − 1)− n. Then set-theoretically X is the vanishing locus of the functions
h1f, . . . , htf ∈ R. We have dimV (h1f, . . . , hif) = dimV (h1, . . . , hi) = dimZ− i =
dimP − i for all i, so h1f, . . . , htf is a regular sequence in R (see Exercise ??). This
shows that X is a set-theoretic complete intersection.

To show that X is actually a complete intersection it remains to show that
I = (h1f, . . . , htf) ⊆ R is a radical ideal. In a commutative ring T , an ideal J is
radical if and only if JTm is radical for every maximal ideal J ⊆ m. The analogous
result holds in the graded case, where one uses homogeneous maximal ideals and
the degree zero part of the localization. So it suffices to show, for every homogenous
maximal ideal I ⊆ m, that IOP,m is radical. Let m′ = f(m). The transversality
of the intersection H ∩ Z implies that h1, . . . , ht is part of a regular system of
parameters for OZ,m′ . That is to say, their images in the Zariski cotangent space
m′/(m′)2 are independent. But OZ,m′ → OP,m is étale and therefore induces an
isomorphism on Zariski cotangent spaces. So h1f, . . . , htf are also part of a regular
system of parameters for OP,m. This implies that (h1f, . . . , htf) is prime in OP,m,
and in particular it is radical. □

Remark 3.20. Since the above proof used some facts about quotient spaces X/G
in algebraic geometry, let us give a few references. Let G be a finite group acting
freely on a smooth complex projective variety X. The results of [SGA1, Expose
V, Sections 1-2] show that X/G exists as a scheme and that X → X/G is finite
étale, which implies that X/G is smooth. Specifically, one readily checks that every
finite set of points in X is contained in an affine open, and so X satisfies the
hypotheses of [SGA1, Proposition V.1.8]. This guarantees the existence of X/G as
a scheme. The projectivity is not explicitly stated in [SGA1], but is an easy exercise
(???). Finally, [SGA1, Corollary V.2.3] shows that the freeness of the action implies
that X → X/G is étale. Fogarty-Mumford??? Goresky-MacPherson??? See also
Exercises ????.

Exercise 3.21. Think through some details of the above proof in the special
case G = Z/2. Let C2M have coordinates x1, . . . , xM , y1, . . . , yM , and let G
act trivially on the x’s and by negation on the y’s. Consider the induced ac-
tion on P = P(C2M ) = CP 2M−1. The homogeneous coordinate ring is R =
C[x1, . . . , xM , y1, . . . , yM ], and the ring of invariants S = RG is the subring gener-
ated by the xi’s and the yiyj ’s (including i = j). Show that every homogeneous
element of S having even degree is a polynomial in the elements xixj and yiyj . That
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is, if S⟨2⟩ ⊆ S is the C-linear span of all even-dimensional homogeneous elements
then S⟨2⟩ is generated (as a subring) by elements of degree 2.

Let α1, . . . , αs denote the degree 2 monomials in the xi, in some order. Similarly,
let β1, . . . , βs denote the degree 2 monomials in the yj , and let b = 2s − 1 =

2
(
M+1

2

)
− 1 =M2 +M − 1. Let f : P → CP b be the map

f([x1 : · · · : xM : y1 : . . . : yM ]) = [α1 : . . . : αs : β1 : . . . : βs].

Check that f is G-equivariant, where the target has the trivial action, and that f
induces an embedding of topological spaces P/G ↪→ CP b. Its image Z is the closed
subvariety whose homogeneous coordinate ring is S⟨2⟩, regarded as a quotient of
the polynomial algebra C[α1, . . . , αs, β1, . . . , βs]. The scheme Z is the categorical
quotient of P by G: here we are using ProjRG = ProjS⟨2⟩ and Exercises ?? and
??.

Let A ⊆ P be the set of fixed points for the Z/2-action. Check that A is the
disjoint union CPM−1⨿CPM−1, where the first piece corresponds to the vanishing
of the xi’s and the second piece to the vanishing of the yj ’s.

3.22. Thom’s theory. Although this part of the story doesn’t use K-theory, the
obstructions to algebraicity obtained from resolution of singularities are so simple
that they are worth discussing here.

Theorem 3.23. Let X be a smooth algebraic variety, and let p be a fixed prime. If
u ∈ Hev(X;Z) is algebraic then all odd-degree cohomology operations vanish on the
mod p reduction ū ∈ Hev(X;Z/p). In particular, all of the odd Steenrod squares
vanish on the mod 2 reduction of u.

The above theorem was probably folklore since the 1960s. It explicitly appears in
the beautiful paper [Totaro1]. The key to this result is the cohomology theory called
complex cobordism, denoted MU . This was first introduced and studied by Thom.
The definitions are somewhat involved, but the corresponding homology groups
MU∗(X) are formed from classes of manifolds—with a certain kind of structure—
mapping into X, with an equivalence relation coming from bordism of such things.
See [Conner, Chapter 1] for a general introduction to bordism theories, and [Stong]
and [Rudyak] for additional details. The spectrum MU can be constructed without
going through the geometrical considerations, and the reader is taken through that
in Exercise ?? below. Our discussion will sweep most of these details under the
rug, as we only need a few carefully selected properties of MU .

First, MU is a complex-oriented cohomology theory. In fact it is the universal
such one, in a certain sense. Consequently, there is a map of cohomology theories
MU∗(−) → H∗(−) that is compatible with the complex orientations. See Exer-
cise ?? below for details. So the map sends Thom classes to Thom classses (i.e.
UMU
E 7→ UHE ) and consequently if Y ↪→ X is a smooth, closed subvariety it sends

[Y ]MU to [Y ]H .
The next part of the argument is best explained using the language of spectra.

The above map of cohomology theories comes from a map of spectra MU → HZ.
If Y ↪→ X is a smooth subvariety of codimension q then [Y ]MU ∈ MU2q(X) is
represented by a map X → Σ2qMU , and likewise [Y ]H ∈ H2q(X) is represented by
a map X → Σ2qHZ. In the homotopy category of spectra we have the commutative
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diagram
Σ2qMU

��
X

[Y ]MU

;;

[Y ]H

// Σ2qHZ.

Let θ be a stable cohomology operation of degree r on H∗(−;Z/p). This is a map
of spectra HZ/p → ΣrHZ/p. The application of this operation to the mod p
reduction of [Y ]H enhances our diagram:

Σ2qMU

��

f

++
X

[Y ]MU

;;

[Y ]H

// Σ2qHZ // Σ2qHZ/p
θ
// Σ2q+rHZ/p.

The map labelled f is just the evident composite. Note that f is an element
of Hr(MU ;Z/p). The “miracle” is that we can easily compute this group. The
spaces making up the spectrum MU are just Thom spaces of the universal bundles
γn → BU(n), and their integral cohomology is known by the Thom isomorphism.
We leave the details to the reader (see Exercise ??(e,f)), but the conclusion here is
that H∗(MU ;Z) is free abelian and concentrated in even degrees. It follows that
H∗(MU ;Z/p) vanishes in all odd degrees. In particular, the map f is null when r
is odd! Thus, we have proven Thom’s theorem:

Proposition 3.24 (Thom). Let X be a smooth algebraic variety and let Y ↪→ X
be a smooth subvariety. Fix a prime p. Then all odd-degree stable cohomology
operations vanish on the mod p reduction of the class [Y ]H ∈ H∗(X).

Remark 3.25. It is interesting to note how easy the language of spectra makes
the above argument. As a challenge, try to unwind the argument and rephrase it
without using spectra—it is not so pleasant.

One can deduce Theorem 3.23 from Proposition 3.24 using resolution of singu-
larities and a little work. We are not going to give complete details, but we give a
rough sketch. Complete details (and much more) can be found in [Totaro2].

Sketch of proof of Theorem 3.23. By Proposition 3.6 it suffices to prove Theo-
rem 3.23 when u is the fundamental class of an irreducible subvariety Y ↪→ X,
say of codimension q. Such elements generate all algebraic cohomology classes.
By Hironaka there is a resolution of singularities Ỹ → Y obtained by successively
blowing up Y at closed subschemes. Even more, one can successively blow up X
at the same subschemes to produce a commutative square

Ỹ // //

��

X̃

π

��
Y // // X

where the horizontal maps are closed inclusions and the vertical maps are composi-
tions of successive blow-ups (in particular, they are proper). We of course have the
class [Ỹ ]MU ∈ MU2q(X̃), and with a little work one can construct a pushforward
map π! : MU2q(X̃)→MU2q(X) and likewise in H instead of MU . We claim that
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π!([Ỹ ]MU ) is a lift of the class [Y ]H . To see this, let Z ⊆ Y be the singular set and
let Z̃ ⊆ Ỹ be its preimage in Ỹ . Consider the diagram

[Ỹ ]MU

��

ϵ MU2q(X̃) //

π!

��

H2q(X̃)
j∗

∼=
//

π!

��

H2q(X̃ − Z̃)
π! ∼=
��

π!([Ỹ ]MU ) ϵ MU2q(X) // H2q(X)
j∗

∼=
// H2q(X − Z).

The right-most vertical map is an isomorphism because X̃ − Z̃ → X − Z is a
homeomorphism. The maps j∗ are isomorphisms by Lemma 3.4. If we follows
[Ỹ ]MU across the top and then down, it maps to [Ỹ ]H and then on to [Y − Z] in
the bottom right corner. Since [Y ] ∈ H2q(X) also maps to [Y −Z], it must be that
π!([Ỹ ]MU ) maps to [Y ]H , as desired. In other words, we have the diagram

Σ2qMU

��
X

π!([Ỹ ]MU )
;;

[Y ]H

// Σ2qHZ

and at this point everything proceeds the same as before. This completes our sketch
of a proof for Theorem 3.23. □

Note that even with this approach, as opposed to the K-theory approach of
Atiyah-Hirzebruch, one still needs to gives examples of algebraic varieties with
nontrivial odd-degree operations on even-dimensional cohomology classes. So the
hard work that went on in Section 3.14 is still necessary.

◦ Exercises ◦

4. Operations on K-theory

Experience has shown that when studying a cohomology theory it is useful to
look not just at the cohomology groups themselves but also the natural operations
on the cohomology groups. In the case of singular cohomology this is the theory of
Steenrod operations. In the present section we will construct some useful operations
K0(X) → K0(X). We start with the λ-operations, which are easy to define but
have the drawback that they are not group homomorphisms. Then we modify these
to obtain the Adams operations ψk, which are more nicely behaved.

For most of this section X will be a paracompact Hausdorff space that is also
homotopically compact, so that K0(X) is equal to the Grothendieck group of vector
bundles. In Section 4.21 we will explain how to extend to the case of general X.

4.1. The lambda operations. Fix a topological space X. We start with the
exterior power constructions E 7→ ΛkE on vector bundles over X. These are, of
course, not additive: Λk(E ⊕F ) ≁= ΛkE ⊕ΛkF . So it is not immediately clear how
these constructions induce maps on K-groups. The key lies in the formula

Λk(E ⊕ F ) ∼=
⊕
i+j=k

ΛiE ⊗ ΛjF.(4.2)
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Construct a formal power series

λt(E) =

∞∑
i=0

[ΛiE]ti = 1 + [E]t+ [Λ2E]t2 + · · · ∈ K0(X)[[t]].

Because the zero coefficient is 1, this power series is a unit in K0(X)[[t]]. So λt is
a function into the group of units inside K0(X)[[t]]:

Vect(X)
λt //

��

(
K0(X)[[t]]

)∗

K0(X)

88

Formula (4.2) says that λt(E ⊕ F ) = λt(E) · λt(F ), and this implies the existence
of the dotted-arrow group homomorphism in the above diagram. We will call this
dotted arrow λt as well.

Finally, define λk : K0(X)→ K0(X) by letting λk(w) be the coefficient of tk in
λt(w). Note that if E is a vector bundle over X then λk([E]) = [ΛkE]. However,
λk is not a group homomorphism; instead one has the formula

λk(u+ v) =
∑
i+j=k

λi(u)λj(v).

Example 4.3. To get a feeling for these operations let us compute λk(−[E]) for
E a vector bundle over X. Note first that

λt(−[E]) = 1
λt([E]) =

1
1+[E]t+[Λ2E]t2+···

For R a commutative ring and a = 1 + a1t+ a2t
2 + · · · ∈ R[[t]], one has

1
a = 1 + P1t+ P2t

2 + · · ·
where the Pi’s are certain universal polynomials in the ai’s with coefficients in Z.
Equating coefficients in the identity 1 = (1+ a1t+ a2t

2 + · · · )(1+P1t+P2t
2 + · · · )

gives
Pk + Pk−1a1 + Pk−2a2 + · · ·+ P1ak−1 + ak = 0,

which allows one to inductively determine each Pk. One finds that

P1 = −a1, P2 = a21 − a2, P3 = −a31 + 2a1a2 − a3
So we conclude that

λ1(−[E]) = −[E],

λ2(−[E]) = [E]2 − [Λ2E],

λ3(−[E]) = −[E]3 + 2[E][Λ2E]− [Λ3E]

and so forth.

Exercise 4.4. Work out the formulas for λk([E] − [F ]) for 1 ≤ k ≤ 3, where E
and F are vector bundles.
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4.5. Symmetric power operations. One can repeat everything from the previ-
ous section using the symmetric product construction E 7→ Symk E in place of the
exterior product ΛkE. One obtains a group homomorphism

symt : K
0(X)→

(
K0(X)[[t]]

)∗
and defines symk(w) to be the coefficient of tk in symt(w). It turns out, how-
ever, that these operations do not give anything ‘new’—they are related to the
λ-operations by the formula

symk(w) = (−1)kλk(−w).
To explain this we need a brief detour to discuss the multilinear algebra that feeds
into the de Rham and Koszul complexes. Our treatment here is largely based on
[FLS, Section 3], but one can find similar material in [Eisenbud, Section A2.6] and
elsewhere.

Let V be a vector space over a field F . Write Sym∗(V ) =
⊕

k Sym
k(V ) and

Λ∗(V ) =
⊕

k Λ
kV . These each have a familiar algebra structure, and we have

canonical isomorphisms

Sym∗(V )⊗ Sym∗(W )
∼=−→ Sym∗(V ⊕W ), Λ∗(V )⊗ Λ∗(W )

∼=−→ Λ∗(V ⊕W ).

(In the former case, include Sym∗(V ) and Sym∗(W ) into Sym∗(V ⊕W ) and then
multiply there; likewise for the exterior algebra version). These isomorphisms allow
us to equip both Sym∗(V ) and Λ∗(V ) with coproducts ∆sym and ∆ext making them
into Hopf algebras. The coproducts are

Sym∗(V ) −→ Sym∗(V ⊕ V )
∼=←− Sym∗(V )⊗ Sym∗(V )

and
Λ∗(V ) −→ Λ∗(V ⊕ V )

∼=←− Λ∗(V )⊗ Λ∗(V )

where in each case the first map is the one induced by the diagonal ∆: V → V ⊕V .
If v1, . . . , vk ∈ V and I ⊆ {1, . . . , k} then write vI for the monomial vi1 · · · vir where
I = {i1, . . . , ir} and i1 < · · · < ir. Then

∆sym(v1 · · · vk) =
∑

A
·
∪B={1,...,k}

vA ⊗ vB

where the
·∪ symbol denotes disjoint union, and likewise

∆ext(v1 · · · vk) =
∑

A
·
∪B={1,...,k}

(−1)[A,B]vA ⊗ vB

where the sign (−1)[A,B] is the one that makes the equation v1 · · · vk =
(−1)[A,B]vAvB valid in Λ∗(V ).

Exercise 4.6. Derive the above formulas for ∆sym and ∆ext. Explain the connec-
tion to the process of multiplying out the formal product

(v1 + ṽ1)(v2 + ṽ2) · · · (vk + ṽk)

and rewriting each of the 2k terms as a product of v’s times a product of ṽ’s.
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Write e : Symk(V ) → Symk−1 V ⊗ Sym1(V ) and e′ : Λk(V ) → Λ1V ⊗ Λk−1(V )
for the projections of the coproduct onto the indicated factors. Finally, write d and
κ for the composites

Symk(V )⊗ Λi(V )
e⊗id// Symk−1(V )⊗ Sym1(V )⊗ Λi(V )

Symk−1(V )⊗ Λ1(V )⊗ Λi(V )
id⊗µ// Symk−1(V )⊗ Λi+1(V )

and

Symk(V )⊗ Λi(V )
id⊗e′// Symk(V )⊗ Λ1(V )⊗ Λi−1(V )

Symk(V )⊗ Sym1(V )⊗ Λi−1(V )
µ⊗id// Symk+1(V )⊗ Λi−1(V ).

The maps d and κ are called the de Rham and Koszul differentials, respectively;
in a moment we will give concrete formulas for them and see that d2 = k2 = 0.
Figure 4.6.1 shows the maps d, and the maps κ go in the opposite direction:

Figure 4.6.1. The strands of the deRham complex

...
...

...
...

Sym3 V ⊗ Λ2V
d

66

Sym2 V ⊗ Λ2V
d

66

Sym1 V ⊗ Λ2V
d

66

Sym0 V ⊗ Λ2V

Sym3 V ⊗ Λ1V
d

66

Sym2 V ⊗ Λ1V
d

66

Sym1 V ⊗ Λ1V
d

66

Sym0 V ⊗ Λ1V

Sym3 V ⊗ Λ0V
d

66

Sym2 V ⊗ Λ0V
d

66

Sym1 V ⊗ Λ0V
d

66

Sym0 V ⊗ Λ0V

Let e1, . . . , en be elements of V . It will be convenient to use the notation dej
for the element of Λ1(V ) corresponding to ej under the canonical isomorphism
Λ1(V ) ∼= V . Let m = ei1 · · · eir ∈ Symr(V ) and ω = dej1 ∧ · · · ∧ dejs ∈ Λs(V ). It is
an exercise to verify that

e(m) =
∑
u

(
ei1 ⊗ · · · ⊗ êiu ⊗ · · · ⊗ eir

)
⊗ eiu

and
e′(ω) =

∑
u

(−1)u−1deju ⊗
(
dej1 ∧ · · · ∧ d̂eju ∧ · · · ∧ dejs

)
.

So
d(m⊗ ω) =

∑
u

(
ei1 ⊗ · · · ⊗ êiu ⊗ · · · ⊗ eir

)
⊗ (deiu ∧ ω)
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and
κ(m⊗ ω) =

∑
u

(−1)u−1(m · eju)⊗
(
dej1 ∧ · · · ∧ d̂eju ∧ · · · ∧ dejs

)
.

From these descriptions one readily sees that d is the usual deRham differential
and κ is the usual Koszul differential. Consequently, d2 = 0 and κ2 = 0. In the
two-dimensional array (4.6.1), if we take direct sums inside of each row then we get

Sym∗(V )⊗ Λ0(V )
d−→ Sym∗(V )⊗ Λ1(V )

d−→ · · ·(4.7)

and this is an algebraic version of the deRham complex. We also get

· · · −→ Sym∗(V )⊗ Λ2(V )
κ−→ Sym∗(V )⊗ Λ1(V )

κ−→ Sym∗(V )⊗ Λ0(V )

which is a Koszul complex.

Proposition 4.8.
(a) dκ+ κd : Symr(V )⊗ Λs(V )→ Symr(V )⊗ Λs(V ) is multiplication by the total

degree r + s.
(b) In Figure 4.6.1 every diagonal deRham chain complex is exact in dimensions

where the total degree is prime to the characteristic of F .
(c) In Figure 4.6.1 every diagonal Koszul chain complex is exact, regardless of the

characteristic of the ground field, except for the diagonal in total degree 0.

Proof. Part (a) is a computation that is tedious but not particularly hard. If
v1, . . . , vr, w1, . . . , ws ∈ V then dκ(v1 · · · vr ⊗ w1 · · ·ws) has two types of terms:
“pure” terms where a vi is moved to the right of the tensor and then moved back,
and “mixed” terms where a vi is moved to the right of the tensor and then a wj is
moved to the left. There are exactly r pure terms, leading to a formula

dκ(v ⊗ w) = r(v ⊗ w) + (mixed terms).

Similarly, κd has s pure terms where a wj is moved to the left and then moved back,
and also a bunch of mixed terms, so that κd(v ⊗ w) = s(v ⊗ w) + (mixed terms).
One checks that the signs on the mixed terms in dκ exactly cancel those in κd.

Part (b) follows from (a): if z ∈ Symr(V )⊗ Λs(V ) is a cycle for d then

(r + s)z = (dκ+ κd)(z) = dκ(z)

and so as long as r + s is invertible in F one has that z is a boundary.
We do not actually need part (c) below, but we include it to complete the story.

The maps d give a chain homotopy for the κ-complexes, much like in the proof of (b),
but this gives exactness only for some spots in the complex. The proof of exactness
at all spots is something we have already seen in a somewhat more general context,
in Theorem ??(a). If we pick a basis x1, . . . , xn of V then Sym∗(V ) = F [x1, . . . , xn]
and the κ-complex is the Koszul complex K(x1, . . . , xn). □

Exercise 4.9. Suppose that char(F ) = p > 0. For nonzero x ∈ V verify that xp
and xp−1 dx are cycles in the deRham complex and that they are not boundaries, so
that there is indeed nontrivial homology in total degree p. (If x1, . . . , xn is a basis
for V then as an aside we mention that the cohomology of the algebraic deRham
complex (4.7) in degree i turns out to be isomorphic to F [xp1, . . . , x

p
n] tensored with

ΛiV . This is the content of the so-called Cartier isomorphism.)
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Now we apply the above results to K-theory. Since the deRham and Koszul
complexes were canonical constructions, we can apply them to vector bundles. We
are in characteristic zero, so for each k ≥ 1 the deRham complex gives us an exact
sequence

0 // Symk E ⊗ Λ0E // Symk−1E ⊗ Λ1E // · · · // Sym1E ⊗ Λk−1E

��
Sym0E ⊗ ΛkE // 0.

This shows that in K0(X) one has (for k ≥ 1)∑
a+b=k

(−1)b[SymaE] · [ΛbE] = 0.

Consequently, symt([E]) · λ−t([E]) = 1. So

symt([E]) = 1
λ−t([E]) = λ−t(−[E]) and λ−t([E]) = 1

symt([E]) = symt(−[E]).

Any class w ∈ K0(X) has the form w = [E] − [F ] for some vector bundles E and
F , and therefore

symt(w) = symt([E]) · symt(−[F ]) = λ−t(−[E]) · λ−t([F ]) = λ−t([F ]− [E])

= λ−t(−w).
So the symk and λk operations on K-theory are essentially the same: symk(w) =
(−1)kλk(−w).

This has been a long discussion with somewhat of a negative conclusion: the
symk operations can be completely ignored in favor of the λk’s (or vice versa). We
have learned some useful things along the way, however.

4.10. The Adams operations. The usefulness of the λk operations is limited
by the fact that they are not group homomorphisms. There is a clever method,
however, for combining the λ-operations in a way that does produce a collection
of group homomorphisms. This is originally due to Frank Adams [Adams2]. Be-
fore describing this construction we take a brief detour to develop the algebraic
combinatorics that we will need.

Recall that we have a map λt : K0(X)→
(
K0(X)[[t]]

)∗ and that this is a group
homomorphism:

λt(x+ y) = λt(x) · λt(y).
If we want additive maps K0(X) → K0(X) a natural idea is to apply logarithms
to the above formula. To be precise, start with the formal power series

log(1 + z) = z − z2

2 + z3

3 − · · ·
Since λt(x) has constant term equal to 1, we can use the above series to make sense
of log(λt(x))—but only provided that we add denominators into K0(X), say by
tensoring with Q. If we set µt(x) = log(λt(x)) then we would have

µt(x+ y) = µt(x) + µt(y).

The coefficients of powers of t in µt(x) then give additive operations, with the only
difficulty being that they take values in K0(X)⊗Q.
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We can, however, eliminate the need for Q-coefficients by applying the operator
d
dt . Precisely, define

νt(x) =
d

dt

[
µt(x)

]
=

λ′
t(x)
λt(x)

= (1− z + z2 − z3 + · · · )|z=λt(x)−1 · λ′t(x).

The two factors in the right-most expression both lie in K0(X)[[t]], and so this
eliminates the problem with denominators: νt(x) ∈ K0(X)[[t]] yet we still have
νt(x + y) = νt(x) + νt(y). Taking the coefficient of tk in νt(x) thereby yields an
additive operation νk : K0(X)→ K0(X), for each k ≥ 0.

We could stop here, but there is one more modification that makes things a bit
simpler later on. Suppose that L is a line bundle over X, and take x = [L]. Then
λt(x) = 1 + [L]t = 1 + xt, hence

νt(x) =
x

1+xt = x(1− xt+ x2t2 − x3t3 + · · · ) = x− x2t+ x3t2 − · · · .
The ν-operations simply give powers of x, together with certain signs: νk(x) =
(−1)kxk+1. It is easy to adopt a convention that makes these signs disappear, and
we might as well do this; and while we are at it, let us shift the indexing on the ν’s
so that the kth operation sends x to xk, since that will be easier to remember.

Putting everything together, we have arrived at the following definition:

ψt(x) = −t
d

dt

[
log(λ−t(x))

]
= −t · λ−t(x)

′

λ−t(x)
,

and ψk(x) is the coefficient of tk in ψt(x). The operations ψk are called Adams
operations. We have proven that
(1) Each ψk is a group homomorphism K0(X)→ K0(X), natural in X;
(2) If x = [L] for L a line bundle then ψk(x) = xk.
We will see in Corollary 4.17 that conditions (1) and (2) actually completely char-
acterize the Adams operations.

Remark 4.11. Be careful of writing λ′−t(x) rather than λ−t(x)′ for the derivative.
The former can be interpreted as λ′t(x)|t7→−t, which is different than d

dt [λ−t(x)].

If R is a commutative ring and α =
∑
i≥1 αit

i is a power series with no constant
term, then there is an identity

α′

1+α =

∞∑
k=0

(−1)k−1Sk(α1, . . . , αk)t
k−1(4.12)

where the Sk are certain universal polynomials called the Newton polynomials. See
Appendix ?? for a discussion, and Proposition ?? for the identity. Applying this
with α = λ−t(x)− 1 yields part (a) of the following result. Part (b) is a standard
recursive relation for the Newton polynomials, again derived in Appendix ??.

Proposition 4.13.
(a) ψk = Sk(λ

1, . . . , λk), where Sk is the kth Newton polynomial;
(b) ψk = λ1ψk−1 − λ2ψk−1 + · · ·+ (−1)kλk−1ψ1 + (−1)k+1kλk.

Proof. Equation (4.12) gives that ψk = −(−1)k−1Sk(−λ1, λ2,−λ3, . . .), but this
equals Sk(λ1, λ2, . . .) by Proposition ??(a). Part (b) is then directly from Proposi-
tion ??. □



42 DANIEL DUGGER

We record the first few Adams operations:

ψ1 = λ1, ψ2 = (λ1)2 − 2λ2, ψ3 = (λ1)3 − 3λ1λ2 + 3λ3.

For more of these, just see the list of Newton polynomials given in Table ?? of
Appendix ??.

4.14. Properties of the Adams operations.

Proposition 4.15. Fix k, l ≥ 1 and x, y ∈ K0(X). Then
(a) ψk(x+ y) = ψk(x) + ψk(y)
(b) ψk(xy) = ψk(x)ψk(y)
(c) ψk(ψl(x)) = ψkl(x)
(d) If ℓ is prime then ψℓ(x) ≡ xℓ mod ℓ.

Note that part (a) has already been justified, as the construction of the ψk’s was
designed precisely so that this would hold. Part (d) is likewise easy, as this is a
property of the Newton polynomials—see Proposition ??. But parts (b) and (c) are
far from obvious, and in fact seem quite difficult at first. There are essentially two
approaches. One can figure out what properties of the λ-operations correspond to
these, and then try to prove those by working with the exterior product construc-
tion. The disadvantage here is that the identities are quite complicated and can
quickly devolve into a combinatorial nightmare. The other approach, which we take
here, uses a general ‘splitting principle’ to reduced the identities to a particularly
simple case, where they can be verified directly.

Define a line element in K0(X) to be any element [L] where L → X is a line
bundle. The span of the line elements consist of the classes of the form [L1] + · · ·+
[La]− [L′

1]− · · · − [L′
b] where the Li’s and L′

j ’s are all line bundles.

Proof of Proposition 4.15(b,c). Note that if x and y are line elements then the
desired results are obvious because ψr([L]) = [Lr]. More generally, the results
follow easily if x and y are in the span of the line elements. The general result now
follows from the splitting principle in Proposition 4.16 below. Specifically, choose
a p : X1 → X such that p∗ is injective on K0(X) and p∗(x) is in the span of line
elements. Then choose a q : X2 → X1 such that q∗ is injective and q∗(p∗(y)) is
in the span of line elements. The identities in (b) and (c) hold for x′ = (pq)∗(x)
and y′ = (pq)∗(y), and so the injectivity of (pq)∗ shows they hold for x and y as
well. □

Proposition 4.16 (The Splitting Principle). Let X be any space, and let x ∈
K0(X). Then there exists a space Y and a map p : Y → X such that p∗ : K0(X)→
K0(Y ) is injective and p∗(x) is in the span of line elements.

Proof. Write x = [E] − [F ] for vector bundles E and F . Consider the map
π : P(E) → X. Then π∗E ∼= E′ ⊕ L where L is a line bundle, and π∗ : K0(X) →
K0(P(E)) is injective (????). Iterating this procedure we obtain a map f : Y → X
such that f∗E is a sum of line bundles and f∗ is injective. Now use the same
process to obtain a map g : Y ′ → Y such that g∗ is injective and g∗(f∗F ) is a sum
of line bundles. The composite Y ′ → X has the properties from the statement of
the proposition. □
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Corollary 4.17 (Characterization of Adams operations). Fix k ≥ 1. Suppose that
θ : K0(−) → K0(−) is a natural group homomorphism such that θ([L]) = [Lk] for
any line bundle L→ X. Then θ = ψk.

Proof. Fix a space X, and let α ∈ K0(X). Then α = [E] − [F ] for some vector
bundles E and F on X. By the Splitting Principle there exists a map p : Y → X
such that p∗E and p∗F are direct sums of line bundles, and such that p∗ : K0(X)→
K0(Y ) is injective. Our assumption on θ implies at once that θ(p∗α) = ψk(p∗α),
or equivalently p∗(θα) = p∗(ψkα). Injectivity of p∗ now gives θ(α) = ψk(α). □

The fact that ψk is natural and preserves (internal) products immediately yields
that it also preserves external products. Recall that if x ∈ K0(X) and y ∈ K0(Y )
then the external product can be written as x × y = π∗

1(x) · π∗
2(y) ∈ K0(X × Y ).

Clearly ψk(x× y) = ψk(x)× ψk(y). Using this, we easily obtain the following:

Proposition 4.18. For k ≥ 1, ψk acts on K̃0(S2n) as multiplication by kn.

Proof. Let β = 1−[L] be the Bott element in K̃0(S2), and recall from Proposition ??
that the internal square β2 is zero. From this it follows readily that

ψk(β) = 1− Lk = 1− (1− β)k = 1− (1− kβ) = kβ.

But the external power β(n) = β × β × · · · × β generates K̃0(S2n), and

ψk(β(n)) = (ψkβ)(n) = (kβ)(n) = knβ(n).

□

Recall the canonical filtration of K0(X) coming from the Atiyah-Hirzebruch
spectral sequence, as discussed in Section 1 and especially in Remark 1.6. In par-
ticular, recall that F 2n−1K0(X) = F 2nK0(X) for every n, as a consequence of
K∗(pt) being concentrated in even dimensions. The naturality of the Adams oper-
ations shows that they respect the filtration, and Proposition 4.18 shows that ψk
acts as a scalar on the associated graded:

Proposition 4.19. Let k ≥ 1.
(a) If x ∈ F 2nK0(X) then ψk(x) = knx + terms of higher filtration. That is,

ψk(x)− knx ∈ F 2n+2K0(X).
(b) If the induced filtration on K0(X)Q is finite (e.g., if X is a finite-dimensional

CW-complex) then the operations ψk are diagonalizable on K0(X)Q, with eigen-
values of the form kr for r ≥ 0. For k ̸= 1 the decomposition

K0(X)Q =
⊕
r≥0

Eigψk(kr)

restricts to give
F 2iK0(X)Q =

⊕
r≥i

Eigψk(kr)

for each i, and this decomposition is independent of k: for all k, l ̸= 1 and r ≥ 0
one has Eigψk(kr) = Eigψl(lr).

Proof. For part (a) it suffices to replace X by a weakly equivalent CW-complex,
so that F 2nK0(X) = ker[K0(X) → K0(X2n−1)]. If α ∈ F 2nK0(X) then let α1
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denote its image in K0(X2n). The cofiber sequence X2n−1 ↪→ X2n → X2n/X2n−1

induces a long exact sequence

· · · → K̃0(X2n/X2n−1)→ K0(X2n)→ K0(X2n−1)→ · · ·
The element α1 ∈ K0(X2n) maps to zero, and so it is the image of a class α2 ∈
K̃0(X2n/X2n−1). By Proposition 4.18 one knows ψk(α2) = knα2, and so ψkα1 =
knα1. It follows that ψkα − knα maps to zero in K0(X2n), and hence lies in
F 2n+1K0(X2n) = F 2n+2K0(X2n).

Part (b) is an algebraic consequene of (a). For the details, first let x ∈ Eigψk(kr)

be nonzero. Pick i largest so that x ∈ F 2iK0(X)Q. Part (a) implies that ψkx−kix ∈
F 2i+2K0(X)Q. But ψkx − kix = krx − kix = (kr − ki)x. If r ̸= i we divide by
kr − ki to get x ∈ F 2i+2K0(X)Q, contradicting the maximality of i. So r = i and
therefore Eigψk(kr) ⊆ F 2rK0(X)Q, for all r ≥ 0.

Now let 2n be the largest even integer such that F 2nK0(X)Q ̸= 0. It follows from
(a) that ψk acts as multiplication by kn on F 2nK0(X)Q. Putting this together with
the last paragraph, we have that F 2nK0(X)Q = Eigψk(kn). The last paragraph
also tells us that Eigψk(ki) = 0 for i > n.

We now prove by reverse induction that for all i ≤ n the space F 2iK0(X)Q is
the sum of the kj-eigenspaces of ψk for j ≥ i. The case i = n was done in the
previous paragraph, and we have also shown that the named eigenspaces are all
contained in F 2iK0(X)Q. So assume we know the result for a particular value of i,
and let α ∈ F 2i−2K0(X)Q. We know ψkα = ki−1α+ γ, where γ is some element of
F 2iK0(X)Q. The induction hypothesis says that γ = σi+σi+1+· · ·+σn where each
σr is an eigenvector for ψk with eigenvalue kr. A routine calculation now shows
that α −∑r≥i

1
kr−ki−1σr is a ki−1-eigenvector for ψk, and hence α belongs to the

sum of eigenspaces for eigenvalues kr, r ≥ i−1. This completes the induction step.
Note that the above result for i = 0 shows that ψk is diagonalizable on K0(X)Q.
It remains to prove that the eigenspaces Eigψk(kr) are independent of k. This is

a small variant on the classical argument that commuting diagonalizable operators
(in this case ψk and ψl) can be simultaneously diagonalized. The key fact, easy
to prove, is that if A and B are commuting diagonalizable operators then any
eigenspace EigB(λ) is A-invariant and is equal to the direct sum over all µ of
EigB(λ) ∩ EigA(µ).

First note that we have seen that Eigψk(kn) = F 2nK0(X)Q = Eigψl(ln). We
also have

Eigψk(kn−1)⊕ Eigψk(kn) = F 2n−2K0(X)Q = Eigψl(ln−1)⊕ Eigψl(ln).

Putting the two together, Eigψk(kn−1) ∩ Eigψl(ln) = 0. But since ψk and
ψl commute, the algebraic fact mentioned above now immediately yields that
Eigψk(kn−1) = Eigψl(ln−1). Repeat this argument inductively. □

Remark 4.20. The Adams operations ψk are defined for k ≥ 1. Someone once had
the clever idea of taking the operation induced by E 7→ E∗ and calling it ψ−1. So
ψ−1([E]− [F ]) = [E∗]− [F ∗]. Then for k ≥ 1 one checks that ψ−1 ◦ψk = ψk ◦ψ−1,
and so it is reasonable to define ψ−k to be this common expression. With this
definition parts (a)–(c) of Proposition 4.15 now hold for all k, l ∈ Z− {0}.
4.21. Operations for non-compact spaces. Suppose given a natural operation
θ : K0(X) → K0(X) (just a function of sets) defined for all compact Hausdorff
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spaces X. We will explain why this extends uniquely to a natural operation defined
for all spaces X. This will allow us to extend both the λk and ψk operations,
and all of the relations previously established will still hold. For example, the new
operations ψ6 and ψ2ψ3 will both extend the operation ψ6 that was defined on
compact spaces—–because of Proposition 4.15—and therefore the uniqueness of
extension shows that ψ6 = ψ2ψ3 on non-compact spaces as well.

Recall that K0(X) = [X,Z×BU ]. By the Yoneda Lemma, natural operations on
K0(X) are in bijective correspondence with elements of the set [Z×BU,Z×BU ].
Such a homotopy class boils down to the following information: for each k ∈ Z
one must give an integer Y (k) and an element of [{k} × BU, {Y (k)} × BU ] =
[BU,BU ]. Because the infinitely-many connected components add an extra layer
of bookkeeping to the arguments, let us first analyze the situation where we don’t
have to worry about them. We will prove the following:

Proposition 4.22. Let θ : K̃0(X) → K̃0(X) be a natural transformation of func-
tors defined on the class of pointed compact Hausdorff spaces. Then there is a
unique natural transformation Θ: K̃0 → K̃0 (defined on all pointed spaces) that
equals θ when the spaces are compact Hausdorff.

Before giving the proof let us set up some of the necessary elements. Using the
equivalence BUn ≃ Grn(C∞) we can express BUn as the directed homotopy colimit
of the spaces Grn(Ck) as k →∞. So we have the Milnor exact sequence

0→ lim1
k K̃

−1(Grn(Ck))→ K̃0(BUn)→ lim
k
K̃0(Grn(Ck))→ 0.

Since the spaces Grn(Ck) have cellular filtrations with only even-dimensional cells,
the Atiyah-Hirzebruch spectral sequence immediately yields that K1(Grn(Ck)) = 0
for all k. So the lim1 term on the left vanishes, and we have the isomorphism

K̃0(BUn)
∼=−→ lim

k
K̃0(Grk(Cn)).(4.23)

Let ηn,k : Grn(Ck) denote the tautological n-plane bundle. The elements [ηn,k]−n
map to each other and therefore lift to a class in K̃0(BUn). Let us denote this class
as η̃n. If E → Y is a rank n bundle over a b-compact space Y , then there is a
classifying map f : Y → BUn such that f∗(ηn) ∼= E. We have f∗(η̃n) = [E] − n ∈
K̃0(Y ); this follows from the fact that f will factor through some Grn(Ck).

If j : BUn−1 ↪→ BUn is the inclusion then j∗(η̃n) = η̃n−1. This boils down to
the fact that under Grn−1(Ck) → Grn(C ⊕ Ck) the bundle ηn,k+1 pulls back to
ηn−1,k ⊕ 1, and therefore [ηn,k+1]− n pulls back to [ηn−1,k−1]− n− 1.

Now repeat the above analysis for the chain BU1 ↪→ BU2 ↪→ BU3 ↪→ · · · ↪→ BU .
We have another Milnor sequence

0→ lim1
n K̃

−1(BUn)→ K̃0(BU)→ lim
n
K̃0(BUn)→ 0.

The Atiyah-Hirzebruch spectral sequence again shows that all of the K1(BUn) = 0
for all n (one can also use the Milnor sequence here), and so we have the isomor-
phism

K̃0(BU)
∼=−→ lim

n
K̃0(BUn).(4.24)

The elements η̃n fit together across the inverse limit, and therefore lift to a class
η̃ ∈ K̃0(BU).
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Under the isomorphism [Y,BU ]∗ = K̃0(Y ), the element η̃n ∈ K̃0(BUn) corre-
sponds to the inclusion BUn ↪→ BU and the element η̃ corresponds to the identity
map BU → BU .

Proof of Proposition 4.22. Since the Grassmannians Grn(Ck) are compact Haus-
dorff spaces we have the elements θ([ηn,k]− n) ∈ K̃0(Grn(Ck)), and as k increases
these elements map to each other by naturality. So by (4.23) there is a unique
element En ∈ K̃0(BUn) that maps to each of the θ([ηn,k]− n).

By uniqueness the elements En map to each other as n varies, so by (4.24) there
is a unique element E ∈ K̃0(BU) that lifts them. Note that K̃0(BU) = [BU,BU ],
and so we may regard E as a map BU → BU in the homotopy category of spaces.

For any space X, define Θ: [X,BU ] → [X,BU ] as post-composition with E.
This is a natural operation K̃0 → K̃0.

Assume that X is compact Hausdorff and let w ∈ K̃0(X). We know we can
write w = [E]− rankE for some bundle E → X. Let n = rankE. Then there is a
k and a map f : X → Grn(Ck) such that E ∼= f∗ηn,k. So we have the diagram

X

w

77
f // Grn(Ck)

θ([ηn,k]−n)

''
// BUn // BU

E // BU

that commutes up to homotopy. So

Ew = f∗
(
θ([ηn,k]− n)

)
= θ
(
f∗([ηn,k]− n)

)
= θ(w)

where in the last equality we have used that f is a map between compact Hausdorff
spaces and θ is natural for such maps.

We leave the reader to consider the uniqueness of Θ, but it is basically transpar-
ent from the above argument. □

Now let us return to the unreduced situation. Suppose that θ : K0(X)→ K0(X)
is a natural transformation defined when X is compact Hausdorff. For each k ∈ Z
let kθ denote the image of k under the map θ : K0(pt)→ K0(pt). If w ∈ K0(X) is
a class that has rank k at a point x ∈ X, meaning that the pullback of w along the
inclusion {x} ↪→ X is equal to k, then by naturality the element θ(w) must have
rank kθ.

Let (X,x) be a pointed space. For each k ∈ Z let K0(X)rank=k ⊆ K0(X)
denote the subset of elements which map to k under K0(X) → K0(x). Note that
+k : K̃0(X)→ K0(X)rank=k is a bijection. Let θk be the operation defined by the
following diagram:

K̃0(X)

+k ∼=
��

θk // K̃0(X)

+kθ∼=
��

K0(X)rank=k
θ // K0(X)rank=kθ

One can write θk(w) = θ(w + k) − kθ. It is evident that θk is natural for maps of
pointed compact Hausdorff spaces.
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By Proposition 4.22 there is a unique natural tranformation Θk : K̃
0 → K̃0 that

extends θk. We can do this for each k ∈ Z. Each Θk corresponds to a homotopy
class of maps BU → BU . Define Θ: Z×BU → Z×BU to be the map that sends
{k} × BU to {kθ} × BU via the map Θk. Of course Θ can also be regarded as a
natural tranformation K0 → K0. It only remains to check that when X is compact
Hausdorff the map Θ: K0(X) → K0(X) coincides with the original θ. It suffices
to do this when X is path-connected. In this case there is a well-defined notion of
rank for elements of K0(X), since the maps {x} ↪→ X are homotopic for all choices
of x. For w ∈ K0(X) observe that

θ(w) = θrankw(w − (rankw))− (rankw)θ

= Θrankw(w − (rankw))− (rankw)θ

= Θ(w).

The last equality is simply the definition of Θ.

5. The Hopf invariant one problem

When n > 1 the Hopf invariant assigns an integer to every map f : S2n−1 → Sn,
giving a group homomorphism H : π2n−1(S

n) → Z. Elementary arguments show
that 2 is always in the image, and the natural question is then whether 1 is also in
the image. This is the Hopf invariant one problem—determine all values of n for
which H is surjective (or said differently, all values of n for which there exists a
map of Hopf invariant one).

It was known classically that H is surjective when n ∈ {2, 4, 8}, because the
classical Hopf maps all have Hopf invariant equal to one. The question for other
dimensions was first settled by Adams in [Adams1], who proved that no other
Hopf invariant one maps exist. Adams’s proof is not simple, even by modern stan-
dards, being based on secondary cohomology operations associated to the Steenrod
squares. Several years after Adams gave his original proof, Adams and Atiyah [AA]
used K-theory to give a much simpler solution to the Hopf invariant one problem.
Their ‘postcard proof’ takes less than a page, in dramatic contrast to Adams’s orig-
inal method. This was seen—rightly so—as a huge demonstration of the power of
K-theory.

Our goal in this section will be to present the Adams-Atiyah proof, although we
will not quite do this in their style. Specifically, when Adams and Atiyah wrote
their paper they clearly had an agenda: to write down the proof in as small a space
as possible. If the goal is to accentuate how much the use of K-theory simplifies the
solution, this makes perfect sense. But at the same time, writing the proof in this
way results in a certain air of mystery: the proof involves a strange manipulation
with the Adams operations ψ2 and ψ3 that comes out of nowhere—it seems like a
magic trick.

In our presentation below we try to put this (ψ2, ψ3) trick into its proper context:
it is part of a calculation of a certain Ext1 group. The full calculation of this group
is not hard, and quite interesting for other reasons—e.g., it connects deeply to the
study of the J-homomorphism. Our presentation doesn’t fit on a postcard, but
by the time we are done we will have a good understanding of several neat and
important things. Hopefully it won’t seem like magic.
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5.1. Brief review of the problem. Let f : S2n−1 → Sn where n > 1 and consider
the mapping cone Cf . One readily computes that

Hi(Cf) ∼=
{
Z if i ∈ {0, n, 2n},
0 otherwise.

Fix an orientation on the two spheres, and let a and b be corresponding generators
for Hn(Cf) and H2n(Cf). Then b2 = h · a for a unique integer h ∈ Z, and this
integer is called the Hopf invariant of f : we write h = H(f).

Note that if n is odd then b2 = −b2 and so h = 0. Therefore the Hopf invariant
is only interesting when n is even, which we implicitly assume from now on.

Remark 5.2. We follow [Hatcher1, Proposition 4B.1] to see that H : π2n−1(S
n)→

Z is a group homomorphism. Given f, g : S2n−1 → Sn consider the diagram of
mapping cones

S2n−1

��

f+g // Sn // Cf+g

��
S2n−1 ∨ S2n−1 f∨g // Sn // X

where the left vertical map is the equatorial collapse and X = Cf∨g. Note that
there are inclusions Cf ↪→ X and Cg ↪→ X. The cohomology group H2n(X) has
two generators a1 and a2, and naturality applied to those inclusions shows that
b2 = H(f)a1 +H(g)a2. But under the map Cf+g → X both a1 and a2 are sent to
our usual generator a, and from this one gets that H(f + g) = H(f) +H(g).

Remark 5.3. It is easy to see that 2 (and therefore any even integer) is always in
the image of H. We again follow [Hatcher1] here and let X be the pushout

Sn ∨ Sn // //

∇
��

Sn × Sn

α

��
Sn // X.

One readily checks that the cohomology of X consists of two copies of Z, in degrees
n and 2n. So X is the mapping cone of a certain map f : S2n−1 → Sn, the attaching
map of the top cell. If x ∈ Hn(Sn) is a fixed generator, then there is a generator
b ∈ Hn(X) that maps to x⊗ 1 + 1⊗ x under α∗. It follows that b2 maps to

(x⊗ 1 + 1⊗ x)2 = 2(x⊗ x)
(recall that n is even) and therefore b2 is twice a generator of H2n(X). One con-
cludes that the Hopf invariant of f is ±2, depending on one’s sign choices.

The problem arises of determining the precise image ofH : π2n−1(S
n)→ Z, when

n is even. By Remarks 5.2 and 5.3 the image is a subgroup that contains 2Z, so
there are only two possibilities: either the image equals 2Z, or else it equals all of
Z. The latter happens if and only if there exists an element in π2n−1(S

n) having
Hopf invariant equal to one. Thus, this is the “Hopf invariant one” problem.

Exercise 5.4. In our above discussion we needed to assume n > 1, otherwise the
cohomology of Cf is not as claimed. In the case n = 1 one can do something
similar, though, using H∗(Cf ;Z/2). If deg(f) is even then H∗(Cf ;Z/2) equals
Z/2 in degrees 1 and 2, and one can follow the above procedure to define a mod
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2 Hopf invariant. Check that this defines a group homomorphism 2π1(S
1) → Z/2

(the domain is the set of maps S1 → S1 of even degree), and that the degree two
map has Hopf invariant one. For this reason the case n = 1 is often included in the
problem, even though the details here are slightly different.

The following several paragraphs involve the Steenrod squares. The results will
not be needed later in this section, but they constitute an interesting part of the
overall story.

As soon as one is versed in the Steenrod squares it is easy to obtain a necessary
condition for the existence of a Hopf invariant one map f : S2n−1 → Sn. In the mod
2 cohomology of Cf we have Sqn(b) = b2 = h · a. So if f has odd Hopf invariant
then Sqn(b) = a, and the mod 2 cohomology of Cf looks like this:

Sqn

b

a

This picture just says that the cohomology has generators a and b together with a
Sqn connecting b to a. As an immediate consequence we obtain Adem’s theorem:

Proposition 5.5 (Adem). If f : S2n−1 → Sn has Hopf invariant one then n is a
power of 2.

Proof. The above picture represents a module over the Steenrod algebra only if Sqn

is indecomposable. But by our knowledge of the Steenrod algebra, the indecompos-
ables all have degrees equal to a power of 2 (they are represented by the elements
Sq2

i

). □

The reader might have noticed that there actually seem to be two problems
here, that are interelated. There is the Hopf invariant one problem, and there
is the question of whether there exists a map Sk+n−1 → Sk whose cofiber has
a nonzero Sqn in mod 2 cohomology. The first problem is inherently unstable in
nature because it deals with the cup product, whereas the second problem is clearly
stable. It is useful to note that the two problems are actually equivalent:

Proposition 5.6. Fix n ≥ 1. The following two statements are equivalent:
(a) There exists a map S2n−1 → Sn of Hopf invariant one;
(b) There exists a k ≥ 0 and a map Sk+n−1 → Sk whose mapping cone has a

nonzero Sqn operation.

Proof. In the discussion preceding Adem’s theorem we saw that (a) implies (b) by
taking k = n. Conversely, if (b) holds for a certain map g then by suspending if
necessary we can assume k ≥ n. The Freudenthal Suspension Theorem guarantees
that π2n−1(S

n)→ πk+n−1(S
k) is surjective, so choose map a map f : S2n−1 → Sn

that is a preimage of g. The spaces Cf and Cg are homotopy equivalent after
appropriate suspensions, so the mod 2 cohomology of Cf has a nonzero Sqn. It
immediately follows that f has odd Hopf invariant, and consequently there exists
a map of Hopf invariant one. □

Adem’s theorem is really an analysis of the stable problem, and it may be
rephrased as follows. If f : Sn+k−1 → Sk then there is a cofiber sequence
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Sn+k−1 → Sk → Cf , and if n ≥ 2 the long exact sequence on mod 2 cohomology
breaks up into a family of short exact sequences

0← H̃∗(Sk;Z/2)← H̃∗(Cf ;Z/2)← H̃∗(Sn+k;Z/2)← 0.

These are maps of modules over the Steenrod algebra A, and both the left and
right terms are isomorphic to the trivial A-module F2 (graded to lie in the ap-
propriate dimension). So the above short exact sequence represents an element of
Ext1A(F2,F2). Standard homological algebra identifies this Ext1 with the module
of indecomposables I/I2, where I is the augmentation ideal of A. Adem’s Theorem
works because we know this module of indecomposables precisely, and therefore can
identify the Ext1 groups precisely.

5.7. An Ext calculation. Most of this section will be spent in pursuit of a purely
algebraic question, somewhat related to what we just saw. Let (N, ·) be the monoid
of natural numbers under multiplication, and let B = Z[N] be the corresponding
monoid ring. Write ψk for the element of B corresponding to k ∈ N. Then B is
simply the polynomial ring

B = Z[ψ2, ψ3, ψ5, . . .],

with one generator corresponding to each prime number. We think of B as the ring
of formal Adams operations, and note that K0(X) is naturally a B-module for any
space X (Section 4).

Let Z(r) denote the following module over B: as an abelian group it is a copy of
Z, with chosen generator g, and the B-module structure is ψk.g = krg. Our goal
will be to compute the groups

Ext1B(Z(r),Z(s))
for all values of r and s.

Before exploring this algebraic problem let us quickly indicate the application to
topology. Let f : Sn+k → Sn be a map of spheres, and write Cf for the mapping
cone. The Puppe sequence looks like

Sn+k → Sn → Cf → Sn+k+1 → Sn+1 → · · ·
and applying K̃0(−) to this yields

K̃0(Sn+k)← K̃0(Sn)← K̃0(Cf)← K̃0(Sn+k+1)← K̃0(Sn+1)← · · ·
Any K̃0(−) group is naturally a B-module, via the Adams operations; and all the
maps in the above sequence are maps of B-modules. Under the hypotheses that n
is even and k is odd, the groups on the two ends vanish and we get a short exact
sequence

0← K̃0(Sn)← K̃0(Cf)← K̃0(Sn+k+1)← 0.

Proposition 4.18 says that as a B-module K̃0(S2r) is isomorphic to Z(r), and hence
the above sequence yields an element

A(f) ∈ Ext1B

(
Z(n2 ),Z(

n+k+1
2 )

)
.

That is to say, we have obtained a topological invariant of f taking values in this
Ext group. So we are motivated to determine what this group actually is.
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Now we begin our computation. Let X be a B-module that sits in a short exact
sequence

0→ Z(s)→ X → Z(r)→ 0.(5.8)

Write a for a chosen generator of Z(s) (as well as its image in X) and b̃ for a chosen
generator of Z(r). Write b for a preimage of b̃ in X. Then we have

ψkb = krb+ Pka

for a unique Pk ∈ Z. The B-module structure on X is completely determined by
the ∞-tuple of integers P = (P2, P3, P5, . . .).

Does any choice of P correspond to a B-module? To be a B-module one must
have ψkψl = ψlψk on B. But we can compute

ψk(ψlb) = ψk(lrb+ Pla) = lr · ψk(b) + Pl · ψka
= lr · (krb+ Pka) + Plk

sa

and likewise

ψl(ψkb) = ψl(krb+ Pka) = kr · ψl(b) + Pk · ψla
= kr · (lrb+ Pla) + Pkl

sa.

Equating these expressions we find that (lr − ls)Pka = (kr − ks)Pla. Since a is
infinite order in X it must be that

(lr − ls)Pk = (kr − ks)Pl,
and this holds for every two primes k and l. If r = s this gives no condition and
it is indeed true that any choice of P corresponds to a module X. But in the case
r ̸= s we can write

Pl

Pk
= lr−ls

kr−ks .

So once we fix a prime k, all other Pl’s are determined by Pk. For convenience we
take k to be the smallest prime, and obtain

Pl = P2 ·
(
lr−ls
2r−2s

)
for every prime l. This shows that the module X depends on the single parameter
P2; however, it is still not true that all possible integral choices for P2 correspond to
B-modules. Indeed, we will only get a B-module if the above formula for Pl yields
an integer for every choice of l. To this end define

Zr,s =
{
P ∈ Z

∣∣P · ( lr−ls
2r−2s

)
∈ Z, for all primes l

}
.

For P ∈ Zr,s let XP denote the corresponding B-module for which P2 = P .
Note that Zr,s ⊆ Z is an ideal, and nonzero because it contains 2r − 2s. In a

moment we will compute this ideal in some examples. For now simply note that
we have a map (in fact a surjection) Zr,s → Ext1B(Z(r),Z(s)) sending P to the
extension (5.8) in which X = XP . It is an exercise to check that this is indeed a
map of abelian groups.

We next need to understand when XP and XQ are isomorphic as elements of
Ext1B(Z(r),Z(s)). This is when there is a map of B-modules XP → XQ yielding a
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commutative diagram

0 // Z(s) // XP

f

��

// Z(r) // 0

0 // Z(s) // XQ
// Z(r) // 0

Such an f must satisfy f(a) = a, and f(b) = b+ Ja for some J ∈ Z (note that the
symbols a and b are being used to simultaneously represent elements of XP and
XQ). The condition that f be a map of B-modules is that ψk(f(b)) = f(ψkb) for
all primes k. For k = 2 the left-hand-side is

ψ2(b+ Ja) = 2rb+Qa+ J · 2sa
and the right-hand-side is

f(ψ2b) = f(2rb+ Pa) = 2r(b+ Ja) + Pa.

We obtain the condition
Q− P = (2r − 2s)J.

The reader may check as an exercise that the condition for the other ψk’s follows
as a consequence of this one.

The conclusion is that XP and XQ are isomorphic as elements of
Ext1B(Z(r),Z(s)) precisely when P − Q is a multiple of 2r − 2s. The map
Zr,s → Ext1B(Z(r),Z(s)) therefore descends to an isomorphism

Zr,s/(2
r − 2s)

∼=−→ Ext1B(Z(r),Z(s)).
Finally, it remains to determine the group Zr,s/(2r − 2s). This is a cyclic group

(since Zr,s ∼= Z), and we need to find its order. To this end, note that the condition
P ( l

r−ls
2r−2s ) ∈ Z is equivalent to

2r−2s

gcd(2r−2s,lr−ls)

∣∣∣P.
This is true for all l if and only if P is a multiple of

lcm
{

2r−2s

gcd(2r−2s,lr−ls)

∣∣∣ l prime
}
= 2r−2s

gcd({lr−ls | l prime}) .

So define
Nr,s = gcd(2r − 2s, 3r − 3s, 5r − 5s, 7r − 7s, . . .).

Then we have just determined that Zr,s = ((2r − 2s)/Nr,s), and hence

Ext1B(Z(r),Z(s)) ∼= ( 2
r−2s

Nr,s
)/(2r − 2s) ∼= Z/Nr,s.

For ease of future reference we restate this as a proposition:

Proposition 5.9. For r, s ≥ 0 distinct, Ext1B(Z(r),Z(s)) ∼= Z/Nr,s where Nr,s =
gcd{lr − ls | l is prime}.
Exercise 5.10. Prove that Ext1B(Z(r),Z(r)) ∼= Z∞.

We will explore the numbers Nr,s in a moment, but we have already done enough
to be able to solve the Hopf invariant one problem. So let us pause and tackle that
first.
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5.11. Solution to Hopf invariant one. We are ready to give the Adams-Atiyah
[AA] solution to the Hopf invariant one problem:

Theorem 5.12. If f : S2n−1 → Sn has Hopf invariant one then n ∈ {1, 2, 4, 8}.
Proof. We assume n > 1 and prove that n ∈ {2, 4, 8}. We of course know that n is
even, since otherwise the Hopf invariant is necessarily zero. Write n = 2r, and let
X be the mapping cone of f . We have an exact sequence of B-modules

0← K̃0(Sn)← K̃0(X)← K̃0(S2n)← 0

which has the form
0← Z(r)← K̃0(X)← Z(2r)← 0.

Let a ∈ K̃0(X) be the image of a chosen generator for K̃0(S2n) and let b ∈ K̃0(X)

be an element that maps to a chosen generator of K̃0(Sn). Then b2 maps to 0 in
K̃0(Sn), so we have b2 = h · a for a unique h ∈ Z. The Atiyah-Hirzebruch spectral
sequence for X immediately shows that (perhaps up to sign) h is the Hopf invariant
of the map f .

The key to the argument is the equivalence ψ2(b) ≡ b2 mod 2 (Proposi-
tion 4.15(d)). Using our assumption that h is odd, this gives ψ2(b) ≡ a mod
2. However, recall our classification of extensions in Ext1B(Z(r),Z(2r)). Such ex-
tensions are determined by an integer P2 ∈ Z satisfying

P2 ·
(
l2r−lr
22r−2r

)
∈ Z(5.13)

for all primes l, where P2 is defined by the equation ψ2b = 2rb+P2a. Our assumption
about the Hopf invariant of f now gives that P2 is odd. But equation (5.13) says
that

P2 · l
r

2r · l
r−1
2r−1 ∈ Z,

and if P2 is odd and l is odd then this implies that 2r|lr − 1.
Let us pause here and summarize. From the topology we have extracted a

number-theoretic condition: if n = 2r and S2n−1 → Sn has Hopf invariant one,
then 2r|lr − 1 for all odd primes l.

This number-theoretic condition is very restrictive, and it turns out just looking
at l = 3 is enough to give us what we want. The lemma below shows that r lies in
{1, 2, 4}, impying that our original n belongs to {2, 4, 8} as desired. □

Lemma 5.14. If 2r|3r − 1 then r ∈ {0, 1, 2, 4}.
Proof. Let ν(n) be the 2-adic valuation of an integer n: that is, n = 2ν(n) · (odd).
Here is a table showing the numbers ν(3r − 1) for small values of r:

Table 5.15.

r 1 2 3 4 5 6 7 8 9 10 11 12
ν(3r − 1) 1 3 1 4 1 3 1 5 1 3 1 4

The reader will reach the natural guess that ν(3r − 1) = 1 when r is odd,
and this is easy to prove by working modulo 4. In Z/4 we have 3 = −1, and so
3r = (−1)r = −1 when r is odd. Thus 3r − 1 = 2 in Z/4, which confirms that
ν(3r − 1) < 2.
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When r is even the reader will note from the table that ν(3r − 1) seems to grow
quite slowly as a function of r. Again, this is easy enough to prove as soon as one
has the idea to do so. If r = 2u then

3r − 1 = 32u − 1 = (3u − 1)(3u + 1).

Modulo 8 the powers of 3 are just 1 and 3, so the possible values for 3u + 1 are
only 2 and 4. In particular, 8 does not divide 3u + 1: that is, ν(3u + 1) < 3 for all
values of u. We therefore have ν(3r − 1) ≤ ν(3u − 1) + 2. If u is odd we stop here,
otherwise we again divide by 2 and apply the same formula; a simple induction
along these lines yields

ν(3r − 1) ≤ 1 + 2ν(r).

The bound 1 + 2ν(r) is generally substantially smaller than r. An easy exercise
verifies that r ≤ 1+2ν(r) only when r ∈ {1, 2, 4}. So to summarize, we have shown
that if r /∈ {1, 2, 4} then 1 + 2ν(r) < r, hence ν(3r − 1) < r, and so 2r ∤ 3r − 1. □

Exercise 5.16. Complete the above proof by showing that if r ≤ 1 + 2ν(r) then
r ∈ {1, 2, 4}. [Suggestion: There are several ways to piece such a proof together,
don’t worry about finding the best method.]

Exercise 5.17. We took an ad hoc approach to the above number theory problem,
but there are tools known to the experts that could be applied here. The so-called
“Lifting-the-Exponent Lemma”—a broad catchall for several related results— says
the following:

• Suppose p is an odd prime, p ∤ x, p ∤ y, and p|x − y. Then νp(x
n − yn) =

νp(x− y) + νp(n).
• Suppose x and y are odd and n is even. Then ν2(x

n − yn) = ν2(x − y) +
ν2(x+ y) + ν2(n)− 1.

Try to prove these results (or go learn about them) and think about how the second
applies to our discussion above.

5.18. Completion of the Ext calculation. At this point we have finished with
the solution to the Hopf invariant one problem. But there is another interesting
problem that is still on the table, namely the exact computation of the groups

Ext1B(Z(r),Z(s)) ∼= Z/Nr,s.
We need to determine the numbers Nr,s = gcd(2r − 2s, 3r − 3s, 5r − 5s, . . .). Note
that Nr,s = Ns,r, so we can concentrate on the case r ≥ s.

Of course this calculation is intriguing from a purely algebraic perspective—when
an answer comes down to finding one specific number, it would be difficult not to
take the extra step and determine just what that number is. But the answer is also
interesting for topological reasons. We have seen that if f : Sn+k−1 → Sn where n
and k are both even, then we get an extension A(f) ∈ Ext1B(Z(n2 ),Z(

n+k
2 )). A little

work (see Exercise 5.26) shows that this actually gives a group homomorphism

A : πn+k−1(S
n)→ Ext1B

(
Z(n2 ),Z(

n+k
2 )
) ∼= Z/Nn

2 ,
n+k

2
.

It is important to determine how large the target group is, and how close A is to
being an isomorphism. This was investigated by Adams [Adams3].
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We begin our investigation of the numbers Nr,s by looking at Nr,r−1. Since
lr − lr−1 = lr−1(l − 1) this is

Nr,r−1 = gcd(2r−1, 3r−1 · 2, 5r−1 · 4, 7r−1 · 6, . . .).
The 2r−1 in the first entry tells us that the gcd will be a power of 2, and the 3r−1 ·2
tells us that it will be at most 21. A moment’s thought reveals that the gcd is
precisely 21, as long as r ≥ 2. When r = 1 the gcd is just 1:

Nr,r−1 =

{
1 if r = 1,

2 if r ≥ 2.

Next consider the numbers Nr,r−2, requiring us to look at lr−lr−2 = lr−2(l2−1).
We have

Nr,r−2 = gcd(2r−2(22 − 1), 3r−2(32 − 1), 5r−2(52 − 1), 7r−2(72 − 1), . . .)

= gcd(2r−2 · 3, 3r−2 · 8, 5r−2 · 24, 7r−2 · 48, . . .).
From the first entry we see that the gcd will only have twos and threes in its
factorization, with at most one 3. Later entries show that the gcd has at most 3
twos, and a brief inspection leads to the guess that the gcd is 24 as long as r ≥ 5.
To prove this we need to verify that 24|l2−1 for primes l > 3. This is easy, though.
Consider the numbers l − 1, l, and l + 1. At least one is a multiple of 3, and our
hypotheses on l say that it isn’t l. So 3 divides (l − 1)(l + 1) = l2 − 1. Likwise,
both l − 1 and l + 1 are even and at least one must be a multiple of 4: so 8|l2 − 1
as well. The reader will now find it easy to check the following numbers:

Nr,r−2 =


1 if r = 2,

6 if r = 3,

12 if r = 4,

24 if r ≥ 5.

Remark 5.19. The two cases we have analyzed so far yield an evident conjecture:
that Nr,r−t is independent of r for r ≫ 0. We will see below that this is indeed the
case.

Let us work out two more cases before discussing the general pattern.

Nr,r−3 = gcd(2r−3(23 − 1), 3r−3(33 − 1), 5r−3(53 − 1), . . .)

= gcd(2r−3 · 7, 3r−3 · 26, 5r−2 · 124, . . .).
A very quick investigation shows that

Nr,r−3 =

{
1 if r = 3,

2 if r ≥ 4.

Moving to Nr,r−4 we have

Nr,r−4 = gcd(2r−4(24 − 1), 3r−4(34 − 1), 5r−4(54 − 1), . . .)

= gcd(2r−4 · 15, 3r−4 · 80, 5r−4 · 624, 74−r · 2400, . . .).
The numbers are getting larger now, and it is harder to see the patterns. The
relevant fact is that l4 − 1 is a multiple of 24 · 3 · 5 for all primes l > 5; and for
l = 2 it is a multiple of 3 · 5, for l = 3 it is a multiple of 24 · 5, and for l = 5 it is
a multiple of 24 · 3. We leave it as an exercise for the reader to prove this, using
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the factorization l4 − 1 = (l − 1)(l + 1)(l2 + 1) and some easy number theory. The
conclusion is that

Nr,r−4 =



1 if r = 4,

30 if r = 5,

60 if r = 6,

120 if r = 7,

240 if r ≥ 8.

By now it should be clear what the general pattern is, if not the specifics. To
understand Nr,r−t we consider the numbers

2t − 1, 3t − 1, 5t − 1, 7t − 1, . . .

Excluding some finite set of primes at the beginning, there will be an “interesting”
gcd to this set of numbers. When r is large the bad primes at the beginning become
irrelevant to the computation, and so here Nr,r−t is equal to the aforementioned
“interesting” gcd. We encourage the reader to do some investigation on their own at
this point. The “large r” values of Nr,r−t are listed in the following table, together
with their prime factorizations:

t 1 2 3 4 5 6 7 8 9 10 11 12
Nr,r−t 2 24 2 240 2 504 2 480 2 264 2 65520

factors 2 23·3 2 24·5 2 2332 ·7 2 253·5 2 233·11 2 24 325·7·13

If you have been around the stable homotopy groups of spheres you will see some
familiar numbers in this table, which might make you sit up and take notice. For
example: πs3 ∼= Z/24, πs7 ∼= Z/240, πs11 ∼= Z/504, and πs15

∼= Z/960 (note that the
last one does not quite match). It is remarkable to have these numbers coming up in
a purely algebraic computation! It turns out that what we are seeing here is the so-
called “image of J”, or more precisely the image of the complex J-homomorphism.
See Exercise 5.28 below for a small taste of this subject.

Fix t ∈ Z+. It turns out that there is a simple formula for the “stable” values
of Nr,r−t, as a function of t. These stable values are also closely connected to the
denominators of Bernoulli numbers. We close this section by explaining this.

Our examples have led to the hypothesis that the sequence of numbers

2C(2t − 1), 3C(3t − 1), 5C(5t − 1), 7C(7t − 1), . . .

has a greatest common divisor that is independent of C when C ≫ 0. Our aim is
to prove this, and to investigate this gcd. To this end, let mC(t) be this gcd:

mC(t) = gcd{lC(lt − 1) | l is prime}.
Notice the relation to our Ext-calculation is that when r ≥ s we have Nr,s =
ms(r − s).

Also define
m′
C(t) = gcd{kC(kt − 1) | k ∈ Z+}.

Clearly m′
C(t) divides mC(t), but in fact the two are equal:

Lemma 5.20. For all t and C, m′
C(t) = mC(t).
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Proof. It will suffice to show that mC(t) divides m′
C(t), or equivalently that every

prime-power factor of the former is also a factor of the latter. So let p be a prime
and suppose pe|mC(t). Then pe|pC(pt− 1), so e ≤ C. For any l such that (l, p) = 1
we have pe|lt − 1, so lt = 1 in Z/pe.

Now let k ∈ Z with k ≥ 2. If p | k then pe | kC(kt − 1) since e ≤ C. If p ∤ k then
write k = l1l2 . . . lr where each li is a prime different from p. We know that lti = 1
in Z/pe for each i, and so kt = lt1l

t
2 . . . l

t
r = 1 in Z/pe as well. That is, pe|kt− 1. We

have therefore shown that pe|m′
C(t), which is what we wanted. □

The next proposition proves that mC(t) stabilizes for C ≫ 0, and it also deter-
mines an explicit formula for the stable value in terms of the prime factorization of
t. Let νp(t) denote the exponent of the prime p in the prime factorization of t.

Proposition 5.21. Let L be the supremum of all exponents in the prime factor-
ization of t. Then mC(t) is independent of C for C ≥ L+ 2. If we call this stable
value m(t) then
(a) m(t) = 2 when t is odd;
(b) When t is even m(t) = 22+ν2(t) · ∏

p odd,(p−1)|t
p1+νp(t).

(c) More generally,

mC(t) = 2min{2+ν2(t),C} ·
∏

p odd,(p−1)|t

pmin{1+νp(t),C}.

Remark 5.22. The notation m(t) comes from Adams [Adams3]. Note that the
proposition completes our Ext-calculations, via the formula Nr,s = ms(r− s). But
see also Exercise 5.27 for more about the Ext groups.

Before proving the proposition let us look at a couple of examples. To compute
m(50) we write 50 = 2 · 52. Next we make a list of all odd primes p such that p− 1
divides 50; these are 3 and 11. So

m(50) = 23 · 3 · 11 = 264.

For a harder example let us compute m(12). We write 12 = 22 · 3, and our list of
odd p such that p− 1 divides 12 is 3, 5, 7, and 13. So

m(12) = 24 · 32 · 5 · 7 · 13 = 65520.

Further, we have m(12) = m4(12) and

m3(12) = 23 · 32 · 5 · 7 · 13
m2(12) = 22 · 32 · 5 · 7 · 13
m1(12) = 21 · 31 · 5 · 7 · 13
m0(12) = 1.

Here are several more values of m for the reader’s curiosity (the numbers are, of
course, better understood in terms of their prime factorizations):

t 2 4 6 8 10 12 14 16 18

m(t) 24 240 504 480 264 65520 24 16320 28728
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To prove Proposition 5.21 we need a lemma from algebra. Most basic algebra
courses prove that the group of units in Z/p is a cyclic group, necessarily isomorphic
to Z/(p − 1). One can also completely describe the group of units inside the ring
Z/pe, for any e. Recall that this group simply consists of all residue classes of
integers k such that (p, k) = 1. Here is the result:

Lemma 5.23. Fix a prime p and consider the group of units (Z/pe)∗ inside the
ring Z/pe.
(a) If p is odd then (Z/pe)∗ ∼= Z/((p− 1)pe−1) ∼= Z/(p− 1)× Z/(pe−1).
(b) If e ≥ 2 then (Z/2e)∗ ∼= Z/2× Z/(2e−2). Here the Z/2 is the subgroup {1,−1}

and the Z/(2e−2) is the subgroup of all numbers congruent to 1 mod 4.
(c) (Z/2)∗ = {1}.
Proof. We first recall the proof that (Z/p)∗ is cyclic. If a finite abelian group is
noncyclic, then it contains a subgroup isomorphic to Z/k × Z/k, for some prime k
(this follows readily from the structure theorem for finite abelian groups). But if this
were true for (Z/p)∗ then the field Z/p would have k2 solutions to the polynomial
xk − 1, and this is a contradiction.

Assume that p is odd. Reduction modulo p gives a surjective map (Z/pe)∗ →
(Z/p)∗. Let K denote the kernel. Note that (Z/pe)∗ coincides with the set

{1, 2, . . . , pe − 1} − {p, 2p, 3p, . . . , (pe−1 − 1)p}
and so has order pe − pe−1. Thus, |K| = pe−1. Since |K| is prime to the order of
(Z/p)∗, our sequence must be split: (Z/pe)∗ ∼= K× (Z/p)∗. It remains to show that
K is cyclic, and for this it suffices to verify that K has exactly p − 1 elements of
order p. Let a ∈ K − {1}, and let the base p representation of a be

a = 1 + afp
f + af+1p

f+1 + · · ·+ ae−1p
e−1,

for 0 ≤ ai < p and af ̸= 0 (note that a0 = 1 by the definition of K). Write
b = af + af+1p+ af+2p

2 + · · · , so that

ap = (1 + pfb)p = 1 + p · pfb+
(
p
2

)
p2fb2 + · · ·

The terms after p1+fb all contain at least f + 2 factors of p; so modulo pf+2 one
has ap ≡ 1+ pf+1b ≡ 1+ afp

f+1. So we can have ap = 1 in Z/pe only if f = e− 1.
Thus, we have shown that the elements of K that are pth roots of unity are precisely
the elements 1 + ape−1, for 0 ≤ a < p. In particular, we have only p − 1 of these
(excluding the identity element). This completes the proof.

The proof for p = 2 is similar. Of course (Z/4)∗ ∼= Z/2. For e ≥ 3 consider
the sequence 0 → K → (Z/2e)∗ → (Z/4)∗ → 0, where the right map is reduction
modulo 4. This reduction map is split-surjective, with the splitting sending the
generator of (Z/4)∗ to −1. The proof that K is cyclic proceeds exactly as in the
odd primary case. □

Proof of Proposition 5.21. Let p be an odd prime. Then one has

pe | mC(t) ⇐⇒ pe | pC(pt − 1) and pe | lC(lt − 1) for all primes l ̸= p

⇐⇒ e ≤ C and pe | lt − 1 for all primes l ̸= p

⇐⇒ e ≤ C and pe|kt − 1 for all k ∈ Z+ such that p ∤ k
⇐⇒ e ≤ C and all units in Z/pe are tth roots of 1

⇐⇒ e ≤ C and (p− 1)pe−1|t.
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The third equivalence is by Lemma 5.20, and in the last equivalence we have used
that (Z/pe)∗ ∼= Z/((p− 1)pe−1). This last line shows why C is redundant when it
is large enough: the condition pe−1|t already forces e ≤ νp(t) + 1, and so e ≤ C is
redundant if C ≥ νp(t) + 1.

Assuming now that C is large enough so that we are in the stable case, the
above equivalences show that p|m(t) only when p − 1|t; and also that in this case
νp(m(t)) = 1 + νp(t).

The analysis of p = 2 is very similar. One finds

2e | mC(t) ⇐⇒ e ≤ C and all units in Z/2e are tth roots of 1.

When e = 1 the latter condition is just e ≤ C. When e > 1 the latter condition
is equivalent to e ≤ C and 2e−2|t, using Lemma 5.23(b). This readily yields the
desired result. □

Exercise 5.24. Verify the following characterization of m(t):

m(t) =
∏

p prime

(maximum pe such that all units in Z/pe are tth roots of 1).

Our final task is to make the connection between the numbers m(t) and the
Bernoulli numbers. For a review of the Bernoulli numbers and their basic properties,
see Appendix A. The result we are after is the following:

Theorem 5.25. When t is even, m(t) is the denominator of the fraction Bt

2t when
expressed in lowest terms.

The following table demonstrates this result in the first few cases:

t 2 4 6 8 10 12

|Bt| 1
6

1
30

1
42

1
30

5
66

691
2730

|Bt|
2t

1
24

1
240

1
504

1
480

1
264

691
65520

m(t) 24 240 504 480 264 65520

It should be remarked, perhaps, that this connection between m(t) and Bernoulli
numbers is worth more in effect than it is in practical value. The explicit formula
for m(t) from Proposition 5.21 is much more useful than its description as the
denominator of Bt/(2t). Moreover, the denominators of Bernoulli numbers are very
simple: the denominator of Bn (when n is even) is simply the product of all primes p
such that p−1 divides n (Theorem ??(b)). So in the end the result of Theorem 5.25
is neither deep nor particularly useful. Still, it provides a nice-sounding connection
between topology and number theory.

Proof of Proposition 5.25. By the theorem of von Staudt and Claussen (Theo-
rem ??) we know that when t is even the denominator of Bt (in lowest terms)
is the product of all primes p such that p− 1 divides t. Note that one such prime is
p = 2, so the denominator is even (in fact, congruent to 2 modulo 4) and the numer-
ator is odd. Note also that these are the same primes appearing in the factorization
of m(t), by Proposition 5.21(b).

Consider now α = Bt/(2t). Since the numerator of Bt is odd, the number of
twos in the denominator of α is 1 + 1 + ν2(t). This is the same as the number of
twos in the prime factorization of m(t).
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For every prime p such that p−1|t we have one p appearing in the denominator of
Bt and νp(t) of them appearing in t, so the total number of p’s in the denominator
of α is 1+νp(t). At this point we have thereby shown that m(t)| den(α), and (from
the last paragraph) that the two numbers have the same 2-adic valuation.

It remains to check that if p is an odd prime and pe | den(α) then pe | m(t). This
is the nontrivial part of the proof. Note that pe will also be in the denominator of
2α = Bt/t. By Proposition ?? we know that

kt(kt−1)Bt

t ∈ Z
for all k ∈ Z. Consequently we have pe|kt(kt−1) for all k ∈ Z. But this exactly says
that pe divides the greatest common divisor of those numbers, which is mt(t). We
know mt(t) = m(t), though, from Proposition 5.21. This completes the proof. □

◦ Exercises ◦

Exercise 5.26. Let f, g : Sn+k−1 → Sn where n and k are even. Examine the
ladder of Puppe sequences

Sn+k−1

p

��

f+g // Sn

id

��

// Cf+g

��

// Sn+k

p

��
Sn+k−1 ∨ Sn+k−1

∇(f∨g) // Sn // C∇(f∨g) //

2

Sn+k ∨ Sn+k

Sn+k−1 ∨ Sn+k−1 f∨g //

id

OO

Sn ∨ Sn
1

//

∇

OO

Cf∨g //

OO

Sn+k ∨ Sn+k
id

OO

where p is the pinch map. The squares labelled 1 and 2 are homotopy pushouts.
Prove that after applying K̃0 square 1 is a pullback square and 2 is a pushout
square. Using this, prove that A(f + g) = A(f) + A(g) where A : πn+k−1(S

n) →
Ext1B(Z(n2 ),Z(

n+k
2 )) is the map defined in Section 5.18.

For the next two exercises remember the isomorphisms

Ext1B(Z(r),Z(s)) ∼=
{P ∈ Z

∣∣ lr−ls
2r−2sP ∈ Z for all primes l}

(2r − 2s)
∼= Z/Nr,s=Z/(ms(r−s))

where in the first isomorphism P corresponds to the extension module XP .

Exercise 5.27. Let us return to our original motivation, which was to understand
the groups Ext1B(Z(r),Z(s)). As part of our computation we discovered two sur-
prises: the groups are symmetric in r and s, and when r ≥ s there is a “stability”
phenomenon related to s being large compared to r − s. In this exercise we will
identify some algebraic structure behind these phenomena.
(a) If M is a B-module then M∗ = HomAb(M,Z) becomes a B-module by precom-

position: if f : M → Z then define ψk.f = f ◦ ψk. Note that Z(r)∗ ∼= Z(r),
and that if 0 → Z(s) → M → Z(r) → 0 is an exact sequence then so is
0← Z(s)∗ ←M∗ ← Z(r)∗ ← 0. Verify that this gives an isomorphism between
Ext1B(Z(r),Z(s)) and Ext1B(Z(s),Z(r)).
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(b) If M and N are B-modules verify that the abelian group M ⊗Z N becomes a
B-module via the formula ψk(m ⊗ n) = (ψkm) ⊗ (ψkn). Check that Z(r) is a
flat B-module, so that we get maps

Ext1B(Z(r),Z(s))
⊗Z(1)−→ Ext1B(Z(r + 1),Z(s+ 1))

⊗Z(1)−→ · · ·
Verify that the maps in this sequence eventually become isomorphisms, with
the stable value isomorphic to Z/(m(r−s)). [Warning: The proofs that I know
all make use of the number-theoretic computations we did in this section. I am
not aware of an entirely conceptual proof.]

(c) Let n and k be even and consider the diagram

πn+k−1(S
n)

Σ2
//

A
��

πn+k+1(S
n+1)

Σ2
//

A
��

· · ·

Ext1B

(
Z(n2 ),Z(

n+k
2 )
) ⊗Z(1) // Ext1B

(
Z(n+2

2 ),Z(n+k+2
2 )

) ⊗Z(1) // · · ·

Prove that the squares commute, so that one gets an induced map of colimits

πk−1(S)→ Z/(m(k2 )).

Exercise 5.28. For n and k even we have the map

A : πn+k−1(S
n)→ Ext1B(Z(n2 ),Z(

n+k
2 )) ∼= Z/Nn

2 ,
n+k

2

∼= Z/(m(k2 ))

where the last isomorphism holds for n large enough. So after stabilization this is
a map πk−1(S)→ Z/(m(k2 )). The first few of these are

π1(S)→ Z/2, π3(S)→ Z/24, π5(S)→ Z/2, π7(S)→ Z/240.
A natural question is to ask how close these are to being isomorphisms. For example,
are they surjective? Such questions (any many more) were investigated by Adams
in the series of papers [Adams3]. A full account would take us far afield, but let us
at least give a little taste by exploring the first two maps.
(a) Start with the Hopf map η : S3 → S2, whose cofiber is CP 2. Use our knowledge

of K0(CP 2) to calculate A(η) and show that it is the generator of the target
group Z/2.

(b) Next consider the quarternionic Hopf map ν : S7 → S4 whose cofiber is HP 2.
Calculate A(ν) and show that it generates the target group Z/24. [Hint: Let
Q → HP 2 denote the tautological quaternionic line bundle, which as a com-
plex bundle has rank 2. If u = [Q] − 2 then the Atiyah-Hirzebruch spectral
sequence yields that K0(HP 2) = Z[u]/(u3). The key step is to compute the
two coefficients in ψ2(Q−2) =?(Q−2)+??(Q−2)2 (the first is easy). Use that
ψ2 = (λ1)2 − 2λ2 together with the fact that all complex line bundles on HP 2

are trivial.]

6. Calculation of KO for stunted projective spaces

The goal in this section is to determine KO0(RPn) and KO0(RPn/RP a) for all
values of n and a, together with the Adams operations on these groups. These com-
putations are the key to solving the vector fields on spheres problem (introduced
in Section ??), which we do in the next section. As intermediate steps we also
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compute K∗(RPn) and K∗(RPn/RP a). The original written source for this mate-
rial is Adams [Adams2], though he acknowledges unpublished work of Atiyah-Todd
and Bott-Shapiro for portions of the calculation. We follow Adams’s approach very
closely.

Some words of warning about this material are in order. The complete calcu-
lation of KO for stunted projective spaces is fairly involved. Several things end
up going on at once, so that there is much to keep track of. And calculations are
just never very fun to read in the first place. We have attempted to structure our
presentation to try to help with this, but of course that only gets us so far. After
some preliminary material we give a section which has just the statements of the
results, with a minimal amount of discussion (and no proofs). The intent is to give
the reader the general picture, and also a convenient reference section. All of the
proofs are then given in a subsequent section.

Some readers might want to skip the proofs the first time through, and this is
not a problem. Later applications in the text only need the results, not details from
the proofs. However, I highly recommend that algebraic topologists go through
the proofs carefully at an early stage in their career. I cannot stress this enough.
Going through the proofs will teach you something important about this subject
that I do not have words for, and it will open up doors for you down the road.
Trust me that this is an important thing to do.

This section will heavily use the complexification and restriction maps
c : KO(X) → K(X) and rR : K(X) → KO(X). See ???, and also Theorem ??
for the behavior when X is a sphere. We will also use the Adams operations ψk
defined for k ∈ Z (see Remark 4.20). Recall that ψ−1(E) = E∗ for bundles E.
Finally, we will throughout this section abbreviate KO0 to KO and K0 to K
whenever convenient.

6.1. Initial material. The results in this section will make heavy use of the in-
terplay between RPn and CPn in the homotopy category of spaces. We begin by
reviewing the basics of what we will need.

Let η be the tautological complex line bundle on CPn, and let L be the tauto-
logical real line bundle on RPn. Let j : RPn ↪→ CPn be the inclusion.

Lemma 6.2. The complexification of L is the pullback of η: that is, cL ∼= j∗η.

Proof. Complex line bundles on a space X are classified by homotopy classes in
[X,CP∞]. The real line bundle L is classified by the inclusion RPn ↪→ RP∞, so
the complexificaton of L is classified by the composition RPn ↪→ RP∞ ↪→ CP∞.
The complex line bundle η is classified by CPn ↪→ CP∞, so j∗η is classified by the
composition RPn ↪→ CPn ↪→ CP∞. The result is immediate. □

Note that CP∞ ≃ K(Z, 2), so complex line bundles on X are classified by
[X,CP∞] = H2(X). If n > 1 then H2(RPn) = Z/2, so there are only two
isomorphism classes of complex line bundles: the trivial bundle and the non-
trivial bundle. The bundle cL = j∗η is nontrivial, since its classification map
RPn ↪→ RP∞ ↪→ CP∞ represents the generator of H2(RPn).

Remark 6.3. The powers ηk are all distinct line bundles on CPn (e.g., the first
Chern classes are c1(ηk) = kc1(η) = kx where x is the generator of H2(CPn)). The
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situation upon pulling back to RPn is very different, however. We have

[j∗η]2 = (cL)2 = c(L2) = c(1R) = 1C.

So the even powers of j∗η are all trivial, and the odd powers are just j∗η. We will
see that this accounts for the main difference between K0(CPn) and K0(RPn).

In addition to the inclusion j : RPn ↪→ CPn there is another interesting map from
real to complex projective space. Every real line in Cn+1 determines a complex line
by taking the C-linear span, and therefore we get a map PR(Cn+1)→ PC(Cn+1) =
CPn. It is easy to see that this is a fiber bundle with fiber S1 (the space of real
lines in C). Identifying Cn+1 with R2n+2 shows that the domain is homeomorphic
to RP 2n+1, giving us a fiber bundle

S1 −→ RP 2n+1 q−→ CPn.
In terms of homogeneous coordinates, q sends the point [x0 : x1 : · · · : x2n : x2n+1]
to [x0 + ix1 : x2 + ix3 : · · · : x2n + ix2n+1].

Lemma 6.4. The diagram

RPn i //

j %%

RP 2n+1

q

��
CPn

commutes up to homotopy, where i is the standard inclusion. Consequently, q∗
sends x ∈ H2(CPn) to the nonzero element of H2(RP 2n+1). (The latter statement
can also be proven via the Serre spectral sequence for q).

Proof. The diagram commutes on the nose if i is replaced by the inclusion sending
[x0 : x1 : · · · : xn] to [x0 : 0 : x1 : 0 : · · · : xn : 0]. But all linear inclusions from one
projective space to another are homotopic. □

Corollary 6.5. There is an isomorphism of bundles q∗η ∼= cL.

Proof. As we have remarked before, there are only two isomorphism classes of
complex bundles on RP 2n+1. Since j∗η = i∗(q∗η) is not trivial, the bundle q∗η
cannot be trivial. So the only possibility is q∗η ∼= cL. □

Note that for a ≤ n one has the following commutative diagram

RP 2a+1 i //

q

��

RP 2n+1

q

��
CP a i // CPn,

and therefore q induces a map RP 2n+1/RP 2a+1 → CPn/CP a. We will also use
q to denote this induced map on quotients, as well as various small modifications.
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Note that these induced maps fit together to give a big commutative diagram

S2a+2 RP 2a+2/RP 2a+1

��
��

RP 2a+3/RP 2a+1 q //
��
��

CP a+1/CP a
��
��

S2a+2

...
��

��

...
��

��
RP 2n+1/RP 2a+1 q //

��
��

CPn/CP a
��

��

RP 2n+2/RP 2a+1

��

��
RP 2n+3/RP 2a+1 q //

��
��

CPn+1/CP a
��
��

...
��

��

...
��

��
RP∞/RP 2a+1 q // CP∞/CP a.

(6.6)

We will tend to use ‘q’ as a name for any composition of maps from this diagram
that involves one horizontal step.

Notice that at the very top of the diagram we have a map from S2a+2 to itself.
The next result identifies this map:

Lemma 6.7. For n ≥ 1 the composite

S2n ∼= RP 2n/RP 2n−1 ↪→ RP 2n+1/RP 2n−1 q−→ CPn/CPn−1 ∼= S2n

is a homeomorphism.

Proof. The space RP 2n/RP 2n−1 consists of the basepoint and the affine space R2n

made up of points [x0 : x1 : · · · : x2n−2 : x2n−1 : 1]. Likewise, the space CPn/CPn−1

consists of the basepoint and the affine space Cn made up of the points [z0 : z1 :
· · · : zn−1 : 1]. One readily uses the formula for q to see that it gives a continuous
bijective correspondence, and is therefore a homeomorphism (the spaces involved
being compact and Hausdorff). □

6.8. The main results. Here we state the main theorems about the K-theory
of real and complex projective spaces. The proofs will be deferred until the next
section.

Theorem 6.9 (Complex K-theory of complex projective spaces and stunted pro-
jective spaces). Let η be the tautological line bundle on CPn, and write µ = [η]−1 ∈
K̃0(CPn).
(a) K0(CPn) = Z[µ]/(µn+1) and K1(CPn) = 0.
(b) The Adams operations on K0(CPn) are given by

ψk(µs) =
[
(1 + µ)k − 1

]s
= ksµs + s

(
k
2

)
ks−1µs+1 + (higher order terms)

for k ≥ 1.
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(c) The sequence 0 → K̃0(CPn/CP a) → K̃0(CPn) → K̃0(CP a) → 0 is exact,
and identifies K̃0(CPn/CP a) as the free abelian group Z⟨µa+1, µa+2, . . . , µn⟩ ⊆
K0(CPn). The ring structure and action of the Adams operations are deter-
mined by the corresponding structures on K0(CPn). Also, K1(CPn/CP a) = 0.

Remark 6.10. Following Adams [Adams2] we write µ(i) for the element of
K0(CPn/CP a) that maps to µi in K0(CPn). The extra parentheses in the ex-
ponent remind us that this class is not a true ith power in the ring K0(CPn/CP a).

The isomorphism L2 ∼= 1 complexifies to the isomorphism (cL)2 ∼= 1. If we set
ν = [j∗η]− 1 = [cL]− 1 then

ν2 = [(cL)2]− 2[cL] + 1 = 1− 2[cL] + 1 = 2− 2[cL] = −2ν.
This is the key to understanding K∗(RPn):

Theorem 6.11 (Complex K-theory of real projective spaces). Let ν be the element
[j∗η]− 1 ∈ K̃0(RPn), where as usual j is the standard inclusion RPn ↪→ CPn.
(a) K0(RPn) = Z[ν]/(ν⌊n

2 ⌋+1, ν2+2ν) as rings and K̃0(RPn) is the ideal generated
by ν. As abelian groups K̃0(RPn) ∼= Z/

(
2⌊

n
2 ⌋) with generator ν.

(b) K1(RPn) =

{
0 if n is even,
Z if n is odd.

(c) The Adams operations on K0(RPn) are given by

ψk(νe) =

{
0 if k is even,
νe if k is odd

for all k ∈ Z.

Remark 6.12. Let E be a complex-oriented cohomology theory, with associated
formal group F . The 2-series of F is defined to be the power series x +F x =
F (x, x). The isomorphism 1 ∼= (j∗η)2 implies that

0 = cE1 ((j
∗η)2) = cE1 (j

∗η) +F c
E
1 (j

∗η).

So the map E∗(CP∞) → E∗(RP∞) descends to give a map E∗[[x]]/(x +F x) →
E∗(RP∞) where x = cE1 (η). In many cases this map is an isomorphism.

For E = K one has F (x, y) = x + y − xy, cK1 (η) = 1 − [j∗η] = −ν, and so the
2-series relation is 0 = F (−ν,−ν) = −2ν − ν2.

Recall that we have calculated K̃0(CPn/CP a−1) to be the free abelian group
Z⟨µ(a), µ(a+1), . . . , µ(n)⟩. For k ≤ 2n + 1 we may pull back these classes along the
map q : RP k/RP 2a−1 → CPn/CP a−1 to get elements of K̃0(RP k/RP 2a−1). We
again follow Adams [Adams2] and set

ν̄(t) = q∗(µ(t)) ∈ K̃0(RP k/RP 2a−1)

for a ≤ t ≤ n. Note that these elements correspond nicely as k and n vary, due
to the commutative diagram (6.6). We may as well take n 7→ ∞ so that we have
classes ν̄(t) for all t ≥ a.

We claim that upon pulling back along the projection π : RP k → RP k/RP 2a−1

we have π∗(ν̄(t)) = νt; this explains our choice of notation. To prove this claim
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we can deal with the cases k = 2u and k = 2u + 1 simultaneously. Consider the
commutative diagram

RP 2u/RP 2a−1 // // RP 2u+1/RP 2a−1 q // CPu/CP a−1

RP 2u

π

OO

// // RP 2u+1 q //

π

OO

CPu.

πC

OO

We have π∗(q∗(µ(t))) = q∗(π∗
C(µ

(t))) = q∗(µt) = (q∗µ)t = νt, where the last equality
is by Corollary 6.5 and Lemma 6.2.

Observe that K̃0(RP 2a/RP 2a−1) = K̃0(S2a) ∼= Z and the class ν̄(a) is a gen-
erator. This follows because µ(a) generates K̃0(CP a/CP a−1) ∼= Z and ν̄(a) is the
pullback of µ(a) along the map RP 2a/RP 2a−1 → CP a/CP a−1, which by Lemma 6.7
is a homotopy equivalence.

For n ≥ 2a the inclusion i : RP 2a/RP 2a−1 ↪→ RPn/RP 2a−1 induces a map

Z = K̃0(S2a) = K̃0(RP 2a/RP 2a−1)
i∗←− K̃0(RPn/RP 2a−1).

This map is surjective, because the class ν̄(a) in the domain maps to the class ν̄(a)
in the target, and the latter is a generator. In particular, not only do we know that
the above map i∗ is surjective but the class ν̄(a) in the domain gives a choice of
splitting. This will be the main use of these ν̄ classes.

Theorem 6.13 (Complex K-theory of real stunted projective spaces).
Suppose n > a > 0.
(a) If a = 2t then the sequence

0→ K̃0(RPn/RP a)→ K̃0(RPn)→ K̃0(RP a)→ 0

is exact. It identifies K̃0(RPn/RP a) with the subgroup of K̃0(RPn) generated
by νt+1 = (−2)tν. As a group, K̃0(RPn/RP a) ∼= Z/(2g) where g = ⌊n−a2 ⌋.
The ring structure and Adams operations are determined by the structures in
K0(RPn). In particular, ψk acts as zero when k is even and as the identity
when k is odd. We write ν(i) for the element of K̃0(RPn/RP a) that maps to
νi in K̃0(RPn), so that ν(t+1) is a generator.

(b) Let a = 2t − 1. The cofiber sequence RP 2t/RP 2t−1 → RPn/RP 2t−1 →
RPn/RP 2t induces a sequence

0← K̃0(RP 2t/RP 2t−1)← K̃0(RPn/RP 2t−1)← K̃0(RPn/RP 2t)← 0

that is short exact. Consequently, K̃0(RPn/RP 2t−1) ∼= Z⊕ Z/(2f ) where f =
⌊n2 ⌋ − t; the former summand is generated by ν̄(t) and the latter summand is
generated by ν(t+1).

(c) The action of ψk on K̃0(RPn/RP 2t−1) is given by

ψk(ν(t+1)) =

{
0 if k is even
ν(t+1) if k is odd,

and

ψk(ν̄(t)) = ktν̄(t) +

{
1
2k

tν(t+1) if k is even
1
2 (k

t − 1)ν(t+1) if k is odd
for all k ∈ Z.
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Most of the content to the above theorem is represented in the following convo-
luted but useful diagram:

Z/
(
2⌊

n
2 ⌋) = K̃(RPn) K̃(RP 2t/RP 2t−1) = Z

· · · K̃(RPn/RP 2t−2)

OO
OO

oo K̃(RPn/RP 2t−1)oo

jj 44 44

K̃(RPn/RP 2t)oo
ll

ll

oo

Z/(2B+1) Z⊕ Z/(2B)oooo Z/(2B)oooo B=⌊n
2 ⌋−t

ν(t) ν̄(t), ν(t+1)oo

qq

ν(t+1)oo

ν(t+1) = −2ν(t)

The indicated maps are injections/surjections, and our chosen generators of the
groups are written in the bottom two lines. The generators ν(t+1) and ν̄(t)

map to the elements νt+1 and νt in K̃(RPn), and ν̄(t) maps to a generator of
K̃(RP 2t/RP 2t−1) = K̃(S2t). The action of the Adams operations on ν(t+1) is com-
pletely determined by what happens in K̃(RPn). Likewise, the action on ν̄(t) is
completely determined by using the surjection onto K̃(S2t) together with the map
into K̃(RPn). These are instructive exercises; but if necessary see the proofs in
Section 6.27 for details.

Remark 6.14. The action of ψk on the element ν̄(t) is of crucial importance to
the solution of the vector fields on spheres problem. See Section 7.

We now move from the realm of K-theory to KO-theory. Recall that L→ RPn
always denotes the tautological line bundle.

Theorem 6.15 (Real K-theory of real projective spaces).
K̃O 0(RPn) ∼= Z/(2f ) where f = #{s | 0 < s ≤ n, s ≡ 0, 1, 2, or 4 mod 8}. The
group is generated by λ = [L] − 1, which satisfies λ2 = −2λ and λf+1 = 0. The
Adams operations are given by

ψk(λ) =

{
0 k even,
λ k odd.

Definition 6.16. Because this number comes up so often, let us define

φ(n) = #{s | 0 < s ≤ n, s ≡ 0, 1, 2, or 4 mod 8}.
The following chart shows the groups K̃O 0(RPn) and K̃0(RPn) as functions of

n. To save space we write Zn instead of Z/n; but all the groups are cyclic, and so
really one only needs to keep track of the order.

n 2 3 4 5 6 7 8 9 10 11 12 13 14
KO Z4 Z4 Z8 Z8 Z8 Z8 Z16 Z32 Z64 Z64 Z128 Z128 Z128

K Z2 Z2 Z4 Z4 Z8 Z8 Z16 Z16 Z32 Z32 Z64 Z64 Z128

Observe that the K̃O 0(RPn) groups follow the by-now-familiar 8-fold pattern from
Bott periodicity and Clifford algebras: starting in multiples of 8 the orders of the
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groups jump according to the pattern “jump-jump-nothing-jump-nothing-nothing-
nothing-jump” (the first couple are not on the chart because the associated projec-
tive spaces are exceptions in some way). In particular, every eight steps a total of
four jumps have occurred, resulting in the orders being multiplied by 16. This is the
quasi-periodicity of the first line. The second line has the simpler quasi-periodocity
of length 2, where every two steps the order of the group gets doubled. Note that
the groups on the two lines coincide in dimensions congruent to 6, 7, and 8 modulo
8; in other dimensions there is a difference of a factor of 2.

For reference purposes we also give Table 6.16 below showing the numbers φ(n)
and ⌊n2 ⌋. Even though this is really the same information as in the previous table,
it is very handy to have around. The table provides some useful information about
the comparison between φ(n) and ⌊n2 ⌋, which we record in a proposition:

Table 6.16. Comparison of φ(n) and ⌊n2 ⌋

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
φ(n) 0 1 2 2 3 3 3 3 4 5 6 6 7 7 7 7 8
⌊n2 ⌋ 0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8

Proposition 6.17. For every n ≥ 2, the number φ(n) equals either ⌊n2 ⌋ or ⌊n2 ⌋+1.
The former occurs precisely when n is congruent to 6, 7, or 8 modulo 8.

Recall the complexification map c : K̃O 0(RPn) → K̃0(RPn). Both groups are
cyclic, and by Lemma 6.2 the map sends the generator λ = L− 1 of the domain to
the generator ν = j∗η − 1 of the target. Hence, c is surjective. Our observations
about the orders now proves part (a) of the following result. Part (b) follows at
once from c(λ) = ν and the fact that rRc = 2.

Theorem 6.18. Let n ≥ 2.
(a) The complexification map c : K̃O 0(RPn) → K̃0(RPn) is always surjective. It

is an isomorphism if n is congruent to 6, 7, or 8 modulo 8, and it has kernel
Z/2 otherwise.

(b) The map rR : K̃0(RPn)→ K̃O 0(RPn) sends ν to 2λ.

Finally, we turn our attention toKO-theory of the spaces RPn/RP a. It is almost
true that the Atiyah-Hirzebruch spectral sequence for RPn/RP a is a truncation of
the one for RPn. The mod 2 cohomology groups H∗(RPn/RP a;Z/2) are indeed
a truncation of H∗(RPn;Z/2), and the integral cohomology groups are a similar
truncation when a is even. But when a is odd there is a Z in Ha+1(RPn/RP a) that
does not appear in Ha+1(RPn). This new Z will contribute to K̃O 0(RPn/RP a)
only if it shows up along the main diagonal in the Atiyah-Hirzebruch spectral
sequence, which will happen precisely when a+ 1 is a multiple of 4. This explains
the two cases in the following result:

Theorem 6.19 (Real K-theory of real stunted projective spaces; part 1).
(a) Suppose a ̸≡ −1 mod 4. Then the map π∗ : K̃O 0(RPn/RP a) → K̃O 0(RPn)

is an injection whose image is the subgroup generated by λφ(a)+1. So
K̃O 0(RPn/RP a) ∼= Z/(2g) where g = φ(n) − φ(a) = #{s | a < s ≤ n, s ≡
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0, 1, 2, or 4 mod 8}. Let λ(φ(a)+1) be the preimage for λφ(a)+1 under π∗, which
generates the group. Then

ψk(λ(u)) =

{
0 k even,
λ(u) k odd

for all k ∈ Z.
(b) Assume that a ≡ −1 mod 4. The sequence

Sa+1 = RP a+1/RP a → RPn/RP a → RPn/RP a+1

induces a split-exact sequence in KO-groups:

0← K̃O 0(Sa+1)← K̃O 0(RPn/RP a)← K̃O 0(RPn/RP a+1)← 0.

Consequently,

K̃O 0(RPn/RP a) ∼= Z⊕ K̃O 0(RPn/RP a+1) ∼= Z⊕ Z/2h

where h = φ(n)− φ(a+ 1) = #{s | a+ 1 < s ≤ n, s ≡ 0, 1, 2, or 4 mod 8}.
Notice that the above result does not give the action of the Adams operations

in part (b). To do this we need to choose a specific generator for the Z summand,
and this requires some explanation. It turns out (and this is not obvious) that the
generator can always be chosen so that it maps to λφ(a+1) in K̃O 0(RPn). This
property is all that we will really need, but it is not so easy to prove; in fact there
are always two such generators, and proving the desired existence seems to be best
accomplished by having a method for systematically choosing a preferred generator
out of the two possibilities. This is what we do next; in the chain

K̃O (RP 4t/RP 4t−1)← K̃O (RP 4t+1/RP 4t−1)← · · · ← K̃O (RPn/RP 4t−1)← · · ·

we wish to choose elements λ
(φ(4t))

in each group with the property that they all
map onto each other, they all map to a generator of the left-most group (which is
Z), and upon pulling back along the projection RPn → RPn/RP 4t−1 the element
λ
(φ(4t))

maps to λφ(4t) (for any choice of n).
These elements will be produced by starting with the elements ν̄(2t) that we have

already constructed, living in the bottom groups of the following diagram:

K̃O (RP 4t/RP 4t−1)

c

��

· · ·oo K̃O (RPn/RP 4t−1)oo

c

�� ((
K̃(RP 4t/RP 4t−1)

rR

bb

· · ·oo K̃(RPn/RP 4t−1)oo

rR

bb

((

K̃O (RPn)

c

��
K̃(RPn)

rR

bb

First note that it suffices to construct the λ
(φ(4t))

classes for n sufficiently large,
as we can then construct the classes for smaller n by naturality. In particular,
we may assume that n is congruent to 6 (or 7 or 8) modulo 8. This forces the
right-most vertical c map to be an isomorphism, by Theorem 6.18(a).

The rest of the argument breaks into two cases, depending on whether t is even or
odd. When t is even, φ(4t) = 2t (see Table 6.16) and the vertical maps c in the above
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diagram are all isomorphisms; this will be proven carefully in Theorem 6.25(b)
below, but for now we just accept it. Define

λ
(φ(4t))

= c−1(ν̄(2t)).(6.20)

The desired properties of λ
(φ(4t))

are immediate by the naturality of c and the
known properties of ν̄(2t).

When t is odd one has φ(4t) = 2t + 1. The vertical maps c are no longer
isomorphisms (except the rightmost one), but we can use the map rR instead.
The idea for this comes from the fact that when t is odd the map c : K̃O (S4t) →
K̃(S4t) is Z 2−→ Z, and rR sends a generator to a generator (Theorem ??). So
rR(ν̄

(2t)) will give us an element of K̃O (RPn/RP 4t−1) that maps to a generator in
K̃O (RP 4t/RP 4t−1).

However, note that rR(ν̄2t) maps to −λ(2t+1) in K̃O (RPn). This follows at once
from a simple calculation:

rR(ν
2t) = rR((−2)2t−1 ·ν) = (−2)2t−1 ·rR(ν) = (−2)2t−1 ·2λ = −(−2)2t ·λ = −λ2t+1.

The extra minus sign leads us to make the definition

λ
(φ(4t))

= −rR(ν̄(2t))(6.21)

in the case when t is odd.
We have now constructed the desired generators λ

(φ(4t))
. The group

K̃O 0(RPn/RP 4t−1) is generated by the two elements λφ(4t)+1 (which is torsion)
and λ

(φ(4t))
(which is non-torsion). These elements map to the corresponding pow-

ers of λ in K̃O 0(RPn). Observe that φ(4t) = φ(4t − 1) + 1. Combining this
knowledge with Theorem 6.19(a) (and other previous work) gives the following
uniform result:

Proposition 6.22.
(a) For any a ≤ n, the image of K̃O 0(RPn/RP a) → K̃O 0(RPn) is the subgroup

generated by λφ(a)+1.
(b) For any n ≤ N the map K̃O 0(RPN/RP a)→ K̃O 0(RPn/RP a) is surjective.

Exercise 6.23. Prove Proposition 6.22.

We next use our generators to describe the action of the Adams operations:

Theorem 6.24 (Real K-theory of real, stunted projective spaces; part 2). Let
t ≥ 1 and let f = φ(4t). The Adams operations on K̃O 0(RPn/RP 4t−1) are given
by the formulas

ψk
(
λ(f+1)

)
=

{
0 k even,
λ(f+1) k odd;

ψk
(
λ
(f)
)
= k2tλ

(f)
+

{
1
2k

2tλ(f+1) k even,
1
2 (k

2t − 1)λ(f+1) k odd.

Just as we saw for K̃(RPn/RP a), much of the information about KO-theory
of stunted projective spaces is represented in the following useful diagram. The
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above formulas for the Adams operations are obtained easily by chasing information
around the diagram.

Z/
(
2φ(n)

)
= K̃(RPn) K̃O (RP 4t/RP 4t−1) = Z

K̃O (RPn/RP 4t−2)

OO
OO

oo K̃O (RPn/RP 4t−1)oo

jj 44 44

K̃O (RPn/RP 4t)oo
mm

mm

oo

Z/(2B+1) Z⊕ Z/(2B)oooo Z/(2B)oooo B=φ(n)−φ(4t)

λ(f) λ
(f)
, λ(f+1)oo

qq

λ(f+1)oo f=φ(4t)

λ(f+1) = −2λ(f)

Due to lack of space the diagram does not show the groups K̃O (RPn/RP 4t−3),
but these are similar to the K̃O (RPn/RP 4t−2) and K̃O (RPn/RP 4t) cases in that
these groups all inject into K̃O (RPn) and have the “expected” image.

Because we have needed this already in the process of defining the classes λ
(φ(4t))

,
we also include some more information on the complexification map for stunted
projective spaces. We want to investigate c : K̃O 0(RPn/RP a) → K̃0(RPn/RP a),
but results are awkward to state in this generality: one runs into a multitude of
cases depending on the congruences classes of n and a modulo 8. We start with the
observation that it is essentially enough to solve the problem for n large enough. If
N ≥ n then by Proposition 6.22 we have the diagram

K̃O 0(RPn/RP a)

c

��

K̃O 0(RPN/RP a)

c

��

oooo

K̃0(RPn/RP a) K̃0(RPN/RP a).oooo

So if we know the right vertical map then we can also figure out the left vertical
map, using the horizontal surjections.

Notice that by choosingN so that it is congruent to 6 (or 7 or 8) modulo 8, we can
get ourselves in the situation where c : K̃O 0(RPN )→ K̃0(RPN ) is an isomorphism
(see Theorem 6.18)—clearly this will simplify some matters in our analysis. This
explains why we focus on this special case in the following result.

Here is a notational simplification that is very useful. At this point we have
specified particular generators for the groups K̃O 0(RPn/RP a), for all values of
n and a. These are the elements λ(i) and λ

(j)
for certain values of i and j that

depend on a. To actually name i and j precisely requires separating various cases
for a, and it is convenient to not always have to do this. We will write λ◦ and
λ
◦

as abbreviations for our generators, but where we have not bothered to write
the exact number in the exponent (it is uniquely specified, so we can be incautious
about this). We also write ν◦ and ν̄◦ for our generators in K̃0(RPn/RP a).
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Theorem 6.25. Consider the map c : K̃O 0(RPn/RP a)→ K̃0(RPn/RP a) and the
map rR going in the opposite direction. Assume that n is congruent to 6, 7, or 8
modulo 8.
(a) Suppose a is even, so that both the groups are torsion.

(i) If a ≡ 6, 8 mod 8 then c is an isomorphism, c(λ◦) = ν◦, and rR(ν◦) = 2λ◦.
(ii) If a ≡ 2, 4 mod 8 then c is an injection with cokernel Z/2. One has

c(λ◦) = −2ν◦ and rR(ν◦) = −λ◦.
(b) Suppose that a = 4t− 1. Here both the domain and target of c have copies of Z

inside them.
(i) If a ≡ 7 mod 8 (i.e., t is even) then c is an isomorphism.
(ii) If a ≡ 3 mod 8 (i.e., t is odd) then c is a monomorphism, and the cokernel

is Z/2⊕ Z/2.
(c) Suppose that a = 4t + 1. In this case c maps its domain isomorphically onto

the torsion subgroup of the target of c. One has c(λ◦) = ν◦ and rR(ν◦) = 2λ◦.

6.26. An extended example. Let us demonstrate much of what we have learned
by looking at a specific example. The Atiyah-Hirzebruch spectral sequence for
computing K̃O (RP 10) gives one Z/2 for every dimension from 1 through 10 that
is congruent to 0, 1, 2, or 4 modulo 8. These are the dimensions 1, 2, 4, 8, 9, and
10—so we have six Z/2’s, and K̃O (RP 10) ∼= Z/(26). In comparison, K̃(RP 10) is
just Z/(25) (as 5 = 10

2 ).
There is a visual way of representing this information that is useful, especially

when it comes to the stunted projective spaces. Draw a cell diagram for RP 10,
leaving out the 0-cell. For K̃O (RP 10) discard all cells except the ones in dimensions
congruent to 0, 1, 2, or 4 modulo 8; then label the remaining cells with ascending
powers of λ. For K̃(RP 10) discard all the odd-dimensional cells and label the
remaining ones with ascending powers of ν. Always remembering that λ2 = −2λ
(and ν2 = −2ν), the cells now represent the associated graded of K̃O (RP 10) (or
K̃(RP 10)) with respect to the 2-adic filtration. The picture below also shows the
complexification map c : K̃O (RP 10) → K̃(RP 10). Recall that this is a ring map
and sends λ to ν:

K̃O (RP 10)
c−→K̃(RP 10)

λ

λ2

λ3

λ4

λ5

λ6

ν

ν2

ν3

ν4

ν5

We see in this case that c : K̃O (RP 10)→ K̃(RP 10) is surjective with kernel Z/2
(generated by λ6 = −32λ). One has rR(ν) = rR(c(λ)) = 2λ, and more generally

rR(ν
k) = rR((−2)k−1ν) = (−2)k−1rR(ν) = (−2)k−1 · 2λ = −(−2)kλ = −λk+1.
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Next let us consider the K-groups of RP 10/RP 4, referring to the diagram

K̃O (RP 10/RP 4)

c

��

// // K̃O (RP 10)

c
����

K̃(RP 10/RP 4) // // K̃(RP 10).

In relation to our cell-diagrams above, the K-groups of RP 10/RP 4 are obtained by
throwing away the bottom four cells. We obtain the picture

K̃O (RP 10/RP 4)
c−→K̃(RP 10/RP 4)

λ(4)

λ(5)

λ(6)

ν(3)

ν(4)

ν(5)

This picture tells us that K̃O (RP 10/RP 4) ∼= Z/(23), generated by λ(4), and also
K̃(RP 10/RP 4) ∼= Z/(23) with generator ν(3). These each embed into the respective
K-group of RP 10. The complexification map therefore sends λ(4) to ν(4) and λ(5)

to ν(5), and we find that this map has both kernel and cokernel isomorphic to Z/2.
The situation is a little different if we consider the K-groups of RP 10/RP 3.

Here the bottom cell of RP 10/RP 3 gives rise to a Z in singular cohomology, and a
corresponding Z in the K-groups. The picture becomes as follows:

K̃O (RP 10/RP 3)
c−→K̃(RP 10/RP 3)

λ
(3)

λ(4)

λ(5)

λ(6)

−2

ν̄(2)

ν(3)

ν(4)

ν(5)

Here the black dots represent copies of Z, so that K̃O (RP 10/RP 3) ∼= Z ⊕ Z/8
with the two summands generated by λ

(3)
and λ(4), respectively. Likewise,

K̃(RP 10/RP 3) ∼= Z ⊕ Z/8 with the two summands generated by ν̄(2) and ν(3).
The various maps

K̃O (RP 10/RP 4) −→ K̃O (RP 10/RP 3) −→ K̃O (RP 10), and

K̃(RP 10/RP 4) −→ K̃(RP 10/RP 3) −→ K̃(RP 10)

are the evident ones suggested by the diagrams. The only subtlety lies in deter-
mining the complexification map c. Of course c(λ(i)) = ν(i) for i = 4, 5, as this is
forced by that happens on the subgroup K̃O (RP 10/RP 4) ⊆ K̃O (RP 10/RP 3). To
compute c(λ

(3)
) we must remember from (6.21) that λ

(3)
is defined by the equation

λ
(3)

= −rR(ν̄(2))
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(note that 3 = 4t− 1 where t = 1, and so we are in the case where t is odd; in the
case where t is even the definition of the λ classes is different). So we obtain

c
(
λ
(3))

= −c(rR(ν(2))) = −(1 + ψ−1)(ν̄(2)) = −[ν̄(2) + ν̄(2)] = −2ν̄(2).
Here we have used Theorem 6.13(c) for evaluating ψ−1(ν̄(2)). Note that the pull-
back map induced by RP 10 → RP 10/RP 3 sends λ

(3)
to λ3 and sends −2ν̄(2) to

−2ν2 = ν3; hence the above formula is consistent with our previous computation
of c : K̃O (RP 10)→ K̃(RP 10).

6.27. The proofs. We now give proofs for all of the results previously stated in
this section.

Proof of Theorem 6.9. This is straightforward, and left to the reader. □

Proof of Theorem 6.11. There is no room for differentials in the Atiyah-Hirzebruch
spectral sequence for K∗(RPn), so it collapses at E2. Part (b) follows immediately.
It is also a direct consequence that K̃0(RPn) is an abelian group of order 2⌊

n
2 ⌋. It

remains to solve the extension problems to determine precisely which group it is.
Observe that L2 = 1, hence (cL)2 = c(L2) = c(1) = 1. So

ν2 = (cL− 1)2 = (cL)2 − 2(cL) + 1 = 2(1− c(L)) = −2ν.
Note that an immediate consequence is νt = (−2)t−1ν.

Let F i = ker
(
K̃0(RPn)→ K̃0(RP i−1)

)
. So

K̃0(RPn) = F 0 ⊇ F 1 ⊇ F 2 ⊇ · · · ⊇ Fn+1 = 0.

The quotients F i/F i+1 are the groups in the E∞ term of the spectral sequence,
and so are

F i/F i+1 =

{
Z/2 0 < i ≤ 2⌊n2 ⌋ and i even
0 otherwise.

So F 0 = F 1 = F 2 and F 2/F 3 ∼= Z/2. The element ν generates F 2/F 3: we
know this by naturality of the spectral sequence, applied to the map j : RPn ↪→
CPn. The element µ generates F 2/F 3 for K̃0(CPn), and H2(CPn) → H2(RPn)
is the projection Z → Z/2: the image of a generator is another generator. So j∗µ
generates F 2/F 3 for K̃0(RPn), and of course ν = j∗µ.

The multiplicativity of the spectral sequence then gives us that ν2 generates
F 4/F 5, and in general νj generates F 2j/F 2j+1 for j = 1, 2, . . . , ⌊n2 ⌋. In particular,
νj is not equal to zero for j in this range. But νj = (−2)j−1ν, so 2⌊

n
2 ⌋−1ν ̸= 0. This

proves that the only possibility for K̃0(RPn) is Z/2⌊n
2 ⌋, and that ν is a generator.

Note that we then have 0 = (−2)⌊n
2 ⌋ν = ν⌊

n
2 ⌋+1.

For part (c) we just observe that ψk(cL) = (cL)k = c(Lk) and this equals 1 if k
is even, and cL if k is odd. □

Proof of Theorem 6.13. Parts (a) and (b) are straightforward. In each case one
writes down the evident long exact sequence and quickly sees that the given se-
quence is short exact (use that K1(RPn/RP 2t) is torsion-free, by the Atiyah-
Hirezebruch spectral sequence). The only slight subtlety is seeing in the case
a = 2t − 1 that K̃0(RPn/RP 2t−1) → K̃0(RP 2t/RP 2t−1) is surjective, but this
was explained when we constructed the element ν̄(t) (which maps to a generator in
the target group).
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For part (c), the action of ψk on ν(t+1) is determined by the corresponding action
in K̃0(RPn/RP 2t); so there is nothing to prove here. The action on ν̄(t) is more
interesting. We can, of course, write

ψk(ν̄(t)) = Aν̄(t) +Bν(t+1)(6.28)

where A is a unique integer and B is unique modulo 2f . Applying the map
i∗ : K̃0(RPn/RP 2t−1) → K̃0(RP 2t/RP 2t−1) kills ν(t+1) and sends ν̄(t) to a gen-
erator g, so this equation becomes ψk(g) = Ag. But we already know that ψk acts
on such a generator by kt, so A = kt.

Next we apply the map π∗ : K̃0(RPn/RP 2t) → K̃0(RPn) to equation (6.28).
The map π∗ sends ν̄(t) to νt and ν(t+1) to νt+1, so using A = kt we obtain

ψk(νt) = ktνt +Bνt+1

in K̃0(RPn). Now use that νt+1 = −2νt together with the action of ψk on K̃0(RPn)
as given by Theorem 6.11(c). We get

(kt − 2B)νt = ψk(νt) =

{
0 if k is even,
νt if k is odd.

The group K̃0(RPn) is Z/(2g) with generator ν, and νt = (−2)t−1ν. So the additive
order of νt is 2g−t+1, or equivalently 2f+1. In the case that k is even it follows that
kt − 2B is a multiple of 2f+1, so that kt

2 ≡ B mod 2f (recall that B is only
well-defined modulo 2f in the first place).

In the remaining case where k is odd we get kt − 2B ≡ 1 modulo 2f+1. So
kt−1
2 ≡ B modulo 2f , which is what we wanted. □

Proof of Theorem 6.15. In the Atiyah-Hirzebruch spectral sequence for K̃O (RPn),
the diagonal of the E2-term that is relevant to K̃O 0(RPn) consists of φ(n) copies
of Z/2. The first concern is to determine if there are any differentials causing
some of these copies to disappear by E∞, and the second concern is the problem of
extensions.

Observe that the complexification map c : K̃O 0(RPn)→ K̃0(RPn) is surjective,
because ν generates the target and ν = c(L− 1). So it follows from Theorem 6.11
that at least ⌊n2 ⌋ among our φ(n) copies of Z/2 must survive the spectral sequence.

The trick now is to not consider one n at a time, but rather to consider them
all at once. When n is congruent to 6, 7, or 8 modulo 8 then we know φ(n) = ⌊n2 ⌋,
and so here it must be that all the Z/2’s along the main diagonal survive. That
is, all differentials entering or exiting the main diagonal are zero. But then by
naturality of the spectral sequence this is true for all n. We conclude that the order
of K̃O 0(RPn) is 2φ(n), no matter what n is.

When n is congruent to 6, 7, or 8 modulo 8 we now know that the orders
of K̃O 0(RPn) and K̃0(RPn) are the same. Since the complexification map is
surjective, it is therefore an isomorphism. So K̃O 0(RPn) is cyclic. Since c(λ) = ν
it follows that λ is a generator. In particular, λ is a generator for the quotient
F 1/F 2.

But then by naturality of the spectral sequence (and with it, naturality of the
filtration F i) it follows that λ generates F 1/F 2 for every value of n. Since L2 = 1
we of course have λ2 = −2λ. At this point the argument follows the one in the
proof of Theorem 6.11 to show that K̃O 0(RPn) is cyclic, for all values of n.
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The computation of the Adams operations again follows from ψk(L) = Lk, which
equals 1 if k is even and L if k is odd. Note that this even works for k < 0, since
L ∼= L∗. □

Proof of Theorem 6.18. This was given just prior to the statement of the theorem.
□

Proof of Theorem 6.19. For part (a) one examines the Atiyah-Hirzebruch spectral
sequence for K̃O ∗(RPn/RP a). Note that the quotient RPn → RPn/RP a induces
a map of spectral sequences in the other direction. The diagonal groups in the E2-
term for K̃O ∗(RPn/RP a) are a truncation of the diagonal groups appearing in the
E2-term for K̃O ∗(RPn). Since there are no entering or exiting differentials (along
the diagonal) in the latter case, naturality of the spectral sequence guarantees there
are no entering or exiting differentials for RPn/RP a. Passing to E∞-terms now,
we see that the associated graded groups for K̃O (RPn/RP a) are a truncation of
the associated graded groups for K̃O (RPn). Examining the map of filtered groups

K̃O (RPn/RP a)

π∗

��

F1

��

oooo F2
oooo

��

· · ·oooo

K̃O (RPn) F ′
1

oooo F ′
2

oooo · · ·oooo

we now find that Fk → F ′
k is an isomorphism for k ≥ a + 1 and Fk/Fk+1 = 0 for

k ≤ a. It follows that K̃O (RPn/RP a) → K̃O (RPn) is an injection, with image
equal to F ′

a+1. In our analysis of KO(RPn) we have already seen from the Atiyah-
Hirzebruch spectral sequence that F ′

a+1 ⊆ K̃O (RPn) is the subgroup generated by
λa+1. Everything else in part (a) is then immediate.

For (b) we only need to prove that K̃O 0(RPn/RP 4t−1)→ K̃O 0(RP 4t/RP 4t−1)

is surjective, since the latter group is isomorphic to K̃O 0(S4t) ∼= Z. Everything
else in part (b) is routine. To do this, consider the following diagram:

Z/2

· · · K̃O 1(RPn/RP 4t)oo K̃O 0(RP 4t/RP 4t−2)oo K̃O 0(RPn/RP 4t−2)
j∗1oooo · · ·oo

· · · K̃O 1(RPn/RP 4t)oo

OO

K̃O 0(RP 4t/RP 4t−1)oo

i∗
OOOO

K̃O 0(RPn/RP 4t−1)
j∗2oo

OOOO

· · ·oo

Z
The two indicated vertical maps are surjections because they sit inside long exact
sequences where the third term is K̃O 0(RP 4t−1/RP 4t−2) = K̃O 0(S4t−1) = 0. The
indicated group is Z/2 by part (a) of the theorem, which also yields the diagram

K̃O 0(RP 4t) K̃O 0(RPn)oooo

K̃O 0(RP 4t/RP 4t−2)

OO

OO

K̃O 0(RPn/RP 4t−2).

OO

OO

j∗1oo
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The top horizontal map is surjective because both groups are generated by λ. The
group K̃O 0(RP 4t/RP 4t−2) is the subgroup of K̃O 0(RP 4t) generated by λ1+φ(4t−2),
and K̃O 0(RPn/RP 4t−2) is the similarly-described subgroup of K̃O 0(RPn). It
follows at once that j∗1 is surjective.

Returning to the earlier diagram, the image of j∗2 is an ideal (r) inside of Z. The
fact that i∗j∗2 is surjective (readily observed from the diagram) proves that r must
be odd. But the quotient Z/r will inject into K̃O 1(RPn/RP 4t), by the long exact
sequence. The Atiyah-Hirzebruch spectral sequence shows that this latter group
has no odd torsion, because it has a filtration where the quotients are only Z’s and
Z/2’s. So the conclusion is that r = 1, hence j∗2 is surjective. □

Proof of Theorem 6.24. The evaluation of ψk
(
λ(f+1)

)
is immediate using natural-

ity and Theorem 6.15. For the evaluation of ψk
(
λ
(f)
)

one can repeat the proof
of Theorem 6.13(c) almost verbatim. Alternatively, one can use the result of The-
orem 6.13(c) together with the complexification map c : K̃O 0(RPn/RP 4t−1) →
K̃0(RPn/RP 4t−1), which is a monomorphism for n congruent to 6, 7, or 8 modulo
8; the result for other values of n can then be deduced by naturality. □

Proof of Theorem 6.25. For part (a) we consider the two short exact sequences

0 // K̃O 0(RPn/RP a) //

c

��

K̃O 0(RPn) //

∼=c

��

K̃O 0(RP a) //

c

��

0

0 // K̃0(RPn/RP a) // K̃0(RPn) // K̃0(RP a) // 0.

If a is congruent to 6 or 8 modulo 8 then the right vertical map is an isomorphism,
which means the left vertical map is as well. The desired results are immediate.

If a is congruent to 2 or 4 modulo 8 then the right vertical map is a surjection
with kernel Z/2. It follows from the zig-zag lemma that the left vertical map is an
injection with cokernel Z/2. The generator for the domain is λ(φ(a)+1), and we are in
the case where φ(a) = ⌊a2 ⌋+1. So c maps this generator to ν(⌊

a
2 ⌋+2) = −2ν(⌊ a

2 ⌋+1).
The statement r(ν◦) = −λ◦ then follows using that rc = 2.

For (b) we look at the short exact sequences

0 // K̃O (RPn/RP 4t) //

c

��

K̃O (RPn/RP 4t−1) //

c

��

K̃O (RP 4t/RP 4t−1) //

c

��

0

0 // K̃(RPn/RP 4t) // K̃(RPn/RP 4t−1) // K̃(RP 4t/RP 4t−1) // 0.

When t is even the right vertical map is an isomorphism by Theorem ??, and the
left vertical map is an isomorphism by (a). So the middle vertical map is also an
isomorphism.

When t is odd the right vertical map is an injection with cokernel Z/2, by
Theorem ??. The left vertical map is an injection with cokernel Z/2 by part (a).
So by the zig-zag lemma the middle vertical map is also an injection, and its cokernel
is either (Z/2)2 or Z/4. The element ν̄(2t) maps to a generator for the right bottom
group K̃(RP 4t/RP 4t−1). If we verify that 2ν̄(2t) = 0 in the cokernel of c then we
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will have proven that this cokernel is (Z/2)2, not Z/4. But note that

crR(ν̄
(2t)) = (1 + ψ−1)(ν̄(2t)) = 2ν̄(2t)

where in the last equality we have used the formula for ψ−1(ν̄(2t)) from Theo-
rem 6.13(c). So indeed, 2ν̄(2t) vanishes in the cokernel of c.

For (c) we consider the following:

0 // K̃O (RPn/RP 4t+2)
p∗ //

c

��

K̃O (RPn/RP 4t+1) //

c

��

K̃O (RP 4t+2/RP 4t+1) //

c

��

0

0 // K̃(RPn/RP 4t+2) // K̃(RPn/RP 4t+1) // K̃(RP 4t+2/RP 4t+1) // 0.

We have not yet discussed exactness of the top row. On the left end this follows
because K̃O−1(S4t+2) = 0. By our computations, the cokernel of p∗ is a group of
order 2φ(4t+2)−φ(4t+1); but by inspection this number is equal to 1 when t is odd
and 2 when t is even. As this is the same as the order of the group K̃O (S4t+2),
this justifies exactness on the right.

If t is odd then the left vertical map is an isomorphism by (a), and the hor-
izontal map p∗ is an isomorphism; the desired claims follow at once. When t is
even we must argue more carefully. Note that the image of K̃(RPn/RP 4t+2) inside
K̃(RPn/RP 4t+1) is precisely the torsion subgroup; let us call this image T . Since
the group K̃O (RPn/RP 4t+1) is torsion, its image under c is also torsion; so this im-
age is a subgroup of T . Moreover, K̃O (RPn/RP 4t+1) is generated by λ(φ(4t+1)+1),
and one readily computes that φ(4t+ 1) = 2t+ 1. Consider the square

K̃O (RPn/RP 4t+1) // //

c

��

K̃O (RPn)

c ∼=
��

K̃(RPn/RP 4t+1) // K̃(RPn).

The left vertical map clearly must be injective. Compute that π∗(c(λ(2t+2))) =
c(λ2t+2) = ν2t+2. There is only one element of the torsion subgroup of
K̃(RPn/RP 4t+1) that pulls back to ν2t+2, namely ν(2t+2). It follows that
c(λ(2t+2)) = ν(2t+2). But ν(2t+2) generates T , so c maps K̃O (RPn/RP 4t+1) iso-
morphically onto T . □

◦ Exercises ◦

Exercise 6.29. Compute the action of ψ−1 on K0(CPn) as follows. Make sense
of the relation

η∗ = 1
η = 1

1−(1−η) = 1 + (1− η) + (1− η)2 + · · ·+ (1− η)n

and then use this to compute ψ−1(µk) for 1 ≤ k ≤ n. Prove that ψ−1 acts on
K̃0(S2n) as multiplication by (−1)n.
Exercise 6.30. The cohomology theory HZ/2 is complex-oriented (???). Compare
H∗(RP∞;Z/2) toH∗(pt;Z/2)[[x]]/(x+F x). Are they equal? See Remark ???. How
do things work out for HZ instead?
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Exercise 6.31. Show that K̃0(RP 2×RP 2) ∼= (Z/2)3 and K̃1(RP 2×RP 2) ∼= Z/2.
Here are three things that might be helpful:
(1) The Atiyah-Hirzebruch spectral sequence;
(2) Whenever X and Y are pointed spaces one has the cofiber sequence X ∨ Y ↪→

X × Y → X ∧ Y , and this is split after one suspension;
(3) Smashing the cofiber sequence S1 2−→ S1 −→ RP 2 with RP 2 gives the cofiber

sequence ΣRP 2 2−→ ΣRP 2 −→ RP 2 ∧ RP 2.
Use a combination of these to solve the problem. Along the way, show that
K̃0(RP 2 ∧ RP 2) ∼= Z/2.
Bonus question: Identify three generators for K̃0(RP 2 × RP 2) in terms of classes
of virtual bundles.

Exercise 6.32. Extend the above exercise to show K̃0(RP 2×RP 4) ∼= (Z/2)2⊕Z/4
and K̃1(RP 2×RP 4) ∼= Z/2. In addition, identify the precise pattern of differentials
in the Atiyah-Hirzebruch spectral sequence. [For the latter, one approach is to prove
that d3 on classes of degree two must always vanish.]

7. Solution to the vector field problem

In this section we conclude our story of the vector field problem, following the
original paper by Adams [Adams2]. Let us first recall the Hurwitz-Radon function
ρ(n): if n = 24b+a · (odd) then ρ(n) = 2a + 8b − 1. We have seen in Theorem ??
that one can construct ρ(n) independent vector fields on Sn−1. The vector field
problem will be settled once we prove the following:

Theorem 7.1 (Adams). There do not exist ρ(n) + 1 independent vector fields on
Sn−1.

Remark 7.2. There will inevitably come a time when the reader wishes to remem-
ber the formula for ρ(n) but cannot immediately look it up. The key facts about
the formula are:

(i) ρ(n) only depends on the power of 2 in the prime factorization of n;
(ii) For a ≤ 3 one has ρ(2a) = 2a − 1;
(iii) ρ(16n) = ρ(n) + 8.
These facts of course uniquely determine ρ(n). Personally, I find the exact form
of (iii) hard to remember when I haven’t been working with this stuff for a while.
What is able to stick in my head is that there are zero vector fields on S0, one on
S1, three on S3, seven on S7—and then I have to remember that there are only
eight on S15. The jump from zero on S0 to eight on S15 is the quasi-periodicity.
From this it is easy to recover the formula ρ(16n) = ρ(n) + 8, and onward to the
general formula for ρ.

The proof of Theorem 7.1 is quite involved—it requires a surprising amount of
algebraic topology. KO-theory is usually regarded as the key tool in the proof, but
one also needs Steenrod operations, James periodicity, and Atiyah duality in the
stable homotopy category. This adds up to a sizable amount of material. We will
take a modular approach to things; we start by giving an outline of the proof, and
then we will fill in the details one by one.
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7.3. Outline of the proof.

Step 1: We have the following implications (i)⇒ (ii)⇒ (iii)⇒ (iv):

(i) There exist k − 1 vector fields on Sn−1.
(ii) There exist k − 1 vector fields on Sun−1 for every u ≥ 1.
(iii) The map π1 : Vk(Run)→ Sun−1 has a section, for every u ≥ 1.

(iv) The map RPun−1/RPun−k−1 → Sun−1 (projection onto the top cell) has a
section in the homotopy category, for every u such that un + 2 > 2k. That
is to say, RPun−1/RPun−k−1 splits off the top cell in the stable homotopy
category.

We have seen these implications back in Section ??, but let us briefly recall why
they hold. For (i)⇒(ii) it is a direct construction: given k−1 orthogonal vector fields
made from vectors with n coordinates, one can repeat those patterns in successive
groups of coordinates to make k − 1 orthogonal vector fields in un coordinates,
for any u. The step (ii)⇒(iii) is a triviality, essentially just a restatement of the
problem. Then for (iii)⇒(iv) it is because for a + 2 > 2b the space Vb(Ra) has a
cell structure where the a-skeleton is RP a−1/RP a−b−1 (Proposition ??).

Step 2: Steenrod operations allow one to prove that if a + 1 = 2r · (odd) then
RP a/RP a−b does not split off the top cell for b > 2r.

The proof will be described in detail below, but here is a short summary. The
hypothesis says that a = 2r(2t+ 1)− 1 = 2r+1t+ 2r − 1, and this guarantees that
there is a Sq2

r

operation in H∗(RP∞) connecting the class in degree 2r+1t−1 to the
class in degree a. If b > 2r then that Sq2

r

operation is still present in RP a/RP a−b,
and this obstructs the splitting off of the top cell.

Step 3: Putting steps 1 and 2 together, we have that if n = 2m · (odd) then there
do not exist 2m vector fields on Sn−1.

For m ≤ 3 this solves the vector field problem, because in this case ρ(m) = 2m− 1.

Step 4: There are periodicities to the spaces RP a/RP a−b. If L−1 has finite order
rb in K̃O(RP b−1), then

RP a/RP a−b ≃ Σ−srb
(
RP a+srb/RP a+srb−b

)
for every s ≥ 1, where the homotopy equivalence is in the stable homotopy category.
This is called James periodicity . The proof was given in Proposition ??.

Step 5: Now things get a bit more sophisticated. Atiyah proved that if M is
any compact manifold and E → M is a real vector bundle, then Th(E → M) is
Spanier-Whitehead dual to Th(−E − TM → M), where TM is the tangent bundle
to M (for Thom spaces of negative bundles, see Section ??). This is called ‘Atiyah
duality’.

Recall from Example ?? that RPn−1/RPn−k−1 ∼= Th((n−k)L→ RP k−1). Also,
for M = RP k−1 one has TM = kL−1 in KO0(M) (Example ??). So Atiyah Duality
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gives that RPn−1/RPn−k−1 is Spanier-Whitehead dual to

Th

(
−(n−k)L−T

↓
RPk−1

)
= Th

(
−(n−k)L−kL+1

↓
RPk−1

)
= Th

(
−nL+1

↓
RPk−1

)
= ΣTh

(
−nL
↓

RPk−1

)
.

If rk is the order of L−1 in K̃O(RP k−1) then the last spectrum may be interpreted
as

ΣTh

(
−nL
↓

RPk−1

)
≃ ΣΣ−srk Th

(
srk−nL
↓

RPk−1

)
≃ Σ1−srk Th

(
srkL−nL
↓

RPk−1

)

= Σ1−srk Th

(
(srk−n)L
↓

RPk−1

)

≃ Σ1−srk

[
RP srk−n+k−1/RP srk−n−1

]
,

where s is any integer sufficiently large so that srk − n− 1 ≥ 0 and the last line is
again by Example ??. We have therefore proven:

The Spanier-Whitehead dual of RPn−1/RPn−k−1 is (up to suspension)
RP srk−n+k−1/RP srk−n−1, where s is any integer such that srk − n− 1 ≥ 0.

Step 6: A direct consequence of the previous statement is that

RPn−1/RPn−k−1 splits off its top cell (stably)
if and only if

RP srk−n+k−1/RP srk−n−1 splits off its bottom cell (stably),

where s≫ 0 as above.

Step 7: Using step 6 we can add a condition onto the list of implications from step
1. Namely, we have (iv)⇒(v) where the latter is

(v) RP srk−un+k−1/RP srk−un−1 splits off its bottom cell (stably), for u≫ 0 and
s≫ 0.

The Freudenthal suspension theorem says that [X,Y ] → [ΣX,ΣY ] is a bijec-
tion if Y is r-connected and dimX ≤ 2r. By iterating, one finds that under
these hypotheses [X,Y ] agrees with the set of stable maps [Σ∞,Σ∞Y ]. In partic-
ular, [RP a/RP b−1, Sb] is “stable” if a ≤ 2(b − 1). So if k + 1 ≤ srk − un then
RP srk−un+k−1/RP srk−un−1 splitting off its bottom cell stably implies that it splits
off its bottom cell unstably. Since the inequality will be satisfied for s large enough,
we have (v)⇒(vi) where the latter is

(vi) RP srk−un+k−1/RP srk−un−1 splits off its bottom cell (unstably), for u ≫ 0
and s≫ 0. (Note that the bound on s will depend on u.)

Step 8: Adams calculated K̃O(RP a) for all a, together with the Adams operations
on these groups. He used this knowledge, together with Step 2 above, to prove the
following:

For any m ≥ 0, RPm+ρ(m)+1/RPm−1 does not split off its bottom cell ustably.
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Step 9: Completion of the proof .

Proof of Theorem 7.1. Suppose there are k−1 vector fields on Sn−1. Then by Step
7 the space RP srk−un+k−1/RP srk−un−1 stably splits off its bottom cell for any u
and s such that un+ 2 > 2k and srk − un− 1 ≥ 0. By choosing s large enough so
that srk−un− 1 ≥ k we can in fact get an unstable splitting. Choose u to be odd,
and choose s to be a multiple of 2n. Set m = srk − un, and note that m is an odd
multiple of n; consequently, we have ρ(m) = ρ(n).

We have that RPm+k−1/RPm−1 splits off its bottom cell. Therefore
RPm+u/RPm−1 splits off its bottom cell for any u ≤ k− 1. By Step 8 this implies
that k − 1 < ρ(m) + 1, or equivalently that k − 1 ≤ ρ(m) = ρ(n). So there are at
most ρ(n) vector fields on Sn−1. □

The missing pieces from our outline are: Step 2, Step 5, and Step 8. We now
fill in the details for these steps, one by one—but not quite in the above order. We
save Atiyah duality for last, only because the other two pieces belong more to the
same theme.

7.4. Steenrod operations and stunted projective spaces (steps 2 and 3).
Let x ∈ H1(RP∞;Z/2) be the nonzero element. The Steenrod operations on RP∞

are easily computed from the facts Sq1(x) = x2, Sqi(x) = 0 for i > 1, and the
Cartan formula. We leave this as an exercise for the reader. Figure 7.4.1 shows the
Sq1, Sq2, and Sq4 operations on H∗(RP 20;Z/2). The Sq1 operations are depicted
as vertical lines, the Sq2 operations as curved lines, and the Sq4s as “offseted vertical
lines”. For example, one can read off of the diagram that Sq1(x5) = x6, Sq2(x10) =
x12, and Sq4(x10) = 0 (in the latter case because the diagram does not have a Sq4

emanating from the x10 class).

Figure 7.4.1. Steenrod algebra structure on H∗(RP∞;Z/2)

bbb
bbb
bbb
bbb
bbb
bbb
bb

x

x2

x5

x9

x13

x18

x20
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The pattern of Sq2
r

operations in H∗(RP∞;Z/2) is very simple. The first Sq2
r

operation occurs on x2
r

and thereafter they follow the pattern of “2r on, 2r off”: for
example, starting at x4 and moving up the diagram we have four Sq4 operations
that are nonzero, and then the next four are all zero. This is captured by the
formula

Sq2
r

(xa) =

{
xa+2r if a ≥ 2r and a ≡ 2r, 2r + 1, . . . , 2r+1 − 1 mod 2r+1,
0 otherwise.

Of course for H∗(RPn;Z/2) the formulas must be truncated to account for the fact
that classes above dimension n are not present.

To see how Steenrod operations give obstructions to stable splittings, consider
RP 9/RP 6. Its cohomology has a Sq2 connecting the class in degree 7 to the class
in degree 9. Suppose the projection onto the top cell p : RP 9/RP 6 → S9 has a
splitting χ in the stable homotopy category. Then the composite

H∗(S9)
p∗−→ H∗(RP 9/RP 6)

χ∗

−→ H∗(S9)

is an isomorphism. Write xi for the generator in Hi(RP 9/RP 6), so that in this
notation we have Sq2(x7) = x9. Necessarily we must have χ∗(x7) = 0, therefore
0 = Sq2(χ∗x7) = χ∗(Sq2 x7) = χ∗(x9). But x9 is in the image of p∗, so this is a
contradiction.

Clearly this kind of argument will work for any RPn/RPn−b where we have a
nontrivial cohomology operation hitting the top class. Based on this, it is now easy
to prove the following:

Proposition 7.5. Write n + 1 = 2s · odd. If RPn/RPn−b splits off its top cell
stably then b ≤ 2s.

Proof. If n is even then in H∗(RP∞) there is a Sq1 hitting the class in degree n,
and this operation will be present in H∗(RPn/RPn−b) as long as b > 1. So the top
cell can not split off in this case. In other words, if n+1 = 20 · (odd) then splitting
of the top cell can only happen if b ≤ 20.

Similarly, if n = 4e + 1 then in H∗(RP∞) there is a Sq2 hitting the class in
degree n. This Sq2 will be present in H∗(RPn/RPn−b) as long as b > 2, and again
we find that under this criterion the top cell can not split off. So n+1 = 21 · (odd)
implies splitting of the top cell can only happen if b ≤ 21.

The same style of argument continues. If n = 2re + (2r−1 − 1) then there is a
Sq2

r−1

hitting our class in degree n, and this obstructs the splitting of the top cell
as long as b > 2r−1. Rephrased, this says that if n + 1 = 2r−1(2e + 1) then the
splitting does not exist when b > 2r−1. Replacing r− 1 with s, we have the desired
result. □

Corollary 7.6. If n = 2s · odd then there are at most 2s − 1 independent vector
fields on Sn−1.

Proof. If there are k − 1 vector fields on Sn−1 then RPun−1/RPun−k−1 splits off
its top cell for all u ≫ 0. Choose a u that is odd, so that un = 2s · odd. By
Proposition 7.5 we conclude that k ≤ 2s. □

The upper bounds provided by Corollary 7.6 agree with the Hurwitz-Radon lower
bounds when s ≤ 3. Note that these few cases cover quite a bit more than one
first might think. For example, for spheres of dimension less than 50 it follows
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that the Hurwitz-Radon number of vector fields is the maximum possible for all
but three cases, namely the spheres S15, S31, and S47 (multiples of 16 minus one).
Corollary 7.6 yields that there exist at most 15 vector fields on S15, 31 on S31, and
15 on S47, whereas the Hurwitz-Radon construction only gives 8 vector fields on
S15 and S47, and 9 vector fields on S31. This demonstrates that our bounds for
the spheres S16e−1 are still far away from our goal.

7.7. Adams’s Theorem and KO-theory (Step 8). Next we move to the piece
that finally cracked the proof, namely the following theorem of Adams [Adams2]:

Theorem 7.8. Let m ≥ 1. Then the space RPm+ρ(m)+1/RPm−1 does not split off
its bottom cell in the unstable homotopy category.

Before embarking on the proof let’s do a small piece of analysis around ρ(m)
that will be useful. Recall that if m = 24a+b · odd then ρ(m) = 8b+ 2a − 1. Where
does this come from? If φ(x) is the number of integers s in the range 0 < s ≤ x
such that s is equivalent to 0, 1, 2, or 4 modulo 8, the expression 8b+2a− 1 comes
up when we try to invert this function:

Lemma 7.9. Given a positive integer Q = 4b + a, with 0 ≤ a ≤ 3, the largest x
such that φ(x) = Q is x = 8b+ 2a − 1.

Proof. Let “φ-count” stand for counting the integers that are congruent to 0, 1, 2,
or 4 modulo 8. Every cycle of 8 consecutive integers contributes 4 to the φ-count,
and so for φ(x) ≥ 4b we would need x ≥ 8b. The cases a = 0, 1, 2, 3 can now be
analyzed by hand: for a = 0 we have x = 8b; for a = 1 we have x = 8b + 1; for
a = 2 we have x = 8b + 3; and for a = 3 we have x = 8b + 7. So in general the
largest x such that φ(x) = 4b+ a is x = 8b+ 2a − 1. □

Now we prove Adams’s theorem:

Proof of Theorem 7.8. Write m = 2u · odd, and consider RPN/RPm−1 for N ≥
m. Note that there is a Sq2

u

operation on H∗(RPN/RPm−1;Z/2) connecting the
generator in degree m to the generator in degree m + 2u. This proves that the
bottom cell does not split off when N ≥ m + 2u. This settles the theorem in the
case u ≤ 3, as here ρ(m) = 2u − 1 and so m+ 2u = m+ ρ(m) + 1.

We will next do a similar argument—but using KO-theory—in the case u ≥ 4.
Actually, the KO-theory argument only uses u ≥ 3 so for the sake of pedagogy let
us just make this weaker assumption.

Since m ≡ 0 mod 4 we know by Theorem 6.19(b) that there is a short exact
sequence
(7.10)

0 K̃O (RPm/RPm−1)oo

∼=
��

K̃O (RPN/RPm−1)oo K̃O (RPN/RPm)oo

∼=
��

0oo

Z Z/(2f )

where f is a certain integer we will recall in a moment. The sequence is (of course)
split-exact as a sequence of abelian groups. Each of the groups has Adams op-
erations on it, and the maps are compatible with these operations. If we let
B = Z[ψ2, ψ3, ψ5, . . .], then (7.10) is an exact sequence of B-modules (note that
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B is just the monoid ring Z[N] from Section 5). If RPN/RPm−1 splits off its bot-
tom cell then this extension is split in the category of B-modules. Note that it is
at this step where it is important that we are working in the unstable homotopy
category, since the Adams operations are not stable. We will next algebraically
analyze when such a splitting exists.

As a B-module the group K̃O (RPm/RPm−1) is Z(m2 ), meaning that each ψk

acts as multiplication by k
m
2 . It will be convenient to set r = m

2 . Also, we know
by Theorem 6.19(a) that on K̃O (RPN/RPm) the operation ψk acts as zero when
k is even, and the identity when k is odd. We also have determined the action of
the ψk’s on the middle group, but let us ignore this for the moment and consider
the situation in a bit more generality.

Let A be any abelian group, and let A[2] be the B-module whose underlying
abelian group is A and where ψk acts as zero when k is even, and the identity when
k is odd. Consider an extension of B-modules

0← Z(r)← E ← A[2]← 0.

Let g be an element of E that maps onto a generator for Z(r). Then we can write
ψkg = krg + αk for unique elements αk ∈ A, and the relations ψkψl = ψlψk show
that we must have (kr − ψk)αl = (lr − ψl)αk. This is equivalent to

krαl = (lr − 1)αk whenever k is even and l is odd,
krαl = lrαk whenever k and l are both even,
(kr − 1)αl = (lr − 1)αk whenever k and l are both odd.

(7.11)

So the extension E is determined by the elements αk ∈ A, for k ≥ 2, satisfying the
above equations.

To analyze when the sequence is split, let g̃ denote the image of g in Z(r). A
splitting would send g̃ to an element g + a, for some a ∈ A. Since ψk(g̃) = kr g̃ we
find that

kr(g + a) = ψk(g + a) = krg + αk +

{
0 if k is even,
a if k is odd.

Rearranging to solve for αk, we obtain

αk =

{
kra if k is even,
(kr − 1)a if k is odd.

So these are the properties of an (αk) sequence that are equivalent to the extension
0 ← Z(r) ← E ← A[2] ← 0 being split. Notice that such sequences are in some
sense the “trivial” solutions of the relations (7.11).

We make one more general comment before returning to our specific situation.
Let a ∈ A and consider the sequence defined by

αk =

{
1
2k

r.a k even
1
2 (k

r − 1).a k odd.
(7.12)

Note that the fractions multiplying a are in fact integers. This sequence defines a
valid extension E, and if a is not a multiple of 2 in A then the extension doesn’t
“look” split. Precisely, if A is torsion-free and a /∈ 2A, then the extension is clearly
nonsplit. We will see that the case where A is torsion is a bit more subtle.
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Now let us return to the extension in (7.10). Here A = Z/(2f ), where f =
φ(N) − φ(m). Since m is a multiple of 8 (and this is the first place where we use
this assumption), f also equals φ(N −m).

In Theorem 6.24 we previously computed the action of the Adams operations on
K̃O (RPN/RPm−1). The corresponding α-sequence is precisely the one given by
(7.12), where a is a generator for Z/(2f ). So the extension is split if and only if
there exists a B ∈ Z such that

1
2k

r.a = kr.(Ba) (k even), 1
2 (k

r − 1).a = (kr − 1).(Ba) (k odd)

for all k. Phrased differently, these say that

2f divides

{
1
2k

r(1− 2B) if k is even,
1
2 (k

r − 1)(1− 2B) if k is odd.

Since 1− 2B is always odd, this is equivalent to

2f+1 divides

{
kr k even,
kr − 1 k odd.

Let ν(x) denote the 2-adic valuation of the integer x, and let us restate what we
have now shown:

If 8|m and RPN/RPm−1 splits off its bottom cell, then

φ(N−m)+1 ≤ min
{
r, ν(3r−1), ν(5r−1), ν(7r−1), ν(9r−1), . . .

}
where r = m/2.

Here we have used ν(2r) = r and have also left out ν(kr) for even integers k > 2,
as these numbers are at least r and hence irrelevant for the minimum.

Our next task is to consider the numbers ν(3r − 1), and for these we refer to
Lemma 7.14 below. Since in our case r is even one has ν(3r − 1) = ν(r) + 2. Note
that as r ≥ 4 one has ν(r) + 2 ≤ r, and so the first term in the above minimum is
irrelevant.

We could proceed to analyze the terms ν(kr − 1) for odd k > 3, which is not
hard, but in fact we have done enough to conclude the proof already. We have
shown that

If 8|m and RPN/RPm−1 splits off its bottom cell, then
φ(N −m)+1 ≤ ν(r)+2 = ν(m)+1, or simply φ(N −m) ≤ ν(m).

(7.13)

So our task is to find the largest x for which φ(x) = ν(m). But this is handled
by Lemma 7.9: if ν(m) = 4b + a with 0 ≤ a ≤ 3 then the largest such x is
8b+ 2a − 1 = ρ(m).

Putting everything together, if φ(N − m) ≤ ν(m) then N − m ≤ ρ(m). So if
N ≥ m+ ρ(m) + 1 then RPN/RPm−1 cannot split off its bottom cell. □

Lemma 7.14. If r is even then ν(3r−1) = ν(r)+2. If r is odd then ν(3r−1) = 1.

Proof. If r is odd then modulo 4 we have 3r = (−1)r = −1, so 3r − 1 ≡ 2 mod 4.
This proves that ν(3r − 1) = 1.

If r = 2f · u where u is odd, we prove by induction on f that ν(3r − 1) = f + 2.
The base case is f = 1, and here we use 3r−1 = 32u−1 = (3u−1)(3u+1). We know
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ν(3u−1) = 1 by the preceding paragraph. Modulo 4 one has 3u+1 = (−1)u+1 = 0,
but modulo 8 one has 3u+1 = 4. So ν(3u+1) = 2, which confirms that ν(3r−1) = 3.

For the inductive step, if r = 2f+1u where u is odd then write

3r − 1 = (32
fu − 1)(32

fu + 1).

By induction we know ν(32
fu − 1) = f + 2. Modulo 4 we have 32

fu + 1 =(
(−1)2f

)u
+1 = 1 + 1 = 2. So ν(32

fu + 1) = 1, hence ν(3r − 1) = f + 3. □

Regarding the number-theoretic lemma above, we again refer the reader to the
“Lifting-the-Exponent” results described in Exercise 5.17.

Remark 7.15. It is intriguing that a number-theoretic analysis of ν(3r − 1) was
the ultimate step in both the Hopf invariant one problem and the vector fields
on spheres problem. To my knowledge, there is no a priori reason to suspect any
connection between these two problems.

Exercise 7.16. If k is any odd number, prove that ν(kr − 1) ≥ ν(r) + 2 when r
is even. This confirms that the terms for k > 3 were irrelevant for the minimum
considered in the proof of Theorem 7.8.

Example 7.17. To demonstrate Theorem 7.8, consider m = 576 = 26 · 9 and refer
back to (7.13). Starting strictly above 576, we mark off numbers until we have
exceeded a φ-count of ν(m) = 6: at that point we know what we cannot have
an unstable splitting of the bottom cell. In the following sequence, the numbers
contributing to the φ-count have boxes around them:

576 | 577 , 578 , 579, 580 , 581, 582, 583, 584 , 585 , 586 , 587, 588

So RP 588/RP 575 does not split off its bottom cell, and consequently the same is
true for RPN/RP 575 whenever N ≥ 588. Note, of course, that ρ(576) = 11 and
588 = 576 + 11 + 1. The point, however, is that one does not need to remember
the awkward formula for ρ(m); the procedure is simply to count past m until the
φ-count exceeds ν(m).

7.18. Atiyah duality (Step 5). This is the final piece. The material in this
section will complete our proof of Theorem 7.1.

Consider the space RP 9/RP 4. Its cohomology is shown below in the diagram
on the left:

bbb
bb

H∗(RP 9/RP 4) bbb
bb

H∗(????)

We obtained the picture on the right by simply turning the left diagram upside
down; is this also the cohomology of a space? It is easy to see that the answer is yes:
the right diagram is H∗(RP 10/RP 5). This turns out to be a general phenomenon,
first discovered by Atiyah. And the kind of ‘duality’ we are seeing actually takes
place at a deeper level than just that of cohomology. It is essentially a geometric
duality, taking place inside of the stable homotopy category.

The stable homotopy category is symmetric monoidal: the monoidal product is
the smash E,F 7→ E ∧ F , and the unit is the sphere spectrum S. It is also closed
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symmetric monoidal, meaning that there exist function objects E,F 7→ F(E,F )
and a natural adjunction

HomHo (Sp)(E,F(X,Y )) ∼= HomHo (Sp)(E ∧X,Y ).

Spanier-Whitehead duality has to do with the functor X 7→ DX = F(X,S). This
functor preserves cofiber sequences and it sends the n-sphere Sn = Σ∞Sn to the
(−n)-sphere S−n. So if a certain spectrum X is built from cells in dimensions 0
through n, the spectrum DX is built from cells in dimensions −n through 0.

For nice enough spectraX one has the property thatD(D(X)) ≃ X; such spectra
are called dualizable. All finite cell complexes are dualizable. One can prove
that Hi(DX) ∼= H−i(X), and so with field coefficients Hi(DX;F ) ∼= H−i(X;F ).
Colloquially speaking, H∗(DX) is obtained by ‘taking H∗(X) and turning it upside
down’. This even works with the Steenrod algebra structure if one is a little careful.

The essentials of Spanier-Whitehead duality were known long before the details
of the stable homotopy category had all been worked out (particularly the details
behind the smash product). Here is the main result for finite complexes:

Proposition 7.19. Let X be a finite cell complex that is embedded in Sn as a
subcomplex (of some chosen cell structure on Sn). Then

Σn−1D(Σ∞X) ≃ Σ∞(Sn −X).

Example 7.20. Let us check the above proposition in some very easy examples.
We use the form D(X) ≃ Σ−n+1(Sn −X).
(a) X = S0. Then Sn − S0 ≃ Sn−1, and so we find D(S0) ≃ Σ−n+1Sn−1 ≃ S0.

The 0-sphere is self-dual.
(b) Let X = Sn−1, embedded as the equator in Sn. The complement Sn−X is S0

(up to homotopy), so we have D(Sn−1) ≃ Σ−n+1S0 = S−(n−1). Again, this is
as expected.

(c) Let X = T be the torus. The attaching map for the top cell is stably null, so
stably we have X ≃ S1 ∨S1 ∨S2. The standard embedding T ↪→ R3 ↪→ S3 has
complement consisting of two solid tori minus their boundaries: so S3 −X ≃
S1 ⨿ S1. But Σ∞(S1 ⨿ S1) ≃ S1 ∨ S1 ∨ S0 (think about suspending the two
spaces), so D(X) ≃ Σ−2(S1 ∨ S1 ∨ S0) ≃ S−1 ∨ S−1 ∨ S−2.

For some classical references on Spanier-Whitehead duality, see [Adams5, Chap-
ter III.5] and [Switzer, Chapter 14].

We can now state Atiyah’s main theorem. The proof is taken directly from
[Atiyah2]. See Section ?? for a discussion of Thom spaces of virtual bundles.

Theorem 7.21 (Atiyah Duality). Let M be a compact, smooth manifold.
(a) If M has boundary then D(M/∂M) ≃ Th(−TM ) where TM →M is the tangent

bundle.
(b) Now assume that M is closed, and let E →M be a real vector bundle. Then

D(ThE) ≃ Th(−E − TM ).

Proof. For (a), embed M into In (nicely) in such a way that ∂M maps into In−1×
{0}. (See [Atiyah2] for details). Consider the join pt ∗ In, which is a pyramid; its
boundary is homeomorphic to Sn. Refer to the following picture for an example:
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In
M

pt ∗ In ⊇ pt ∗M

Consider the subcomplex

X =M ∪ (pt ∗ ∂M) ⊆ ∂(pt ∗ In) ∼= Sn.

We have M/∂M ≃M ∪ (pt ∗ ∂M), and so

D(M/∂M) ≃ D(X) ≃ Σ−n+1(Sn −X).

Projection away from pt gives a deformation retraction Sn −X ∼−→ In −M . Next
observe In−M ≃ In−U , where U is a tubular neighborhood of M in In. Finally,
notice that since In is contractible we have that In/(In−U) is a model for Σ(In−U)
(up to homotopy). Putting everything together, we have

D(M/∂M) ≃ Σ−n+1(In − U) ≃ Σ−n(In/(In − U)) = Σ−nTh(NIn/M )

≃ Th(NIn/M − n).
Now use that TM ⊕NIn/M ∼= n.

For (b) use that Th(E) ∼= Di(E)/S(E), whereDi(E) is the disk bundle and S(E)
is the sphere bundle of E. The disk bundle is a compact manifold with boundary
S(E), so by (a) one has

D(ThE) = D
(
Di(E)/S(E)

)
≃ Th(−TDi(E)).

If π : Di(E)→M is the bundle map then it is easy to see that TDi(E)
∼= π∗(E⊕TM ).

Since π is a homotopy equivalence,

Th(−TDi(E)) = Th(−π∗(E ⊕ TM )) ≃ Th(−(E ⊕ TM )).

This finishes the proof. □

We next apply what we just learned to stunted projective spaces. Recall from
Example ?? that all stunted projective spaces are Thom spaces:

RPn−1/RPn−k−1 ∼= Th

(
(n−k)L
↓

RPk−1

)
.

Recall as well that the tangent bundle to RP k−1 satisfies T ⊕1 ∼= kL (Example ??).
Using these two facts, Atiyah Duality now gives that

D(RPn−1/RPn−k−1) ≃ Th

(
−(n−k)L−T

↓
RPk−1

)
= Th

(
−nL+1

↓
RPk−1

)
≃ ΣTh

(
−nL
↓

RPk−1

)
.
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Let rk−1 be the additive order of [L] − 1 in K̃O(RP k−1). Then rk−1L ∼= rk−1

(stably), and hence for any s ∈ Z we have

Th

(
−nL
↓

RPk−1

)
≃ Σ−srk−1 Th

(
−nL+srk−1

↓
RPk−1

)
≃ Σ−srk−1 Th

(
−nL+srk−1L

↓
RPk−1

)

≃ Σ−srk−1 Th

(
(srk−1−n)L
↓

RPk−1

)
≃Σ−srk−1

[
RP srk−1−n+k−1/RP srk−1−n−1

]
.

In the last line we imagine s chosen to be large enough so that srk−1 − n− 1 ≥ 0.
Putting everything together, we have proven the following:

Corollary 7.22. Let rk−1 be the additive order of [L] − 1 in K̃O(RP k−1). Then
there is a stable homotopy equivalence

D(RPn−1/RPn−k−1) ≃ Σ1−srk−1

[
RP srk−1−n+k−1/RP srk−1−n−1

]
where s is any integer such that srk−1 − n− 1 ≥ 0.

Example 7.23. Let us consider the Spanier-Whitehead dual of RP 9/RP 4, as in
the beginning of this section. Relative to our above discussion, n = 10 and k = 5.
By Theorem 6.15 we know K̃O(RP 4) ∼= Z/8, so the order of [L]−1 is 8. The above
corollary gives

D(RP 9/RP 4) ≃ Σ1−8s
[
RP 8s−6/RP 8s−11

]
for any s where the right-hand-side makes sense. The smallest choice is s = 2,
giving D(RP 9/RP 4) ≃ Σ−15(RP 10/RP 5).

7.24. Summary. Quite a bit happened in this section. Make sure you understand
the following points:

• The existence of k vector fields on Sn−1 implies that a certain infinite family
of stunted projective space splits off their top cell stably.

• By Atiyah duality, this implies that a related infinite family of stunted
projective spaces split off their bottom cell stably.

• The Freudenthal suspension theorem shows that “large enough” members
of this family will split off their bottom cell unstably.

• Such an unstable splitting would give a split-exact sequence of KO-groups
with Adams operations, where one of the groups is cyclic of order 2e where
e is a φ-number.

• By an algebraic analysis, Adams showed that such an extension can only
exist if a certain number-theoretic condition involving the φ-numbers is
satisfied. Analysis of that condition leads to the resolution of the problem.

8. The immersion problem for RPn

Let M be a compact, n-dimensional, smooth manifold. It is a classical theorem
of Whitney from the 1940s that M can be immersed in R2n−1 and embedded into
R2n [Whitney2, Whitney3].1 An even deeper result, proved by R. Cohen [CohenR]

1This is not an easy result! Although there are modern textbook proofs for Whitney’s earlier
results where the dimension on the Euclidean spaces is increased by one [GP], [Hartshorne], there
are not many modern sources for Whitney’s stronger version.
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in 1985, says that M can be immersed in R2n−α(n) where α(n) is the number of
ones in the binary expansion of n. As a general result this is known to be the
best possible, but for specific choices of M one could conceivably do better. Define
the immersion dimension (resp. the embedding dimension) of M to be the
smallest k such that M immerses (resp., embeds) into Rk.

In general, determining the immersion and embedding dimensions of a given
manifold seem to be difficult problems. Over the last 60+ years they have been
extensively studied, particularly for the manifold RPn. The problem tends to
involve two distinct components. As one aspect, clever geometric constructions are
used to produce immersions (or embeddings) and therefore upper bounds on the
immersion dimension. For lower bounds one must prove non-immersion results, and
this is usually done by making use of some sort of homotopical invariants. Over
the years the problem for RPn has been used as a testing ground for every new
homotopical technique to come along.

Our intent here is not to give a complete survey of this problem, as this would
take far too long. We will be content to give a small taste, entirely concentrating
our focus on some easily-obtained lower bounds in the case of RPn. The methods
involve Stiefel-Whitney classes (in singular cohomology) and some related charac-
teristic classes in KO-theory.

8.1. A short survey. Before jumping into our analysis, let us give some sense of
what is known about the problem. The following table shows the current knowledge
(as of this writing) about the immersion and embedding dimensions for RPn when
n ≤ 24:

Table 8.2. Immersion and embedding dimensions for RPn

RPn 2 3 4 5 6 7 8 9 10 11 12 13
imm. dim. 3 4 7 7 7 8 15 15 16 16 18 22
emb. dim. 4 5 8 9 [9, 11] [9, 12] 16 17 17 [17, 18] [18, 21] [22, 23]

RPn 14 15 16 17 18 19 20 21 22 23 24
imm. 22 22 31 31 32 32 34 38 38 38 [38, 39]
emb. [22, 23] [23, 24] 32 33 33 [33, 34] [34, 37] 39 39 39 [39, 42]

In the table, entries in brackets are given when the exact answer is not known.
For example, the embedding dimension of RP 6 is only known to lie in the interval
[9, 11]. RP 6 definitely embeds into R11 and does not embed into R8—but it is not
known if RP 6 embeds into R9 or R10. In comparison, we know much more about
the immersion problem; the smallest unknown case is RP 24.

The above data on the immersion and embedding dimensions was taken from a
table compiled by Don Davis [Davis2]. Davis’s table contains substantially more
data, covering (roughly speaking) RPn for n = 2e + d with d ≤ 63.

One of the earliest results is explained in Milnor-Stasheff [MS, Theorem 4.8]:
if n = 2r then the immersion dimension of RPn equals 2n − 1, showing that the
Whitney upper bound is sharp in this case. Peterson [Peterson] proved that if
n = 2r then the embedding dimension equals 2n, again showing that the Whitney
bound is sharp here. We recount the Milnor-Stasheff argument in Corollary 8.11
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below. In general, if n = 2r + d for 0 ≤ d < 2r and d is relatively small, then
one can expect the immersion and embedding dimensions to be 2r+1 + x where
x is a known quantity or one that is tightly constrained. The following theorem
encompasses most of what is known for d ≤ 10:

Theorem 8.3. Write n = 2i+d where 0 ≤ d < 2i. Then the immersion dimension
of RPn equals 2i+1 + e and the embedding dimension equals 2i+1 + f where the
following is known:

d 0 1 2 3 4 5 6 7 8 9 10
i ≥ 1 ≥ 2 ≥ 3 ≥ 3 ≥ 4 ≥ 4 ≥ 4 ≥ 4 ≥ 4 ≥ 4 ≥ 4
e −1 −1 0 0 2 6 6 6 [6, 7] 14 14
f 0 1 1 [1, 2] [2, 5] 7 7 7 [7, 10] [14, 15] [14, 16]

For example, for RP 40 we write 40 = 25 + 8 and consult the d = 8 column. It
tells us that the immersion dimension is either 26 +6 or 26 +7 (70 or 71), and that
the embedding dimension lies between 26 + 7 and 26 + 10 (71 through 74).

The above theorem is not credited because it represents the combined work over
many years of several authors. Much credit should be given to Davis, who has
brought all the results together and given complete references. The above theorem
is just the first few lines of the table [Davis2].

8.4. Stiefel-Whitney techniques. Suppose that M is a compact manifold of
dimension n, and that M is immersed in Rn+k. The immersion has a normal
bundle ν, and there is an isomorphism of bundles TM ⊕ ν ∼= n+ k. Taking total
Stiefel-Whitney classes of both sides gives

w(TM ) · w(ν) = w(TM ⊕ ν) = w(n+ k) = 1.

Recall that the total Stiefel-Whitney class of a bundle E is w(E) = 1 + w1(E) +
w2(E)+· · · . Because the zero-coefficient is 1 we can formally invert this expression,
and because H∗(M) is zero in sufficiently large degrees this formal inverse actually
makes sense as an element of H∗(M). So we can feel free to write w(E)−1, and we
obtain

w(TM )−1 = w(ν).

We don’t know anything about ν except its rank, which is equal to k. This guaran-
tees that w(ν) does not have any terms of degree larger than k, and so we obtain
the following simple result [MS, material preceding Theorem 4.8]:

Proposition 8.5. Let M be a compact smooth manifold of dimension n. If M
immerses in Rn+k then w(TM )−1 vanishes in degrees larger than k.

Let us apply this proposition to RPn. Here we have the identity TRPn ⊕ 1 =
(n+ 1)L (Example ??) and so

w(TRPn) = w(TRPn ⊕ 1) = w((n+ 1)L) = w(L)n+1 = (1 + x)n+1,

where x denotes the generator for H1(RPn;Z/2). Taking inverses gives

w(TRPn)−1 = (1 + x)−(n+1) =

∞∑
i=0

(−(n+1)
i

)
xi.

We can rewrite the coefficient of xi as(−(n+1)
i

)
= (−1)i (n+1)·(n+2)···(n+i)

i! = (−1)i
(
n+i
i

)
.
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Putting everything together we obtain the following:

Corollary 8.6. If RPn immerses into Rn+k then
(
n+i
i

)
is even for k < i ≤ n.

The above corollary yields very concrete non-immersion results, but to obtain
these we need to be good at checking when binomial coefficients are even. His-
torically, topologists got pretty good at this because of the presence of binomial
coefficients in the Adem relations. A key result is the following:

Lemma 8.7. Let njnj−1 . . . n0 be the base 2 representation for n; that is, each
nj ∈ {0, 1} and n =

∑
ni2

i. Similarly, let kjkj−1 . . . k0 be the base 2 representation
for k. Then (

n
k

)
≡
∏
i

(
ni

ki

)
mod 2.

Proof. The result follows easily from four points: (i)
(
2n
i

)
is even if i is odd; (ii)(

2n
2k

)
≡
(
n
k

)
(mod 2); (iii)

(
2n+1
2k

)
≡
(
2n
2k

)
(mod 2); and (iv)

(
2n+1
2k+1

)
≡
(
n
k

)
(mod 2).

The four cases correspond to the four possibilities for n0 and k0, and set us up for
a straightforward induction.

For (i) and (ii), imagine a column A of the numbers 1 through n and a second
“mirror” column B containing the same entries. If i is odd, the i-element subsets of
the two columns taken together may be partitioned into two classes: those which
contain more elements from column A than column B, and those which contain
more elements from column B. The operation of “switch entries between the two
columns” gives a bijection between these two classes, thereby showing that

(
2n
i

)
is

even.
For (ii), note that the i-element subsets can be partitioned into groups deter-

mined by the number of elements from column A. This gives rise to the formula(
2n
2k

)
=
(
n
0

)(
n
2k

)
+
(
n
1

)(
n

2k−1

)
+ · · ·+

(
n

2k−1

)(
n
1

)
+
(
n
2k

)(
n
0

)
.

The terms on the right-hand-side are symmetric and so can be grouped in pairs,
except for the middle term which is

(
n
k

)2. So working mod 2 we have(
2n
2k

)
≡
(
n
k

)2 ≡ (nk).
For (iii) just use Pascal’s identity

(
2n+1
2k

)
=
(
2n
2k

)
+
(

2n
2k−1

)
together with (i). For

(iv) use
(
2n+1
2k+1

)
=
(

2n
2k+1

)
+
(
2n
2k

)
together with (i) and (ii). □

Example 8.8. To determine if
(
20
9

)
is even then we note that 20 is 10100 in base

2, and 9 is 1001. Using the above lemma we compute(
20
9

)
=
(
1 0 1 0 0
0 1 0 0 1

)
≡
(
1
0

)(
0
1

)(
1
0

)(
0
0

)(
0
1

)
= 1 · 0 · 1 · 1 · 0 = 0.

So
(
20
9

)
is even.

Notice that
(
1
1

)
=
(
1
0

)
=
(
0
0

)
= 1, whereas

(
0
1

)
= 0. So in computations like the

one above, the fnal answer is even if and only if
(
0
1

)
appears at least once in the

product—that is, if n has a certain bit turned “off” and the corresponding bit of k
is “on”. In particular, the following three statements are now obvious:

(i) If n = 2r then
(
n
i

)
is even for all i in the range 0 < i < n.

(ii) If n = 2r − 1 then
(
n
i

)
is odd for all i ≤ n.

(iii)
(
2n
n

)
is always even.
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The point for the first two is that 2r has all of its bits turned off except for the rth,
whereas 2r − 1 has all of its bits turned on. For statement (iii) just consider the
smallest bit of n that is turned on, and note that the corresponding bit is off in 2n.

Corollary 8.6 is most often used in the form below. The proof is immediate from
Corollary 8.6.

Corollary 8.9. Fix n ≥ 2, and let k be the largest integer such that k ≤ n and(
n+k
k

)
is odd. Then RPn does not immerse into Rn+k−1.

Note that k will be strictly less than n, as
(
2n
n

)
is always even; this conforms with

the Whitney immersion result. As an application of the above corollary, suppose
we want to immerse RP 10. We start with(

20
10

)
= 20·19·18·17·16·15·14·13·12·11

10·9·8·7·6·5·4·3·2·1

We have 210 dividing the numerator and 28 dividing the denominator. Start re-
moving factors from the left, one by one from the numerator and denominator
simultaneously, watching what happens to the number of 2’s in each. The fraction
does not become odd until we are looking at

(
15
5

)
. So k = 5 in Corollary 8.9 and

the conclusion is that RP 10 does not immerse into RP 14.
The above process is cumbersome, and with a little investigation it is not hard

to produce a shortcut.

Proposition 8.10. Write n = 2i + d where 0 ≤ d < 2i. Then the largest k in the
range 0 ≤ k ≤ n such that

(
n+k
k

)
is odd is k = 2i − d− 1.

Proof. Note that if j = 2i−d−1 then n+j = 2i+1−1 and so
(
n+j
j

)
is certainly odd.

We must show that
(
n+j
j

)
is even for j in the range 2i−d ≤ j ≤ n. This is the kind

of analysis that is perhaps best left to the reader, but we will give a sketch. Suppose
to the contrary that j is in this range and

(
n+j
j

)
is odd. Let e = j− (2i− d− 1), so

that n+ j = (2i + d) + e+ (2i − d− 1) = e+ (2i+1 − 1). Let the smallest bit of e
that is turned on be the rth bit; this is also the smallest bit of n+ j that is turned
off. Since

(
n+j
n

)
is odd, this bit must be also off in n. So we have proven

• The rth bit is off in n and on in e.
If we write e = e′+2r, then n+ j = e′+(2r+2i+1−1). The term in parentheses

has all bits off from the rth through the ith, and so the bits of n+ j agree with the
bits of e′ (and of e) from the (r+1)st through the ith. Since

(
n+j
n

)
is odd, every bit

of n that is turned on in this range must also be turned on in n+ j—and therefore
also in e. We have thus shown that

• All bits greater than the rth that are on in n are also on in e.
The two bulleted facts together show that e > n, which is not allowed since

e ≤ j ≤ n. □

Corollary 8.11. If 2i ≤ n < 2i+1 then RPn does not immerse into R2i+1−2. In
particular, if n = 2i then the immersion dimension of RPn equals 2n− 1.

Proof. The first line is immediate from Corollary 8.9 and Proposition 8.10. The
second statement follows from the first together with the Whitney theorem saying
that RPn immerses into R2n−1. □
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Remark 8.12. Note that Corollary 8.11 is really about the particular case n = 2i.
The non-immersions for the other n in the given range immediately follow from this
one, since an immersion of RPn would restrict to one for RP 2i .

Let us now change gears just a bit and consider embeddings. We can also use
characteristic classes to give obstructions in this setting. The key result is the
following:

Proposition 8.13. Suppose M is a compact smooth n-manifold that is embedded
in Rn+k. Then wk(ν) = 0 where ν is the normal bundle.

Proof. Choose a metric on ν and let S(ν) be the sphere bundle. If p : S(ν) → M
denotes the projection map, then clearly p∗ν splits off a trivial bundle: p∗ν = 1⊕E
for some rank k − 1 bundle E on S(ν). The Whitney formula then gives 0 =
wk(p

∗ν) = p∗(wk(ν)).
The proof will be completed by showing that p∗ : H∗(M ;Z/2)→ H∗(S(ν);Z/2)

is injective. Let U be a tubular neighborhood of M in Rn+k, arranged so that its
closure U is homeomorphic to the disk bundle of ν. Write ∂U for the boundary,
which is homeomorphic to S(ν). We have the long exact sequence

· · · → Hi(U, ∂U)→ Hi(U)→ Hi(∂U)→ · · ·
where all cohomology groups have Z/2-coefficients. The projection U → M is a
homotopy equivalence, so our map p∗ is isomorphic to Hi(U) → Hi(∂U). We can
verify that this is injective by checking that the previous map in the long exact
sequence is zero. We look only at i > 0, as the i = 0 case is trivial.

To this end, consider the inclusion of pairs (U, ∂U) ⊆ (Rn+k,Rn+k −M) and
the maps below from the two long exact sequences:

Hi(Rn+k,Rn+k −M) //

∼=
��

Hi(Rn+k)

��
Hi(U, ∂U) // Hi(U)

The left vertical map is an isomorphism by excision, and the group in the upper
right corner is zero. So the bottom horizontal map is zero, as we desired. □

Exercise 8.14. We didn’t use much about H∗(−;Z/2) in the above proof. It looks
like we used Hi(pt) = 0 for i > 0, but in fact we didn’t even use that. Adapt the
above proof to show that if E is any cohomology theory then E∗(M)→ E∗(S(ν)) is
an embedding. [Hint: Used reduced cohomology.]

Remark 8.15. In the case where M is orientable, Whitney proved in [Whitney1,
Theorem on p. 113] that there is necessarily a non-vanishing section of the normal
bundle. This immediately implies that the mod 2 Euler class of the normal bundle
vanishes, i.e. that wk(ν) = 0. This gives some added geometric motivation for
Proposition 8.13, though it doesn’t recover the entire result. Whitney also proved
[loc. cit] that for any embedding of RP 2 into R4 the normal bundle cannot admit
a non-vanishing section, so this argument doesn’t generalize to the non-orientable
case even though we still know that the that the top Stiefel-Whitney class is zero
there. See Exercise??? for further discussion.

Compare the next result to Proposition 8.5:
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Corollary 8.16. Let M be a compact smooth n-manifold. If M embeds into Rn+k
then w(TM )−1 vanishes in degrees k and larger.

Proof. We saw in the proof of Proposition 8.5 that w(TM )−1 = w(ν). Since ν has
rank k, this forced the Stiefel-Whitney classes to vanish in degrees larger than k.
But now Proposition 8.13 also gives us the vanishing in degree k. □

Corollary 8.17. If RPn embeds into Rn+k then
(
n+i
i

)
is even for k ≤ i ≤ n.

Proof. Same as for Corollary 8.6. □

Corollary 8.18. Suppose 2i ≤ n < 2i+1. Then RPn does not embed into R2i+1−1.
In particular, if n = 2i then the embedding dimension of RPn equals 2n.

Proof. Write n = 2i + d. Let k be the largest integer in the range 0 ≤ k ≤ n
such that

(
n+k
k

)
is odd. Then Corollary 8.17 shows that RPn does not embed into

Rn+k. But Proposition 8.10 identifies k = 2i− d− 1, and so n+ k = 2i+1− 1. This
proves the first statement. The second statement is then a consequence of the first
together with the Whitney theorem that RPn embeds into R2n. □

To gauge the relative strength of Corollaries 8.11 and 8.18, see Table 8.19 and
compare to Table 8.2. One gets a clear sense of how far algebraic topology has
progressed since the early days of Stiefel-Whitney classes!

Table 8.19. Stiefel-Whitney lower bounds for the immersion and
embedding dimensions of RPn

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
imm≥ 3 4 7 7 7 8 15 15 15 15 15 15 15 16 31 31 31
emb≥ 4 4 8 8 8 8 16 16 16 16 16 16 16 16 32 32 32

8.20. K-theoretic techniques. One can readily imagine adapting the basic ap-
proach from the last section by replacing the Stiefel-Whitney classes with charac-
teristic classes taking values in some other cohomology theory. Atiyah [Atiyah3]
pursued this idea using KO-theory, and certain constructions of Grothendieck pro-
vided the appropriate theory of characteristic classes. In this way he obtained some
new non-immersion and non-embedding theorems. We explain this work next.

In Section ?? we described Chern classes in complex K-theory, which were de-
fined using the γ̃-operations. One can basically repeat those constructions in KO-
theory verbatim to obtain KO-characteristic classes for real vector bundles. Since
the context is a little different, we give a very quick review here.

Let X be a bund-compact space. For an element x ∈ K̃O (X) define

γt(x) = λ t
1−t

(x) = 1 + t
1−t [λ

1x] +
(

t
1−t
)2
[λ2x] + · · ·

Note that γt(x + y) = γt(x)γt(y). Define γi(x) to be the coefficient of ti in γt(x).
So we have

γk(x+ y) =
∑
i+j=k

γi(x)γj(y).

Note also that γt(1) = 1 + t
1−t =

1
1−t = 1 + t+ t2 + · · ·
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For a vector bundle E over X define

γ̃t(E) = γt(E − rankE) =
γt(E)

γt(rankE)
=

γt(E)

γt(1)rankE
= γt(E) · (1− t)rankE .

One should think of this as just being a renormalization of the γt construction; note
that γ̃t(E) = 1 if E is a trivial bundle. Observe that we still have the analog of the
Whitney formula:

γ̃t(E ⊕ F ) = γt(E ⊕ F − rank(E + F )) = γt
(
(E − rankE) + (F − rankF )

)
= γt(E − rankE)γt(F − rankF )

= γ̃t(E)γ̃t(F ).

If L is a line bundle then

γ̃t(L) = γt(L) · (1− t) =
[
1 + t

1−t [L]
]
· (1− t) = 1− t+ t[L] = 1 + t([L]− 1).

So γ̃1(L) = [L]− 1 and γ̃i(L) = 0 for i > 1.
Finally, we observe that if E is a rank k bundle then γ̃i(E) = 0 for all i > k.

This is because

γ̃t(E) = λ t
1−t

(E)(1− t)k =

∞∑
i=0

( t
1−t )

i[ΛiE] · (1− t)k =

k∑
i=0

ti(1− t)k−i[ΛiE].

The final expression is a polynomial in t of degree at most k.
Compare the following result to Proposition 8.5 and Corollary 8.16.

Proposition 8.21. Let M be a compact smooth n-manifold. If M immerses into
Rn+k then the power series γ̃t(TM )−1 vanishes in degrees larger than k. If M
embeds into Rn+k then γ̃t(TM )−1 vanishes in degrees k and larger.

Proof. The proofs are the same as before. If M immerses into Rn+k then TM ⊕ν ∼=
n+ k where ν is the normal bundle. So γ̃t(TM )γ̃t(ν) = γ̃t(TM⊕ν) = γ̃t(n+ k) = 1,
and then γ̃t(TM )−1 = γ̃t(ν). But since ν has rank k we have γ̃i(ν) = 0 for i > k.

For the second part of the proposition we need to prove that if M embeds into
Rn+k then γ̃k(ν) = 0. The proof is essentially the same as for Proposition 8.13,
taking into account Exercise 8.14. □

For the following proposition, recall from Definition 6.16 that φ(n) denotes the
number of integers s such that 0 < s ≤ n and s is congruent to 0, 1, 2, or 4 modulo
8.

Corollary 8.22 (Atiyah).
(a) If RPn immerses into Rn+k then 2φ(n)−j+1 divides

(
n+j
j

)
for k < j ≤ φ(n).

(b) If RPn embeds into Rn+k then 2φ(n)−j+1 divides
(
n+j
j

)
for k ≤ j ≤ φ(n).

Proof. Recall that 1⊕ TRPn ∼= (n+ 1)L, as in Example ??. We get

γ̃t(TRPn) = γ̃t(TRPn ⊕ 1) = γ̃t((n+ 1)L) = γ̃t(L)
n+1 =

(
1 + tλ

)n+1

where λ = [L]− 1 ∈ K̃O 0(RPn). So

γ̃t(TRPn)−1 = (1 + tλ)−(n+1) =

∞∑
j=0

(−(n+1)
j

)
λj · tj =

∞∑
j=0

(−1)j
(
n+j
j

)
λj · tj .
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If RPn immerses into Rn+k then by Proposition 8.21
(
n+j
j

)
λj = 0 in K̃O 0(RPn)

for all j > k. If RPn embeds into Rn+k then
(
n+j
j

)
λj = 0 for all j ≥ k.

Now we recall from Theorem 6.15 that K̃O 0(RPn) ∼= Z/(2φ(n)) and that λ is a
generator. Also recall that λ2 = −2λ, so λj = (−2)j−1λ. The desired conclusions
follow immediately. □

Corollary 8.22 is best used in the following form. Let σ(n) denote the largest
value of j in the range 1 ≤ j ≤ φ(n) for which

(
n+j
j

)
is not divisible by 2φ(n)+1−j ;

if no such j exists then set σ(n) = 0 by default. Then RPn does not immerse into
Rn+σ(n)−1 and does not embed into Rn+σ(n).

For some values of n the result of Corollary 8.22 is stronger than what we ob-
tained from Corollaries 8.6 and 8.18, and for some values of n it is weaker. We
demonstrate some examples:

Example 8.23. For the question of immersions of RP 8, we have φ(8) = 4 and
σ(8) = 4. So Atiyah’s result (8.22) gives that RP 8 does not immerse into R11. The
Stiefel-Whitney classes, however, gave the better result that RP 8 does not immerse
into R14.

In contrast, for RP 15 we have φ(15) = 7 and σ(15) = 4. So Atiyah’s result tells
us that RP 15 does not immerse into R18. The method of Stiefel-Whitney classes
(8.6) gives no information in this case.

Table 8.24 shows the lower bounds for the immersion dimension of RPn obtained
from Stiefel-Whitney techniques versus the KO-theoretic techniques. The reader
will notice that for 2i ≤ n < 2i+1, the Stiefel-Whitney bounds are significantly
better near the lower end of the interval whereas whereas the KO-theoretic bounds
are better near the upper end.

Table 8.24. Lower bounds for the immersion dimension of RPn

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
S-W 3 4 7 7 7 8 15 15 15 15 15 15 15 16 31 31 31
KO 3 4 7 7 7 8 12 13 15 15 17 17 19 19 24 25 27

n 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
S-W 31 31 31 31 31 31 31 31 31 31 31 31 32 63 63
KO 27 31 31 31 31 34 35 38 39 40 41 42 43 48 49

As an example when n is much larger, the Stiefel-Whitney classes give no infor-
mation on the immersion dimension of RP 255. By contrast, the Atiyah result gives
that the immersion dimension is at least 375. For n = 2i − 1 the improvement of
the Atiyah bound over the Hopf bound is on the order of n

2 .

8.25. Immersions and geometric dimension. So far we have used various char-
acteristic classes to give lower bounds on the immersion/embedding dimensions for
RPn. To close this section we will show how to produce upper bounds for the
immersion dimension, via a geometric result of Hirsch that translates this into a
bundle-theoretic problem. The central tool again ends up being KO-theory. Using
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these methods we will completely determine the immersion dimension of RPn for
n ≤ 9.

Let E → X be a vector bundle. Define the virtual dimension of E by the
formula

v.dimE = min{k |E ∼= F ⊕ (rankE)− k for some bundle F of rank k}.
The virtual dimension is the smallest k such that E is isomorphic to a stabilized
rank k bundle. If X is paracompact Hausdorff then by Corollary ?? we can also
write

v. dimE = rankE −max{j |E has j independent sections}.
Note that the virtual dimensions of E and E⊕1 might be different; the latter might
be smaller than the former. With this in mind we can also introduce the stable
virtual dimension:

sv. dimE = min{v. dim(E ⊕ r) | r ≥ 0}
= min{rankF |F is a bundle that is stably equivalent to E}.

Finally, we introduce the following related concept. For X compact Hausdorff and
α ∈ K̃O 0(X) define the geometric dimension of α to be

g. dimα = min{k
∣∣α+ k = [F ] for some vector bundle F on X}

(note that we need the hypothesis on X so that KO0(X) coincides with the
Grothendieck group of bundles, hence such a k always exists).

The above three concepts are related as follows:

Proposition 8.26. Let E → X be a vector bundle, where X is compact Hausdorff.
(a) g. dim(E − rankE) = sv. dim(E) ≤ v. dim(E).
(b) If X is a finite CW-complex and rankE > dimX then sv.dim(E) = v. dim(E).

Proof. For (a) only the first equality requires proof. This equality is almost a
tautology: for any integer d ≥ 0 we have

sv. dim(E) ≤ d ⇐⇒ there exists a bundle F of rank d such that E ∼=st F
⇐⇒ ∃ F of rank d such that [E]− rankE = [F ]− d in K̃O 0(X)

⇐⇒ ∃ F such that [E]− rankE + d = [F ] in KO0(X)

⇐⇒ g.dim(E − rankE) ≤ d.
For the second equivalence, see the discussion in Section ??. The desired equality
follows immediately.

For (b), let r = sv. dim(E), k = rank(E), and note that r ≤ k. Then there exists
a rank r bundle F such that E and F are stably equivalent: E⊕N ∼= F⊕(N + k − r)
for some N > 0. Since rank(E) > dimX we can cancel the N factors to get E ∼=
F ⊕ (k − r), by Proposition ??. Hence v. dim(E) ≤ rank(F ) = r = sv.dim(E). □

The following result of Hirsch [Hirsch1], and its corollary, translate the immer-
sion problem into a purely homotopy-theoretic question. This is the key to why
immersions are better understood than embeddings.

Theorem 8.27 (Hirsch). Let M be a compact smooth manifold of dimension n.
For k ≥ 1 the following statements are equivalent:
(a) M can be immersed in Rn+k
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(b) There exists a bundle F of rank k such that TM ⊕ F is trivial.
(c) There exists an On-equivariant map Fr(TM )→ Vn(Rn+k), where Fr(TM ) is the

bundle of n-frames in TM .

Observe that (a) implies (b) by taking F to be the normal bundle of the im-
mersion. Also, if ϕ : TM ⊕ F → n+ k is an isomorphism then any n-frame in
TM yields an n-frame in Rn+k by applying ϕ; thus, one gets an equivariant map
Fr(TM ) → Vn(Rn+k). This shows (b) implies (c). So the content of the above
theorem is really in (c)⇒(a), and this is what was proven by Hirsch via geometric
arguments: see [Hirsch1, Theorem 6.1 (taking r = 0 there)], though the context
is really in [Hirsch1, Theorem 5.7] taking K = ∅ and L = M there. Hirsch actu-
ally showed much more, essentially proving that homotopy classes of immersions
from M to Rn+k are in bijective correspondence with equivariant homotopy classes
of maps Fr(TM ) → Vn(Rn+k). We will not give Hirsch’s proof here, but we will
use the following corollary of his result. This corollary first appeared in [Atiyah3,
Proposition 3.2] and in [Sanderson2, Theorem 2.1].

Corollary 8.28. Let k ≥ 1, and let M be a compact smooth manifold of dimension
n. Then M immerses in Rn+k if and only if g.dim(n− TM ) ≤ k.
Proof. We have already seen the ‘only if’ direction when we obtained obstructions
to immersions: if an immersion exists then n+ k ∼= TM ⊕ ν where ν is the normal
bundle, therefore n− TM = ν − k and hence g. dim(n− TM ) = g. dim(ν − k) ≤ k.

For the other direction, assume g. dim(n − TM ) ≤ k. So there exists a rank k
vector bundle F such that n − TM + k = F in KO0(M). This implies n + k =
TM + F in KO0(M), which in turn yields that n+ k +N ∼= TM ⊕ F ⊕N for some
N ≥ 0 (by the analog of Proposition ??). Since the rank of TM ⊕ F is larger than
dimM , it follows by Proposition ?? that we can cancel the N on both sides to get
n+ k ∼= TM ⊕F . Then by Theorem 8.27 we know that M immerses into Rn+k. □

Remark 8.29. Note in particular that if M is parallelizable then M immerses into
Rn+1 (taking k = 1 in Corollary 8.28, since k = 0 is not allowed).

We now specialize again to the case of M = RPn. Here we have

n− TRPn = (n+ 1)− (1⊕ TRPn) = (n+ 1)− (n+ 1)L = (n+ 1)(1− L).
Proposition 8.30. For n ≤ 8 the immersion dimension of RPn is as given in
Table 8.2.

Proof. Given the lower bounds given by Stiefel-Whitney classes (see Table 8.24), we
only have to demonstrate the required immersions. The fact that RP 8 immerses in
R15 is a special case of Whitney’s classical theorem. Both RP 3 and RP 7 have trivial
tangent bundles (using the related fact for S3 and S7), and so by Remark 8.29 they
immerse into R4 and R8, respectively.

For RP 6 we must calculate the geometric dimension of 7(1−L) = −7(L−1). But
φ(6) = 3, and so K̃O (RP 6) ∼= Z/8. Hence 8(L− 1) = 0, and so −7(L− 1) = L− 1.
The geometric dimension of L − 1 is clearly at most 1, and so by Corollary 8.28
RP 6 immerses into R7. Of course RP 4 and RP 5 therefore also immerse into R7.

A similar argument works to show that RP 2 immerses into R3 (or one can just
construct the immersion geometrically). □
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The reader should note why the above result stopped with RP 8. For RP 9

one finds that the immersion problem boils down to determining the geomet-
ric dimension of −10(L − 1) = 22(L − 1) (here we used that φ(9) = 5 and so
K̃O 0(RP 9) = Z/32). The precise value of this geometric dimension is far from
clear. We will close this section by analyzing it completely, following Sanderson
[Sanderson2]. However, we take a short detour to illustrate some general princi-
ples.

Recall that for general n we have n− TRPn = (n+ 1)(1− L). We would like to
interpret the geometric dimension of this class as being a stable virtual dimension,
but for this we would need to be looking at a positive multiple of L− 1 rather than
1− L. There are two ways to get ourselves into this position. The first, which we
have already seen, proceeds by recalling that L − 1 has order 2φ(n) in K̃O (RPn).
So we can write

n− TRPn = −(n+ 1)(L− 1) =
(
2φ(n) − (n+ 1)

)
(L− 1)

and hence

g. dim(n− TRPn) = g. dim
([

2φ(n) − (n+ 1)
]
L−

[
2φ(n) − (n+ 1)

])
= sv.dim

([
2φ(n) − (n+ 1)

]
L
)

(the last equality is by Proposition 8.26(b)). The second approach is from Sanderson
[Sanderson1, Lemma 2.2]:

Proposition 8.31. For the bundle L→ RPn, the statement g.dim(a(L− 1)) ≤ b
is equivalent to g. dim((b− a)(L− 1)) ≤ b, for any a, b ∈ Z with b ≥ 0.

Proof. It suffices to prove the implication in one direction, by symmetry. So suppose
g. dim(a(L− 1)) ≤ b. This implies that a(L− 1) + b = E in KO0(RPn), for some
rank b bundle E. Multiply by L to get a(1−L) + bL = E ⊗L, and then rearrange
to find (b− a)(L− 1) + b = E ⊗L. This yields that g.dim((b− a)(L− 1)) ≤ b. □

Corollary 8.32. Let L→ RPn be the tautological bundle. For k > 0 the following
statements are equivalent:
(1) RPn immerses into Rn+k,
(2) g. dim(−(n+ 1)(L− 1)) ≤ k,
(3) g. dim((n+ k + 1)(L− 1)) ≤ k,
(4) g. dim

(
[2φ(n) − (n+ 1)] (L− 1)

)
≤ k.

Proof. The equivalence (1) ⇐⇒ (2) comes from Corollary 8.28, and (2) ⇐⇒ (3)
is by Proposition 8.31. Finally, (2) ⇐⇒ (4) is true because 2φ(n)(L − 1) = 0 in
K̃O 0(RPn). □

Part (3) of the above result, which is the part that comes from Proposition 8.31,
will actually not be needed in the remainder of this section. But we record it here
for later use (see Proposition 9.16).

We close this section by settling the immersion problem for RP 9:

Proposition 8.33 (Sanderson). The immersion dimension of RP 9 equals 15.

This result is from [Sanderson2, Theorem 5.3]. Sanderson proves much more
than this, for example that RPn immerses into R2n−3 whenever n is odd. He also
proved that RP 11 immerses into R16, which ends up being the best result for both
RP 11 and RP 10.
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Proof. The lower bound of 15 is given by Stiefel-Whitney classes, as in Table 8.24.
So we only need to prove that RP 9 immerses into R15. By Corollary 8.32 this is
equivalent to g. dim(22(L−1)) ≤ 6, and is also equivalent to g. dim(16(L−1)) ≤ 6.
The proof below works for both statements, but for specificity we just prove the
former. Note that what we must prove is equivalent to sv.dim(22L) ≤ 6, by
Proposition 8.26. We will outline the steps for this, and then give more details
afterwards.
Step 1: There exists a rank 4 complex bundle E on RP 9 such that rRE is stably
equivalent to 22L (recall that rRE denotes the real bundle obtained from E by
forgetting the complex structure).
Step 2: The bundle E|RP 8 has a nonzero section s.
Step 3: The bundle rRE|RP 8 has a field of (real) 2-frames.
Step 4: For N ≫ 0 the field of real (2 + N)-frames of (rRE ⊕ N)|RP 8 may be
extended over RP 9.
Step 5: sv.dim(22L) = sv.dim(rRE) ≤ 6, hence RP 9 can be immersed into R15.

We now justify each of these steps. For step 1 use that rR : K̃(RPn)→ K̃O (RPn)
has image equal to ⟨2(L − 1)⟩, by Theorems 6.15 and 6.18. Since 22(L − 1) is
therefore in the image, there is a complex bundle E on RP 9 such that rRE is stably
equivalent to 22L. The bundle E is represented by a map RP 9 → BU , and such a
map necessarily factors up to homotopy through BU(4) by Proposition ??.

For step 2 we again proceed by obstruction theory. We have the sphere bundle
S(E|RP 8) → RP 8 with fiber S7, and all the obstruction groups vanish except for
the last one: H8(RP 8;π7S

7). The coefficents are untwisted because the complex
structure gives a canonical orientation to each fiber. This final obstruction class
is the same as the Euler class of rRE, or equivalently the top Chern class of E.
Since H8(RP 8;Z) = Z/2 it will be sufficient to compute the mod 2 reduction of
this class, which is the top Stiefel-Whitney class w8(rRE). Now we use that rRE is
stably isomorphic to 22L, so the total Stiefel-Whitney class is w(rRE) = w(22L) =
w(L)22 = (1 + x)22. Hence w8(rRE) =

(
22
8

)
x8. Since

(
22
8

)
is even, the obstruction

class vanishes and we indeed have a nonzero section.
Step 3 is trivial: the sections s and is give the field of real 2-frames.
Step 4 is obstruction theory yet again. If F = rRE⊕N then we have a (partial)

section of VN+2(F ) → RP 9 defined over RP 8, and we must extend this to all of
RP 9. The obstruction lies in H9(RP 9;π8(VN+2(RN+8))). But the homotopy group
in the coefficients has been computed [Whitehead2, BP] and is known to be zero
for all N ≥ 3 (see also Exercise 8.34 below for hints to this calculation).

Step 5 is now immediate: rRE ⊕N has rank 8 +N and has 2 +N independent
sections, hence v. dim(rRE ⊕ N) ≤ 6. So sv. dim(rRE) ≤ 6 as well. Since rRE is
stably equivalent to 22L, sv.dim(22L) = sv.dim(rRE) ≤ 6. □

Exercise 8.34. Compute the homotopy group needed in the above proof via the
following steps:
(a) Use the fibration sequences Vk(Rn) → Vk+1(Rn+1) → Sn to deduce that

π8VN+2(RN+8) ∼= π8V4(R10) for all N ≥ 3.
(b) Using the cell structure from Proposition ?? reduce the problem to that of

computing π8(RP 9/RP 5).
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(c) Attempt to inductively compute π8(RPn/RP 5) using the long exact homotopy
sequences

· · · → π8(RPn/RP 5)→ π8(RPn+1/RP 5)→ π8(RPn+1/RP 5,RPn/RP 5)→ · · ·
for n ≥ 6. The attaching map for the top cell gives a map of pairs (Dn+1, Sn)→
(RPn+1/RP 5,RPn/RP 5). Verify that the Blakers-Massey theorem implies
that the induced map

πr−1(S
n) ∼= πr(D

n+1, Sn)→ πr(RPn+1/RP 5,RPn/RP 5)

is an isomorphism for r ≤ n + 4. So we can apply this to r = 8 and our long
exact homotopy sequence becomes

· · · → π8(S
n)→ π8(RPn/RP 5)→ π8(RPn+1/RP 5)→ π7(S

n)→ · · ·
where the first map is induced by Sn → RPn → RPn/RP 5.

(d) Check that RP 7/RP 5 ≃ S7 ∨S6 (think about the attaching map of the 7-cell),
so that π8(RP 7/RP 5) ∼= Z/2 ⊕ Z/2 with the generators corresponding to the
maps η and η2 (consult the Hilton-Milnor theorem).

(e) By using the action of the Steenrod operations on H∗(RP 8/RP 5;Z/2), make
some deductions about the attaching map for the 8-cell and use this to analyze
the long exact sequence from (c). Conclude that π8(RP 8/RP 5) = Z/2 with the
generator represented by the composite S8 η−→ S7 ↪→ S7 ∨ S6 = RP 7/RP 5 ↪→
RP 8/RP 5.

(f) Finally, repeat the strategy from (e) to analyze the attaching map of the 9-cell
in RP 9/RP 5 and deduce that π8(RP 9/RP 5) = 0.

The arguments in this section naturally suggest the following problem, which is
open:

Problem: Compute the geometric dimension of k([L] − 1) ∈ K̃O (RPn), for any
given k and n.

Over the years this problem has been extensively studied by Adams, Davis, Gitler,
Lam, Mahowald, Randall, and many others. Just a few of the many references are
[GM1, GM2, Adams6, Astey, DGM, LR1, LR2, BDM]. See also Section 9.15 for a
bit more discussion.

8.35. Summary. In this section we obtained two sets of non-immersion/non-
embedding results, one using Stiefel-Whitney classes in mod 2 singular cohomology
and the other using the γ̃ classes in KO-theory. We also translated the immersion
problem into a question about geometric dimension of reduced bundles, and for
RPn we completely solved this question for n ≤ 9. As we have said before, this is
far from the whole story—in fact it is just the very tip of a large and interesting
iceberg. We refer the reader to the references cited in [Davis2] for other pieces of
the story, as well as to the survey paper [Davis1].

9. The sums-of-squares problem and beyond

This section is in some ways an epilogue to the previous one. In the last section
we started with a geometric problem, that of immersing RPn into Euclidean space.
We then used cohomology theories and characteristic classes to obtain necessary
conditions for such an immersion to exist: we obtained two sets of conditions, one
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from mod 2 singular cohomology and one fromKO-theory. In the present section we
start with an algebraic problem, one that at first glance seems completely unrelated
to immersions. It is the problem of finding sums-of-squares formulas in various
dimensions, which we encountered already back in Section ?? (we will review the
problem below). Once again we will use cohomology theories to obtain necessary
conditions for the existence of such formulas. The surprise is that these conditions
are basically the same as the ones that arose in the immersion problem! This is
because both problems lead to the same homotopy-theoretic situation involving
bundles over real projective space.

In theory the present section could be read completely independently of the last
one. But because the underlying homotopy-theoretic problem is the same, we refer
to the previous section for many details of its analysis.

9.1. Review of the basic problem. Recall from Section ?? that a sums-of-
squares formula of type [r, s, n] (over R) is a bilinear pairing ϕ : Rr ×Rs → Rn
with the property that

|ϕ(x, y)|2 = |ϕ(x)|2 · |ϕ(y)|2(9.2)

for all x ∈ Rr and y ∈ Rs. If we write x = (x1, . . . , xr) and y = (y1, . . . , ys)
then ϕ(x, y) = (z1, . . . , zn) where each zi is a bilinear expression in the x’s and y’s.
Formula (9.2) becomes

(x21 + · · ·+ x2r) · (y21 + · · ·+ y2s) = z21 + · · ·+ z2n.

We will also refer to this as an “ [r, s, n]-formula” for short. Note that if an [r, s, n]-
formula exists then one trivially has [i, j, k]-formulas for any i ≤ r, j ≤ s, and
k ≥ n.

For what values of r, s, and n does an [r, s, n]-formula exist? This is the sums-
of-squares problem. Said differently, given a specific r and s what is the smallest
value of n for which an [r, s, n]-formula exists? Call this number r ∗ s. As with the
immersion problem, there are two aspects here. One is the problem of constructing
sums-of-squares formulas, thereby giving upper bounds for r ∗ s; the other is the
problem of finding necessary conditions for their existence, thereby giving lower
bounds. The latter is the part that involves topology.

The sums-of-squares formulas that everyone knows are the ones coming from the
multiplications on R, C, H, and O. These haves types [1, 1, 1], [2, 2, 2], [4, 4, 4], and
[8, 8, 8]. Hurwitz proved than an [n, n, n] formula only exists when n ∈ {1, 2, 4, 8},
and the Hurwitz-Radon theorem generalizes this:

Theorem 9.3 (Hurwitz-Radon). A sums-of-squares formula of type [r, n, n] ex-
ists if and only if r ≤ ρ(n) + 1, where ρ(n) is the Hurwitz-Radon number from
Definition ??.

This “Hurwitz-Radon theorem” is really the same as the one on vector fields on
spheres that we saw as Theorem ??. The proof is the same as well:

Proof. Write n = (odd) · 2a+4b with 0 ≤ a ≤ 3. Recall from Theorem ?? that
an [r, n, n]-formula exists if and only if there exists a Clr−1-module structure on
Rn. We saw in Section ?? that representations of Clr−1 only exist on vector spaces
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whose dimension is a multiple of 2φ(r−1). Thus, we have the chain of equivalences

an [r, n, n]-formula exists ⇐⇒ there exists a Clr−1-module structure on Rn

⇐⇒ 2φ(r−1)
∣∣n

⇐⇒ φ(r − 1) ≤ a+ 4b

⇐⇒ r − 1 ≤ 2a + 8b− 1 = ρ(n).

For the last equivalence note that φ(2a+8b−1) = φ(2a−1)+4b = a+4b, where the
first equality is the 8-fold quasi-periodicity of φ and the second is just a calculation
for 0 ≤ a ≤ 3. Moreover, 2a +8b− 1 is the largest number whose φ-value is a+4b;
by periodicity this can again be checked just for b = 0 and 0 ≤ a ≤ 3. So in general
we have φ(s) ≤ a+ 4b = φ(2a + 8b− 1) if and only if s ≤ 2a + 8b− 1; this is what
is used in the final equivalence. □

Remark 9.4. Note that if there exist formulas of type [r, s1, n1] and [r, s2, n2] then
there is also a formula of type [r, s1 + s2, n1 + n2] (by distribuitivity). This says
that

r ∗ (s1 + s2) ≤ r ∗ s1 + r ∗ s2.
Also notice that r ∗ s ≤ (r + a) ∗ (s + b) whenever a, b ≥ 0, because a formula of
type [r + a, s + b, n] automatically yields one of type [r, s, n] by plugging in zeros
for a of the x’s and b of the y’s.

The classical identities show that 2 ∗ 2 = 2, 4 ∗ 4 = 4, and 8 ∗ 8 = 8, and it is
trival that n ∗ 1 = n. Using these together with the observations of the previous
paragraph, one can obtain upper bounds on r ∗ s. For example, 3 ∗10 ≤ 12 because

3 ∗ 10 ≤ 3 ∗ 8 + 3 ∗ 2 ≤ 8 ∗ 8 + 4 ∗ 4 = 8 + 4 = 12.

Exercise 9.5. Use the above methods to show 9 ∗ 9 ≤ 25 and try to convince
yourself that this is the best possible upper bound obtainable using these methods.

Table 9.5 shows what is known about r ∗ s for small values of r and s. For r ≤ 8
the values completely agree with the upper bounds obtained by the methods of
Remark 9.4. As soon as one hits r = 9 there is quite a bit of difference, though.

Table 9.5. Values of r ∗ s

r\s 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
2 2 4 4 6 6 8 8 10 10 12 12 14 14 16 16 18
3 4 4 7 8 8 8 11 12 12 12 15 16 16 16 19
4 4 8 8 8 8 12 12 12 12 16 16 16 16 20
5 8 8 8 8 13 14 15 16 16 16 16 16 21
6 8 8 8 14 14 16 16 16 16 16 16 22
7 8 8 15 16 16 16 16 16 16 16 23
8 8 16 16 16 16 16 16 16 16 24
9 16 16 [16,17] ??
10 16 [16,17]
11 17

To justify the numbers in the above table, one thing we have to do is produce
lower bounds for r ∗ s. For example, we have to explain why there do not exist
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formulas of type [5, 10, 13]. Almost all of the known lower bounds come from
topological methods; we will describe some of these next.

9.6. Lower bounds via topology. Here is the key result that shows how a sums-
of-squares formula gives rise to something homotopy-theoretic:

Proposition 9.7. If an [r, s, n]-formula exists then there exists a rank n−r bundle
E on RP s−1 such that rL⊕ E ∼= n (here rL is the direct sum of r copies of L).

Proof. Let ϕ : Rr⊗Rs → Rn be the map giving the sums-of-squares formula. If u ∈
Rs is a unit vector, check that ϕ(e1, u), . . . , ϕ(er, u) is an orthonormal frame in Rn.
This is an easy consequence of the sums-of-squares identity; it is an exercise, but see
the proof of Corollary ?? if you get stuck. In this way we obtain a map f : Ss−1 →
Vr(Rn). Compose with the projection Vr(Rn) → Grr(Rn) and then note that the
map factors to give F : RP s−1 → Grr(Rn). Precisely, given a line in Rs spanned
by a vector u its image under F is the r-plane spanned by ϕ(e1, u), . . . , ϕ(er, u).

Let η be the tautological r-plane bundle on Grr(Rn). We claim that F ∗η = rL.
This follows from the commutative diagram

rL

��

F̃ // η

��
RP s−1 F // Grr(Rn)

where the top map is described as follows. Given r points on the same line ⟨u⟩ we
write them as λ1u, . . . , λru and then send them to the element λ1ϕ(e1, u) + · · · +
λrϕ(er, u) on the r-plane F (⟨u⟩). One readily checks that this does not depend
on the choice of u; in fact, we could just say that points z1, . . . , zr on a common
line ℓ are sent to the element ϕ(e1, z1) + · · · + ϕ(er, zr) on F (ℓ). The fact that
ϕ(e1, u), . . . , ϕ(er, u) are orthonormal (hence independent) shows that F̃ is injective
on fibers, hence an isomorphism on fibers. This shows that F ∗η ∼= rL.

We have now done all the hard work. To finish, just recall that η sits inside
a short exact sequence 0 → η → n → Q → 0 where Q is the standard quotient
bundle. This sequence is split because Grr(Rn) is compact. Pulling back along F
now gives rL⊕ F ∗Q ∼= n, as desired. □

The following result was originally proven independently by Hopf [Hopf] and
Stiefel [Stiefel]; Stiefel’s method is the one we follow here.

Corollary 9.8 (Hopf-Stiefel). If an [r, s, n]-formula exists then the following two
equivalent conditions hold:
(1)

(
r+i−1
i

)
is even for n− r < i < s;

(2)
(
n
i

)
is even for n− r < i < s.

Proof. By Proposition 9.7 we know that rL⊕E ∼= n for some rank n− r bundle on
RP s−1. Applying total Stiefel-Whitney classes gives w(rL)w(E) = w(rL ⊕ E) =
w(n) = 1, or w(E) = w(rL)−1 = w(L)−r. So w(L)−r vanishes in degrees larger
than n−r. But w(L) = 1+x where x is the generator for H1(RP s−1;Z/2), and the
coefficient of xi in (1 + x)−r is

(−r
i

)
=
(
r+i−1
i

)
(recall that we are working modulo

2). So
(
r+i−1
i

)
is even for n− r < i < s.
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The equivalence of the conditions in (1) and (2) follows at once from the lemma
below, taking k = n− r+1 and u = r+ s−n− 2 (note that conditions (1) and (2)
are both vacuous unless u ≥ 0). □

Lemma 9.9. For any non-negative integers n, k, and u, the following Z-linear
spans are the same inside of Z (that is, the lists on the two sides generate the same
ideal):

Z
〈(

n
k

)
,
(
n
k+1

)
, . . . ,

(
n
k+u

)〉
= Z

〈(
n
k

)
,
(
n+1
k+1

)
, . . . ,

(
n+u
k+u

)〉
.

Consequently, an integer is a common divisor of the first set of binomial coefficients
if and only if it is a common divisor of the second set.

Proof. Taking first differences and using Pascal’s identity shows (via multiple iter-
ations) that

Z
〈(

n
k

)
,
(
n+1
k+1

)
, . . . ,

(
n+u
k+u

)〉
= Z

〈(
n
k

)
,
(
n
k+1

)
,
(
n+1
k+2

)
,
(
n+2
k+3

)
, . . . ,

(
n+u−1
k+u

)〉
= Z

〈(
n
k

)
,
(
n
k+1

)
,
(
n
k+2

)
,
(
n+1
k+3

)
, . . . ,

(
n+u−2
k+u

)〉
= · · ·

= Z
〈(

n
k

)
,
(
n
k+1

)
, . . . ,

(
n
k+u

)〉
.

□

Example 9.10. Does a formula of type [10, 10, 15] exist? If it did, statement (2)
of Corollary 9.8 would imply that

(
15
i

)
is even for 5 < i < 10. But

(
15
6

)
is odd.

The full power of the numerical conditions in Corollary 9.8 is subtle, and one
really needs a computer to thoroughly investigate them. But the following conse-
quence represents much of the information buried in those conditions:

Corollary 9.11. If r + s > 2k then r ∗ s ≥ 2k.

Proof. We must show that if r + s > 2k then formulas of type [r, s, 2k − 1] do not
exist. If they did, the Hopf-Stiefel conditions would imply that

(
2k−1
i

)
is even for i in

the range 2k−1−r < i < s. But
(
2k−1
i

)
is odd no matter what i is, so the conditions

are only consistent if the range is empty—or equivalently, if 2k−1− r ≥ s−1. The
hypothesis r + s > 2k guarantees that this is not the case. □

For example, sums-of-squares formulas of type [16, 17, n] must all have n ≥ 32.
For r ≤ 8 the Hopf-Stiefel lower bounds for r ∗ s turn out to exactly match

the upper bounds obtained via the constructive methods of Remark 9.4. So this
justifies the numbers in Table 9.5 for the range r ≤ 8.

9.12. K-theoretic techniques. We can also analyze the implications of Proposi-
tion 9.7 using KO-theory. This was first done by Yuzvinsky [Yuzvinsky]. Note that
one could also use complex K-theory here, but KO-theory gives stronger results:
the point is that K̃0(RPm) and K̃O 0(RPm) are almost the same, but for certain
values of m the latter group is slightly bigger (by a factor of 2).

Corollary 9.13 (Yuzvinsky). If an [r, s, n]-formula exists then the following two
equivalent conditions hold:
(1) 2φ(s−1)−i+1 divides

(
r+i−1
i

)
for n− r < i ≤ φ(s− 1);
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(2) 2φ(s−1)−i+1 divides
(
n
i

)
for n− r < i ≤ φ(s− 1).

Proof. Proposition 9.7 gives that rL ⊕ E ∼= n for some bundle E on RP s−1. We
again use characteristic classes, but this time the γ̃ classes in KO-theory. We find
that γ̃t(E) = γ̃t(L)

−r, and so γ̃t(L)
−r must vanish in degrees larger than n − r.

Recall that γ̃t(L) = 1+ tλ where λ = [L]− 1, and so the coefficient of ti in γ̃t(L)−r

is
(−r
i

)
λi = ±

(
r+i−1
i

)
2i−1λ. Here we have used λ2 = −2λ.

Recalling that K̃O 0(RP s−1) ∼= Z/(2φ(s−1)), we find that 2φ(s−1) divides
2i−1

(
r+i−1
i

)
for all i > n− r. This statement only has content for i ≤ φ(s− 1), and

thus we obtain the condition in (1).
The equivalence of (1) and (2) is an instance of the following general observation:

the sequence of conditions

2N
∣∣(n
k

)
, 2N−1

∣∣( n
k+1

)
, 2N−2

∣∣( n
k+2

)
, . . . , 2N−j∣∣( n

k+j

)
is equivalent to the sequence of conditions

2N
∣∣(n
k

)
, 2N−1

∣∣(n+1
k+1

)
, 2N−2

∣∣(n+2
k+2

)
, . . . , 2N−j∣∣(n+j

k+j

)
.

This follows at once by applying Lemma 9.9 multiple times, with i = 1, i = 2, . . .,
i = j. □

The Hopf-Stiefel conditions are symmetric in r and s, but this is not true for the
KO-theoretic conditions in the above proposition. For example, applying the con-
ditions yields no information on [3, 6, n]-formulas beyond n ≥ 5 (which is trivial),
whereas applying the conditions to [6, 3, n]-formulas yields n ≥ 8. One must there-
fore apply the conditions to both [r, s, n] and [s, r, n] to get the best information.

Example 9.14. Like we saw for the immersion problem, in some dimensions the
KO-theoretic conditions are stronger than the Hopf-Stiefel conditions—and in some
dimensions they are weaker. Neither result is strictly stronger than the other.

For example, the Hopf-Stiefel conditions show that 4 ∗ 5 ≥ 8 whereas the KO-
conditions only show 4 ∗ 5 = 5 ∗ 4 ≥ 7. The smallest dimension for which the
KO-theoretic conditions are stronger is when r = 10 and s = 15. The Hopf-
Stiefel conditions rule out the existence of [10, 15, 15]-formulas, but not [10, 15, 16].
The KO-conditions rule out [15, 10, 16], however, and therefore also [10, 15, 16] by
symmetry.

To pick a larger example, the Hopf-Stiefel conditions show that 127 ∗ 127 ≥ 128
but the KO-conditions show that 127 ∗ 127 ≥ 184. The KO-conditions seem to
give their greatest power when r and s are slightly less than a power of 2.

9.15. Other problems. The reader will probably have noticed that the above
methods and results for the existence of sums-of-squares formulas are almost exactly
the same as the ones in the last section on the existence of immersions for real
projective spaces. It is natural to wonder if there is a closer connection between
these two problems. There is! In fact there turns out to be a whole family of
interconnected problems circling this area. We will explain this next.

A careful look at Proposition 9.7 shows that one can make the argument work
with something much weaker than a sums-of-squares formula. Specifically, all we
needed was a map f : Rr ⊗ Rs → Rn such that f(x ⊗ y) = 0 only when x = 0
or y = 0. Such a bilinear map is usually called nonsingular. Given such a map
and a nonzero u ∈ Rr, the elements ϕ(u, e1), . . . , ϕ(u, er) are necessarily linearly
independent—and this is really all that was needed in the proof of Proposition 9.7.
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We can replace our sums-of-squares problem with the following: given r and s,
for what values of n does there exist a nonsingular bilinear map of type [r, s, n]?
The topological obstructions we found for sums-of-squares formulas are of course
still valid in this new context.

The existence of nonsingular bilinear maps turns out to be related to the im-
mersion problem for real projective spaces. More than this, both problems are
connected to a number of similar questions that have been intently studied by al-
gebraic topologists since the 1940s. Many of these problems were originally raised
by Hopf [Hopf]. This material takes us somewhat away from our main theme of K-
theory, but it seems worthwhile to tell a bit of this story since we have encountered
it.

To start with, let us introduce the following classes of statements:
SS[r, s, n]: there exists a sums-of-squares formula of type [r, s, n]
NS[r, s, n]: there exists a nonsingular bilinear map Rr ⊗ Rs → Rn
RR[r, s, n]: there exist n×smatrices A1, . . . , Ar with the property that every

nonzero linear combination of them has rank s
T[r, s, n]: the tangent bundle TRPn has s independent sections when re-

stricted to RP r
IS[r, s, n]: the bundle nL→ RP r has s independent sections

GD[r, s, n]: over RP r one has g.dim(n(L− 1)) ≤ n− s
ES[r, s, n]: the ‘first-vector’ map p1 : Vs(Rn+1)→ Sn has a Z/2-equivariant

section over the subspace Sr ⊆ Sn. Here Z/2 acts antipodally
on Rn+1, and both Vs(Rn+1) and Sn get the induced action.

AX[r, s, n]: there exists an “axial map” RP r × RP s → RPn; this is a map
with the property that the restrictions RP r × {∗} → RPn and
{∗}×RP s → RPn are homotopic to linear embeddings, for some
choice of basepoints in RP r and RP s

IM[r, n]: RP r immerses into RPn
VF[k, n]: there exist k independent vector fields on Sn.

The acronyms are mostly self-evident, except for a few: RR stands for “rigid rank”,
IS for “independent sections”, and ES for “equivariant sections”. For the axial maps,
note that if n > r then [RP r,RPn] → [RP r,RP∞] = H1(RP 2;Z/2) is an isomor-
phism and therefore there are precisely two homotopy classes RP r → RPn, repre-
sented by the constant map and the linear inclusion. So when n > r and n > s
(which is the only case of interest) the axial map condition is equivalent to saying
that the two restrictions are non-null.

The above statements are closely interrelated, as the next result demonstrates.
We should point out that very little from this result will be needed in our subsequent
discussion. We are including it because most of the claims are easy to prove, and
because the various statements get used almost interchangeably (often without
much explanation) in the literature on the immersion problem.

Proposition 9.16.
(a) GD[r, s, n] ⇐⇒ GD[r,−n,−s]
(b) IM[r, n] ⇐⇒ GD[r,−(n+ 1),−(r + 1)] ⇐⇒ GD[r, r + 1, n+ 1]
(c) T [n, k, n]⇒ VF[k, n]
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(d) One has the following implications:

SS[r, s, n]
1 +3 NS[r, s, n] ks

2 +3 RR[r, s, n]

3

��

ES[r − 1, s, n− 1]

6

��
GD[r − 1, s, n] IS[r − 1, s, n]

5ks T[r − 1, s− 1, n− 1]
qy

19

4ks AX[r − 1, s− 1, n− 1]

(e) If r < n then implication 4 is reversible, and if r ≤ n then 5 is reversible.
(f) If r < n and r ≤ 2(n− s) then implication 6 in (d) is also reversible.

Proof. Part (a) is Proposition 8.31, and part (b) is Corollary 8.32; we have seen
these already. Part (c) follows from the fact that TSn = p∗TRPn where p : Sn →
RPn is the projection.

For part (d), the first implication is obvious. The others we treat one by one.
NS[r, s, n] ⇐⇒ RR[r, s, n]: The equivalence follows from adjointness, as bi-
linear maps f : Rr ⊗ Rs → Rn correspond bijectively to linear maps F : Rr →
Hom(Rs,Rn). The linear map F is specified by the n×s matrices F (e1), . . . , F (er).
It is easy to verify that f is nonsingular if and only if all nontrivial linear combi-
nations of these matrices have rank s.
RR[r, s, n] ⇒ T[r−1, s−1, n−1]: First note that the tangent bundle of RPn is
the collection of pairs (x, v) such that x, v ∈ Rn, |x| = 1, and x · v = 0, modulo the
identifications (x, v) ∼ (−x,−v). Secondly, note that since NS[r, s, n] is symmetric
in r and s the same is true for RR[r, s, n]. The condition RR[s, r, n] says that we
have n × r matrices A1, . . . , As such that every nontrivial linear combination has
rank r. For any x ∈ Rr − 0 it follows that A1x, . . . , Asx are independent: for if∑
tiAix = 0 then

∑
tiAi has rank less than r, which only happens when all ti = 0.

Note that there is a matrix P ∈ GLn(R) such that the columns of A1P are the
standard basis e1, . . . , er, so by replacing each Ai with AiP we can just assume
these are the columns of A1.

For every x ∈ Sr−1 ⊆ Rr ⊆ Rn consider the independent vectors
A1x,A2x,A3x, . . . , Asx. Note that A1x = x. Let ui(x) = Aix − (Aix · x)x. Then
u2(x), . . . , ur(x) are independent, and orthogonal to x. Since ui(−x) = −ui(x) for
each i, these give us s− 1 independent sections of TRPn−1 defined over RP r−1.
T[r−1, s−1, n−1] ⇒ IS[r−1, s, n]: This follows from the bundle isomorphism
TRPn−1 ⊕ 1 ∼= nL (see Example ??).
IS[r − 1, s, n] ⇒ GD[r − 1, s, n]: Trivial.
T[r − 1, s − 1, n − 1] ⇐⇒ ES[r − 1, s, n − 1]: First note that the frame
bundle Vs−1(TRPn−1) is homeomorphic to Vs(Rn)/ ± 1 in an evident way. Under
this homeomorphism the projection Vs−1(TRPn−1) → RPn−1 corresponds to the
first-vector map Vs(Rn)/± 1→ Sn−1/± 1. So T [r− 1, s− 1, n− 1] is equivalent to
the latter bundle having a section over Sr−1/± 1. But then consider the diagram

Vs(Rn) //

��

Vs(Rn)/± 1

��
Sn−1 // Sn−1/± 1



ANOTHER BOOK ON K-THEORY 111

where the two horizontal maps are 2-fold covering spaces. This is a pullback square.
It is easy to see that the right vertical map has a section defined over Sr−1/± 1 if
and only if the left vertical map has a Z/2-equivariant section defined over Sr−1.
ES[r−1, s, n−1] ⇒ AX[r−1, s−1, n−1]: Note that there is an evident map
Vs(Rn)→ Top(Ss−1, Sn−1) that sends a frame v1, . . . , vs to the map (a1, . . . , as) 7→
a1v1 + · · · + asvs. So a section χ : Sr−1 → Vs(Rn) gives by composition a map
Sr−1 → Top(Ss−1, Sn−1), and then by adjointness a map g : Sr−1 × Ss−1 → Sn−1.
The fact that χ was a section of the first-vector map shows that g(x, e1) = x for
all x ∈ Sr−1. Also, it is clear that g(e1,−) is a linear inclusion Ss−1 ↪→ Sn−1

(there is nothing special about e1 here). The Z/2-equivariance of χ shows that
g(−x, y) = −g(x, y), and the similar identity g(x,−y) = −g(x, y) is trivial. So g
descends to give a map RP r−1 × RP s−1 → RPn−1, and this map is axial.

For (e), the reversibility of both implications is governed by stability theory
of vector bundles. For example, assume IS[r − 1, s, n]. Then nL ∼= s ⊕ E for
some bundle E of rank n − s, where we are working over RP r−1. Recall that
j∗TRPn−1⊕1 ∼= nL, where j : RP r−1 ↪→ RPn−1 is the inclusion. So j∗TRPn−1⊕1 ∼=
s⊕E ∼= 1⊕ ((s− 1)⊕E). Since we are working over RP r−1 and r− 1 < n− 1, we
can cancel the 1 on both sides to get j∗TRPn−1

∼= (s− 1)⊕E (see Proposition ??).
This says that T[r− 1, s− 1, n− 1] holds. The reversibility of implication 5 is very
similar, and is left to the reader.

Part (f), on the reversibility of implication 6, is the only part of the proposition
that is not elementary. Let TopZ/2(Ss−1, Sn−1) denote the space of Z/2-equivariant
maps, where the spheres have the antipodal action. This is a subspace of the usual
function space Top(Ss−1, Sn−1). Note that the space of equivariant maps has a
Z/2-action, given by composing (or equivalently, precomposing) a given map with
the antipodal map. James [James1, Theorem 2.1] shows that the evident map
TopZ/2(S

s−1, Sn−1)→ Top(RP s−1,RPn−1) is a principal Z/2-bundle with respect
to the above action.

We will also have need of the evaluation map ev : TopZ/2(S
s−1, Sn−1) → Sn−1

sending h 7→ h(e1). James [James1, Theorem 2.3] shows that this is also a fibration.
Note that the Stiefel manifold Vs(Rn) is a subspace of TopZ/2(Ss−1, Sn−1) in the

evident way, and that the following diagram commutes:

Vs(Rn) //

p1 $$

TopZ/2(S
s−1, Sn−1)

ev
vv

Sn−1.

If all of the spaces are given the evident sign action of Z/2, all of the maps are equi-
variant. The key to the rest of the argument is that Vs(Rn) ↪→ TopZ/2(S

s−1, Sn−1)

is [2(n − s) − 1]-connected: see James [James1, Theorem 6.5], or [HH, Lemma
1.1]), or Exercise 9.24 below. It follows that if r ≤ 2(n − s) − 1 then any map
Sr → TopZ/2(S

s−1, Sn−1) can be factored up to homotopy through VS(Rn). More-
over, if the map is equivariant this can be done in the category of Z/2-equivariant
pointed spaces over Sn−1 (the only hard part here is the Z/2-equivariance, and
for this one uses that Sr−1 has an equivariant cell decomposition made from free
Z/2-cells). See Exercise 9.19 below for details.
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Suppose f : RP r−1 × RP s−1 → RPn−1 is an axial map. By the homotopy
extension property we can assume that f(∗,−) and f(−, ∗) are both equal to the
canonical embeddings, where ∗ = [1: 0 : 0 : · · · ] is our chosen basepoint. The axial
map f gives a map F : RP r−1 → Top(RP s−1,RPn−1) by adjointness. Regard the
target as pointed by the canonical embedding j, and note that F is a pointed map.

Covering space theory gives that there is a unique map F̃ : Sr−1 →
TopZ/2(S

s−1, Sn−1) such that F̃ (e1) is the canonical embedding Ss−1 ↪→ Sn−1

and such that the left square below commutes:

Sr−1 F̃ //

��

TopZ/2(S
s−1, Sn−1)

��

ev // Sn−1

��
RP r−1 F // Top(RP s−1,RPn−1)

ev // RPn−1.

Note that ev ◦F is the standard inclusion, so covering space theory implies that
ev ◦F̃ is also the standard inclusion Sr−1 ↪→ Sn−1. Therefore F̃ (e1) ̸= F̃ (−e1), and
so we must instead have F̃ (−e1) = AF̃ (e1), where A denotes the antipodal action.
Then F̃ and AF̃A agree at e1 and are both liftings of F , hence they are equal. This
says that F̃ is Z/2-equivariant.

If r − 1 ≤ 2(n− s)− 1 then we can now factor F̃ , equivariantly and over Sn−1,
though the space Vs(Rn). In this way one produces the required equivariant section
of the map Vs(Rn)→ Sn−1. □

Remark 9.17. We have included the above proposition because it is very useful
as a reference. However, it should be pointed out that there is something slightly
deceptive about part (d). Some of the implications are more obvious than the long
chains would suggest. For example, NS[r, s, n] ⇒ AX[r − 1, s − 1, n − 1] is a very
easy argument of one or two lines. Likewise, NS[r, s, n] ⇒ GD[r − 1, s, n] is just
the argument in Proposition 9.7. The picture in (d) is useful in showing all the
relations at once, but it makes some of the statements seem more distant than they
really are.

The reader will have noticed that Proposition 9.16 encodes several things that
we have seen before. Some are transparently familiar, like parts (a) and (b). A less
transparent example is

SS[r, n, n] ⇐⇒ SS[n, r, n]⇒ T[n− 1, r − 1, n− 1]⇒ VF[r − 1, n− 1].

This was the content of Corollary ??. In constrast, here is a similarly-obtained
implication that we have not seen yet:

NS[r, r, n]⇒ GD[r − 1, r, n] ⇐⇒ IM[r − 1, n− 1].

From this we learn that immersion results for real projective space can be obtained
by demonstrating the existence of nonsingular bilinear maps. This approach was
successfully used by K.Y. Lam in [Lam1]. We briefly sketch his method simply to
give the basic idea; for details the reader may consult [Lam1] and similar papers.

Recall that O denotes the octonions. Consider the map f : O2 ×O2 → O3 given
by

f
(
(u1, u2), (x1, x2)

)
= (u1x1 − x2u2, x2u1 + u2x1, u2x2 − x2u2).

With a little work one can prove that this is nonsingular. Also, it is a general
fact about the octonions that for any a, b ∈ O the commutator [a, b] = ab − ba
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is imaginary. So the image of f actually lies in the 23-dimensional subspace of
O3 where the real part of the third coordinate vanishes. So f gives a nonsingular
bilinear map of type [16, 16, 23]. This shows that RP 15 immerses into R22. By
restricting f to appropriate subspaces Lam also obtained nonsingular bilinear maps
of types [11, 11, 17], [13, 13, 19], and [10, 10, 16], thereby proving that RP 10 immerses
into R16, RP 12 immerses into R18, and RP 9 immerses into R15. Amazing stuff!

The literature on all of these problems is enormous, so that it is not practical to
give a complete list of references. But a few that can serve as a starting point are
[AGJ], [DGM], [James2], [Lam1], [Milgram], ????.

9.18. Summary. In this section we examined the sums-of-squares problem, and
saw how characteristic classes can be used to obtain lower bounds for the numbers
r∗s. Use of Stiefel-Whitney classes in singular cohomology yielded the Hopf-Stiefel
lower bounds on r ∗ s, whereas the use of the γ-classes in KO-theory gave the
Yuzvinsky lower bounds. This story is very similar to the one for immersions of RPn
discussed in Section 8, and in fact the sums-of-squares problem is closely connected
to this immersion problem. We closed the section by exploring the relations between
these and a host of similar problems.

◦ Exercises ◦

Exercise 9.19. It is a fact that X → Y is an N -equivalence if and only if for every
k ≤ N , every solid-arrow diagram

∂Dk //

��

X

��
Dk //

==

Y

(9.20)

admits a lifting that makes the upper triangle commute and the lower triangle
commute up to a homotopy rel ∂Dk. See [DI2], for example. Call this a “relative-
homotopy-lifting-property” (RHLP).
(a) Prove that if (A2, A1) is a relative cell complex of dimension at most N , then

X → Y also has the RHLP with respect to (A2, A1). In particular, if A is a
cell complex with dimA ≤ N then [A,X]→ [A, Y ] is surjective.

(b) Now suppose that X B and Y B are fibrations, and X → Y is a map
of spaces over B. Prove that any diagram of form (9.20) of spaces over B has
the analogous lifting property over B. Then prove the analog of (a) for pairs
over B.

(c) Suppose that X, Y , and B are all Z/2-spaces and that all of the maps are
equivariant. If Sr has the antipodal Z/2-action and r ≤ n, prove that any
equivariant map Sr → Y overB can be lifted, up to homotopy, to an equivariant
map Sr → X. This provides the missing details for a piece of the proof of
Proposition 9.16. [Hint: Use the standard equivariant cell decomposition on
Sr.]

Exercise 9.21.
(a) Prove that IM[n, n+k]⇒ AX[n, n, n+k] and that the second arrow is reversible

if n < 2k.
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(b) Use the following procedure from [AGJ] to give a geometric proof of the first
implication. If RPn immerses into Rn+k then there is map of bundles

TRPn

��

F // TRn+k

��

n+ k

RPn // Rn+k

that is an injection on the fibers. Add a trivial line bundle to both sides, and
then take the induced map of projective bundles:

P(TRPn ⊕ 1)
F̃−→ P(n+ k + 1).

The bundle TRPn ⊕ 1 is trivializable, so the domain can be identified with
RPn × RPn. The codomain is RPn+k × Rn+k, wich projects down to RPn+k.
Show that the resulting map RPn × RPn → RPn+k is axial.

(c) Project: When k > 0 the paper [AGJ] actually proves that IM[n, n + k] ⇐⇒
AX[n, n, n+ k] without the restriction n < 2k that we saw in (a). Go look into
how they did it.

Exercise 9.22. Consider the composition F : RPn×RPn → RP∞×RP∞ → RP∞

where the last map is the unique axial map on RP∞, i.e. the one that represents
the class x⊗ 1 + 1⊗ x ∈ H1(RP∞ × RP∞;Z/2).
(a) Prove that AX[n, n,M ] holds if and only if F factors through RPM ↪→ RP∞.
(b) Prove that AX[n, n, 2n] holds.
(c) Using obstruction theory (or otherwise), prove that AX[n, n, 2n− 1] holds.
[Note: What do (b) and (c) tell you about immersions of RPn?]

Exercise 9.23. Fill in the proof of the reversibility of implication 5 in Proposi-
tion 9.16(e).

Exercise 9.24. Let 1 ≤ k ≤ n. An orthonormal k-frame in Rn induces an isometric
linear embedding Rk ↪→ Rn and hence a map Sk−1 → Sn−1. This map of spheres is
Z/2-equivariant. In the proof of Proposition 9.16 we needed that the induced map
Vk(Rn)→ TopZ/2(S

k−1, Sn−1) is [2(n− k)− 1]-connected. Prove this by induction
on k. [Hint: Consider the map of fibration sequences

Sn−k //

��

Vk(Rn)
p // //

��

Vk−1(Rn)

��
F // TopZ/2(S

k−1, Sn−1)
q // // TopZ/2(S

k−2, Sn−1).

If j : Sk−2 ↪→ Sn−1 is the standard inclusion, prove that F = q−1(j) is homeomor-
phic to the space of maps Dk−1 → Sn−1 which are equal to j on the boundary.
Then prove F ≃ Ωk−1Sn−1 and that Sn−k → F is (up to homotopy) the adjoint
to the suspension map. Use the Freudenthal suspension theorem to bound the
connectivity of Sn−k → F .]

Exercise 9.25. Say that a map f : Sr×Ss → Sn is skew if f(−x, y) = f(x,−y) =
−f(x, y) for all x ∈ Sr and y ∈ Ss. Let SK[r, s, n] be the statement that a skew map
of this form exists. Prove that NS[r+1, s+1, n+1]⇒ SK[r, s, n] ⇐⇒ AX[r, s, n].
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Exercise 9.26 (Connection to Hopf invariant one). It is a well-known fact that the
existence of a pairing f : Sn−1 × Sn−1 → Sn−1 such that f |Sn−1×∗ and f |∗×Sn−1

both have degree one implies that there exists a map in π2n−1(S
n) of Hopf invariant

one. See [MT, Chapter 4 exercises]. Using this, prove that
(1) NS[n, n, n]⇒ n ∈ {1, 2, 4, 8},
(2) AX[n, n, n]⇒ n ∈ {0, 1, 3, 7},
(3) SK[n, n, n]⇒ n ∈ {0, 1, 3, 7}.
Explain why k > 0 is needed in Exercise 9.21(c), but why the scope of that restric-
tion is fairly small.

Exercise 9.27. Let XI denote the space of paths I → X, and let ev : XI → X×X
send a path to its pair of endpoints. Then ev is a fibration with fiber ΩX. A section
of ev is a continuous choice, for every a, b ∈ X, of a path from a to b. This situation
comes up in motion planning for robotics, where X is a configuration space of
positions and one wants a schema for the robot to move from any position to any
other one.
(a) Prove that if ev has a section then X is contractible.
(b) Farber [Farber] defines the topological complexity TC(X) to be smallest size

of an open cover of X ×X such that a section of ev exists over every piece of
the cover. For X = Sn, define U1 = {(a, b) | b ̸= −a} and U2 = {(a, b) | a ̸= b}.
Use this cover to prove that TC(Sn) = 2 when n is odd. [Note: It turns out
that TC(Sn) = 3 then n is even.]

(c) Project: The paper [FTY] proves the following:
(1) TC(RPn) equals the smallest k such that SK[n, n, k − 1] holds (see Exer-

cise 9.25).
(2) Except for n = 1, 3, 7, TC(RPn) is exactly one more than the immersion

dimension of RPn.
Go study these results.
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Part 2. An introduction to index theory

10. K-theory and Fredholm operators, part I

The model for Z×BU that we have mostly used in this book, in terms of a colimit
of Grassmannians, is in many ways the most convenient representing space for the
K0 functor. But it is not the only representing space, and for connections between
K-theory and geometry it is helpful to understand several different models and how
they interact. In this section and the next we introduce the Atiyah-Jänich model
of Fredholm operators on a Hilbert space. While this model is quite interesting
and useful, the cost is that we need to review some of the basics from functional
analysis.

For readers who are more inclined towards algebra and geometry and who might
perhaps feel intimidated by the appearance of analysis here, let us stress that the
parts of functional analysis that we need are the ones that are intimately tied to
learning how to “do geometry” in infinite dimensions. Keep this in mind as the fun-
damental motivation. We mention [Conway] and [Pedersen] as good introductory
texts that go deeper than the brief survey we give here.

10.1. The language of functional analysis. A complex Hilbert space is a C-
vector space V with a Hermitian inner product such that the associated metric
topology is complete. Standard examples are any Cn with its usual Hermitian
product, or the set of ℓ2-functions ℓ2(S) on a set S with ⟨f, g⟩ = ∑

s∈S f(s)g(s),
or L2(X,µ;C) for any measure space (X,µ) with ⟨f, g⟩ =

∫
X
f(x)g(x) dµ. An

isomorphism of Hilbert spaces is a unitary linear bijection. Unfortunately, one
frequently needs to interact with linear homeomorphisms that are not unitary and it
is perfectly natural to also refer to these as “isomorphisms”. We will try to be careful
to use “unitary isomorphism” or “isometric isomorphism” when the isomorphism
preserves the inner product.

A basis for a Hilbert space is an orthonormal subset whose span is dense. Note
that a basis in this sense need not be a vector space basis, which is awkward. When
one wants to talk about a vector space basis one says “Hamel basis”.

Example 10.2. Let H = ℓ2(N) and let ei : N → C be the function that sends
i 7→ 1 and is zero elsewhere. Then {e1, e2, . . .} is an orthonormal basis for H (every
ℓ2-sequence is the limit of its finite truncations) but not a Hamel basis.

A separable Hilbert space is a Hilbert space with a countable basis. This
includes finite-dimensional Hilbert spaces. Although it is not quite standard, let
us define an ∞-separable Hilbert space to be a Hilbert space with a countably-
infinite basis. It is a theorem that all ∞-separable Hilbert spaces are unitary
isomorphic, and in particular are unitary isomorphic to ℓ2(N). The Hilbert spaces
L2([0, 1]) and L2(Rn) are ∞-separable.

A Banach space is a topological vector space with a norm such that the associ-
ated norm topology is complete. So every Hilbert space is a Banach space, though
the converse is not true. Completeness implies that if {xn} is a sequence of elements
in a Banach space such that

∑
n ||xn|| < ∞, then

∑
n xn converges (because the

sequence of partial sums is Cauchy).
If V and V ′ are Banach spaces, a linear map T : V → V ′ is called bounded

if there exists a C > 0 such that ||Tv|| ≤ C||v|| for all v ∈ V . A linear map is



ANOTHER BOOK ON K-THEORY 117

bounded if and only if it is continuous—this an easy exercise, or see [Pedersen,
2.1.2]. Topologists would probably prefer to just say “continuous” everywhere, but
analysts prefer to use “bounded”. For a given T , the smallest such C that makes
the above inequality true is called the operator norm of T . One can also write
||T || = sup||x||=1 ||Tx||, and on a Hilbert space with orthonormal basis {e1, e2, . . .}
one has

(10.3) ||T || = sup∑
i |ai|2=1

∣∣∣∣∣∣∑ aiT (ei)
∣∣∣∣∣∣.

The set B(V, V ′) of bounded linear maps is itself a Banach space, and composition
B(V ′, V ′′)×B(V, V ′)→ B(V, V ′′) is continuous.

All linear functionals x 7→ ⟨x, u⟩ are bounded, as this follows from the Cauchy-
Schwartz inequality |⟨x, u⟩| ≤ ||x|| · ||u||. The Riesz representation theorem says
that every bounded linear functional is of this form.

Example 10.4. Here is an example of a linear isomorphism that is not bounded.
Let H be a Hilbert space with orthonormal basis {ei}i≥1. Extend this to a Hamel
basis B. Define T : H → H by T (en) = nen for all n, and T (b) = b for b ∈
B− {ei}i≥1.

Remark 10.5. We will use “operator” as synonymous with “linear map”. Some
authors instead use the term to mean “bounded linear map”, so one has to discern
the intention from context. All of the operators we use will be bounded, though.

When dealing with topological vector spaces the term “subspace” becomes am-
biguous, because it can refer to either a topological subspace or a linear subspace.
Most of the time it will be clear from context which we mean, but when there is
possible confusion we will try to stress “linear subspace” when that is the intention.

A Banach algebra is a Banach space that is also a C-algebra and where the
norm satisfies ||xy|| ≤ ||x|| · ||y|| for all x, y, which in particular ensures that the
multiplication is continuous. The Banach space B(V ) = B(V, V ) is a Banach alge-
bra under composition. In a Banach algebra, if ||x|| < 1 then

∑∞
n=0 x

n converges;
it follows formally that what it converges to must be a multiplicative inverse for
1 − x. Said differently, the open unit ball around the identity consists entirely of
invertible elements. It follows that the subset of invertible elements in a Banach
algebra is always open. Consequently, the set of isomorphisms B(V, V ′)iso is open
in B(V, V ′): if this set is nonempty, use a choice of isomorphism to relate everything
back to B(V, V ).

Just as being an isomorphism is an open condition in B(V, V ′), so is the property
of being surjective. But unlike the finite-dimensional case, the property of being
injective is not an open condition. See Exercise 10.33.

Let H be an ∞-separable Hilbert space with orthonormal basis e1, e2, . . ., and
let H ′ be another Hilbert space. Consider the map B(H,H ′) → ∏∞

i=1H
′ that

sends a transformation T to the tuple (T (e1), T (e2), . . .). This is injective because
the subspace C⟨e1, e2, . . .⟩ is dense in H. It is not necessarily surjective, though,
because not every linear transformation is bounded. The image consists of the so-
called Bessel sequences, which can be described by a concrete norm inequality:
(f1, f2, . . .) is Bessel if and only if there is a C > 0 such that

(10.6)
∞∑
k=1

|⟨x, fk⟩|2 < C||x||2, for all x ∈ H ′.
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See [Christensen, Theorem 3.2.3]. We will sometimes define maps T by giving the
values on an orthonormal basis, and in all our applications this norm inequality
will be straightforward. For example, setting T (en) = 1

nen characterizes a unique
bounded linear operator on H since (10.6) is readily verified with C = 1.

Example 10.7. Let (λ1, λ2, . . .) be a sequence of complex numbers. By (10.6)
there exists a bounded operator Dλ : H → H satisfying D(ei) = λiei for all i if and
only if the set of norms |λi| is bounded above. We call these diagonal operators
relative to the basis {ei}.

A linear subspace of an ∞-separable Hilbert space need not be closed—for ex-
ample, take the span of any orthonormal basis. However, the kernel of any bounded
linear operator must be closed by continuity, and conversely any closed subspace
is the kernel of a bounded linear operator. Similarly, if V ⊆ H is a subspace
then V ⊥ must be closed, by the continuity of the maps ⟨−, v⟩. In general one has
(V ⊥)⊥ = V , and so (V ⊥)⊥ = V only when V is closed. Of course any finite-
dimensional subspace is closed. Be warned that the image of a bounded operator
need not be closed:

Example 10.8. Let H = ℓ2(N) and let e0, e1, . . . be the standard orthonormal
basis of H (see Example 10.2). Define T : H → H by T (e0) = 0 and T (ek) =

1
kek

for k ≥ 1. Then T is clearly bounded. One might think that cokerT is one-
dimensional, but one must remember that we are dealing with H and not C∞. For
example, the element z =

∑
k≥1

1
kek is in H but is not in imT , since the only

element that could be a preimage would be
∑
k≥1 ek. Since all of the finite sums∑N

k=1
1
kek do belong to imT , this shows that imT is not closed.

If V ⊆ H is a closed subspace then orthogonal projection πV : H → V is defined
by letting πV (x) be the vector on V that is closest to x (the existence of such
a point follows from completeness of H and closure of V ). It then follows that
V ⊥ = kerπV and that V ⊕ V ⊥ = H. Note that V ⊥ is also closed, and πV ⊥ =
id−πV . The map H/V → V ⊥ induced by πV ⊥ is an isomorphism. Also note that
all projections onto nonzero closed subspaces have norm equal to 1: this follows
from |x|2 = |πV (x)|2+ |πV ⊥(x)|2, so that |πV (x)| ≤ |x| for all x, with equality when
x ∈ V .

If H and H ′ are Hilbert spaces then any bounded linear map T : H → H ′

has an adjoint T ∗ : H ′ → H that is also bounded, uniquely characterized by
⟨Tx, y⟩ = ⟨x, T ∗y⟩ for all x ∈ H, y ∈ H ′. The composites TT ∗ and T ∗T
are self-adjoint, and any self-adjoint operator is diagonalizable in the sense that
there is an orthonormal basis for H consisting of eigenvectors. The ∗-operator
∗ : B(H)→ B(H) is continuous and makes B(H) into a C∗-algebra.

Exercise 10.9. Let T : H → H ′ be a bounded operator.
(a) Prove that kerT ∗ = (imT )⊥ and kerT = (imT ∗)⊥.
(b) Let P be orthogonal projection onto kerT . Prove that T ∗T + P is an iso-

morphism. [Hint for surjectivity: if A is a diagonalizable transformation, then
imA2 = imA.]

One can talk about real Hilbert spaces, Banach spaces, etcetera, by making the
evident adjustments. It is still true that any two ∞-separable real Hilbert spaces
are orthogonally isomorphic. In fact, the theory also works in the quaternionic
setting.
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10.10. Spectral theory. In the finite-dimensional case, spectral theory refers to
the understanding of self-maps V → V via eigenvalues and eigenvectors, diagonal-
ization, and Jordan canonical form. The infinite-dimensional case contains many
subtleties, but as a first approximation it is the same general idea. We will only re-
count a small portion of the general theory, see [Pedersen, Chapter 4] and [Conway,
Chapters VII and IX] for deeper treatments.

Let T : H → H be a bounded operator. The spectrum σ(T ) ⊆ C is the set of
λ such that λI − T is not invertible. This includes all eigenvalues—that is, λ such
that ker(λI − T ) ̸= 0—but also λ for which λI − T is injective but not surjective.
The latter are a feature of the infinite-dimensional setting.

It is a theorem that σ(T ) is always nonempty and compact (hence closed and
bounded). The operator from Example 10.8 has spectrum {0}∪{ 1n |n ≥ 1}, showing
that the spectrum need not be discrete. If λ is an isolated point of σ(T ) then λ is
necessarily an eigenvalue of T , but the converse does not hold.

A bounded operator T is said to be normal if T ∗T = TT ∗. This includes all
diagonalizable, self-adjoint, skew-adjoint, and unitary operators. In some sense the
normal operators are the ones for which spectral theory works the nicest.

Suppose that λ is an isolated point in the spectrum of a bounded operator T .
Let Γ be a small circle around λ in the complex plane whose interior does not
contain any other elements of the spectrum of T . We get a map S1 → B(H)∗ by
z 7→ (zI − T )−1, and we can integrate this to get an element of B(H):

PT = 1
2πi

∫
Γ

(zI − T )−1 dz.

This turns out to be an orthgonal projection—called the Riesz projection—onto
a certain subspace RT called the Riesz spectral subspace. When T is diag-
onalizable and λ is an eigenvalue then RT is simply the λ-eigenspace of T . In
the finite-dimensional case, RT =

⋃
n ker(λI − T )n—the T -invariant subspace as-

sociated to the Jordan blocks with eigenvalue λ. In general, RT is the maximal
T -invariant subspace on which the (restriction of the) operator T has spectrum
{λ}.

More generally, if the interior of Γ contains multiple elements of σ(T ) then the
Riesz projector PT is orthogonal projection onto the sum of the Riesz spectral
subspaces for the different elements.

For a general introduction to these kinds of Riesz integrals in the setting of a
Banach algebra (such as B(H)), see [Conway, Section VII.4].

One important theme in spectral theory is understanding to what extent the
spectral decomposition of an operator varies continuously. We will need the follow-
ing piece:

Proposition 10.11. Fix a simple closed contour Γ in C. Let NΓ ⊆ B(H) be the
subset of normal operators T such that Γ does not meet σ(T ). Then T → PT is a
continuous map NΓ → B(H).

See Exercise 10.37 for a proof. To parse the content of this result, there are two
points to focus on. First, if Γ intersects σ(T ) then of course PT is not even defined,
since (zI − T ) will fail to be invertible. But another way of thinking about the
issues is that if we consider a family of operators where a point of the spectrum
moves from being outside Γ to inside Γ then we get a jump in the corresponding
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direct sum of spectral subspaces, and these are the discontinuities we need to worry
about.

Corollary 10.12. Fix λ ∈ C and k ≥ 1. Let D(λ, k) ⊆ B(H) be the subspace
of diagonalizable operators for which λ is an isolated point of the spectrum and
dimEigλ = k. Then the map T 7→ Eigλ(T ) is a continuous map D(λ, k)→ Grk(H).

Proof. Let S ∈ D(λ, k). Choose a circle Γ that surrounds λ but whose interior
contains no other points from σ(S). Let M be the maximum value of ||zI − S||−1

on Γ. If T is another bounded operator then we can write

zI − T = [I − (T − S)(zI − S)−1](zI − S).
We claim the bracketed expression is invertible for T close to S and z on Γ. If
||T −S|| < 1

M and z is on Γ then ||(T −S)(zI −S)−1|| ≤ ||T −S|| · ||(zI −S)−1|| <
1, and this implies that I − (T − S)(zI − S)−1 is invertible. Hence zI − T is
invertible. That is, if ||T −S|| < 1

M then Γ does not intersect σ(T ). So the open set
D(λ, k) ∩ B(S, 1

M ) is contained in NΓ, and by Proposition 10.11 the map T 7→ PT
is continuous here.

The operator PT is the orthogonal projection onto the sum of Riesz spectral
subspaces for the elements of σ(T ) inside Γ. These elements consist of λ and
perhaps others—a multiple eigenvalue at λ can deform into an eigenvalue of smaller
multiplicity and other eigenvalues. But the requirement that dimEigλ(T ) = k for
T ∈ D(λ, k) ensures this does not happen. So for T in our neighborhood the only
element of σ(T ) inside Γ is λ, and thus PT is projection onto Eigλ(T ). □

One can consider more general versions of the above corollary, where the opera-
tors are not necessarily diagonalizable, but we will not need them.

10.13. Polar decomposition. If T : H → H ′ is a bounded operator, then T ∗T
is self-adjoint, hence unitarily diagonalizable with non-negative real eigenvalues. If
{ei} is an orthonormal eigenbasis for T ∗T with associated eigenvalues ri ≥ 0, we
can define a new bounded operator denoted (T ∗T )1/2 that has the same eigenbasis
and eigenvalues

√
ri (use Example 10.7). A little work shows this is a continuous

function of T . Since (T ∗T )1/2 is obviously still self-adjoint we can compute

⟨(T ∗T )1/2x, (T ∗T )1/2x⟩ = ⟨(T ∗T )x, x⟩ = ⟨Tx, Tx⟩.
That is, ||(T ∗T )1/2x|| = ||Tx|| for all x. So the stretching/shrinking done by T is
all done by (T ∗T )1/2 as well.

In fact, for any continuous function f : R≥0 → R we can construct a bounded
operator f(T ∗T ) that has the same eigenbasis as T ∗T but where the eigenvalues are
the f(ri). This is sometimes useful, though we don’t need it at this exact moment.

It is an amazing fact that any bounded operator T : H → H can be broken
canonically into two parts: the first is a diagonalizable operator that does all of the
stretching/shrinking (including collapsing to zero), and the second is an operator
that is almost unitary. To make this precise, say that an operator Q : H → H ′ is
a partial isometry if Q : (kerQ)⊥ ↪→ H ′ is an isometric embedding. The polar
decomposition theorem [Pedersen, Theorem 3.2.17] says that an arbitrary bounded
operator T can be uniquely written as T = QT (T

∗T )1/2 where QT is a partial
isometry with kerQT = kerT .
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When T is invertible so is T ∗T , and hence so is (T ∗T )1/2. So here QT is an
actual isometry and we can write QT = T (T ∗T )−1/2. So for T invertible QT is a
continuous function of T .

10.14. General linear groups and Grassmannians. For a Hilbert space H,
define the general linear group GL(H) to be the units B(H)∗ ⊆ B(H), with the
subspace topology. This is the space of isomorphisms from H to itself, mean-
ing bounded linear bijections (the inverse is automatically bounded, see [Pedersen,
Corollary 2.2.5]). We will need the following important result about these topolog-
ical groups:

Theorem 10.15 (Kuiper’s Theorem). Let H be an ∞-separable Hilbert space (real
or complex or quaternionic). Then GL(H) = B(H)∗ is contractible.

Kuiper’s proof involves a very concrete, multi-step deformation procedure, but
it takes several pages and the ideas don’t surface anywhere else for us. So we skip
the proof and refer the reader to [Kuiper]. But note that the analogous result
for GL(C∞) = colimnGL(Cn) with the colimit topology is false, since this space
is homotopy equivalent to the infinite unitary group U and this has nonvanishing
homotopy groups. So the use of H with the norm topology in place of C∞ with
the colimit topology is important here.

Kuiper’s theorem has several immediate and useful consequences. Define the uni-
tary group U(H) ⊆ B(H)∗ to be the subgroup of elements T such that T ∗T = id.
The usual Gram-Schmidt argument still works in this infinite-dimensional setting
to show that B(H)∗ deformation retracts down to U(H), hence U(H) is also con-
tractible. Here we do it via the polar decomposition: B(H)∗ → U(H) is given by
T 7→ QT , and (T, t) 7→ T ((1 − t)I + t(T ∗T )−1/2) is a homotopy to the identity.
Here it is important that T ∗T is diagonalizable with positive real eigenvalues, so
that (1− t)I + t(T ∗T )−1/2 is invertible for all t ∈ [0, 1].

The subspace Vk(H) ⊆ Hk of orthonormal k-frames in H has a transitive ac-
tion of U(H), and the stabilizer of (e1, . . . , ek) is U((Ck)⊥), so we can identify
Vk(H) ∼= U(H)/U((Ck)⊥). But the latter sits in the fiber sequence U((Ck)⊥) →
U(H)→ U(H)/U((Ck)⊥), and Kuiper’s theorem says that the first two spaces are
contractible. So Vk(H) is a weakly contractible space. It also has a free action
of U(k), hence the quotient Grk(H) is a model for BU(k). Said differently, the
evident map Grk(C∞) → Grk(H) is a weak homotopy equivalence. (For a naive
proof of this result, see Exercise 10.40).

Kuiper’s theorem also says something interesting about bundle theory. Define a
Hilbert bundle on a spaceX to be a family of vector spaces that is locally isomorphic
to X × H and where the transition functions are given by continuous maps into
B(H)∗ with its norm topology (see Section 11.13 for a more detailed discussion).
Hilbert bundles on paracompact Hausdorff spaces are then classified by maps into
the classifying space B[U(H)], but this is contractible since U(H) is. So all Hilbert
bundles on paracompact Hausdorff spaces are trivializable.

While we are on the subject of Grassmannians, let us note the following useful
result:

Proposition 10.16. The map Grk(H) → B(H) given by V 7→ πV is continuous,
as is the map Grk(H) → B(H) given by V 7→ πV ⊥ . Both are homeomorphisms
onto their image. In particular, one can regard Grk(H) either as a quotient space
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of Vk(H) or as the space of orthogonal projections of rank k, equipped with the norm
topology.

Proof. Since πV ⊥ = id−πV , it suffices to prove the results just for πV .
Consider the map Hk → B(H) that sends a tuple (v1, . . . , vk) to the operator

T (x) =
∑k
i=1⟨x, vi⟩vi. This is readily checked to be continuous. It restricts to a

map T ′ : Vk(H) → B(H), and T ′(v1, . . . , vk) = π⟨v1,...,vk⟩. Since Vk(H) → Grk(H)
is a quotient map and T ′ respects the quotient relation, it induces a continuous
map Grk(H)→ B(H).

To prove that this map is a homeomorphism onto its image, we will construct
local inverses. Fix a k-dimensional subspace V . The intuition is that for subspaces
very close to V we can use orthogonal projection to identify them with V , and via
these identifications a fixed k-frame for V induces k-frames on all nearby subspaces.
This allows us to locally construct a map into Vk(H). To make these ideas rigorous,
let OV ⊆ B(H) be the set of πW such that ||πW − πV || < 1. For πW ∈ OV one can
show that πW : V →W is an isomorphism (see Exercise ???).

Fix an orthonormal basis v1, . . . , vk of V . Applying πW then gives a basis
for W , and we can apply Gram-Schmidt to make it orthonormal. This defines
a continuous map OV → Vk(H), and the composite OV → Vk(H) → Grk(H) is
the inverse we were looking for. We can also say this via explicit formulas. Let
TW = πW |V : V → W . The polar decomposition gives TW = QW (T ∗

WTW )1/2 and
QW = TW (T ∗

WTW )−1/2, where QW is an isometry. Our map OV → Vk(H) sends
W to (QW v1, . . . , QW vk), and clearly this is continuous. □

For Banach spaces V and V ′, a bounded operator T : V → V ′ is called compact
if for every bounded subset S ⊆ V one has that T (S) is compact. Since the
behavior of linear operators is invariant under scaling, this is equivalent to each of
the following two statements:

• T (B) is closed where B ⊆ V is the closed unit ball.
• There is an open set U ⊆ V containing the origin such that T (U) is con-

tained in a compact subset of V ′.
When V and V ′ are Hilbert spaces, a bounded operator is compact if and only if
it is the limit of a sequence of finite-rank operators [Conway, Theorem II.4.4].

Here are two useful properties of compact operators T :
(1) If {ei} is an orthonormal basis for H then limn→∞ ||Ten|| = 0.
(2) For any λ ̸= 0, the λ-eigenspace of T is finite-dimensional.
For the first, see Exercise 10.35. The second property follows from the first: if
Eigλ(T ) is infinite-dimensional then choose orthonormal bases {fi} and {gi} for
Eigλ and (Eigλ)

⊥. Put them together to make an orthonormal basis for H that
contradicts (1).

Passing from an operator T to T +K where K is finite-rank is often regarded
as a small perturbation, and likewise for the limiting case where K is compact.
So the moral is that it is useful to regard the compact operators as “small”. One
can study invariants of operators that are unchanged by compact perturbations
by algebraically modding out by compact operators. So let K(V ) ⊆ B(V ) be the
subspace of compact operators. This is in fact a two-sided ideal, so one may form
the quotient algebra A(V ) = B(V )/K(V ). This is called the Calkin algebra, and
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it is again a Banach algebra. We will only use this when V is an ∞-separable
Hilbert space. Let π : B(V ) A(V ) be the canonical projection.

10.17. Back to K-theory. Suppose one wants to define a K-theory group based
on bundles of Hilbert spaces on X. Because Hilbert spaces are infinite-dimensional,
the Eilenberg swindle implies that the naive Grothendieck group construction yields
the zero group. But as we have seen in the algebraic setting (e.g. Section ??) one
can side-step the Eilenberg swindle by instead using bounded chain complexes of
such bundles satisfying a finiteness hypotheses on the homology. And we have seen
that one can often get the same group by only looking at length-one complexes. This
leads us to consider complexes of Hilbert bundles 0 → E1 → E0 → 0 → 0 having
the property that on each fiber the kernel and cokernel are finite-dimensional. By
Kuiper’s theorem there are trivializations E1

∼= X×H and E0
∼= X×H, so morally

speaking this complex has the same data as a map T : X → B(H) such that each
Tx has finite-dimensional kernel and cokernel (but see Section 11.13 for a discussion
of some subleties here). Such elements Tx of B(H) are called Fredholm operators.
Let us now pause and develop the background we need on these objects.

10.18. Fredholm operators. Let H and H ′ be ∞-separable Hilbert spaces. A
bounded operator T : H → H ′ is called Fredholm if dimker(T ) < ∞ and
dim coker(T ) < ∞. Sometimes sources include the requirement that im(T ) is a
closed set, but that is implied by the finite-dimensionality conditions (see Exer-
cise 10.34). The space of Fredholm operators from H to H ′ is defined to be the
subspace Fred(H,H ′) ⊆ B(H,H ′). When H = H ′ we write Fred(H) instead of
Fred(H,H). All isomorphisms are Fredholm, so B(H,H ′)iso ⊆ Fred(H,H ′).

Example 10.19. Let H = ℓ2(N).
(1) Let sh−k : H → H send (x0, x1, x2, . . .) 7→ (xk, xk+1, . . .). This operator has

k-dimensional kernel and zero cokernel.
(2) Let shk : H → H send (x0, x1, . . .) 7→ (0, 0, . . . , 0, x0, x1, . . .) where the x0 ap-

pears in the kth coordinate. Here the kernel is zero and the cokernel is k-
dimensional.

(3) By composing operators of types (a) and (b) one can make Fredholm operators
with any prescribed dimensions for the kernel and cokernel.

(4) The following non-example shows some of the subtleties that appear. Let T be
the operator from Example 10.8: T (e0) = 0 and T (ek) =

1
kek for k > 0. Then

ker(T ) = Ce0. It might feel like coker(T ) is one-dimensional, but as we saw in
that example it is not. In fact we saw that im(T ) is not closed, hence T cannot
be Fredholm.

It is a theorem that T : H → H ′ is Fredholm if and only if it is invertible
modulo compact operators—that is, if there is a bounded operator S : H ′ → H
such that ST = idH +K1 and TS = idH′ +K2 where K1 and K2 are compact (this
is readily proven using Exercise 10.9). It follows that adding a compact operator
to a Fredholm operator is still Fredholm. In particular, if T is Fredholm and K is
compact then the entire line T + tK for t ∈ R lies in space of Fredholm operators.
This will be frequently used to construct straight-line homotopies.

If we start with q : B(H) → A(H) and let A(H)∗ denote the group of units in
A(H), then Fred(H) = π−1(A(H)∗). From this definition it is clear that Fred(H)
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is closed under composition, though it is also easy to see that directly (see Sec-
tion 10.26 below). So Fred(H) has a continuous product making it into a topolog-
ical monoid. Consequently, for any space X the set [X,Fred(H)] is a monoid. In
fact, one can say more. The map B(H) → A(H) is a Serre fibration (see Exer-
cise 10.39) with fiber K(H), and so restricting the base to A(H)∗ gives the fibration
sequence K(H) → Fred(H) → A(H)∗. But K(H) is contractible, via the homo-
topy (K, t) 7→ tK. So Fred(H) → A(H)∗ is a weak homotopy equivalence, and
therefore [X,Fred(H)] is actually a group. (For a more naive proof of this fact, see
Exercise 10.41.)

Our goal is the following:

Theorem 10.20 (Atiyah-Jänich). Let H be an ∞-separable complex Hilbert space.
For compact Hausdorff spaces X, there is a natural isomorphism of groups

[X,Fred(H)]→ K(X).

Replacing H with an∞-separable real or quaternionic Hilbert space yields analogous
isomorphisms involving KO(X) and KSp(X).

This theorem was proven independently in [Jänich] and [Atiyah5, Appendix].
We will spend the rest of the section giving the proof. In fact, with a little extra
work one also gets the following:

Theorem 10.21. The spaces Z×BU and Fred(H) are weakly equivalent.

We will prove this in Section 11.5.

Remark 10.22. The topological spaces Z × BUgr, Fred(H), and A(H)∗ are all
weakly equivalent. Here are some advantages and disadvantages of these models:

• Fred(H) comes with an evident associative multiplication, whereas Z×BUgr
does not. The space A(H)∗ even comes with a natural group multiplication.

• The spaces Fred(H) and A(H)∗ are metrizable, as they come to us as
subspaces of Banach spaces. The space Z×BUgr is not metrizable, as it is
not even first-countable (see Exercise ??).

• The space Z × BUgr comes with a CW-structure (Exercise ??), whereas
Fred(H) and A(H)∗ do not.

Remark 10.23. We have stated the Atiyah-Jänich theorem for compact Hausdorff
spaces because this is the classical form, and it is in this setting that K(X) is the
Grothendieck group of vector bundles. But Theorem 10.21 says Fred(H) ≃ Z×BU ,
and so for arbitrary semi-cofibrant spaces if we define K(X) = [X,Z × BU ] then
we still have [X,Fred(H)] ∼= K(X). In other words, for the correct definition of
K(X) the Atiyah-Jänich theorem is true for all semi-cofibrant spaces. This in turn
allows one to describe K(X) in terms of a Grothendieck-group like construction—
not the Grothendieck group of vector bundles, but instead a Grothendieck group
of Fredholm complexes. See Proposition 11.16.

Before proceeding further we will need a couple more technical results about
Fredholm operators:

Proposition 10.24. Fix k ≥ 1 and let Fred(H,H ′)k ⊆ Fred(H,H ′) be the subspace
of Fredholm operators having k-dimensional kernel. Then the map Fred(H,H ′)k →
Grk(H) given by T 7→ kerT is continuous.
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This might seem intuitively obvious, but be warned that if we replace Fred(H,H ′)
by B(H,H ′) then the result is not true anymore (see Exercise 10.38). So some
nontrivial analysis is needed for the result.

Proof. For T ∈ Fred(H,H ′)k form the self-adjoint operator T ∗T . Then T ∗T is
diagonalizable with non-negative eigenvalues, and the 0-eigenspace is ker(T ∗T ) =
kerT . Note that since T is Fredholm so is T ∗, and therefore also T ∗T . So T ∗T
is both self-adjoint and Fredholm, and this implies 0 is an isolated point of the
spectrum of T ∗T (see Exercise 10.36). The result now follows from Corollary 10.12.

□

Recall from Proposition 10.16 that the maps Grk(H)→ B(H) given by V 7→ πV
and V 7→ πV ⊥ are continuous. The first lands in the subspace K(H), and the second
lands in Fred(H). Combining these with the previous result yields the following:

Corollary 10.25. Fix k ≥ 1.
(a) The map Fred(H,H ′)k → K(H) sending T 7→ πkerT is continuous, as is the

map Fred(H,H ′)k → Fred(H) sending T 7→ π(kerT )⊥ .
(b) If W ⊆ H ′ is finite-dimensional then the maps T 7→ πT−1W ∈ K(H) and

T 7→ π(T−1W )⊥ ∈ Fred(H) are also continuous when the domain is restricted to
those T ∈ Fred(H,H ′) such that dimT−1W = k.

Proof. Part (a) is immediate from Propositions 10.24 and 10.16. For (b), observe
that T−1W is the kernel of the composite H T−→ H ′ H ′/W . Then use the
continuous function Fred(H,H ′)→ Fred(H,H ′/W ) together with what has already
been proven. □

10.26. The index of a Fredholm operator. Taking X = pt in the Atiyah-Jänich
theorem yields the statement π0(Fred(H)) ∼= Z. We start our journey towards a
proof by first understanding this special case. It says that there is an integer-valued
invariant of Fredholm operators that is unchanged under 1-parameter deformations
(paths). What could this be? The evident integers attached to a Fredholm operator
T are dimker(T ) and dim coker(T ), but we know from the finite-dimensional case
that those dimensions can jump: our standard example is the multiplication by t

map R ·t−→ R as t ranges in [−1, 1]. But we also know that when V and W are
finite-dimensional and T : V →W then the exact sequence

0 −→ ker(T ) −→ V
T−→W −→ coker(T ) −→ 0

shows that dimker(T )−dim coker(T ) = dimV −dimW . So in a family of operators
T between finite-dimensional vector spaces, every time there is a jump in dimker(T )
there must be a corresponding jump in dim coker(T ). The same principal will apply
to operatorsH → H ′ as long as we can convince ourselves that the “jumps” can each
be controlled within some finite-dimensional setting. Ninety percent of the work
in proving the Atiyah-Jänich theorem amounts to developing techniques to reduce
questions about Fred(H,H ′) to situations that are controlled by finite-dimensional
subspaces.

The above is motivation for defining the index of a Fredholm operator T : H →
H ′ by the formula

ind(T ) = dimker(T )− dim coker(T ).



126 DANIEL DUGGER

We have seen in Example 10.19 that every integer is the index of some operator T .
If S : H ′ → H ′′ is Fredholm then a simple diagram shows that ST is Fredholm and
ind(ST ) = ind(S) + ind(T ):

(10.27) 0 // H

[
id
T

]
//

T

��

H ⊕H ′

[
0 id
ST 0

]
��

[T − id ] // H ′ //

S

��

0

0 // H ′ [
id
S

] // H ′ ⊕H ′′
[−S id ]

// H ′′ // 0

Here the vertical maps are all Fredholm operators, and the horizontal rows are
exact sequences of vector spaces. The middle vertical map is ST ⊕ idH , so the
kernel and cokernel are isomorphic to those of ST . The long exact sequence for
homology gives

0→ kerT → kerST → kerS → cokerT → cokerST → cokerS → 0,

and from this the desired conclusions are immediate.
We will see below that the index is constant on path components and gives a

group isomorphism π0 Fred(H) ∼= Z, but to prove this we need some more tools.

Remark 10.28. In certain contexts it feels more natural to define the index as
ind(T ) = dim coker(T )−dimker(T ), which is the negative of the standard definition.
In essence the index is a kind of Euler characteristic, and the difference comes from
whether one regards H T−→ H as a chain complex with the target H in degree 0 or
as a cochain complex with the domain H in degree 0. For good or bad, the common
definition of ind(T ) was set up according to the cohomological conventions. We will
stick with that, though with occasional sighs of regret.

In proving the Atiyah-Jänich theorem there is a choice to be made: one can
put most of the focus on kernels, or one can put most of the focus on cokernels.
Jänich does the former, and Atiyah does the latter. We follow Jänich in putting
our emphasis on kernels, but we also incorporate some of Atiyah’s clever touches.

Let V ⊆ H andW ⊆ H ′ be finite-dimensional. Define JV,W ⊆ B(H,H ′) to be the
set of all T such that the composite V ⊥ ↪→ H

T−→ H ′ → H ′/W is an isomorphism.
This condition implies that W → coker(T ) is surjective and kerT ∩V ⊥ = 0, so that
πV : kerT → V is injective; hence T must be Fredholm. Thus, JV,W ⊆ Fred(H,H ′).
But JW,V is also open in B(H,H ′), because it is the preimage under B(H,H ′) →
B(V ⊥, H ′/W ) of the open set B(V ⊥, H ′/W )iso. In a moment we will see that the
J-sets give an open cover of Fred(H,H ′).

Note that the defining condition for JV,W is equivalent to πW⊥ ◦ T : V ⊥ → W⊥

being an isomorphism, and we will often use it in that form.
Let T ∈ Fred(H,H ′) and letW ⊆ H ′ be finite-dimensional. Since ker(T ) is finite-

dimensional, T−1(W ) is also finite-dimensional. Consider the following diagram of
exact sequences:

0 // ker(T ) // H
T // H ′ // H ′/ im(T ) // 0

0 // ker(T ) // T−1(W )
T //

OO

OO

W //
OO

OO

W/(W ∩ im(T ))

OO

// 0.
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By algebra the right vertical map is injective, and is surjective if and only if im(T )+
W = H ′. Assuming this condition, it follows that

ind(T ) = dimT−1(W )− dimW.

So in this context the index of T reduces to the index of a finite-dimensional trans-
formation.

Moreover, one readily checks that the condition W +imT = H ′ implies that the
composite (T−1W )⊥ ↪→ H

T−→ H ′ → H ′/W is an isomorphism. So T ∈ JT−1W,W ,
and this proves that the sets J-sets cover Fred(H,H ′).

Motivated by the above, for any finite-dimensional subspace W ⊆ H ′ define
UW ⊆ Fred(H,H ′) to be the set of operators T such that im(T ) + W = H ′.
This condition is equivalent to saying that the composite H

T−→ H ′ → H ′/W
is surjective, and therefore JV,W ⊆ UW for all finite-dimensional V ⊆ H. Since
T ∈ UW implies T ∈ JT−1W,W , we have UW =

⋃
T∈UW

JT−1W,W . So each UW is
open. The UW sets give another open cover of Fred(H,H ′), slightly more coarse
than the covering by J-sets. Note that if W ⊆W ′ then UW ⊆ UW ′ .

Proposition 10.29. Let V ⊆ H and W ⊆ H ′ be finite-dimensional.
(a) For T ∈ B(H,H ′) the following conditions are equivalent:

(1) T ∈ JV,W .
(2) V ⊥ ∩ T−1W = 0 and H ′ = T (V ⊥) +W .
(3) H = V ⊥ ⊕ T−1W and H ′ = T (V ⊥)⊕W .
(4) H ′ = imT +W and the composite T−1W ↪→ H

πV−→ V is an isomorphism.
(b) For every T ∈ JV,W one has ind(T ) = dimV − dimW .

Proof. Part (a) is just basic linear algebra and will be left to the reader. For (b),
we know that if T ∈ JV,W then T ∈ UW and so ind(T ) = dimT−1W −dimW . Now
use condition (4) from (a) to see that dimT−1W = dimV . □

Corollary 10.30. Let H and H ′ be Hilbert spaces.
(a) The index function ind: Fred(H,H ′) → Z is continuous. In particular, it is

constant on path components.
(b) If X is compact then any map X → Fred(H,H ′) factors through UW for some

finite-dimensional W .
(c) Let EW = {(T, x) |T ∈ UW , x ∈ T−1(W )} ⊆ UW × H. Then the projection

map π1 : EW → UW is a vector bundle.
(d) Assume W ⊆ W ′ ⊆ H are both finite-dimensional, and let j : UW ↪→ UW ′ be

the inclusion. Then j∗EW ′ ∼= EW ⊕ (W ′ −W ), where W ′−W is the orthogonal
complement of W in W ′.

Proof. Part (a) follows from the fact that the JV,W sets are open and that the index
is constant on them. For (b), since {UW } is an open cover of Fred(H,H ′) and X

is compact its image is contained in a finite union
⋃k
i=1 UWk

. But this union is in
turn contained in UW1+···+Wk

.
For (c), let S ∈ UW and let ES−1W,W ⊆ EW be the preimage of the open neighbor-

hood JS−1W,W ⊆ UW . For T ∈ US−1W,W the composite T−1W ↪→ H
πS−1W−→ S−1W

is an isomorphism, which yields the trivialization ES−1W,W
∼= US−1W,W × S−1W .

Finally, to prove (d) let T ∈ UW and start with the orthogonal direct sum
decomposition T−1W ′ = T−1W ⊕ (T−1W ′ − T−1W ) (where again, if B ⊆ A then
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A−B denotes the orthogonal complement of B in A). If πW ′−W : W ′ → W ′ −W
is orthogonal projection, then one readily checks by linear algebra that

T−1W ′ − T−1W
πW ′−W ◦T

// W ′ −W
is an isomorphism. The desired bundle isomorphism follows immediately. □

By Corollary 10.30 the index map induces ind: π0 Fred(H)→ Z. We know this
to be a group homomorphism. As a warm-up to the full Atiyah-Jänich theorem let
us prove the following special case:

Proposition 10.31. The index map ind: π0 Fred(H)→ Z is an isomorphism.

Proof. The Fredholm operator sh−1 from Example 10.19 has index 1, so the index
map (which is a group homomorphism) is surjective. For injectivity, suppose T ∈
Fred(H) has index 0. We know we can choose a finite-dimensional W ⊆ H such
that W + im(T ) = H, and then πW⊥T : (T−1W )⊥ →W⊥ is an isomorphism.

We can write

T = id ◦T = (πW⊥ + πW ) ◦ T = πW⊥T + πWT.

In the rightmost term, πW⊥T is the composite of Fredholm operators and thus
Fredholm, whereas πWT is compact. The path t 7→ [πW⊥T ] + t(πWT ) shows that
T ∼ πW⊥T in π0 Fred(H). But ind(T ) = dimT−1W − dimW , so if this is zero we
can choose an isomorphism f : T−1W →W . The operator fπT−1W is compact and
so the path t 7→ [πW⊥T ] + tfπT−1W shows that T ∼ πW⊥T ∼ πW⊥T + fπT−1W

in π0 Fred(H). But πW⊥T + fπT−1W can be regarded as the direct sum of two
isomorphisms, hence is itself an isomorphism. So it lies in B(H)∗ ⊆ Fred(H), and
Kuiper’s theorem says that B(H)∗ is contractible. Hence we have a path to id, and
therefore T = id in π0 Fred(H). □

The moral of the above proof is that Fredholm operators can be understood as
having a big piece that is an isomorphism and a small (finite-dimensional) piece
where other stuff happens. But on finite-dimensional pieces one can homotop the
map to any other map, using compact operators and straight-line paths. The proof
of the Atiyah-Jänich theorem will use the same techniques, the only complication
being that one needs to apply the arguments to families of Fredholm operators. So
we will need to work a little harder to understand how the “pieces” vary in families,
and to ensure continuity. We take this up in the next section.

◦ Exercises ◦

Exercise 10.32. Let V be a Banach space and let M ⊆ V be a closed subspace.
(a) Define a norm on V/M by ||v̄|| = infm∈M ||v+m||. Show that this makes V/M

into a Banach space, and the projection V → V/M is bounded. Moreover, the
norm topology on V/M is the quotient topology.

(b) Suppose M is finite-dimensional. Prove that V → V/M sends closed linear
subspaces to closed linear subspaces.

(c) Now let T : V → W be a bounded operator between Banach spaces such that
T is surjective with finite-dimensional kernel. Prove that T sends closed linear
subspaces to closed linear subspaces. (Use the Open Mapping Theorem to
reduce to the previous parts).



ANOTHER BOOK ON K-THEORY 129

Exercise 10.33. Let H be a Hilbert space with orthonormal basis {ei}i≥1.
(a) Define T : H → H by T (ek) = 1

kek for all k ≥ 1. Define Tn = T− 1
nπ⟨en⟩. Verify

that {Tn} converges to T , T is injective, but none of the Tn are injective. So
the set of injective maps is not open in B(H).

(b) Suppose S : H → H ′ is a bounded linear surjection. Show that S : (kerS)⊥ →
H ′ is an isomorphism, and let R be an inverse. So SR = idH′ . Use the identity
TR = I + (T − S)R to show that if ||T − S|| is small enough then T is also
surjective. Conclude that the set of surjections is open in B(H,H ′).

[Note: It is also true that if V and V ′ are Banach spaces then the set of surjections
is open in B(V, V ′), but the proof is more difficult in that context.]

Exercise 10.34. Prove that if T : H → H ′ is a Fredholm operator then im(T ) is
a closed subspace. [Hint: If M ⊆ H ′ is a finite-dimensional subspace that surjects
onto coker(T ) then consider H ⊕M → H ′ and apply the previous exercise.]

Exercise 10.35. Let T : H → H ′ be a compact operator and let {ei}i≥1 be an
orthonormal basis for H. Prove that limn ||Ten|| = 0 via the following steps:
(a) If 0 is not the limit, then there exists ϵ > 0 and a subsequence enk

such that
||Tenk

|| > ϵ for all k.
(b) There is a further subsequence enℓ

such that Tenℓ
converges, say to an element

x.
(c) For a general element z ∈ H ′, use ⟨Tei, z⟩ = ⟨ei, T ∗z⟩ to show that ⟨x, z⟩ = 0.
(d) Conclude that x = 0, and derive a contradiction.
[Note: It turns out that an operator is compact if and only if for every orthonormal
basis {ei} one has limn ||Ten|| = 0.]

Exercise 10.36. Let A : H → H be a self-adjoint bounded operator and suppose
that im(A) is closed.
(a) Explain why we have an orthogonal direct sum decomposition im(A)⊕ker(A) =

H.
(b) Prove that the restricted map A : im(A)→ im(A) is an isomorphism.
(c) Use the inverse of the map in (b) to conclude that there exists a C > 0 such

that ||Ay|| ≥ C||y|| for all y ∈ (kerA)⊥.
(d) Prove that A has no eigenvalues in the set (−C,C) − {0}. (So if 0 is in the

spectrum of A, it is an isolated point of the spectrum.)

Exercise 10.37. Fix a closed, simple contour Γ in C. Let S be a normal bounded
operator such that σ(S) does not meet Γ. Let M be the maximum value of ||(zI −
S)−1|| for z on Γ. Suppose T is also a normal bounded operator such that σ(T )
does not meet Γ.
(a) For z on Γ prove that

(zI − T )−1 − (zI − S)−1 = (zI − T )−1(T − S)(zI − S)−1.

Use this to get the estimate ||PT − PS || ≤ ||T−S||
2π ·M ·

∫
Γ
||(zI − T )−1|| dz.

(b) Using zI − T = [I − (T − S)(zI − S)−1](zI − S) prove that if ||T − S|| < 1
2M

then ||(zI − T )−1|| < 2M , for z on Γ. [Consult the proof of Corollary 10.12.]
(c) Prove that ||PT −PS || can be made arbitrarily small by restricting ||T−S||, and

thereby prove the continuity of T 7→ PT that is asserted in Proposition 10.11.
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Exercise 10.38. Let H = ℓ2(N) and let B(H)1 ⊆ B(H) be the subset of operators
having a 1-dimensional kernel, with the subspace topology. We will show that
B(H)1 → Gr1(H) given by S 7→ kerS is not continuous.

Let T ∈ B(H) be the operator from Example 10.19(4). For n ≥ 1 define Tn by

Tn(ei) =


T (ei) if i /∈ {0, n},
1
ne0 if i = 0,

0 if i = n.

(a) Verify that Tn ∈ B(H) for all n.
(b) Compute that ||Tn − T || = 1

n and so limn Tn = T in B(H).
(c) Explain why this shows that B(H)1 → Gr1(H) given by S 7→ kerS is not

continuous.
(d) Show that none of the operators Tn are Fredholm.

Exercise 10.39.
(a) Let X and Y be topological groups and let f : X → Y be a continuous group

homomorphism that is surjective. Suppose that f has a continuous section
s. Prove that f is a Hurewicz fibration, i.e., that f has the homotopy lifting
property for all spaces W . [Hint: Given a homotopy lifting diagram, applying
s gives a lifting that doesn’t necessarily make everything commute. Use the
group structure to modify it appropriately.]

(b) The so-called “Bartle-Graves theorem” says that a surjective bounded linear
map between Banach spaces always has a continuous section. See [Michael,
Proposition 7.2] for the result stated in this way. Conclude that the projection
B(H) A(H) is a Hurewicz fibration, hence also a Serre fibration.

Exercise 10.40. In this exercise we will give a naive proof that Grk(C∞) →
Grk(H) is a weak homotopy equivalence.
(a) For each finite-dimensional Z ⊆ H with dimZ ≥ k, let Grk(H)Z ⊆ Grk(H)

be the subspace of k-planes M such that M ∩ Z⊥ = 0 (equivalently, πZ(M)
is k-dimensional). We have Grk(Z) ⊆ Grk(H)Z , and M 7→ πZ(M) gives a
retraction. Prove this Grk(Z) is a strong deformation retract of Grk(H)Z .

(b) Suppose that X is compact and f : X → Grk(H) is continuous. Prove that
there exists a finite-dimensional Z ⊆ H such that the image of f lands in
Grk(H)Z . [Hint: For each x ∈ X show there is a neighborhood Ux such that
f(y) ∩ f(x)⊥ = 0 for all y ∈ Ux. Use compactness to get a finite subcover, and
then find a closed W ⊆ H of finite codimension such that f(x)∩W = 0 for all
x ∈ X.]

(c) Prove that Grk(C∞) → Grk(H) induces an isomorphism on all homotopy
groups. [Hint: This is almost immediate from the preceding parts, though
some care is required regarding basepoints.]

Exercise 10.41. We proved that Fred(H)→ A(H)∗ is a Serre fibration with con-
tractible fiber, and as a consequence one gets that [X,Fred(H)] is a group whenever
X is semi-cofibrant. But the fact that Fred(H)→ A(H)∗ is a Serre fibration is non-
trivial. In this exercise we give a more elementary argument that [X,Fred(H)] is a
group that works whenever X is compact.
(a) Prove that any map T : X → Fred(H) is homotopic to one where kerT and

kerT ∗ are vector bundles on X.
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(b) Assume now that kerT is a vector bundle. Consider the map X → Fred(H)
given by x 7→ T ∗

xTx + πkerTx . Verify that this is continuous and that its image
lands in B(H)∗. Use this to show that T ∗ ◦ T = 0 in [X,Fred(H)].

(c) Explain why T ∗ ◦ T = 0 now comes for free, and deduce that [X,Fred(H)] is a
group.

11. K-theory and Fredholm operators, part 2

The previous section introduced the space Fred(H), the index of a Fredholm
operator, and the statement of the Atiyah-Jänich theorem that for X compact
Hausdorff there is a natural “index isomorphism” indX : [X,Fred(H)] → K0(X).
We also developed some general techniques for dealing with Fred(H). In this sec-
tion we prove the Atiyah-Jänich theorem and also upgrade it to a weak homotopy
equivalence between the spaces Fred(H) and Z×BU . This implies there is an iso-
morphism [X,Fred(H)] ∼= K0(X) (representable K-theory) for X semi-cofibrant,
even when X is not compact. We then use this to re-interpret [X,Fred(H)] as a
Grothendieck group of Fredholm maps between Hilbert bundles.

11.1. Proof of the Atiyah-Jänich theorem. Throughout this section let X be
a compact Hausdorff space. A map f : X → Fred(H) factors through some UW
where W ⊆ H is finite-dimensional, so define α(f) = f∗EW −W ∈ K0(X). By
Corollary 10.30(d) choosing a larger W gives the same α(f), and this implies that
α(f) is independent of W : if we had chosen another W ′, comparing both W and
W ′ to W +W ′ shows the independence. The map α : Top(X,Fred(H))→ K(X) is
clearly natural in X. So in the diagram

Top(X × I,Fred(H))

ev1

��
ev0

��

α // K(X × I)
ev1

��
ev0

��
Top(X,Fred(H))

α // K(X)

the two squares obtained by choosing both ev0 or both ev1 each commute. Ho-
motopy invariance of the K functor implies ev0 = ev1 on the right, therefore
α ev0 = ev0 α = ev1 α = α ev1 and we get an induced map [X,Fred(H)] → K(X).
This is also called the index map, but in this context we will write it as indX .

Lemma 11.2. The map indX is a group homomorphism.

Proof. Let S, T : X → Fred(H). We will first prove that ind(ST ) = ind(S)+ind(T )
in the case where T is pointwise surjective. Choose a finite-dimensional W ⊆ H
such that S maps into UW . Recall this means W + imSx = H for all x ∈ X. Since
T is pointwise-surjective, im(ST )x = imSx for all x ∈ X, hence ST also maps into
UW . Therefore

indX(T ) = [kerT ], indX(S) = [S−1W ]− [W ], indX(ST ) = [(ST )−1W ]− [W ].

By inspection we have a short-exact sequence of vector bundles 0 → kerT →
(ST )−1W

T−→ S−1W → 0. So

indX(ST ) = [kerT ] + [S−1W ]− [W ] = indX(T ) + indX(S).

(It might be informative to look back at (10.27) and see how this argument connects
to that diagram, especially the surjectivity of T ).
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Choose an orthonormal basis {ei}i≥0 of H. Recall the shift operators sh−m and
shm from Example 10.19. In the remainder of the proof we will use a few times
that shm ◦ sh−m and sh−m ◦ shm are path-connected to idH in Fred(H). These can
be proven directly, but they also follow from Proposition 10.31 using that the index
is zero.

We next claim that form > 0 and general T one has indX(T ◦sh−m) = indX(T )+
m = indX(sh−m ◦T ). This is an easy exercise. As a consequence, note that we have

indX(S) = indX(S ◦ shm ◦ sh−m) = indX(S ◦ shm) +m

and so indX(S ◦ shm) = indX(S)−m.
Finally, we deal with the general case. Given T , we know there is a finite-

dimensional W such that T maps into UW . So W + imTx = H for all x ∈ H.
But W ⊆ ⟨e0, . . . , em−1⟩ for some m, and it follows immediately that sh−m ◦Tx is
surjective for every x.

Since sh−m ◦T is pointwise surjective we can use what has already been prove
to write

indX(S ◦ T ) = indX(S ◦ shm ◦ sh−m ◦T ) = indX((S ◦ shm) ◦ (sh−m ◦T ))
= indX(S ◦ shm) + indX(sh−m ◦T )
= indX(S)−m+ (m+ indX(T ))

= indX(S) + indX(T )

where the third and fourth equalities were justified earlier in the proof. □

Surjectivity of indX follows from the next lemma:

Lemma 11.3. Let E → X be a vector bundle. Then there is a map T : X →
Fred(H) that is pointwise surjective and has kerT ∼= E.

Proof. Since X is compact Hausdorff, we can embed E in a trivial bundle n. Let
P : n → n be orthogonal projection onto E, which we regard as a continuous map
P : X →Mn×n(C). Define T : X → B(H ⊗ Cn) by

Tx(v ⊗ w) = [v ⊗ (id−Px)w] + [sh−1(v)⊗ Pxw].
We can also write this as T = [id⊗(id−P )] + [sh−1⊗P ], which makes it clear that
T is continuous. If we decompose H⊗Cn = (H⊗Ex)⊕(H⊗E⊥

x ) then the operator
Tx splits as (sh−1⊗ id)⊕ (id⊗ id). So clearly Tx is surjective with kernel ⟨e0⟩⊗Ex,
and in particular Tx is Fredholm. Restating what was just shown, T is pointwise
surjective and kerT is isomorphic to E.

To get a map from X into Fred(H)—rather than Fred(H ⊗Cn)—just choose an
isomorphism of Hilbert spaces H ∼= H ⊗ Cn.

The clever construction of T is from [Atiyah5, Proof of Proposition A.6]. □

Corollary 11.4. The map indX is surjective.

Proof. Let E → X be a vector bundle, and let T : X → Fred(H) be a map guar-
anteed by Lemma 11.3. Since T is pointwise-surjective we can take W = 0 in the
definition of α(T ), in which case α(T ) = [kerT ] ∈ K(X). But ker(T ) ∼= E. So
every vector bundle is in the image of indX . Since indX is a group map and the
classes of vector bundles generate K(X) as a group, the map is surjective. □

The last piece of the Atiyah-Jänich theorem is injectivity:
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Proof of Theorem 10.20 (the Atiyah-Jänich Theorem). Let T : X → Fred(H) and
assume indX(T ) = 0. Pick W ⊆ H finite-dimensional such that T maps into UW ,
so that indX(T ) = [T−1W ] − [W ]. Since this is zero in K(X), there exists n > 0
and a bundle isomorphism f : T−1W ⊕ n→W ⊕ n.

Write π = πW⊥ , orthogonal projection onto W⊥. For each x ∈ X consider the
operator

(T−1
x W )⊥ ⊕ T−1

x W ⊕ Cn
πTx⊕fx // W⊥ ⊕W ⊕ Cn

H ⊕ Cn H ⊕ Cn

where the vertical identifications are the evident ones. The map πTx is an isomor-
phism, so the horizontal map is an isomorphism—in particular, it is Fredholm. We
claim that this describes a map S : X → Fred(H ⊕ Cn), but let us be clear about
why S is continuous. Let π(T−1W )⊥ denote the map X → Fred(H ⊕ Cn) given by
x 7→ π(T−1

x W )⊥ . This is continuous by Corollary 10.25(b), since T−1W is a vector
bundle and therefore T−1

x W has locally constant rank. Likewise, let πT−1W⊕Cn be
the map X → K(H⊕Cn) given by x 7→ πT−1

x W⊕Cn . This is continuous by the same
result. Then we can write

S = [πW⊥ ◦ T ◦ π(T−1W )⊥ ] + [f ◦ πT−1W⊕Cn ]

and this describes a continuous map X → Fred(H ⊕ Cn). In this decomposition
of S, the first term is a map S0 : X → Fred(H ⊕ Cn) and the second is a map
S1 : X → K(H ⊕ Cn). The homotopy S0 + tS1 therefore makes sense as a map
X × I → Fred(H ⊕ Cn) and shows S ≃ S0.

Each Sx is an isomorphism, so S factors through the subspace B(H ⊕ Cn)∗ ⊆
Fred(H ⊕Cn). Kuiper’s theorem says that this subspace is contractible, so S ≃ cid
(the constant map with value id). Hence S0 ≃ cid, and we can now forget about S.

Finally, consider the map a : Fred(H) → Fred(H ⊕ Cn) given by P 7→ P ⊕ 0
and the map b : Fred(H ⊕ Cn) → Fred(H) given by b(Q) = πH ◦ Q ◦ iH where
iH : H ↪→ H⊕Cn is the inclusion. Then ba = id (also ab ≃ id, but we will not need
this). Note that S0 = a(πW⊥ ◦ T ◦ π(T−1W )⊥), therefore

πW⊥ ◦ T ◦ π(T−1W )⊥ = b(S0) = b(cid) = cid

in [X,Fred(H)]. Finally, we use that

T = πW⊥T + πWT = [πW⊥Tπ(T−1W )⊥ ] + πW⊥TπT−1W + πWT

with the first term being a map X → Fred(H) and the second two being maps
X → K(H). By the usual straight-line homotopy we get T ≃ πW⊥Tπ(T−1W )⊥ , and
we have therefore shown T = cid in [X,Fred(H)]. That is, T is the zero element.

Since our focus on details has made this proof a little clunky, let us wrap up
with a brief summary. To start we have

T ≃
[ (T−1W )⊥

πT��

⊕ T−1W

0��
W⊥ ⊕ W

]

by homotoping compact pieces to zero. Now add on idCn
and observe

T ⊕ idCn ≃ πT ⊕ 0⊕ idCn ≃ πT ⊕ 0⊕ 0 ≃ πT ⊕ f ≃ cid = cidH ⊕ idCn ,
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most of the steps by homotoping compact pieces but the final step using Kuiper’s
theorem because πT ⊕ f is an isomorphism. Now apply b to everything to get
T ≃ cidH

. □

11.5. The weak equivalence of Z×BU and Fred(H). The Atiyah-Jänich the-
orem certainly suggests that Fred(H) ≃ Z × BU , and it almost proves it—but to
make that work we need an actual map, or at least a map in Ho (Top). Constructing
such a map is more delicate than it first appears. For example, there are evident
maps θk,N : Grk(CN ) → Fred(H) obtained by sending a subspace V to πV ⊥ . One
might expect that these can be used to cook up a map Z × BU → Fred(H). But
πV ⊥ = id−πV and πV is compact, so in fact θk,N is homotopic to the constant map
by the straight-line homotopy id−tπV . So we need to be more clever than this.

We will construct our comparison map as the following zig-zag:

(11.6) VFred(H)
α //

≃q
����

Fred(H+)

Grft(C∞)
a // GrFred(H).

Here C∞ = C∞
+ ⊕ C∞

− , where C∞
+ has orthonormal basis {ek | k ≥ 1} and C∞

−
has orthonormal basis {e−k | k ≥ 1}. The space Grft(C∞) is the Grassmannian of
finite-type subspaces as defined in Exercise ??. For m ≤ m′ define C[m,m′] to be the
subspace spanned by the ek for m ≤ k ≤ m′ and k ̸= 0. Also define H+ and H− to
be the Hilbert spaces arising as completions of C∞

+ and C∞
− , and let H = H+⊕H−.

Let H≥m be the closure of C[m,∞). Let π+ be orthogonal projection H → H+, and
likewise for π−.
(1) Let Gr∞(H) ⊆ B(H) be the subset of orthogonal projections onto closed,

infinite-dimensional subspaces, equipped with the norm topology. In practice
we will identify each projection with its image and thereby regard the elements
of Gr∞(H) as subspaces of H.

(2) Define the Stiefel space V∞(H) ⊆ B(H+, H) to be the subspace of isometric
embeddings A : H+ ↪→ H. Note that the image of such an embedding is nec-
essarily closed: this follows from completeness and the fact that if {Axn} is a
Cauchy sequence then so is {xn}.

(3) Define q : V∞(H)→ Gr∞(H) to send an isometric embedding A to the orthog-
onal projection πimA. This orthogonal projection is also equal to AA∗, and so
q is continuous. For every W ∈ Gr∞(H) the fiber q−1(W ) is homeomorphic to
U(H+), and is therefore contractible by Kuiper’s theorem.

(4) The map q is a fiber bundle (see Proposition 11.9 below). Since the fibers are
contractible, q is therefore a weak homotopy equivalence.

(5) Define GrFred(H) ⊆ Gr∞(H) to be the subspace consisting of those W ⊆ H
such that π+ : W → H+ is Fredholm. Let VFred(H) ⊆ V∞(H) be the subspace
of those A : H+ → H such that the composite π+A is Fredholm. The map
q : VFred(H) → GrFred(H) is the restriction of our previous q, and hence is
also a fiber bundle with contractible fiber.

(6) Let α be the map that sends A : H+ → H to π+ ◦ A : H+ → H+. This
is continuous as a map B(H+, H) → B(H+, H+), and it sends the subspace
VFred(H) into Fred(H+).
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(7) The map a sends a finite-type subspace V ⊆ C∞ to its closure in H, or really
the orthogonal projection onto its closure. Continuity comes down to checking
that Grk(C[−m,m−1]) → Gr∞(H) given by V 7→ π(V⊕H≥m) is continuous, but
as π(V⊕H≥m) = πV + πH≥m

this is obvious.
At this point we have justified the diagram in (11.6) and therefore have produced

a map Grft(C∞) → Fred(H+) in Ho (Top). Recall from Exercise ?? that we have
a standard isomorphism [X,Grft(C∞)]→ K0(X) for X compact Hausdorff.

Proposition 11.7. Let X be cofibrant and compact Hausdorff. Then the composite

K0(X) ∼= [X,Grft(C∞)] −→ [X,Fred(H+)]
indX−→ K0(X)

is the identity.

Proof. Any element of K0(X) may be written as [E] − m for some m ≥ 0 and
some vector bundle E → X. Choose a classifying map f : X → Grk(C[−N,−1])
for E, where N is some positive integer. Use the inclusion C[−N,−1] ⊆ C[−N,m] to
regard this as a map f : X → Grk(C[−N,m]). Write F : X → Grft(C∞) for the map
F (x) = f(x)⊕ C≥(m+1).

We know (see Exercise ??) that the map [X,Grft(C∞)] → K0(X) sends F to
[f∗ηk]−m = [E]−m.

Next, consider the composite X F−→ Grft(C∞) → GrFred(H). This sends x
to f(x) ⊕ H≥(m+1). Since X is cofibrant and VFred(H) → GrFred(H) is a Serre
fibration, our map can be lifted to VFred(H). This amounts to continuously choos-
ing isometries Ax : H+ → f(x) ⊕H≥(m+1) (the exact choices will turn out not to
matter). If X were only semi-cofibrant we could only lift up to homotopy, which
would cause difficulties in the rest of the argument.

The assignment x 7→ Tx = π+Ax is a map T : X → Fred(H+), and we must
now compute indX(T ). By construction we have C[1,m] + imTx = H+ for all x,
and so indX = [T−1C[1,m]]−m. But Ax : T−1

x C[1,m] → f(x) is an isomorphism, so
T−1C[1,m]

∼= E. Thus, indX(T ) = [E]−m and we are done. □

Note that one of the obstacles in the above proof is that we do not know a priori
that [X,Grft(C∞)] → [X,Fred(H)] is a group map. This is why the mechanics of
the proof are a little more awkward than one might wish.

The following corollary is immediate:

Corollary 11.8. The map Grft(C∞)→ Fred(H) is a weak homotopy equivalence.

Proof. By Proposition 11.7 together with Theorem 10.20, the map induces bijec-
tions on π0 and on [Sn,−] (unpointed homotopy classes) for every n ≥ 1. Such a
map is a weak homotopy equivalence provided that π1 of each component of the do-
main and codomain is abelian. This is clear for the identity component of Fred(H)
because it is a topological monoid, and the fact that π0 Fred(H) is a group shows
that all of the components have the same homotopy type.

For the domain Grft(C∞) ≃ Z×BU , we know this is a loop space (and hence has
abelian π1) by Bott periodicity—but that is cracking a walnut with a sledgehammer.
We can instead use the Schubert cell decomposition to see directly that π1 ∼=
π1(CP∞) = 0, which is abelian (and in the real case we would get π1 ∼= π1(RP∞) =
Z/2). □
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We have considered the chain Grft(C∞) → GrFred(H) ⊆ Gr∞(H), but in fact
there are many intermediate spaces one could consider that are also models for
Z×BU . Exploring this would take us too far afield, but let us at least list several
of them. A bounded operator T is called Hilbert-Schmidt provided that for some
(equivalently, any) orthonormal basis {ei} one has

∑ ||Tei||2 < ∞. The class of
Hilbert-Schmidt operators sits in between the finite rank and compact operators,
and is convenient because the Hilbert-Schmidt operators form a Hilbert space.
Consider the following increasing sequence of Grassmannian spaces:
(1) Closed subspaces V ⊆ H such that H≥m ⊆ V ⊆ H≥m′ for some m′ ≤ m.
(2) Closed subspaces V ⊆ H such that πV − π+ has finite rank.
(3) Closed subspaces V ⊆ H such that πV − π+ is Hilbert-Schmidt (equivalently,

π+ : V → H+ is Fredholm and π− : V → H− is Hilbert-Schmidt).
(4) Closed subspaces V ⊆ H such that πV −π+ is compact (equivalently, π+ : V →

H+ is Fredholm and π− : V → H− is compact).
(5) Closed subspaces V ⊆ H such that π+ : V → H+ is Fredholm.
Each of these has a corresponding Stiefel-space that sits over it and that maps
into Fred(H), and all of the evident projections and inclusions are weak homotopy
equivalences. The space in (3) is studied in [PrSe, Chapter 7], and the space in (4)
appears in [SW]. A unified approach to these spaces and others is given in [AM].

There is still one technical detail from our argument that has not been completely
justified, that we have saved for the end:

Proposition 11.9. The map q : V∞(H)→ Gr∞(H) is a fiber bundle.

Proof. The proof is the Hilbert-space analog of the standard argument: for an
infinite-dimensional closed subspace W ⊆ H there is an open neighborhood in the
Grassmannian where every subspace is the graph of a map L : W → W⊥, such a
subspace has a canonical isometry with W , and this gives the local trivialization.
In the finite-dimensional case we would construct our neighborhood as the set of
subspaces having trivial intersection with W⊥, but in the infinite-dimensional case
this is not an open condition. So the only subtlety is in finding the correct analog.

In more detail, for a fixed W let OW ⊆ Gr∞(H) be the open subset of orthogonal
projections πV such that |πV −πW | < 1. It takes a little work, but this is equivalent
to the condition that πW : V → W is an isomorphism (see Exercise 11.19). This
latter condition is in turn manifestly equivalent to saying that V = {w +Aw |w ∈
W} for some A ∈ B(W,W⊥)—i.e., that V is the graph of A. Just define A(w) to
be x− w where x ∈ V is the unique element with πW (x) = v.

For V ∈ OW let TV be the inverse of πW : V → W . This is an isomorphism
W → V , so we can consider its polar decomposition TV = QT ◦ (T ∗

V TV )
1/2 with

QT an isometry. Then QT = TV (T
∗
V TV )

−1/2, and this varies continuously with V .
Fix an isometry ϕ0 : H+ → W . Then we get a continuous bijection U(H+) ×

OW → q−1OW by (ϕ, V ) 7→ QV ϕ0ϕ. It is an easy exercise to write down the inverse
and see it is continuous, so this is our local trivialization. □

Exercise 11.10. This exercise concerns the homotopy type of Gr∞(H), which we
will see is NOT that of Z×BU .
(a) Note that there is an evident action of U(H) on the closed subspaces of H.

Prove that two closed subspaces V and W are in the same U(H)-orbit if and
only if (dimV,dimV ⊥) = (dimW, dimW⊥).
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(b) Show that the U(H)-orbit of V in the space of orthogonal projections is home-
omorphic to U(H)/[U(V )× U(V ⊥)].

(c) If V is infinite-dimensional, use Kuiper’s theorem to show that the homotopy
type of U(H)/[U(V )× U(V ⊥)] is BU(V ⊥).

(d) Conclude that Gr∞(H) ≃∐0≤dimV ⊥≤∞BU(V ⊥) ≃
(∐∞

k=0BU(k)
)
⨿ ∗.

(e) Prove that our map Grft(C∞) → Gr∞(H) lands entirely in the component
corresponding to dimV ⊥ =∞.

11.11. Changing the Hilbert space. Before tackling a Grothendieck-group
model for K0(X) we need to do a little more prep work. Suppose that H and
H ′ are two Hilbert spaces, and let ϕ : H → H ′ be an isomorphism. Then we get a
map ϕ∗ : Fred(H) → Fred(H ′) (in fact, a homeomorphism) by T 7→ ϕTϕ−1. But
even more, the homotopy class of this map does not depend on ϕ: by Kuiper’s
theorem B(H,H ′)iso is contractible, hence any two choices of ϕ are connected by a
path. So in the homotopy category, any two spaces Fred(H) and Fred(H ′) may be
canonically identified in this manner.

Now let Hodd and Hev be the closed subspaces of H having orthonormal bases
{e2i−1}i≥1 and {e2i}i≥1, respectively. So H = Hodd ⊕ Hev. Fix the isomorphism
ϕodd : H → Hodd sending ei to e2i−1 for all i, and if T : H → H write Todd =
ϕoddTϕ

−1
odd. Write idev for the identity map on Hev.

Proposition 11.12. The map Fred(H)→ Fred(H) that sends T 7→ Todd ⊕ idev is
a weak homotopy equivalence. Even more, in the homotopy category it is equal to
the identity map.

Proof. The first statement is fairly straightforward, but the second statement in-
volves a clever trick.

Since Fred(H) is a topological monoid it has abelian π1. So a map Fred(H) →
Fred(H) is a weak homotopy equivalence provided it induces an isomorphism on
unpointed homotopy classes [X,Fred(H)]→ [X,Fred(H)] for every compact Haus-
dorff space X (in fact, it is enough just to know it when X = ∗ and when X is a
sphere).

Consider the diagram

[X,Fred(H)] //

indX

∼= ((

[X,Fred(H)]

indX
∼=
��

K0(X).

Once we prove it commutes, the desired result follows immediately from the Atiyah-
Jänich isomorphism. But if T : X → Fred(H) we know by Corollary 10.30 that there
is a finite-dimensional W ⊆ H such that W + im(Tx) = H for all x ∈ X. Then
indX(T ) = [T−1W ]− [W ]. Let S = Todd + idev and let V = ϕodd(W ) ⊆ Hodd. It is
immediate that V +im(Sx) = H for all x, and so indX(S) = [S−1V ]− [V ]. But the
bundles S−1V and T−1W are clearly isomorphic, so we are done. Thus, our map
is a weak homotopy equivalence.

The map Fred(H)→ Fred(H ⊕H) sending T 7→ T ⊕ id is isomorphic to the one
we just considered, and so this is also a weak homotopy equivalence.

Now we come to the clever trick. Let H⊕H have orthonormal basis e1, e2, . . . for
the first factor and f1, f2, . . . for the second factor. Let H⊕H⊕H have orthonormal
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basis {ai} for the first factor, {bi} for the second, and {ci} for the third. Define
two isomorphisms F,G : H ⊕H → H ⊕H ⊕H by the following tables:

i 1 2 3 4 · · ·
F (ei) a1 a2 a3 a4
F (fi) b1 c1 b2 c2

i 1 2 3 4 · · ·
G(ei) a1 b1 a2 b2
G(fi) c1 c2 c3 c4

For T ∈ Fred(H) consider T ⊕ id⊕ id ∈ Fred(H ⊕ H ⊕ H). Observe that
(F∗)

−1(T ⊕ id⊕ id) = T ⊕ id and (G∗)
−1(T ⊕ id⊕ id) = [Todd ⊕ idev] ⊕ id. Since

F−1
∗ ≃ G−1

∗ , the two maps T 7→ T ⊕ id and T 7→ [Todd + idev]⊕ id are homotopic.
Consider the diagram

Fred(H) //// Fred(H) // Fred(H ⊕H)

where the two maps on the left are T → T and T → [Todd ⊕ idev], and where the
map on the right is S → S ⊕ id. We have just shown that the two composites
are homotopic. But earlier in the proof we showed that the right map is a weak
homotopy equivalence and therefore an isomorphism in the homotopy category. It
follows that the two maps on the left are equal in the homotopy category. □

11.13. Hilbert bundles and K0(X). If K0(X) denotes representable K-theory
[X,Z×BU ] (for X semi-cofibrant), then by Corollary 11.8 we have an isomorphism
[X,Fred(H)] ∼= K0(X) for all semi-cofibrant spaces X. This can be used to give
a Grothendieck-group type description of K0(X) that fits in with other things we
have seen, and we explain this next. We warn the reader in advance that this new
description of K0(X) is going to be somewhat tautological, but it nevertheless leads
to some interesting issues.

Define a Hilbert bundle on a space X to mean a trivial bundle X×H for some
∞-separable Hilbert space H. It is important here that the Hilbert space can vary,
so that for example X ×H and X × (H ⊕H) are both Hilbert bundles under this
definition. As usual, let us write H for the trivial bundle X × H. The focus on
trivial bundles seems unnatural at first, but we will shortly explain why we stick
to this setting.

Given a continuous map F : X → B(H,H ′) we get an associated bundle map
H → H ′ that equals Fx on the fiber over x. One must check that X × H →
X × H ′ is actually continuous for the product topologies, but this is a routine
exercise. However, the reverse does not work: It is possible to have bundle maps
X ×H → X ×H ′ for which the associated map X → B(H,H ′) is not continuous.
The following gives an example:

Example 11.14. Let X = {0} ∪ { 1n |n ≥ 1} ⊆ [0, 1]. This is a good test space for
questions about convergence, since maps X → Y are precisely convergent sequences
in Y . Let H have orthonormal basis {ei}i≥1. Define F : X ×H → X ×H fiberwise
by F0 = 0 and F 1

n
is orthogonal projection onto Cen. This is a continuous map:

both X and H are metric spaces so it suffices to check that convergent sequences are
preserved by F , and this boils down to the fact that limn⟨x, en⟩ = 0 for any x. The
associated map X → B(H) is not continuous, though: one has |F 1

n
− F0| = 1 for

all n, so the sequence of projections does not converge to F0 in the norm topology.
For similar strange behavior, consider A : X × H → X × H given fiberwise by

A0 = 0, A 1
n
(v) = ⟨v, en⟩e1. This is not so different from the previous example and

one again sees that the associated map X → B(H) is not continuous, but here one
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also sees something else. The fiberwise adjoint is A∗
0 = 0, A∗

1
n

(v) = ⟨v, e1⟩en, and

here A∗ is not even continuous as a map X ×H → X ×H. The sequence ( 1n , e1)
converges to (0, e1) but is not convergent upon applying A∗. So here we have a
bundle map where the fiberwise adjoint is not a bundle map.

There are also examples where the map is a fiberwise isomorphism. Consider
the bundle map given by B 1

n
= id+A 1

n
for n > 1 and B0 = B1 = id. Since A2

1
n

= 0

for n > 1, the map B is a fiberwise isomorphism—and even a bundle isomorphism.
But the associated map X → B(H) is again not continuous, since |B 1

n
− B0| = 1

for all n.
While we are considering these examples, it is worth also thinking about one

more. The bundle map id−F is surjective on the fiber over 0, but it is not fiberwise
surjective in any neighborhood of 0. This is another indication that the naive notion
of bundle map is not a good one when dealing with infinite-dimensional Hilbert
space fibers.

The lesson of the above examples is that continuity with respect to the product
topology, when dealing with Hilbert space fibers, is simply not as nice as one would
like. For the moment we fix this by defining the problem away. Let us define
the notion of “Hilbert bundle map” H → H ′ to mean a bundle map for which
the associated map X → B(H,H ′) is continuous. With this definition, say that a
bundle map is Fredholm if the map on each fiber is Fredholm.

An isomorphism between two Hilbert bundles E and E′ is a map of Hilbert
bundles E → E′ which is an isomorphism on each fiber. Since the inverse map
B(H,H ′)iso → B(H ′, H)iso is continuous, this definition is equivalent to being an
isomorphism in the category of Hilbert bundles.

Given two maps of Hilbert bundles E → J and E′ → J ′, we say these are isomor-
phic if there are isomorphisms E → E′ and J → J ′ making the evident diagrams
commute. As a bundle map E → J can also be thought of as a chain complex
of length one, we will often use the phrase “length one Fredholm complex” when
talking about Fredholm bundle maps. Unless otherwise indicated, the intention is
always that such complexes are concentrated in homological degrees 0 and 1.

Definition 11.15. Define KHilb(X) by taking the free abelian group on symbols
[ϕ] = [E

ϕ−→ F ] where ϕ is a (length one) Fredholm complex over X and quotienting
out the following relations:
(1) [ϕ] = [ϕ′] if ϕ is isomorphic to ϕ′.
(2) [E → F ] = 0 whenever E → F is acyclic (that is, a fiberwise isomorphism).
(3) [E → F ] + [E′ → F ′] = [E ⊕ E′ → F ⊕ F ′].
(4) If ϕ : E → F is a Fredholm complex over X × I, then [ϕ|X×0] = [ϕ|X×1].

Compare this to Definition ??.
Let H be a fixed ∞-separable Hilbert space. Note that any continuous map

T : X → Fred(H) gives an associated Fredholm complex T : H → H. Denote this
complex by [T ]H . This gives us a map of sets [X,Fred(H)]→ KHilb(X).

The following result and proof are adapted from [Segal3, Section 5]:

Proposition 11.16. Let H be a fixed ∞-separable Hilbert space and let X be
any semi-cofibrant space. Then the natural map [X,Fred(H)] → KHilb(X) is an
isomorphism of groups. Consequently, we have K0(X) ∼= KHilb(X).
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Proof. In this proof, “complex” always means chain complex of length one con-
centrated in homological degrees 0 and 1. Take the set of isomorphism classes of
Fredholm complexes over X and impose the following equivalence relation: E ∼ E′

if and only if there exist acyclic complexes A and A′ together with a Fredholm
complex J on X × I and isomorphisms E ⊕ A ∼= J |X×0 and E ⊕ A′ ∼= J |X×1.
(Exercise: Check that this is actually an equivalence relation.) Let SX be the set
of equivalence classes.

Direct sum of complexes induces a monoid structure on SX . For T : X →
Fred(H), the assignment T 7→ [T ]H gives a map of sets θ : [X,Fred(H)] → SX .
This is surjective, since any ∞-separable Hilbert space is isometrically isomorphic
to H.

We claim that θ is a homomorphism of monoids. To see this, let S, T : X →
Fred(H). Consider the map [ I 0

0 ST ] : X → Fred(H ⊕H) and observe the following
homotopies:

(i) [ I 0
0 ST ] ≃ [ T I

ST 0 ] using that [ I 0
0 ST ] = [ T I

ST 0 ] ·
[
0 I
I −T

]
. The second factor is

a map X → B(H ⊕ H)∗ and so is homotopic to the identity by Kuiper’s
theorem.

(ii) [ T I
ST 0 ] ≃

[
T I
0 −S

]
using the homotopy

[
I 0

−tS I

]
[ T I
ST 0 ].

(iii)
[
T I
0 −S

]
≃
[
T 0
0 −S

]
using the homotopy

[
T tI
0 −S

]
.

(iv)
[
T 0
0 −S

]
≃ [ T 0

0 S ] since the constant map −I is path-connected to I in B(H)∗

(which is contractible by Kuiper’s theorem).
Putting everything together, we have that [ I 0

0 ST ] ≃ [ T 0
0 S ] as maps X → Fred(H ⊕

H). Taking the associated Fredholm complexes we get that [ST ]H ∼ [T ]H ⊕ [S]H ,
since [I]H is acyclic. This is what we needed.

Injectivity of θ takes a little thought, but is almost tautological. Suppose that
S, T : X → Fred(H) and [S]H ∼ [T ]H . Then there exist acyclic complexes A and
A′ and a Fredholm complex J on X × I such that J |X×0

∼= [S]H ⊕A and J |X×1
∼=

[T ]H ⊕A′. By adding [id]H to everything in sight if necessary we can assume that
neither A nor A′ is the zero complex. The complexes A and A′, being acyclic and
nonzero, are isomorphic to [id]H . So J can be considered as giving us a homotopy
[ S 0
0 I ] ≃ [ T 0

0 I ] of maps X → Fred(H ⊕H), or equivalently Sodd + idev ≃ Todd + idev
as maps X → Fred(H). But we know from Proposition 11.12 that S ≃ Sodd + idev
and T ≃ Todd + Tev, so S ≃ T . This completes the proof that [X,Fred(H)] → SX
is an isomorphism.

We have the evident set map SX → KHilb(X), and this is a map of monoids.
But from the isomorphism θ : [X,Fred(H)]→ SX we know that SX is a group, and
so the universal property of KHilb(X) gives a group map KHilb(X) → SX that
sends each Fredholm complex to its class in SX . The fact that these are inverses is
immediate. □

Again, note that the actual content of Proposition 11.16 is quite small. We are
simply reinterpreting [X,Fred(H)] as a Grothendieck group in a rather trivial way.
But this line of thought leads to some questions:
(1) We can try to generalize the notion of Hilbert bundle. A plausible choice is to

look at locally trivial bundles E of Hilbert spaces having the extra property
that there is an open cover {Ui} of the base and trivializations E|Ui

∼= Ui ×H
over each Ui such that the transition maps Ui ∩ Uj → B(H)∗ are continuous
in the norm topology. This is the correct notion if we want bundle theory to
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connect to the theory of principle U(H)-bundles. But since U(H) is contractible
by Kuiper’s theorem, with this new definition all bundles over paracompact
Hausdorff spaces are trivializable. So from a certain perspective it is not more
general than what we already did, though in practice bundles might arise that
are not “obviously trivial” and we would then be in a position to accomodate
these.

(2) Even with this expanded definition of Hilbert bundle, one still runs into the
issue of whether a bundle map is required to be locally given by continuous
functions into B(H)—it is the same problem as before, where one can have
maps of trivial bundles that do not arise from continuous maps into B(H).
One can force this requirement into the category, but it would be better if we
didn’t have to do that.

(3) In the paper [Segal3], Segal allows for quite general bundles whose fibers are
Banach spaces. He defines a notion of compact bundle map, which extend
to chain complexes levelwise. For bounded chain complexes of such bundles
(of arbitrary length) he defines Fredholm complexes to be those where the
identity is chain homotopic to a compact map. For X paracompact Hausdorff
it is shown that [X,Fred(H)] coincides with a Grothendieck group of these
generalized Fredholm complexes, made from relations similar to what we used
above. He could have used only complexes of length one, but as we have seen
before it is in some sense more natural to use arbitrary bounded complexes (for
example, the tensor product of complexes works out more naturally).

The arguments in [Segal3] require some subtle pointset topology and analy-
sis, so we will not pursue these here. But it is worth knowing that this paper
exists. One nice piece of the story is the result that when X is compact Haus-
dorff every generalized Fredholm complex is chain homotopy equivalent to a
chain complex of finite-rank vector bundles, which explains why the K-group
reduces to the familiar one in this case.

◦ Exercises ◦

Exercise 11.17. Let X be compact Hausdorff and let T : X → Fred(H) be a map.
Suppose there exist maps f : X → Grk0(CN ) and g : X → Grk1(CM ) such that for
every x ∈ X the following are true:

• T (f(x)) ⊆ g(x), and

• the composite f(x)⊥
T // H

π
(g(x)⊥) // g(x)⊥ is an isomorphism.

Prove that indX(T ) = [f ] − [g] ∈ K(X), where we have written [f ] as shorthand
for [f∗ηk0 ] and likewise for g. [Hint: ???]

Exercise 11.18. Write H = H+⊕H− as usual. Define A : H+ → H− by A(en) =
1
ne−n, and let W = Γ(A). Let XW ⊆ Gr∞(H) be the set of subspaces K such that
K ∩W = 0. We claim that XW is not open in Gr∞(H).
(a) Check that the operator A is bounded, hence W is a closed subspace of H.
(b) Set wn = (en,

1
ne−n) ∈ W and let Nn be the closure of the span

⟨e1, e2, . . . , en−1, wn, en+1, en+2, . . .⟩. Prove that |πNn
− πH+

| = 1
n , so that

{πNn
} converges to πH+

in Gr∞(H).
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(c) Check that H+ ∈ XW , but Nn /∈ XW for all n. Conclude that XW cannot be
open.
[Comments: The point in this example is that even though W ∩ H+ = 0,
the subspaces still become infinitely-close in a certain sense. For example, the
lines ⟨wn⟩ in W converge to a line in H+. This cannot happen in the finite-
dimensional setting, where if two subspaces intersect trivially then there is a
positive angle between them.]

Exercise 11.19. Let W and V be subspaces of H and assume |πV − πW | < 1.
This exercise will show that πV : W → V is an isomorphism.
(a) First show that if x ∈ V ⊥ then |πW (x)| < |x|. Conclude that W ∩V ⊥ = 0, and

by symmetry V ∩W⊥ = 0.
(b) Let C = |πV − πW |, and recall C < 1. Prove that if w ∈ W then |πV (w) −

w| ≥ (1− C)|w|. (In operator-theoretic language, the operator πV : W → V is
“bounded below”.) [Hint: Use the reverse triangle inequality |x−y| ≥ |y|− |x|.]

(c) If {xi} is a sequence in W such that {πV (xi)} is Cauchy, use (b) to prove that
{xi} is Cauchy. Conclude that πV (W ) ⊆ V is closed.

(d) Let K be the orthogonal complement of πV (W ) in V . If z ∈ K prove that
z ∈W⊥, hence z = 0. [Hint: Use that πV is self-adjoint.]

(e) Conclude that πV (W ) = V , hence πV : W → V is an isomorphism.
(f) Prove that |πV ⊥ − πW⊥ | = |πV − πW | and so conclude that πV ⊥ : W⊥ → V ⊥

is also an isomorphism.
(g) Prove that |πV − πW | < 1 is equivalent to the condition that πV : W → V and

πV ⊥ : W⊥ → V ⊥ are both isomorphisms.

Exercise 11.20. Let W ∈ Gr∞(H) and let OW ⊆ Gr∞(H) be the open set of
projections P such that ||P − πW || < 1. Show that B(W,W⊥) → OW given
by A 7→ Γ(A) is a homeomorphism. [Hint: Show that the projection matrix for

Γ(A) is
[
(I +A∗A)−1 (I +A∗A)−1A∗

A(I +A∗A)−1 A(I +A∗A)−1A

]
, where the block diagonal matrix is

with respect to H = W ⊕W⊥. Likewise, show that the inverse OW → B(W,W⊥)
is given by P 7→ πW⊥P |W (πWP |W )−1.]

12. ???

13. Complex-oriented cohomology theories, again

As a prelude to the Atiyah-Singer theorem, in this section we explore further con-
structions one can perform in the context of complex-oriented cohomology theories.
In particular, this will lead to invariants for any compact manifold (not necessarily
complex).

13.1. Cohomology with compact support. Let E be any cohomology theory.
Defines the E-theory with compact support by

Encs(X) = colim
Kcpt⊆X

En(X,X −K).

Let us be clear about the maps in the colimit: ifK0 ⊆ K1 thenX−K1 ⊆ X−K0 and
we have the induced map En(X,X−K0)→ En(X,X−K1). Also, observe that the
maps En(X,X−K)→ En(X) induce a natural comparison map Encs(X)→ En(X).
When X is compact this is an isomorphism, as X is a terminal object in the system
of K’s.
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Observe that E∗
cs(X) is naturally a left (and right) module over E∗(X): this is

induced from the pairings Ep(X) ⊗ Eq(X,X − K) → Ep+q(X,X − K). The map
E∗
cs(X)→ E∗(X) is a map of E∗(X)-modules.
The E∗

cs-groups are functorial, but only for weakly proper maps (see Defini-
tion ??): a map f : X → Y is weakly proper if for every compact set K ⊆ Y the
preimage f−1K ⊆ X is also compact. We have a map of pairs f : (X,X−f−1K)→
(Y, Y −K) and therefore f∗ : En(Y, Y −K)→ En(X,X − f−1K)→ Encs(X). These
maps are compatible under the colimit system and induce f∗ : Encs(Y ) → Encs(X).
This is a map of E∗(Y )-modules. It will be useful to remember that every closed
inclusion is weakly proper.

The pairings Ep(X,X−K)⊗Eq(Y, Y −L)→ Ep+q(X×Y,X×Y − (K×L)) pass
to the colimits to give Epcs(X)⊗Eqcs(Y )→ Ep+qcs (X × Y ). When X is Hausdorff the
diagonal X ↪→ X × X is closed, hence weakly proper, and therefore the external
products induce an internal product on E∗

cs(X). But one should not think of this
as a ring, as there is typically no unit element—in fact, often E0

cs(X) = 0. As an
intuitive picture it is better to regard E∗

cs(X) as an “ideal” for E∗(X), though this is
not technically correct because the map E∗

cs(X)→ E∗(X) need not be an injection.
Let ρ : U ↪→ X be an open inclusion. For any compact set L ⊆ U we have

the excision isomorphism En(X,X − L)→ En(U,U − L), and the inverses of these
assemble to give a map ρ∗ : E

n
cs(U) → Encs(X). These are called “extension maps”.

In the following, it will be useful to always use the symbol ρ for open inclusions.

Exercise 13.2. When i : U ↪→ X is an open inclusion check that

E∗
cs(U)

��

ρ∗ // E∗
cs(X)

��
E∗(U) E∗(X)

ρ∗oo

is commutative, ρ∗ is a map of E∗(X)-modules, and whenX is Hausdorff ρ∗ preserve
products.

The following is a useful compatibility statement between the extension and
pullback maps:

Proposition 13.3. Suppose given a commutative square

U //
ρ

open
// X

V //
ρ

open
//

f

OO

Y

g

OO

where the vertical maps are weakly proper and the horizontal maps are open inclu-
sions. Also assume that V → U ×X Y is surjective. Then g∗ρ∗ = ρ∗f

∗ as maps
E∗
cs(U)→ E∗

cs(Y ).
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Proof. Let K ⊆ U be compact. The hypothesis that V → U ×X Y is surjective
implies that g−1K = f−1K. So we get the following commutative diagram:

E∗(U,U −K)

f∗

��

E∗(X,X −K)
ρ∗

∼=
oo

g∗

��
E∗(V, V − f−1K) E∗(Y, Y − f−1K).

ρ∗

∼=
oo

The maps ρ∗ are defined using the inverses of the ρ∗ maps, and from here the result
is immediate. □

The above definitions are in some sense the most natural ones, though they
can be a bit intimidating. A simplification is available for locally compact spaces
that are reasonably nice. Suppose X is locally compact, and recall the one-point
compactification X+. When K ⊆ X is compact consider the natural maps

En(X,X −K)
∼=←− En(X+, X+ −K) −→ En(X+,∞)

where the first is an isomorphism by excision. These yield a natural map Encs(X)→
En(X+,∞), and in good cases this is an isomorphism:

Proposition 13.4. Suppose there are a cofinal collection of compact sets K ⊆ X
with the property that X+ −K is contractible. Then Encs(X) → En(X+,∞) is an
isomorphism.

Proof. For K ⊆ X compact consider the long exact sequence

· · · → En(X+, X+ −K)→ En(X+,∞)→ En(X+ −K,∞)→ · · ·
If X+ − K is contractible then the groups E∗(X+ − K,∞) are all zero, and so
En(X+, X+ −K)→ En(X+,∞) is an isomorphism. Now pass to the colimit. □

When X satisfies the hypothesis of the above proposition we will say that “X+

is locally contractible at ∞”.

Example 13.5. For the space Rk we have the cofinal system of compact sub-
sets LN = [−N,N ]k, and Sk − LN is contractible. The above result implies that
E∗
cs(Rk) ∼= Ẽ∗(Sk).

It is worth giving the usual warning that the groups E∗
cs(X) are not homotopy

invariants of X. For instance, the above example shows that E∗
cs(R1) is usually not

isomorphic to E∗
cs(pt).

Exercise 13.6.
(a) If f : X → Y is weakly proper, check that there is an induced map f+ : X+ →

Y +.
(b) If U ⊆ X is open, check that there is a natural continuous surjectionX+ → U+.
Check that applying E∗(−) to the above maps is compatible with the the functorial
maps f∗ and ρ∗ for E∗

cs.
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13.7. Generalized Thom homomorphisms. If E → X is a vector bundle (real
or complex) and X is compact, then we have seen before ??? that ThE ∼= E+. So
in this case E∗

cs(E) ∼= Ẽ∗(ThE). When X is only locally compact we still have a
comparison map, but it is not necessarily an isomorphism. To identify the map,
choose a metric on E and identify E (up to homeomorphism) withD◦E, the interior
of the disk bundle DE. For every compact set K ⊆ D◦E consider the maps

En(D◦E,D◦E −K)
∼=←− En(DE,DE −K) −→ En(DE,SE),

where the left map is an excision isomorphism. These assemble to give Encs(E) →
En(DE,SE). Here is an example where this fails to be an isomorphism:

Example 13.8. Consider X = R, and for convenience let E = 1 be the trivial
real vector bundle over X. Then E ∼= R2 and so E∗

cs(E) ∼= Ẽ∗(S2). But ThE ∼=
(R×D1)/(R× ∂D1) ≃ S1, so Ẽ∗(ThE) ∼= Ẽ∗(S1).

Now assume that E is complex-oriented, and let p : E → X be a complex vector
bundle of rank n. The Thom class UE ∈ E2n(DE,SE) will not necessarily lift
into E2n

cs (E), but we can still use this class to construct a Thom homomorphism
thE : E∗

cs(X)→ E∗+2n
cs (E). If α ∈ Ei(X,X−K) then p∗α ∈ Ei(E,E−p−1K), so the

product (p∗α) ·UE lies in Ei+2n(E, (E−0)∪(E−p−1K)) = Ei+2n(E,E−ζK) (here
ζ is the zero-section). The usual commutative diagrams show that as an element
of Ei+2n

cs (E) this does not depend on the choice of K.
The square

Eics(X)
thE //

��

Ei+2n
cs (E)

��
Ei(X)

p∗(−)∪UE // Ei+2n(DE,SE)

is readily checked to be commutative. When X is compact the two vertical maps
are isomorphisms.

Theorem 13.9. Let E → X be a complex vector bundle of rank n, where X is
paracompact and Hausdorff. Then thE : E∗

cs(X)→ E∗+2n
cs (E) is an isomorphism.

Proof. ???? □

13.10. The E-index of a compact manifold. The following constructions are
from [AS1]. Let Y be a (real) differentiable manifold and let j : M ↪→ Y be the
inclusion of a compact submanifold of codimension c. Let M ⊆ N be a tubular
neighborhood, so that we have a map N →M making N into a real vector bundle.
On the level of tangent bundles we then have TM ⊆ TN ⊆ TY , and TN is a tubular
neighborhood of TM . As a normal bundle TN → TM we have TN ∼= π∗(N ⊕N)
where π : TM → M is the bundle projection. In particular, we can put a complex
structure on TN by letting the multiplication by i take the first copy of N to the
second. Let i : TN ↪→ TY be the (open) inclusion.

Consider the composite

Encs(TM)
thTN−→ En+2c

cs (TN)
j∗−→ En+2c

cs (TY ).

The usual arguments show that this does not depend on the choice of tubular
neighborhood N . Denote the composite as j!.



146 DANIEL DUGGER

When Y = RN we can add in one more step. In this case TY = RN × RN is a
complex vector space by letting multiplication by i take the first copy to the second.
Regarding this as a complex bundle over a point, we can consider the chain

Encs(TM)
j!−→ En+2c

cs (TY )
thTY←− En+2c−2N (pt).

The second map is an isomorphism. The resulting map

E∗
cs(TM) −→ E∗−2 dimM (pt)

is called the E-index map and we will write it as indEM . It does not depend on the
choice of Y or the choice of the embedding. SinceM is compact we have E∗

cs(TM) ∼=
Ẽ∗(ThM) and so we may recast this as a map Ẽ∗(ThM)→ E∗−2 dimM (pt).

Here are some easy properties of these E-index maps:
(1) indEpt = id.
(2) Suppose M ′ is a compact differentiable manifold and j : M ↪→M ′ is a subman-

ifold. Then the diagram

E∗
cs(TM)

j! //

indE
M ''

E
∗+2(dimM ′−dimM)
cs (TM ′)

indE
M′uu

E∗−2 dimM (pt)

is commutative.
(3) Suppose f : M →M ′ is a diffeomorphism. Then

E∗
cs(TM

′)
(Tf)∗ //

indE
M′ ''

E∗
cs(TM)

indE
Mww

E∗−2 dimM (pt)

is commutative.
(4) If j : pt ↪→M then indEM (j!(1)) = 1.
(5) If M and M ′ are compact manifolds then indEM×M ′(a · b) = indEM (a) · indEM ′(b)

whenever a ∈ E∗
cs(TM) and b ∈ E∗

cs(TM
′).

(6) If TM has a complex structure then the composite

E∗(M)
thTM−→ E∗

cs(TM)
indE

M−→ E∗−2 dimM (pt)

is the pushforward map π!, where π : M → pt.

14. K-theory with compact support

Let E• be a bounded chain complex of vector bundles on a space X. Say that
E• has compact support if there is a compact set L ⊆ X such that (Ex)• is exact
for every x ∈ X − L (that is, E• is supported on L).

Definition 14.1. Define Kcs(X) by taking the free abelian group generated by
bounded, compactly-supported chain complexes of complex vector bundles on X and
quotienting by the following relations:
(1) [E′] + [E′′] = [E′ ⊕ E′′],
(2) [E] = 0 if Ex is exact for all x ∈ X,
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(3) [J |X×0] = [J |X×1] if J is a bounded, compactly-supported chain complex of
vector bundles on X × I.

For (3) we need to know that J |X×0 is compactly-supported, but if K ⊆ X × I
is compact then so is K ∩ (X × {0}) since X × {0} is closed in X × I.

This definition exactly parallels the definition of the relative K-groups from ???.
We clearly have natural maps K(X,X − L) → Kcs(X) for L ⊆ X compact, and
the following is almost immediate:

Proposition 14.2. The natural map colimLcpt⊆X K(X,X − L) → Kcs(X) is an
isomorphism.

Proof. The natural map clearly exists and is surjective. Define a map in the other
direction as follows: for any compactly-supported chain complex E choose a com-
pact L on which it is supported and send [E] ∈ Kcs(X) to the image in the colimit
of the element [E]L ∈ K(X,X − L). This doesn’t depend on the choice of L for
the usual reason: if L′ is another choice, one can compare both classes to the one
obtained from using L ∪ L′.

Relations (1) and (2) are satisfied in the colimit because they are satisfied in
each individual group. The only subtlety is in checking relation (3). Suppose J is a
chain complex on X × I that is supported on some compact subset L ⊆ X × I. Let
πL be the image of L under the projection X × I → X. The image of a compact
set is compact, so πL is compact. Since L ⊆ (πL)× I, the complex J is supported
on (πL)× I. Therefore [J |X×0] = [J |X×1] in K(X,X − πL), and so relation (3) is
satisfied.

We have now shown that we get a map of groups Kcs(X) →
colimLcpt⊆X K(X,X − L), and it is immediate that this is a two-sided inverse for
our original map. □

Recall from Theorem ?? that there is a natural transformation χ : K(X,A) →
K0(X,A). Proposition 14.2 implies that this induces a corresponding map on the
compactly-supported groups:

colimLcpt⊆X K(X,X − L)
χ

��

∼= // Kcs(X)

χ

��
colimLcpt⊆X K

0(X,X − L) ∼= // K0
cs(X).

The induced map χ is not always an isomorphism, but it is in many cases of interest:

Proposition 14.3. Assume that X is homotopically compact and that there is a
cofinal system of compact sets L ⊆ X such that X−L is also homotopically compact.
Then χ : Kcs(X)→ K0

cs(X) is an isomorphism.

Proof. Immediately from Theorem ??. □

The hypotheses of the above proposition are not so easy to check, but mostly
we will just need the existence of χ and not that it is an isomorphism. The space
Cn is one example where the hypotheses are clearly satisfied, since we may use the
closed disks centered at the origin as our cofinal system of compact sets.
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Part 3. Bott periodicity

Bott periodicity is a deep result, and we will spend several sections exploring it
from different perspectives. What do I mean by “deep”? There are many instances
in mathematics where, once you learn to look at a result in just the right way, you
say to yourself “I could have guessed that.” This doesn’t mean it is easy to prove,
but at least you have understood the result at some intuitive level. Then there are
other results where, no matter how you look at it, you can’t quite get to that “I
could have guessed this” spot. For me, Bott periodicity is in this latter category.

A simpler example I like to mention of a “deep” result is the Pythagorean Theo-
rem. Although I know several proofs of this fact—some of them quite simple!—down
in my bones I suppose I have never felt like I truly know why the universe has to
be that way. For me (sadly) the Pythgorean Theorem remains an unenlightening
computation.

Of course, once one has the Pythagorean Theorem it becomes an absolutely cru-
cial tool for exploring geometry, used at almost every turn in the road. It becomes
part of one’s thinking, and is a fundamental technique by which one understands
more complicated results in geometry. There is a sense in which one gets to “under-
stand” the Pythagorean Theorem just by learning to use it so well. Bott periodicity
is also kind of like this. There are by now many different proofs, and once one has
the result it opens entire worlds—one of these is the world of K-theory, that we
have spent this whole book exploring. So one approach is just to accept Bott peri-
odicity the same way as one accepts the Pythagorean Theorem, as a fundamental
computation that will get used over and over again, and not worry to much about
whether one could have “guessed” it. But I can’t help feeling that one day we might
have a deeper understanding.

While I do not know a way to “guess” the Bott periodicity theorems, I want to
offer a very rough picture that the reader can keep in their head as a first approxi-
mation to the story. First, it is a basic fact in homotopy theory that ΩBG ≃ G for
any topological group G; so we get Ω(Z×BU) ≃ U for free. Bott periodicity comes
from a calculation of ΩU , or of ΩU(n) for large n. For (at the moment) unexplained
reasons we will replace this with the homotopy equivalent space ΩI,−IU(n) of paths
from I to −I. If H ⊆ Cn is a complex subspace, then we can make an easy example
of such a path by multiplying vectors in H by eπit and vectors in H⊥ by e−πit, as t
goes from 0 to 1. So we are doing a (gradual) complex rotation on H and the oppo-
site rotations on H⊥. There are, of course, many types of paths on U(n) other than
these simple ones—but the fundamental calculation of Bott is that as n gets large
these simple paths represent more and more of the homotopy type of ΩI,−IU(n).
So in a large range that grows with n we have that ΩI,−IU(n) is weakly equivalent
to the space of all H, which is the Grassmannian Gr•(Cn) =

∐
kGrk(Cn). This

space has n + 1 components, but in the stabilization process (which has both k
and n going to infinity) it becomes a Z’s worth of components and we get Z×BU .
Thus we arrive at the Bott equivalence ΩU ≃ Z×BU .

There are, of course, lots of questions to answer here. Why do these simple H-
paths constitute a large range of the homotopy type of ΩI,−IU(n)? What exactly
is going on in the stabilization process? (It is trickier than you might expect!) But
the above paragraph does an adequate job of giving a very quick picture of what
Bott periodicity is about.
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What about periodicity for the orthogonal group O? Here one looks at the
space ΩI,−IO(2n) and observes that for every orthogonal complex structure J on
R2n (an orthogonal transformation such that J2 = −I) the formula t 7→ eπtJ gives
a very simple path from I to −I. Note that the condition J2 = −I gives that
esJ = cos(s)I + sin(s)J . The Bott arguments show that the homotopy type of
ΩI,−IO(2n) is approximated in a large range by the space of these “simple” paths—
i.e., by the space of all such J . This is the space of complex structures on R2n.
As one iterates this procedure one finds that paths of complex structures (from a
chosen J to −J) are approximated by spaces of quaternionic structures, and very
quickly one finds the real Clifford algebras appearing. The eightfold periodicity of
the Clifford algebras reappears in the analysis of these iterated loop spaces, so that
Ω8O turns out to be O again. And that—in a nutshell—is real Bott periodicity. It
is a complicated nutshell, but we will spend the next several sections filling in the
details.

To help the reader navigate the next several sections we provide the following
historical survey:
(1) After Bott’s initial work on the periodicity theorem, Clifford algebras were

brought into the picture in joint work of Bott and Shapiro. After Shapiro’s early
death, Atiyah joined the project and this led to [ABS]. This paper develops
Clifford algebras and connects them to Bott periodicity and K-theory, but
does not connect them to the Morse-theoretic arguments that Bott originally
used (which are taken as a black box). [Milnor6, Chapter 24] explains that
connection, although the explicit mention of Clifford algebras is confined to
one sentence.

Our Sections 15 and 16 recount Bott’s approach to the iterated loop spaces
of U and O, essentially taking the approach of [Milnor6] for O but incorporating
Clifford algebras more explicitly as a key part of the story.

(2) To construct K-theory spectra one really wants de-loopings of U and O, not
the loop spaces. Periodicity implies that the iterated loop spaces are, in fact,
also de-loopings, but approaching things this way feels a bit unnatural. Karoubi
showed how one can use the full bigraded family of Clifford algebras—again
building on top of Bott’s Morse-theoretic arguments—to produce the desired
deloopings and to construct natural models of the K-theory spectra. Section 17
tells this part of the story.

(3) As one works with Bott periodicity, it quickly becomes clear that it is desirable
to have explicit generators for π∗U and π∗O, as well as explicit formulas for
the periodicity isomorphisms. In the original approach of Bott these things are
buried fairly deep, and extracting them is where Clifford algebras and their
modules yield their big payoffs. We cover this in Sections 18 and 19, combining
several perspectives. Section 18 is devoted to producing an explicit matrix
formula for the Bott periodicity isomorphism for U . Doing the same for O
requires us to step back and develop more of the Clifford theory, which we
undertake in Section 19. This section covers most of the key results from [ABS]
that produce the algebraic groups A∗ (defined entirely in terms of Clifford
algebras) and the isomorphisms A∗ → π∗O. These isomorphisms still require
the output of the original Bott Morse-theoretic arguments.

(4) The most natural manifestation of algebraic Bott periodicity is in the theory
of Z/2-graded real division algebras, due to [Wall]. From this perspective the
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number 8 has a nice explanation: it comes from a combination of the Z/2-
grading (TWO pieces), the number of (ungraded) real division algebras with
center R (of which there are TWO, namely R and H), and the fact that up
to squares there are exacty TWO units in R∗, namely 1 and −1. These three
TWOs combine into the 23 = 8-fold periodicity, which is captured in the super
Brauer group of R being Z/8.

Clifford algebras interact with this story in that they are Z/2-graded central
simple algebras over R (where central and simple are taken in the Z/2-graded
sense), and therefore Morita equivalent to central Z/2-graded division alge-
bras. The 8-fold periodicity in the Morita types of Clifford algebras is exactly
reflecting the super Brauer group of R.

Finally, as one shifts perspective from π∗U and π∗O to K∗(pt) and KO∗(pt).
one finds that the Z/2-graded Clifford algebras are more useful than their un-
graded analogs. This finally connects back to some of the work in [ABS].

Section 20 covers all of these aspects, culminating in a concrete set of gen-
erators and relations for the coefficient groups K∗ and KO∗.

(5) In the above telling of the story, we never leave the shadow of Bott’s original
Morse-theoretic approach to periodicity. It is worth pointing out that there are
other approaches. Some of these are discussed in Section ????.

15. Periodicity via Bott-Morse theory

Bott’s original approach to the periodicity theorems was through Morse theory
and the analysis of geodesics on Lie groups and their homogeneous spaces. Later
approaches have tried to eliminate as much of the Morse and Lie theory as possible,
but I’m not sure how helpful this is in the end. There is something important hidden
in the Bott-Morse arguments that is worth understanding, so this is where we will
begin our journey.

15.1. Brief tour of Morse theory. Let X be a smooth manifold, and let h : X →
R be a smooth function with nondegenerate critical points—this means that the
Hessian matrix of second partial derivatives has full rank at these points. Such
critical points are isolated (by the Taylor approximation), and to each one we can
associate an index: geometrically, this is the number of independent directions on
the manifold where the function h is decreasing . Algebraically, the index is the
number of negative eigenvalues of the Hessian matrix. The standard example is the
height function on the torus, as depicted in the following picture:

b

b
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bindex=2

index=1

index=1

index=0
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In Morse theory one looks at the spaces X≤c = h−1((−∞, c]) and studies the
changes as c increases. The homotopy type of X≤c changes precisely when c is a
critical value, and the change is equivalent to a cell attachment where the dimension
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of the cell is the index of the corresponding critical point. So in the example from
the picture we get

c < 0: Xc ≃ ∅
0 ≤ c < 1: Xc ≃ pt
1 ≤ c < 2: Xc ≃ e0 ∪ e1 = S1

2 ≤ c < 3: Xc ≃ e0 ∪ e1 ∪ e1 = S1 ∨ S1

3 ≤ c <∞: Xc ≃ e0 ∪ e1 ∪ e1 ∪ e2 = X.

Figure 15.1.1 depicts samples from the four nonempty stages.

Figure 15.1.1. Stages in the Morse filtration of the torus

Morse showed that when X is a Riemannian manifold one can apply similar
techniques to study the loop space ΩX, taking h to be a certain “energy functional”.
The space ΩX is no longer a finite-dimensional manifold but with some care the
techniques still work (this is similar to what happens in the classical calculus of
variations). It will be useful to modify the loop space slightly, though. Choose
P,Q ∈ X and let ΩP,QX denote the space of paths which begin at P and end at Q.
When P = Q we will simplify the notation to ΩPX. If γ is any fixed path from Q
to P , post-composition with γ and γ−1 gives the maps in a homotopy equivalence
ΩP,QX ≃ ΩPX.

We next need to restrict to the subspace ΩsmP,QX ↪→ ΩP,QX consisting of piecewise
C∞ paths. The inclusion can be shown to be a homotopy equivalence [Milnor6,
Theorem 17.1]. We define the “energy functional” E : ΩsmP,Q(X)→ R by

E(γ) =

∫ 1

0

∣∣∣dγ
dt

∣∣∣2 dt
where the norm of dγ

dt is of course defined via the Riemannian metric on X. The
details of E are not so important here, but the crucial fact is that the critical points
of E are the geodesics on X. The index of a geodesic is the dimension of a space
of certain kinds of “small variations”. We will demonstrate this concept with the
example of X = Sn for n ≥ 2.

The main observation about the sphere is that there is a unique minimal geodesic
between points P and Q except when they are antipodal. In the antipodal case,
there is a whole family of minimal geodesics—and that family is precisely an Sn−1,
parameterized by the midpoint of the geodesic (where it intersects the equator).

First consider the case where P and Q are generically positioned. Without loss of
generality we assume P is the north pole, and Q is any point other than −P . There
is exactly one minimal geodesic from P to Q, and there are no “variations” on this
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geodesic—so it has index 0. Next, there is the geodesic from P to Q going around
the sphere in the opposite direction, passing through −P . The part of the geodesic
going from P to −P allows for “variation”, though, as we discussed above—the
dimension of such variations is n− 1, so that is the index of this geodesic.

Continuing on, the next longest geodesic from P to Q is the one that takes the
short path from P to Q but then contines all the way around the sphere—passing
through −P and P—before once again returning to Q. For this geodesic we get
variations for the portion from P to −P , but then also for the portion from −P
back to P—so that is (n − 1) + (n − 1) dimensions of variation. Proceeding in
this way, one finds that the geodesics from P to Q have indices 0, n− 1, 2(n− 1),
3(n− 1), and so forth. So Morse theory ends up telling us that

ΩP,QS
n ≃ e0 ∪ en−1 ∪ e2(n−1) ∪ · · · .

Exercise 15.2. If n ≥ 3 then the above decomposition yields a simple computation
of H∗(ΩSn) (as groups). Compare this to other approaches you might know, such
as via the Serre spectral sequence.

As we described above, Morse’s original techniques assume that the critical points
of h are isolated. In more general settings one might instead have that the inverse
image of a critical value is a subspace of positive dimension. Bott extended Morse
theory so that it could be applied in these settings; while it still gives a decompo-
sition of the space X, the components are not just cells—they will be disk bundles
of vector bundles over the critical subspaces instead. As an example, consider now
the space ΩP,−PS

n. We don’t have a single minimal geodesic from P to −P like we
did before—we have a whole family of minimal geodesics, forming the space Sn−1.
This is our index 0 piece of the decomposition. The other geodesics all have index
at least 2(n− 1), so even without analyzing them in detail we find that

(*) ΩP,−PS
n ≃ Sn−1 ∪ (cells of dimension at least 2(n− 1)).

Even this limited knowledge is substantial; for example, it is enough to prove the
Freudenthal Suspension Theorem! Fix a minimal-length geodesic γ from P to −P ,
and consider the map f : Sn−1 → ΩPS

n that sends a point x to the path “follow the
geodesic from P to −P that passes though x, then follow γ−1 back to P ”. This is
essentially the map Sn−1 → ΩSn that is adjoint to the identity ΣSn−1 → Sn (one
should contract the image of γ to identify Sn with the reduced suspension of Sn−1).
The Bott-Morse decomposition of (*) tells us that f induces isomorphisms on πi for
i ≤ 2n−4 and an epimorphism for i = 2n−3, which implies that the suspension map
πi(S

n−1) → πi+1(S
n) has the same behavior. This is the Freudenthal Suspension

Theorem.

Remark 15.3. Consider now the case of S1. There are two minimal geodesics
from a point P to −P , corresponding to the two ways of going around the circle.
So the space of minimal geodesics is S0, and we have the decomposition

ΩP,−PS
1 ≃ S0 ∪ (other cells).

Note that ΩP,−PS
1 ≃ Z, so this decomposition gives an accurate approximation

but only on two of the components. The issue here is that we have non-minimal
geodesics that also have index zero, and so give rise to 0-cells. In fact, all of the
geodesics have index 0, and the Z is exactly parameterizing the different geodesics.
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This is not just an idle example. In our work below we will often enounter
situations where ΩX is not connected and the minimal geodesics only tell us about
some of the components. Of course in a loop space all of the components are
homotopy equivalent, so as soon as we understand one we understand them all.
But the existence of non-minimal geodesics of small index (in particular, index 0)
will sometimes get in the way of us being able to specify how close an approximation
the space of minimal geodesics is to ΩX.

15.4. Applying Bott-Morse theory to the unitary group. We will consider
the group U(n) and attempt to analyze geodesics from I to −I. Let us recall how
the basic Lie theory works. For A in the tangent space at the identity, the path
t 7→ etA is a geodesic in U(n) whose tangent vector at t = 0 is A. The condition
that etA is unitary is I = etA(etA)† = etAetA

†
. Applying d

dt

∣∣
t=0

gives the equation
0 = A+A†. Conversely, this equation implies that A and A† commute and therefore
etA(etA)† = etAetA

†
= et(A+A†) = e0 = I; that is, etA ∈ U(n). So the tangent space

TIU(n) consists precisely of the skew-Hermitian matrices.
The maximal torus in U(n) has rank n, and the standard one consists of the

diagonal matrices. The tangent space of this torus is the subspace DskH of
skew-Hermitian diagonal matrices. We identify this with Rn via (r1, . . . , rn) 7→
diag(ir1, . . . , irn). Every element of TIU(n) is conjugate (via the adjoint action of
U(n), which is literally matrix conjugation) to an element of DskH .

Finding geodesics from I to −I is the same as finding all skew-Hermitian matrices
A for which t 7→ etA passes through −I when t = 1. By conjugating, we can assume
that A is diagonal. Therefore A = diag(k1πi, . . . , knπi) for some odd integers kj .
One can check that the minimal geodesics are the ones for which all the kj ’s are
1 or −1. Our space of minimal geodesics is the set of U(n)-conjugates of these.
Since U(n) contains the permutation matrices, we reduce to thinking about the
conjugates of the matrices Dr = diag(πi, . . . , πi,−πi, . . . ,−πi) where πi occurs r
times and −πi occurs n − r times. The stabilizer of Dr is readily checked to be
U(r)× U(n− r), and so our space of minimal geodesics is

n∐
r=0

U(n)/(U(r)× U(n− r)) ∼=
n∐
r=0

Grr(Cn).

We can also think about this isomorphism in terms of eigenspaces. We are look-
ing at skew-Hermitian matrices whose only eigenvalues are πi and −πi. Because
they are skew-Hermitian, the eigenspaces must be orthogonal—hence knowing one
eigenspace determines the other. So the conjugacy classes are determined by the
πi-eigenspace.

In this way we have produced a map
n∐
r=0

Grr(Cn)
β−→ ΩI,−IU(n)

that sends a subspace H ⊆ Cn to the geodesic t 7→ etA where A is the unique linear
transformation Cn → Cn which is multiplication by πi on H and multiplication by
−πi on H⊥. This map β is called the Bott map. The appearance of the disjoint
union in the domain is a little annoying at first, but in retrospect something like
this is expected. Recall that π1U(n) ∼= Z, with the isomorphism induced by the
determinant map det : U(n) → S1. So π0(ΩU(n)) ∼= Z, meaning that ΩU(n) has
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countably many path components. Our map β is touching n+1 of these components.
How do we understand which components? We use det : U(n) → S1 to induce a
map ΩI,−IU(n) → Ω1,(−1)nS

1, and this is a bijection on path components. The
path components of the target can be indexed by integers k, with one possible
correspondence having k associated to the path t 7→ etπi(2k−n). If H ⊆ Cn has
dimension r then the map “multiplication by eπit on H and multiplication by e−πit
on H⊥” has determinant eπi(2r−n) and therefore β(H) is in the path component of
ΩI,−IU(n) labelled by r.

The appearance of the disjoint union causes some issues in our Bott-Morse ar-
guments, as in Remark 15.3. We will come back to this, but for the moment let us
take an approach that gets us around that issue. Assume n = 2k and consider only
the portion Grk(C2k)→ ΩI,−IU(2k) of the Bott map. The image consists of conju-
gates of the geodesic t 7→ diag(eπit, . . . , eπit, e−πit, . . . , e−πit) where eπit and e−πit

both appear k times. Such matrices (and their conjugates) all have determinant
equal to 1, and so these are geodesics lying in SU(2k). The loop space of SU(2k) is
path-connected, so we can save some trouble by just working here. We have found
that the space of minimal geodesics from I to −I is the space Grk(C2k).

With a little effort one can analyze the non-minimal geodesics in SU(2k)
and calculate their index: for the geodesic corresponding to the matrix A =
diag(πir1, . . . , πir2k) (with all ri odd and

∑
ri = 0) the index turns out to be

index =
∑
ri>rj

(ri − rj − 2).

We refer the reader to [Milnor6, End of Section 23] or [Bott1, Section 7.1] for this
calculation (the notation in the former is closer to our treatment). When half the r’s
are 1 and the other half −1, this gives index 0—as expected for minimal geodesics.
In all other cases one can readily prove that the index is at least 2k+2 (a sequence
giving this minimum is 3 followed by k − 2 copies of 1, followed by k + 1 copies of
−1). So Bott-Morse theory gives us that

ΩI,−ISU(2k) ≃ Grk(C2k) ∪ (cells of dimension (2k + 2) and higher).

From here we get that πiΩSU(2k) ∼= πiGrk(C2k) for i ≤ 2k. But then for each
i ≥ 2 we can choose a large enough k and argue that

πiU = πiU(2k) = πiSU(2k) = πi−1ΩSU(2k) ∼= πi−1 Grk(C2k)(15.5)
= πi−1 Grk(C∞)

= πi−1BU(k)

= πi−2(ΩBU(k))

= πi−2(U(k))

= πi−2U.

In the fifth isomorphism we have used that Grk(C∞) is obtained from Grk(C2k) by
adding (2k+2)-cells and higher, which follows from the standard cell decompositions
for the Grassmannians. So we have now proven the most primitive version of Bott
periodicity, namely the isomorphisms πtU ∼= πt+2U for t ≥ 0.

We can perform the stabilization at the level of spaces rather than after taking
homotopy groups, but this involves a little care. The issue is that we are dealing
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with paths from I to −I, and these do not map to similar paths under the inclusion
SU(2n) ↪→ SU(2n+ 2). So we have to change back to paths from I to I.

Let e1, . . . , en be the standard basis for Cn. Let M2n = Cn⊕Cn, where the basis
for the first copy of Cn is denoted e+1 , . . . , e

+
n and the basis for the second copy is

e−1 , . . . , e
−
n . From now on when we write U(2n) we mean the group of unitary

automorphisms of M2n, and SU(2n) ⊆ U(2n) is the subgroup of elements having
determinant one. Let γ : I → SU(2n) be the path from I to −I given by

γ(t) = diag(e−πit, . . . , e−πit, eπit, . . . , eπit)

(with n copies of e−πit and n copies of eπit). For any other path α from I to
−I, write α ⊙ γ for the path t 7→ α(t)γ(t), which is a loop at I. This gives a
homeomorphism Γn : ΩI,−ISU(2n)→ ΩISU(2n), where Γn(α) = α⊙ γ.

Now consider the following diagram:

Grn(M
2n)

jn
��

β // ΩI,−I(SU(2n))
Γn //

g

��

ΩISU(2n)

��
Grn+1(M

2(n+1))
β // ΩI,−I(SU(2(n+ 1)))

Γn+1// ΩISU(2(n+ 1)).

Here jn sends a subspace W ⊆ M2n to W ⊕ ⟨e+n+1⟩ ⊆ M2(n+1). For the map g, if
u : [0, 1]→ SU(2n) is a path from I to−I we define (gu)(t) = u(t)⊕diag(eπit, e−πit).
The right vertical map is induced by the standard inclusion of SU(2n) into SU(2(n+
1)), namely A 7→ A⊕ id.

We need to check that the diagram commutes. Commutativity of the right-most
square is easy. Commutativity of the left square follows after one remembers that
the map β sends a subspace H to the path which at time t scales H by eπit and
scales H⊥ by e−πit. Note that jn can be thought of as “adding e+n+1 to H and
adding e−n+1 to H⊥”.

Taking vertical colimits (as n → ∞) in the above diagram, the first and third
columns yield a map colimnGrn(M

2n) → ΩISU . This also goes under the name
“the Bott map”, and will be denoted β∞ (sometimes we will drop the subscript,
though). Since the horizontal composites Γn◦β become arbitrarily highly connected
as n goes to ∞, the map β∞ is a weak equivalence. It only remains to understand
the homotopy type of the colimit in the domain. For this, consider the doubly
infinite diagram

Gr1(C1
+ ⊕ C1

−) //

��

Gr1(C1
+ ⊕ C2

−) //

��

Gr1(C1
+ ⊕ C3

−) //

��

· · · +3 Gr1(C∞)

��
Gr2(C2

+ ⊕ C1
−) //

��

Gr2(C2
+ ⊕ C2

−) //

��

Gr2(C2
+ ⊕ C3

−) //

��

· · · +3 Gr2(C∞)

��
...

...
...

...

The horizontal maps are induced by inclusions Cp+ ⊕ Cq− ↪→ Cp+ ⊕ Cq+1
− , whereas

the vertical maps send a subspace W ⊆ Cp+ ⊕ Cq− to the subspace W ⊕ ⟨e+p+1⟩ ⊆
Cp+1

+ ⊕ Cq−. The space colimnGrn(M
2n) is the colimit along the diagonal of the

above diagram, and so is canonically isomorphic to the space obtained by first
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taking horizontal colimits and then vertical colimits. That is, colimnGrn(M
2n) ≃

Gr∞(C∞) ≃ BU .
So our Bott map is an equivalence β∞ : BU

≃−→ ΩISU , and then for i ≥ 0 we
have

πiU πi(ΩBU) πi+1(BU)
∼=
β∞

// πi+1(ΩSU) πi+2SU πi+2U.

As the last topic of this section we describe an approach to understanding ΩU
that handles all of the components at once, rather than just focusing on the ΩSU =
(ΩU)0 component. This is amounts to just a small modification of what we have
already seen.

Write Cp,q as an abbreviation for Cp ⊕ Cq where the first summand has basis
e+1 , . . . , e

+
p and the second summand has basis e−1 , . . . , e

−
q . Let Cp+ denote the first

summand and Cq− the second. For p ≤ p′ and q ≤ q′ we have the evident inclusions
Cp,q ⊆ Cp′,q′ . Write Gr• Cp,q for

∐
kGrk(Cp,q). Let us also write U(p, q) for

the group of unitary automorphisms of Cp,q, though note that there is an evident
identification U(p, q) ∼= U(p+ q).

Let γ : [0, 1] → U(p, q) be the path γ(t) = e−πit|Cp
+
⊕ eπit|Cq

−
. That is, γ(t)

multiplies positive basis elements by e−πit and negative basis elements by eπit. For
a subspace H ⊆ Cp,q, let ΦH : [0, 1] → U(p, q) be the path where ΦH(t) multiplies
elements of H by eπit and elements of H⊥ by e−πit. Define βH(t) = ΦH(t) · γ(t).
Then βH is a loop based at I, so that we have a map β : Gr• Cp,q → ΩIU(p + q).
The following property will be important to us:

(**)
For all t, the linear map βH(t) is the identity when restricted to
H ∩ Cp+ or to H⊥ ∩ Cq−.

For H ∈ Grk(Cp,q) the unitary transformation ΦH(t) has determinant equal
to ekπit · e−(p+q−k)πit = e(2k−p−q)πit. The transformation γ(t) has determinant
e−pπit · eqπit = e(q−p)πit. So detβH(t) = e2(k−p)πit. Therefore β maps Grk(Cp,q)
into the component [ΩIU(p, q)]k−p. For this reason, let us label the components of
Gr•(Cp,q) so that Grk is the “k − p component”. So the components of Gr•(Cp,q)
are labelled as −p,−(p− 1), . . . , q − 1, q.

We now consider the following lattice diagram, consisting of two kinds of stabi-
lizations:

Gr• C1,1 //

��

Gr• C1,2 //

��

Gr• C1,3 //

��

· · ·

Gr• C2,1 //

��

Gr• C2,2 //

��

Gr• C2,3 //

��

· · ·

Gr• C3,1 //

��

Gr• C3,2 //

��

Gr• C3,3 //

��

· · ·

...
...

...

(15.6)

The horizontal maps consist of the evident inclusions Grk(Cp,q) ↪→ Grk(Cp,q+1)
(“add e−q+1 to the complement of the subspaceH”), whereas the vertical maps consist
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of the inclusions Grk(Cp,q) ↪→ Grk+1(Cp+1,q) (“add e+p+1 to the subspace H”). Note
that both horizontal and vertical maps respect the labels on the components—that
is, in all cases the component with label x is sent to the component with the same
label x. The colimit across the top row is a disjoint union

∐
k≥0 Grk(C∞), with

components labelled −1 and higher. Taking colimits across each row gives the
diagram

· · · -2 -1 0 1 · · ·

Gr0(C∞)

��

⨿ Gr1(C∞)

��

⨿ Gr2(C∞)

��

⨿ · · ·

Gr0(C∞)

��

⨿ Gr1(C∞)

��

⨿ Gr2(C∞)

��

⨿ Gr3(C∞)

��

⨿ · · ·

. .
. ...

...
...

...

where in the first row the components are labelled with −1 and higher, in the second
row with −2 and higher, and so on. So the colimit of the entire diagram is Z×BU .

Now consider the corresponding lattice of unitary groups:

U(1, 1) //

��

U(1, 2) //

��

U(1, 3) //

��

· · ·

U(2, 1) //

��

U(2, 2) //

��

U(2, 3) //

��

· · ·

U(3, 1) //

��

U(3, 2) //

��

U(3, 3) //

��

· · ·

...
...

...

Here both horizontal and vertical maps are induced by the inclusions Cp,q ↪→ Cp′,q′ .
The colimit of the diagram is U(C∞ ⊕C∞) and therefore a model of the group U .

The Bott maps β give a map of diagrams from the array of Grassmannians to
ΩI applied to the array of unitary groups. One readily checks that property (**)
above implies that all the squares commute. Taking colimits gives us the map
β∞ : Z × BU → ΩIU . The Bott-Morse arguments imply that taking colimits in
each row gives us a map that is a weak equivalence on the components that are
hit, and then taking the colimit in the vertical direction allows us to hit all of the
components. So our map Z×BU → ΩIU is a weak equivalence.

Exercise 15.7. Check that the maps Gr• Cp,q → ΩIU(p, q) really do assemble to
give a map of diagrams between our two infinite lattices. This involves checking
that two types of squares commute.

15.8. Geodesics on the orthogonal group. Analyzing geodesics on O(n) is
fairly similar to what we did for U(n), but just different enough so that the space
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of minimal geodesics is not a Grassmannian anymore. This immediately dashes the
chances for the kind of 2-fold periodicity we saw before. In a moment we will see
precisely what the space of minimal geodesics is, but before diving into the analysis
let us talk about the big picture.

The space of minimal geodesics turns out to be another Lie-theoretic space: not
a Lie group, but a Riemannian submanifold of a Lie group having the property that
geodesics that start tangent to the submanifold never leave it (like the equator of a
sphere). So one can apply the Bott technique again to analyze its loop space. In this
manner one gets yet another space of minimal geodesics (technically the minimal
geodesics on the space of minimal geodesics), which again ends up Lie-theoretic in
nature. So one continues in this process, and after seven times something magical
happens in that one finally encounters the real Grassmannian—so that after looping
one more time one gets back to the orthogonal group.

Part of what is challenging in navigating this argument is keeping track of the
eight spaces and their various relations to each other. So let us spend some time
on this topic before diving into details.

The key players are the orthogonal, unitary, and symplectic groups: O(n), U(n),
and Sp(n). These are the space of inner-product preserving linear automorphisms
of Rn, Cn, and Hn. As matrix groups they consist of n × n matrices A of (real,
complex, quaternionic) numbers such that A†A = I where (−)† is the conjugate-
transpose. The inclusions R ↪→ C ↪→ H therefore induce standard inclusions of
groups O(n) ⊆ U(n) ⊆ Sp(n).

However, we can also think of H as C2 or C as R2. When we do this, every
symplectic map Hn → Hn is a unitary map C2n → C2n, and every unitary map
Cn → Cn is an orthogonal map R2n → R2n. So we get inclusions Sp(n) ↪→ U(2n)
and U(n) ↪→ O(2n).

Now let us discard the indices by passing to the direct limit groups O, U , and
Sp. The following “clock” shows the four inclusions we have just mentioned and
includes four extra maps we will explain presently:

O // U

&&
O ×O

::

Sp

��
O

OO

Sp× Sp
yy

U

dd

Spoo

Here the inclusions O → O×O and Sp→ Sp×Sp are the diagonals. The inclusion
O×O → O comes from writing R∞ = R∞⊕R∞ (think of separating the even and
odd basis elements), and then sending a pair of orthogonal transformations (A,B)
to the transformation that does A on the first copy of R∞ and B on the second.
The inclusion Sp× Sp→ Sp is defined similarly.

Okay, we are almost done. Now go back to the above clock and label each arrow
H ↪→ G with the corresponding quotient G/H, with the provisos that (G×G)/G =
G and G/(G × G) = Z × BG (the former is a true quotient, but for the moment
the latter is just a convention—see Exercise 15.9 and Remark 15.12). The resulting
figure is called the “real Bott periodicity clock”:
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O
U/O // U

Sp/U

&&
O ×O

Z×BO ::

Sp

Sp��
O

O

OO

Sp× Sp
Z×BSpyy

U
O/U

dd

Sp
U/Sp
oo

What Bott’s arguments will show is that applying loops to a label on an arrow
gives the label on the preceding arrow:

Ω(Z×BO) ≃ O Ω(Z×BSp) ≃ Sp
ΩO ≃ O/U ΩSp ≃ Sp/U
Ω(O/U) ≃ U/Sp Ω(Sp/U) ≃ U/O
Ω(U/Sp) ≃ Z×BSp Ω(U/O) ≃ Z×BO.

Note that we can now get the homotopy groups for O (or really, any of the arrow
labels) by simply knowing π0 of all the spaces involved. We know that O has
two path components, whereas U and Sp both have only one. So O/U still has
two components, whereas U/O, U/Sp, and Sp/U are all connected. Starting with
Z × BO and moving counterclockwise, the π0 values are therefore Z, Z/2, Z/2, 0,
Z, 0, 0, 0, Z. Voila!

Exercise 15.9. Let ∆G ⊆ G × G be the diagonal subgroup. Prove that as left
(G×G)-sets there is an isomorphism (G×G)/∆G

∼= G, where the action on G is
(x, y).g = xgy−1.

Exercise 15.10. Use the above octagon to work out the homotopy groups of U/O,
O/U , and all of the other spaces in the Bott periodicity clock. Even better, work
out a method for directly reading these off of the Bott periodicity clock that only
requires remembering the number of components of O, U , and Sp.

Remark 15.11. One can remember how to construct the Bott periodicity clock as
follows. Write down the groups O, U , Sp in order (which is the order of R, C, and
H) and then on the other side of the clock write them in reverse order. Between
the two O’s write O × O, and between the two Sp’s write Sp × Sp. It doesn’t
matter which direction you draw the arrows, as long as they all point in the same
direction. The formula Ω(Z× BO) ≃ O will tell you which way the loop-relations
go. If you were stuck on a desert island and needed to remember the spaces in the
Ω-spectrum for KO, this is a way to do so.

Remark 15.12. It will take us a while to explain the meaning of the “quotient”
G/(G×G) = Z×BG, but here is a hint of a justification. Consider O(n)×O(n) ↪→
O(2n), where the former is the evident subgroup of block diagonal matrices. The
quotient is O(2n)/(O(n) × O(n)) ∼= Grn(R2n). Stabilizing with n gives a familiar
model of the space BO. This doesn’t explain the extra Z factor, but it does (sort
of) give a way of rationalizing the mnemonic G/(G×G) = Z×BG.

Here are the precise statements that come out of the Bott-Morse argument with
minimal geodesics:
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ΩO(2n) ≃ O(2n)/U(n) ∪ (cells of dimension ≥ 2n− 2)

Ω[O(4n)/U(2n)] ≃ U(2n)/Sp(n) ∪ (cells of dimension ≥ 4n− 2 )

Ω0[U(4n)/Sp(2n)] ≃ Sp(2n)/(Sp(n)× Sp(n)) ∪ (cells of dimension ≥ 4n+ 4 )

ΩSp(n) ≃ Sp(n)/U(n) ∪ (cells of dimension ≥ 2n+ 2)

Ω[Sp(2n)/U(n)] ≃ U(n)/O(n) ∪ (cells of dimension ≥ n+ 1)

Ω0[U(2n)/O(2n)] ≃ O(2n)/(O(n)×O(n)) ∪ (cells of dimension ≥ n+ 1)

Here Ω0 refers to the basepoint component of the loop space, whereas the actual
loop space has π0 = Z (coming from π1U(n) = Z). This is the extra Z we were
missing in Remark 15.12.

Now that we have the lay of the land, let us take a look at the analysis of
ΩI,−IO(2n) (note that we need the dimension to be even in order for I and −I to be
in the same path component). The tangent space of O(2n) at the identity consists of
matrices A such that eAt lies in O(2n) for all t. So we get I = eAt(eAt)T = e(A+AT )t

and this implies that A + AT = 0. So the tangent space consists of the skew-
symmetric matrices. We take as our maximal torus T ⊆ O(2n) the set of rotation
matrices of the form Rθ1⊕ · · ·⊕Rθn where Rθ =

[
cos θ − sin θ
sin θ cos θ

]
. The corresponding

tangent vectors are matrices of the form D(r1, . . . , rn) := r1J ⊕ · · · ⊕ rnJ where
J =

[
0 −1
1 0

]
and r1, . . . , rn ∈ R. Lie theory tells us that every matrix A ∈ TIO(2n)

is conjugate to one of the above D(r1, . . . , rn) matrices, but in fact we can do a little
better. In O(2) the matrix J is conjugate to −J , and so we can assume that all
ri ≥ 0. (We can also use permutation matrices to ensure that r1 ≥ r2 ≥ · · · ≥ rn,
but will not need this).

Exercise 15.13. Check that J is conjugate to −J in O(2).

Our next task is to determine which matrices A ∈ TIO(2n) have the property
that t 7→ etA is a path from I to −I. Since eA = PeD(r)P−1, this is the con-
dition that eD(r) = −I. But note that erJ = cos(r)I + sin(r)J , so the previous
condition is equivalent to saying that each ri is a (positive) odd multiple of π. It
turns out (and is not surprising) that the minimal geoedesics are the ones where
ri = π for all i. The space of minimal geodesics is then homeomorphic to the
O(2n)-orbit space of πD(1, . . . , 1) under conjugation. If we think of D(1, . . . , 1)
as giving a complex structure on R2n (its square is −I, after all), the stabilizer of
D(1, . . . , 1) is the subgroup of orthogonal transformations that commute with this
complex structure—and this is precisely U(n). So our space of minimal geodesics
is O(2n)/U(n).

The final task is to analyze the indices of the non-minimal geodesics. A calcu-
lation shows that for the geodesics corresponding to π ·D(k1, . . . , kn), with the ki
odd positive integers, the index is

(n− 1)

[∑
i

ki − n
]
+
∑
ki>kj

(ki − kj − 2)
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(see [Bott1, Section 8] or [Milnor6, Section 24] for this). The minimal case (1, . . . , 1)
gives index 0 (as expected), and the next largest case will be (3, 1, . . . , 1) which gives
index 2n− 2. So all non-minimal indices have index at least 2n− 2, and therefore
the Bott-Morse theory gives that

ΩO(2n) ≃ O(2n)/U(n) ∪ (cells of dimension ≥ 2n− 2).

Now we will use the same techniques to analyze Ω[O(2n)/U(n)]. The first crucial
observation is that O(2n)/U(n)—our space of minimal geodesics from the above
argument—can be identified with a certain subspace X of O(2n). Here is a picture
to keep in mind (Jn = J⊕(n)):

b

b

b b

O(2n)

X

I

−I

Jn

γ

−Jn

b

The geodesics γ on O(2n) starting at I are of the form t 7→ etA, and therefore
γ(1) = γ( 12 )

2. So if the geodesic goes from I to −I, then its midpoint γ( 12 ) squares
to −I—that is, it gives a complex structure on R2n. This gives us our candidate
for X:

X = CS2n = {J ∈ O(2n) | J2 = −I}.
This is the space of orthogonal complex structures on R2n, and it will play the role
of the “equator” in the above picture. Let J1 =

[
0 −1
1 0

]
and Jn = J⊕(n)

1 denote the
standard complex structures. The following diagram of homeomorphisms will be
important for us:

{2n× 2n skew-symm. A with eigenvalues ±πi}
A7→e

1
2
A= 1

πA//

A7→(t7→etA)

��

CS2n

{minimal geodesics I → −I on O(2n)}
γ 7→γ( 1

2 )

33

The vertical map is a homeomorphism because geodesics are determined by their
tangent vector at I. For the horizontal map, note that if A is skew-symmetric with
eigenvalues ±πi then there is a P ∈ O(2n) such that PAP−1 = πJn. Then

e
1
2A = e

π
2 P

−1JnP = P−1e
π
2 JnP = P−1JnP = 1

πA.

The map A 7→ 1
πA is clearly a homeomorphism. The diagonal map is therefore also

a homeomorphism, by commutativity of the diagram.
All of the maps in the diagram are compatible with conjugation by O(2n). As

we have remarked before, the space in the upper left corner is a single O(2n)-orbit:
every such matrix A is conjugate to πJ. So in CS2n every element is conjugate to
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J. The stabilizer of J is—by definition—the unitary group U(n) ⊆ O(2n). So we
have CS2n

∼= O(2n)/U(n).
We next want to compute the space of minimal geodesics in CS2n from J to

−J. However, we first need to deal with the fact that CS2n has two components
(corresponding to the two components in O(2n)). The path components are rep-
resented by J and −J1 ⊕ J⊕(n−1)

1 , and changing the sign on two of the J1 blocks
doesn’t change the path component. So J and −J are in the same path component
precisely when n is even. From now on we make this extra assumption.

Exercise 15.14. Find a reflection in O(2) that conjugates J1 to −J1, and use this
to verify the assertions of the previous paragraph.

Observe that TJO(2n) = J · TIO(2n) = {JA |A skew-symmetric}. Given a tan-
gent vector JA ∈ TJO(2n), the corresponding geodesic is t 7→ JetA. For what values
of A does this geodesic lie in CS2n? Expanding etA = I + tA+ · · · gives

−I = JetAJetA = J2 + t(JAJ+ J2A) + (higher order terms in t)

and we obtain the condition JAJ+ J2A = 0, or JA = −AJ. Conversely, if we have
this anti-commuting condition then since J = −J−1 we can argue that

JetA · JetA = −JetAJ−1etA = −etJAJ−1

etA = −e−tAetA = −I.
This computation shows that

TJCS2n = {JA |A skew-symmetric and JA = −AJ}.
From this we find that the geodesics in CS2n from J to −J all come by applying
left-multiplation-by J to certain geodesics in O(2n) from I to −I—namely, ones
of the form t 7→ etA where A anti-commutes with J. The minimal such geodesics
will again be where A has eigenvalues ±πi, since that is the same condition for
minimality in O(2n).

We now get the following diagram of homeomorphisms:

{
2n × 2n skew-sym A with JA = −AJ
and eigenvalues ±πi

}
A7→Je

1
2
A= 1

π JA//

A7→(t7→JetA) ∼=

��

{
L ∈ O(2n), L2 = −I,
JL = −LJ

}

{minimal geodesics J→ −J in CS2n}
γ 7→γ( 1

2 )

33

We have already seen that the vertical map is a homeomorphism, and the horizontal
map is clearly injective. So we only need to check that the horizontal map is
surjective. But given an L in the target, we set A = −πJL and readily check that
A has the required properties to be a preimage.

The space in the upper right corner of the above diagram can be described as the
set of orthogonal quaternionic structures on R2n (remember that n is even) that
extend the fixed complex structure J. Recalling that U(n) ⊆ O(2n) is the subgroup
of automorphisms that commute with J, conjugation by U(n) acts on all the spaces
in the above diagram. By Lemma 15.15 below, the U(n)-action is transitive. For
a fixed L, the stabilizer of L is precisely Sp(n2 ). So the orbit of L is U(n)/Sp(n2 ),
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and this is our space of minimal geodesics. After some index computations that we
omit, the Morse-Bott arguments show that when n is even

Ω(O(2n)/U(n)) ≃ U(n)/Sp(n2 ) ∪ (cells of dimension ≥ 2n− 2).

One can now proceed, as Bott did, to use the same techniques to analyze
Ω[U(2n)/Sp(n)], and so on. At each stage something very similar happens, though
the patterns are not perhaps totally manifest at first. This is where Clifford alge-
bras enter the story, as they give a nice way of organizing what is happening in this
process. We will pick this thread up in the next section.

The following result from linear algebra is a leftover piece from our above anal-
ysis:

Lemma 15.15. Consider Cn with its standard Hermitian product ⟨−,−⟩. For
x, y ∈ Cn let x · y = Re(⟨x, y⟩) be the associated real inner product. Sup-
pose L : Cn → Cn is conjugate-linear (i.e. L(ix) = −iL(x)), orthogonal (pre-
serves the dot product), and L2 = −I. Then n is even and there exists a uni-
tary map P : Cn → Cn such that P−1LP equals the map j : Cn → Cn where

j(ek) =

{
ek+1 if k is odd,
−ek−1 if k is even.

Proof. First note that the Hermitian inner product is recovered from the dot prod-
uct by the formula ⟨x, y⟩ = (x · y) + i(x · iy). This follows at once from the formula
⟨x, iy⟩ = −i⟨x, y⟩. Consequently, we obtain

⟨Lx,Ly⟩ = (Lx · Ly) + i(Lx · iL(y)) = (x · y) + i(Lx · −L(iy))
= (x · y)− i(x · iy)
= ⟨x, y⟩.

Equivalently, ⟨x, y⟩ = ⟨Lx,Ly⟩. As a corollary we find that ⟨x, Lx⟩ = 0 for all x,
since

⟨x, Lx⟩ = ⟨Lx,L2x⟩ = −⟨Lx, x⟩ = −⟨x, Lx⟩.
Let a1 denote any unit vector in Cn, and let b1 = L(a1). Note that b1 is also a unit

vector, since L is orthogonal. Moreover, ⟨a1, b1⟩ = ⟨a1, La1⟩ = 0. Consequently,
the vectors a1, b1 are C-linearly independent and C⟨a1, b1⟩ is stable under L.

Let H = C⟨a1, b1⟩⊥, the orthogonal complement with respect to the Hermitian
inner product. Then L restricts to a map H → H, and we proceed by induction. In
this way we establish that n is even and we produce a unitary basis a1, b1, . . . , ar, br
(n = 2r) where L(ak) = bk. Let P : Cn → Cn be the transformation given by
e2k−1 7→ ak, e2k 7→ bk. Then P−1LP has the desired form, and since a, b is a
unitary basis the transformation P is unitary. □

Summary. In this section we developed the Morse-theoretic approach to proving
complex Bott periodicity, and we went through the initial stages for proving real
Bott periodicity. It is an informative exercise to try to complete the argument for
the real case by hand on one’s own, perhaps consulting [Bott1] or [Milnor6] for some
of the details. Our task in the next few sections will be to develop some machinery
for handling the bookkeeping in these arguments, with the goal of improving our
understanding of the bigger picture.

◦ Exercises ◦
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Exercise 15.16. Knowing the groups π∗(U/O) and π∗(O/U), analyze the long
exact sequences for the fibrations O → U → U/O and U → O → O/U to determine
what all of the maps are. Verify that

πi(O)→ πi(U) is


multiplication by ±2 when i ≡ 3 mod 8,
multiplication by ±1 when i ≡ 7 mod 8,
zero otherwise.

Likewise,

πi(U)→ πi(O) is


the projection Z→ Z/2 when i ≡ 1 mod 8,
multiplication by ±1 when i ≡ 3 mod 8,
multiplication by ±2 when i ≡ 7 mod 8,
zero otherwise.

Compute the induced maps πi(Z × BO) → πi(Z × BU) and πi(Z × BU) →
πi(Z×BO) and thereby compute the maps c : KO∗(pt)→ K∗(pt) and r : K∗(pt)→
KO∗(pt) when ∗ ≤ 0. Think about what information would be needed to extent to
∗ > 0.

Exercise 15.17. In our investigation of Bott periodicity we had to use the two
homotopy-equivalent spaces ΩI,−ISU(2n) and ΩISU(2n). Working more generally,
let G be a topological group with identity e and let x ∈ G.
(a) For any path f from x to e, check that Ωe,xG → ΩeG given by post-

concatenation with f is continuous.
(b) Let γ : I → G be a path from e to x, and let γ−1 denote the path t 7→ γ(t)−1

from e to x−1. For λ ∈ Ωe,xG, let λ⊙ γ−1 be the path t 7→ λ(t)γ−1(t). Check
that this defines a continuous map Ωe,xG→ ΩeG, and further that this map is
homotopic to post-concatenation with the path t 7→ x·γ(t)−1. [Hint: In I2 ⊆ R2

consider the diagonal path as well as the path with the same endpoints that
moves counterclockwise around the boundary. Since I2 is convex, these paths
are homotopic relative to the endpoints via the straight-line homotopy. Use
this fact to avoid having to write down any horrible formulas.]

Exercise 15.18. Let X = Grn(R2n). For M ∈ X the tangent space TMX is
naturally identified with Hom(M,M⊥) (??). To any linear map A : M → M⊥

we have the adjoint A∗ : M⊥ → M , determined by ⟨Am,m′⟩ = ⟨m,A∗m′⟩ for
m ∈ M , m′ ∈ M⊥. We equip TMX with the Hilbert-Schmidt inner product given
by ⟨A,B⟩ = tr(A∗B). This gives the Riemannian structure on X.

Verify the following:
(a) For A ∈ TMX the corresponding geodesic exp(tA) is given by exp(tA) =

etKA(M) where KA =

[
0 −A∗

A 0

]
where the block-diagonal structure is with

respect to the decomposition R2n =M ⊕M⊥. [One way is to use the identifi-
cation Grn(R2n) ∼= O(2n)/[O(n)×O(n)].]

(b) The transformation A∗A is self-adjoit (hence diagonalizable) and has nonnega-
tive real eigenvalues. So for any function f : R≥0 → R we can define f(A∗A) to
be the transformation with the same eigenspaces as A∗A but where the eigen-
values are obtained by applying f to those of A∗A. For example, we have the
transformation

√
A∗A. Using f(x) = sin(

√
x)√
x

(defined to equal 1 at x = 0) gives
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a transformation sin(
√
A∗A)√
A∗A

. For t ∈ [0, 1] figure out how we can also make sense

of sin(t
√
A∗A)√

A∗A
.

(c) Determine formulas for Km
A and use them to prove that

etKA =

[
cos(t

√
A∗A) 0

0 cos(t
√
AA∗)

]
+KA ·

 sin(t
√
A∗A)√

A∗A
0

0 sin(t
√
AA∗)√

AA∗

 .
(d) Prove that etKA(M) =

{(
cos(t

√
A∗A)x, A · sin(t

√
A∗A)√

A∗A
x
) ∣∣∣x ∈M}.

(e) For convenience let us now reparameterize our geodesics as γA(t) = e
π
2 tA.

Prove that γA(1) =M⊥ if and only if the eigenvalues of A∗A are all squares of
odd integers. In particular, observe that this implies that A : M → M⊥ is an
isomorphism.

(f) Convince yourself that γA|[0,1] is a minimal geodesic fromM toM⊥ if and only if
A∗A = I, that is to say A is orthogonal. So the space of minimal geodesics from
M to M⊥ coincides with the space of orthogonal transformations M →M⊥.

(g) When A is an orthogonal transformation, verify that the midpoint γA( 12 ) is
precisely the graph of A.

Exercise 15.19 (The symplectic group). The symplectic group can be a bit con-
fusing because there are two very different ways of looking at it. We will define two
groups Sp(n)H ⊆ Mn×n(H) and Sp(n)C ⊆ M2n×2n(C) which will turn out to be
isomorphic.
(a) Let V be a (left) vector space over H equipped with a Hermitian inner product
⟨−,−⟩. This means it is linear in the second variable and satisfies the usual
conjugate-symmetry, but in the first variable the rule is then forced to be

⟨qv, w⟩ = ⟨v, w⟩q̄.
Regard elements of Hn as column vectors, as usual. With these conventions the
standard Hermitian form on Hn is ⟨v, w⟩ = wT v̄. (It would be more convenient
to have the first variable be the linear one, but we instead use the conventions
that are most common in the complex setting).

Define Sp(V ) ⊆ GLH(V ) to be the subgroup of H-linear transformations T
such that ⟨Tv, Tw⟩ = ⟨v, w⟩ for all v, w ∈ V .

It is possible to represent linear transformations by matrices, but since H
is noncommutative one must be careful how this is done. Linear maps with
respect to the left action correspond to right multiplication of matrices. Also
be warned that (AB)T ̸= BTAT , though check that (AB)† = B†A†.

For A ∈Mn×n(H), let TA : Hn → Hn be defined by TA(v) = (vTA†)T . Check
that this is a linear transformation, TA ◦TB = TAB , and for the standard basis
{ek} one has that TA(ek) equals the conjugate of the kth column of A. Check
that the assignment TA 7→ A is an isomorphism from Sp(Hn) to the group
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Figure 15.18.1. The mixed-type spaces in real Bott periodicity

O U Sp

Sp× SpO ×O

O U Sp

U/O Sp/U

O/U U/Sp

Z×BSp

Sp

O

Z×BO

O(2n)/U(n)

* orthog. complex struct. on R2n

* skew-symmetric matrices in O(2n)
* complx. Lagrang. subsp. of (C2n, ·)
* (≃) nondeg. sympl. forms on R2n U(2n)/Sp(n)

* quaternionic structures on C2n

* skew-symmetric matrices in U(2n)
* matrices in U(2n) with quater-
nionic eigenspaces
* quat. Lagrangian subspaces of H2n

with antiHermitian form
* (≃) nondeg. sympl. forms on C2n

Sp(n)/U(n)

* orthg. Cmplx. structs. on Hn
* symmetric matrices in Sp(n)C
* Lagrang. subspaces of (C2n, ω)
*(≃)ndg. antiHrm. forms on Hn

U(n)/O(n)

* orthog. Real structures on Cn
* elements of U(n) having Real eigenspaces
* symmetric matrices in U(n)
* Lagrangian subspaces of (R2n, ω)
* (≃) nondeg. symm. bil. forms on Cn

Sp(n)H of matrices A ∈ Mn×n(H) such that A†A = I, and that this condition
implies AA† = I as usual.

(b) Inside of Sp(n)H one sees U(n) as the evident subgroup of matrices with com-
plex entries. In a basis-free approach, check that U(n) is the centralizer of the
element “right-multiplication-by-i” in Sp(Hn).

(c) Let CV denote V but thought of as a C-vector space. Write

⟨v, w⟩ = ⟨v, w⟩C +Ω(v, w)j

where both ⟨v, w⟩C and Ω(v, w) are in C. Then the first is a complex Hermitian
form on CV and the second is a complex symplectic form (complex linear in
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both variables and alternating). Observe the basic relations

⟨jv, w⟩C = Ω(v, w), Ω(jv, w) = −⟨v, w⟩C.
Check that Sp(V ) is equal to the following:
• The set of C-linear maps CV → CV that are unitary for ⟨−,−⟩C and are
j-linear.

• The set of C-linear maps CV → CV that are unitary and also preserve the
symplectic form Ω.

(d) Show that for any conjugate-linear map F : Ck → Ck there is a unique k × k
matrix F such that F(v) = F v̄ for all v ∈ Ck. One needs to be a little careful
in how these matrices interact with those that represent linear transformations.
Check that if T is a C-linear transformation represented by the matrix T , then
T ◦ F is represented by TF but F ◦ T is represented by FT̄ .

(e) Let J : Hn → Hn be the left-multiplication-by-j map. As a map C2n → C2n

this is conjugate-linear. Check that this can be represented by either the matrix
J = diag{

[
0 −1
1 0

]
, · · · ,

[
0 −1
1 0

]
} or J =

[
0 −In
In 0

]
, depending on how one orders

the complex basis e1, . . . , en, je1, . . . , jen. Check that a matrix Q ∈ GL2n(C)
represents an H-linear map if and only if QJ = JQ̄.

(f) Because dealing with quaternionic matrices can be a little dicey, sometimes
people avoid this by using only the versions of Sp(V ) from the previous part. We
next discuss the matrix versions of these. If we take V = Hn with the standard
Hermitian form then CV = C2n. Choose the basis e1, . . . , en, je1, . . . , jen where
e1, . . . , en are the standard quaternionic basis for V . Then left multiplication
by j is represented (in the sense of (e)) by the matrix J =

[
0 −In
In 0

]
.

The form Ω is given by Ω(v, w) = ⟨jv, w⟩C = ⟨Jv̄, w⟩C = vTJTw. So the
condition Ω(Av,Aw) = Ω(v, w) for all v and w is equivalent to ATJTA = JT ,
or J = ATJA. Thus the set of maps CV → CV that are unitary and preserve
Ω can be represented as the matrix group

Sp(n)C = {A ∈ U(2n) |ATJA = J}.
In particular, we have that Sp(n)H ∼= Sp(Hn) ∼= Sp(n)C. Also check that the
condition ATJA = J can be rewritten (for A ∈ U(2n)) as AJ = JĀ, and so
is equivalent to condition that the transformation represented by A is j-linear.
We already saw this equivalence back in (c).

(g) Verify that a matrix lies in Sp(n)C if and only if it has the form
[
A −C
C A

]
where

AA†+CCT = I and AC†−CAT = 0. Then check that the natural identification
between Sp(n)C and Sp(n)H sends[

A −C
C A

]
7→ Ā− Cj.

Note that this identification does not send symmetric matrices to symmetric
matrices.

(h) In Sp(n)C note the element
[
iI 0
0 −iI

]
. Check that the centralizer of this element

is the subgroup of matrices
[
A 0
0 A

]
where A ∈ U(n), and hence is an isomorphic

copy of U(n). This is the analog of the subgroup from (b).

Exercise 15.20 (The space U(n)/O(n)).
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(a) Let V be an n-dimensional complex vector space, and suppose we have a real
inner product on the underlying real vector space. Prove that there is a bijection
between the following two sets:
• {real subspaces N ⊆ V such that iN = N⊥}
• {conjugate-linear orthogonal maps σ : V → V such that σ2 = id}.

If we topologize the first as a subspace of Grn(V ) and the second as a subspace
of O(V ), check that your bijection is a homeomorphism.

Following terminology of [Atiyah4], we call a choice of σ (or of the corresop-
nding N) an orthogonal Real structure on V . Note that the standard model
of Cn comes equipped with a standard such structure, specified by Rn ⊆ Cn or
by taking σ to be complex-conjugation.

(b) Prove that U(n) acts by conjugation on the sets introduced in (a), the action is
transitive, and the stabilizer of the canonical structure is O(n). So U(n)/O(n)
is homeomorphic to the space of orthogonal Real structures on Cn.

(c) Given a complex vector space V with a Real structure, say that an element
v ∈ V is Real if it is fixed by the conjugation. Likewise, say that a complex
subspace of V is Real if it is closed under the conjugation. Prove that a complex
subspace is Real if and only if it has a basis consisting of Real vectors.

(d) Now fix Cn with its standard Real structure. Prove that the following three
subsets of U(n) are the same:
• The set of A ∈ U(n) whose eigenspaces are Real subspaces.
• The set of matrices PDP−1 where P ∈ O(n) and D ∈ U(n) is diagonal.
• The set U(n)sym of symmetric matrices in U(n).

(e) Consider the action of U(n) on U(n)sym given by P.A = PAPT . Prove that
this action is transitive, and that the stabilizer of the identity matrix is O(n).
So U(n)/O(n) is homeomorphic to the subspace of U(n) described in (d). [Hint
for transitivity: Using the previous part, it suffices to show that any diagonal
D ∈ U(n) can be written as QQT for some Q ∈ U(n).]

(f) Equip Cn with the standard Hermitian inner product ⟨−,−⟩. Our conventions
are that this is linear in the second variable and conjugate-linear in the first.
Separating into real and imaginary parts, write

⟨v, w⟩ = q(v, w) + iω(v, w)

with q(v, w), ω(v, w) ∈ R. Then q is a Euclidean inner product and ω is a
symplectic nondegenerate bilinear form on the underlying space R2n. Check
that ω(v, w) = q(iv, w). Focusing on (R2n, ω), a subspace W ⊆ R2n is called
isotropic if ω(w1, w2) = 0 for all w1, w2 ∈ W . A maximal isotropic subspace
is called a Lagrangian subspace. It is not hard to see that all such subspaces
have dimension n. The subspace of Grn(R2n) consisting of the Lagrangian
subspaces is called the Lagrangian Grassmannian of (R2n, ω), as introduced
in [Arnold1]. Prove that the Lagrangian subspaces are precisely those real
subspaces N ⊆ R2n such that iN = N⊥, where the perpendicular complement
is with respect to the Euclidean form q. Conclude from (a) that the Lagrangian
Grassmannian is homeomorphic to U(n)/O(n).

Exercise 15.21 (The space U(2n)/Sp(n)).
(a) A quaternionic structure on C2n is a map J : C2n → C2n that is conjugate-linear

and satisfies J2 = − id. Such a map makes C2n into an H-module via the usual
action of i and having j act as J. An orthogonal quaternionic structure is
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one where the map J preserves the Euclidean inner product. We topologize the
set of orthogonal quaternionic structures as a subspace of O(4n). Check that
conjugation by elements of U(2n) acts transitively on the space of orthogonal
quaternionic structures, and the stabilizer of the standard structure is precisely
Sp(n). So U(2n)/Sp(n) is the space of orthogonal quaternionic structures on
C2n.

(b) Show that the following two sets are the same:
• The set of A ∈ U(2n) such that all eigenspaces are quaternionic.
• The set of A ∈ U(2n) that can be written as QDQ−1 for Q ∈ Sp(n) and
D = diag{d1I2, · · · , dnI2} for some di ∈ C.

Then show that there is a bijection between this set and the set of skew-
symmetric elements U(2n)skew−symm, given by X 7→ XJ .

(c) For the sets appearing in the previous part, give them the subspace topology
from U(2n). Let U(2n) act on U(2n)skew−symm by Q · X = QXQT . Prove
that this action is transitive and the stabilizer of J is Sp(n), and thereby
conclude that all of the spaces from the previous part are homeomorphic to
U(2n)/Sp(n). [Hint for transitivity: If A ∈ U(2n)skew−symm then by (d) we
can write AJ = QDQ−1 as above. Go from there.]

(d) The space H2n comes equipped with a standard anti-Hermitian form. Define
the map t : H2n → H2n by t(x, y) = (−y, x), and note that t2 = − id. For
v, w ∈ H2n define b(v, w) = ⟨v, tw⟩. Then b is conjugate-linear in the first
variable and linear in the second, and

b(w, v) = ⟨w, tv⟩ = ⟨tv, w⟩ = ⟨−v, tw⟩ = −b(v, w).
So b is anti-Hermitian. Say that a quaternionic subspace N ⊆ H2n is La-
grangian if it is maximal isotropic for b. Such subspaces all have dimension
n, and so form a subspace of GrHn(H2n). Show that an n-dimensinoal subspace
N is Lagrangian if and only if t(N) = N⊥Herm. , which is also equivalent to
H2n = N ⊕ t(N).

(e) Let G ⊆ Sp(2n) be the subgroup of g such that gt = tg. Since t2 = − id and t is
complex-linear, H2n is the orthogonal direct sum of the +i and −i eigenspaces
of t. Call the first W+ and the second W−. Every g ∈ G preserves these, and so
restriction gives a group map G→ U(W+). Prove that this is an isomorphism,
and so G ∼= U(2n).

(f) The group G acts in the natural way on the space Λ of quaternionic Lagrangian
subspaces of H2n. Show that the action is transitive, and the stabilizer of Hn⊕0
is equal to Sp(n). Conclude that Λ ∼= U(2n)/Sp(n).

Exercise 15.22 (The space O(2n)/U(n)). A complex structure on R2n is a linear
map J : R2n → R2n such that J2 = − id. An orthogonal complex structure is
such a J that is also an orthogonal transformation, where R2n is equipped with the
standard inner product. We equip the space CS2n of orthogonal complex structures
on R2n with the subspace topology induced from O(2n). By the standard complex
structure we mean the map J represented by the matrix diag(

[
0 −1
1 0

]
, · · · ,

[
0 −1
1 0

]
).

(a) Check that CS2n ⊆ O(2n) equals the set of skew-symmetric orthogonal matri-
ces.

(b) Check that O(2n) acts on CS2n by conjugation. Prove that the action is tran-
sitive and the stabilizer of the standard complex structure is U(n), thus con-
cluding that CS2n

∼= O(2n)/U(n).
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(c) Equip C2n with the standard Hermitian form and the standard conjugation
operator. Define b(v, w) = ⟨v̄, w⟩. This is a symmetric, nondegenerate bilinear
form on C2n (it is the analog of the dot product, with b(v, w) =

∑
i viwi).

(d) Check that O(2n) ⊆ U(2n) is the subgroup of unitary transformations having
the property that Āv = Av̄, and that b(Av,Aw) = b(v, w) for all v, w ∈ C2n.

(e) A complex subspace of C2n that is maximal isotropic with respect to b will
be called Lagrangian. Define N0 to be the span of the vectors e2j−1 + ie2j ,
1 ≤ j ≤ n. Check that this is Lagrangian. If N is a Lagrangian subspace prove
that N = N⊥, where the ⊥ is with respect to the Hermitian metric.

(f) Let G ⊆ O(2n) be the set of g ∈ G such that g(N0) = N0. Prove that the
restriction map G → U(N0) is an isomorphism. Define an element t ∈ O(2n)
by t(x) = x if x ∈ N0 and t(x) = −x if x ∈ N0. Check that G is the
centralizer of t in O(2n), and therefore can be identified with the standard
inclusion U(n) ⊆ O(2n) for the complex structure on C2n defined by t.

(g) Let Λ ⊆ Grn(C2n) be the subspace of Lagrangians. The subgroup O(2n) ⊆
U(2n) acts on Λ in the evident way. Prove that this action is transitive, and
conclude that Λ ∼= O(2n)/U(n).

Exercise 15.23 (The space Sp(n)/U(n)).
(a) Let V be an n-dimensional quaternionic vector space with Hermitian inner

product. Consider the following sets:
• Complex subspaces W ⊆ V such that W ⊥ jW .
• Complex linear involutions σ : V → V that are unitary and anti-commute

with j: σ(jv) = −jσ(v).
Prove that there is a bijection between these sets sending σ to ker(σ−I). Check
that if one regards the first set as a subspace of GrCn(V ) and the second as a
subspace of U(V ), then the bijection is a homeomorphism.

We will call such a structure (in either of the equivalent forms) an orthog-
onal Complex structure on V . When V = Hn, we take U = Cn ⊆ Hn as
the standard orthogonal Complex structure. The associated involution is the
conjugation-by-i map Ci(v) = ivi−1.

(b) The group Sp(n) acts on the space of orthogonal Complex structures on Hn:
in the evident manner on subspaces U , and by conjugation on involutions σ.
Show that the action is transitive and the stabilizer of the standard structure is
U(n), so that Sp(n)/U(n) is homeomorphic to the space of orthogonal Complex
structures.

(c) Check that a T ∈ Sp(n) satisfies T ◦Ci = Ci ◦T if and only if T (vi) = T (v)i for
all v ∈ Hn. In the matrix formulation, check that this is equivalent to A ∈ Sp(n)
satisfying iA† = A†i, which is equivalent to the entries of A all being complex
numbers. That is, the subgroup of Sp(n) of elements commuting with Ci is
equal to U(n).

(d) More generally, let σ be a fixed orthogonal Complex structure on Hn, with the
associated subspace W = ker(σ− I). Prove that the subgroup of all T ∈ Sp(n)
that commute with σ is isomorphic to the unitary group U(W ).

(e) Consider Hn = C2n with the standard complex symplectic form Ω. Let
Λ ⊆ Grn(C2n) be the associated Lagrangian Grassmannian. Recall from Exer-
cise 15.19(c) that Sp(n) can be regarded as the unitary transformations of C2n

that preserve Ω. So Sp(n) acts on Λ in the natural way. Prove that the action
is transitive and the stabilizer of Cn ⊕ 0 is U(n), so that Sp(n)/U(n) ∼= Λ.
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(f) Let S denote the set of symmetric matrices in Sp(n)C. The group Sp(n) acts on
S by P.A = PAPT . The stabilizer of the identity is the subgroup H consisting
of P such that PPT = I, or equivalently P = P . So this is the subgroup
of O(2n) whose elements commute with J , which is a copy of U(n). Find
an element B ∈ Sp(n)C that conjugates our canonical U(n) ⊆ Sp(n)C to H,
thereby showing Sp(n)/U(n) ∼= Sp(n)/H.

(g) Prove that the action of Sp(n)C on S is transitive, and conclude that
Sp(n)/U(n) ∼= S. [This is a little challenging, so here is one way to approach it.
Given A ∈ S, define C : C2n → C2n by C(v) = Av̄. Then C is a conjugate-linear
involution; let W be the fixed set, which has real dimension equal to 2n. Check
that C commutes with J, so J preserves W . Find a real basis for W such that
if B is the 2n× 2n matrix whose columns are this basis then B ∈ Sp(n)C and
BBT = A.]

16. Bott periodicity and Clifford algebras

Our goal in this section is to give a systematic approach to real Bott periodicity.
The core of the arguments are still via Bott-Morse theory, but Clifford algebras are
used to help with the bookkeeping for the spaces that appear.

Recall from Section ?? the real Clifford algebras Clr = R⟨e1, . . . , en⟩/(e2i =
−1, eiej = −ejei). We previously denoted these Cl+r , but here we will drop the +
since we will not need to use the negative Clifford algebras. The Clifford algebras
exhibit the pattern Clr+8

∼= Clr(16), where recall that T (n) is shorthand for the
matrix algebra Mn×n(T ). Table 16.1 lists Clr for 0 ≤ r ≤ 8. By inspection the
module theory of these algebras is very easy to understand, in each case the module
category being semisimple. The table also lists the irreducible modules for each Clr.
Finally, in the last column we list the groups from the Bott periodicity clock, as
discussed in the previous section. We have not yet explained the connection of
these groups to the Clifford algebra story, but the table certainly demonstrates
that something interesting is going on. In this section we will explain what it is.

Table 16.1. Clifford algebras and their modules

r Clr Irreducible modules Bott group
0 R R O
1 C C U
2 H H Sp
3 H×H H+, H− Sp× Sp
4 H(2) H2 Sp
5 C(4) C4 U
6 R(8) R8 O
7 R(8)× R(8) R8

+, R8
− O ×O

8 R(16) R16 O

Let M be a Clr-module. It will be useful to assume that all of our modules
are equipped with a real inner product, denoted ⟨−,−⟩, with respect to which all
of the ei-multiplications are orthogonal. Any module can be equipped with such
a structure: choose any inner product on the underlying vector space and then
average it with respect to multiplication by the 2r monomials in the ei’s.
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Remark 16.2. For the bulk of our work from now on, all Clifford modules will be
assumed to be “orthogonal” in the above sense—even when not said explicitly. The
restriction to considering these orthogonal modules is not strictly necessary, but it
has the effect of producing spaces that relate to the compact groups O(n) rather
than the non-compact groups GLn(R). See Remark 16.19 for another perspective.

Write O(M) for the set of all orthogonal transformations of the underlying inner
product space of M . For each k ≤ r + 1, define

Exk(M) = {J ∈ O(M)
∣∣ e1, . . . , ek−1, J gives a Clk-module structure on M}.

Equip this set with the subspace topology from O(M). This is the space of Clk-
extension structures of the underlying Clk−1-structure of M .

Note that Ex1(M) is the space of orthogonal complex structures on M , and
Ex2(M) is the space of (orthogonal) quaternionic structures where the given e1 ac-
tion is multiplication by i. We saw both of these spaces coming up in our arguments
from the last section. It is natural to set Ex0(M) = O(M). Note that we have the
sequence of subsets

Ex0(M) ⊇ Ex1(M) ⊇ Ex2(M) ⊇ · · ·
since if e1, . . . , ek−1, J satisfy the Clifford relations then so do e1, . . . , ek−2, J .

The action of ek on M gives a natural basepoint in Exk(M), for each k ≤ r. We
also have the antipodal element −ek ∈ Exk(M). If the Clk-structure extends to a
Clk+1-structure (e.g., if k < r) then ek and −ek are in the same path component
of Exk(M): to see this, check that t 7→ cos(πt)ek + sin(πt)ek+1 describes a path in
Exk(M). We will attempt to use Bott-Morse theory to approximate Ωek,−ek Exk(M)
by the space of minimal geodesics.

The tangent space TIO(M) may be identified with the set of linear maps A : M →
M that are skew-symmetric in the sense that ⟨Ax, y⟩ = −⟨x,Ay⟩ for all x, y ∈ M .
Then a little legwork shows that

Tek Exk(M) = {ek ·A
∣∣A is skew-symmetric, Aek = −ekA,

and A commutes with e1, . . . , ek−1}.
One way to at least check the plausibility of this claim is to take a geodesic t 7→ etA

in O(M), left-multiply by ek, and then see what conditions on A will result in the
geodesic t 7→ eke

tA lying in Exk(M). The above conditions fall out immediately.
Given such a tangent vector ekA, the corresponding geodesic t 7→ eke

tA arrives
at −ek when t = 1 precisely when the eigenvalues of A are odd multiples of πi. The
minimal geodesics from ek to −ek correspond to those A where the eigenvalues are
±πi. We obtain the following diagram of homeomorphisms:

{skew-sym A with ekA = −Aek, A
commutes with e1, . . . , ek−1, and has
eigenvalues ±πi

}
A7→eke

1
2
A= 1

π ekA //

A7→(t7→eke
tA)

��

Exk+1(M)

{minimal geodesics ek → −ek in Exk(M)}.
γ 7→γ( 1

2 )

33
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Exercise 16.3. Verify that for A as in the upper left corner one has e
1
2A = 1

πA (use
diagonalization). Then check that the top horizontal map is a homeomorphism, so
that the diagonal map is a homeomorphism as well.

Let β : Exk+1(M)→ Ωek,−ek Exk(M) be the inverse to the diagonal map in the
above diagram. In retrospect, β is easy to describe. It sends an element ẽk+1 to
the path t 7→ eke

−πtek ẽk+1 , which is equal to the path

t 7→ cos(πt)ek + sin(πt)ẽk+1

that we have seen before. The Bott-Morse arguments (which we omit) show that β
is an nk-equivalence for a certain integer nk that goes to infinity as dimM → ∞.
So we next stabilize, though before doing so we need a brief aside.

16.4. Finite codimension subspaces.

Exercise 16.5. Let U be an inner product space having countably infinite dimen-
sion (over either R or C). Consider the following conditions on a subspace V ⊆ U:
(1) V ⊥ is finite-dimensional.
(2) U/V is finite-dimensional.
(3) V =W⊥ for some finite-dimensional subspace W ⊆ U.
Prove that (3)⇒(2)⇒(1), but that neither implication is reversible. Show that
Span{ej − ej+1 | j ≥ 1} ⊆ R∞ is a counterexample to (2)⇒(3). Identify R∞ with
R[t], and ej with tj . Show that the span of all even powers of (1 + t) gives a
counterexample to (1)⇒(2). [Hint for the last part: if p(t) ∈ V ⊥, construct a
related polynomial that vanishes at every even integer.]

In the context of Exercise 16.5, say that a subspace V ⊆ U is of orthogonally
finite codimension if it satisfies condition (3). We will also write “o-finite codi-
mension”, or even just “ofc”, for short. Be warned that papers in the literature
sometimes say “finite codimension” when they really need this stronger notion.

Exercise 16.6. Let U be an inner product space of countably infinite dimension.
(a) Suppose V ⊆W ⊆ U are subspaces, and that W ⊆ U is ofc. Prove that V ⊆W

is ofc if and only if V ⊆ U is ofc.
(b) Let V ⊆ U and W ⊆ U. If both are ofc, prove that V ∩W ⊆ U is ofc.
(c) Let V ⊆ U be ofc. Let F : U → U be an orthogonal transformation such that

Fn = id for some n. Prove that there is an ofc subspace W ⊆ V such that
F (W ) =W .

(d) Suppose that U is an (orthogonal) Cln-module. If V ⊆ U is ofc, prove that
there is an ofc subspace W ⊆ V such that W is a Cln-submodule of U.

16.7. Stabilization. Observe that if M ′ is another Clr-module then we have nat-
ural maps Exk(M) → Exk(M ⊕M ′) sending ẽk to ẽk ⊕ ek. That is, we use the
“new” ek-structure on the M summand and the “old” ek-structure (the one from
the Clr-stucture) on the M ′ summand.

Let M = {Mi} be a sequence of finite-dimensional representations of Clr, and
let Exk(M) be the colimit of the directed system

Exk(M1)→ Exk(M1 ⊕M2)→ Exk(M1 ⊕M2 ⊕M3)→ · · · ⇒ Exk(M).
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If we also write M for the infinite sum
⊕∞

i=1Mi, then Exk(M) can be alternatively
described—as a set—as

Exk(M) = {ẽk ∈ Oω(M)
∣∣ e1, . . . ,ek−1, ẽk is a Clk-structure on M and ẽk agrees with

ek on a subspace of o-finite codimension}
where Oω(M) is the group of orthogonal maps M → M. Note the sublety here
that Oω(M) ̸= O(M), where O(M) = colimk O(

⊕k
i=1Mi). Elements of O(M) are

equal to the identity on a subspace of finite codimension, and so we do not have
ẽk ∈ O(M). But use of Oω(M) here leads to problems with getting the topology
correct. To resolve this, consider the following diagram:

Exk(M1) // //
��

��

Exk(M1 ⊕M2) // //
��

��

· · · +3 Exk(M)

��

O(M1) ⊕ek
//

(−ek)·
��

O(M1 ⊕M2)

(−ek)·
��

⊕ek
// · · ·

O(M1) ⊕ id
// O(M1 ⊕M2) ⊕ id

// · · · +3 O(M).

The vertical maps (−ek)· were chosen because they convert the ⊕(ek) into ⊕(id).
Note that these vertical maps are homeomorphisms. Using this diagram, we can
write

Exk(M) = {w ∈ O(M) | e1, · · · , ek−1, ekw is a Clk-structure on M}
and now this is an identity of topological spaces when we give the right-hand-side
the subspace topology from O(M).

Stabilizing the Bott maps here is a little tricky, because the map j : Exk(M)→
Exk(M ⊕M ′) sends ek 7→ ek ⊕ ek but −ek 7→ (−ek) ⊕ ek ̸= −(ek ⊕ ek). That is,
j(−ek) ̸= −j(ek). So it does not send paths ek → −ek to paths ek → −ek. Some
of the tricks we used in the previous section—in the case of U and O—to change
from paths to loops don’t readily solve the problem here, essentially because Ek(M)
doesn’t have a multiplication on it. The following seems to be the best we can do.

Let k ≤ r − 1 and consider the system

Exk+1(M1) //

β

��

Exk+1(M1 ⊕M2) //

β

��

Exk+1(M1 ⊕M2 ⊕M3)

β

��

// · · ·

Ωek(Exk(M1)) // Ωek(Exk(M1 ⊕M2)) // Ωek(Exk(M1 ⊕M2 ⊕M3)) // · · ·
The horizontal maps are all induced by the inclusions, but we need to explain the
Bott maps β. In each setting, let γ denote the map t 7→ cos(πt)ek + sin(πt)ek+1,
and regard this as the canonical path from ek to −ek in Exk(M) (whatever M is).
Define the Bott map β to send ẽk+1 to the concantenation of paths

β(ẽk+1) = γ−1 ∗ (t 7→ cos(πt)ek + sin(πt)ẽk+1)

(f ∗ g means the path that travels g first and then follows with f). Note that this
path moves from ek to −ek via ẽk+1, and then back to ek via ek+1 (this is the γ−1

part).
The squares in the above diagram do not commute. Given an ẽk+1, the two loops

one gets by going around a square in the two different ways agree on the first part
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of the module, but disagree on the summand that is being added on. On this last
summand one loop is constant, whereas the other loop follows the canonical path
and then its inverse. So the squares commute up to homotopy, and in fact up to a
very specific homotopy (the homotopy showing that a path followed by its inverse is
null). It follows that we get a map from the telescope (or homotopy colimit) of the
top sequence to the colimit of the bottom sequence. Since the telescope collapses
down to the honest colimit, let us display all of this via the diagram

Exk+1(M) Teln Exk+1(Mn)
β∞ //π

≃
oo colimnΩek Exk(Mn)

≃ // Ωek Exk(M).

Since the Bott maps Exk+1(Mn) → Ωek Exk(Mn) are equivalences in a range that
goes to infinity with n, the map β∞ is a weak equivalence. So we have shown that
in the sequence of spaces

Exr(M), Exr−1(M), . . . , Ex0(M)

each space is equivalent to loops on the one to the right, by a very specific zig-zag.
To eliminate the need to stop at Exr we do the following. Start with M = R∞,

then group the summands by twos and give them the usual complex structure.
Then group the C-summands by twos and give the groupings the usual quaternionic
structure. Take the first H and give it the Cl3-structure of H+, the second H
and give it the Cl3-structure of H−, alternating back and forth forever. Continue
inductively in the evident manner, so that in the end R∞ is equipped with a Cl∞-
structure. Then we have the spaces Exk(M) for all k, and our previous arguments
give specific equivalences (or really, a zig-zag of equivalences) between each space
and loops on the one to its right:

. . . , Ex2(M), Ex1(M), Ex0(M) Exk+1(M)
≃−→ Ω Exk(M).

In this way we have obtained ‘algebraic’ models for all of the iterated loop spaces
of Ex0(M) ≃ O.

Note that one can do these same constructions using the complex Clifford mod-
ules, thereby obtaining a sequence of algebraic models for the iterated loop spaces
of U .

It remains to identify the homotopy types of the spaces Exk(M) with something
familiar (and similarly for the direct limit Exk(M), of course). To this end, define
the group of Clifford automorphisms

CAk(M) = {f ∈ O(M)
∣∣ f is a Clk-linear automorphism}.

Note that
O(M) = CA0(M) ⊇ CA1(M) ⊇ CA2(M) ⊇ · · ·

as well as the evident identifications CA1(M) = U(M) and CA2(M) = Sp(M).
The group CAk−1(M) acts on Exk(M) by conjugation: f.ẽk is the composite f ◦
ẽk ◦f−1 : M →M . The stabilizer of the point ek is CAk(M), so we get the injective
map

CAk−1(M)/CAk(M) −→ Exk(M), [f ] 7→ fekf
−1.(16.8)

We have seen these maps before in the cases k = 1 and k = 2, where they were
actually homeomorphisms. For example, the case k = 1 is the identification of
O(M)/U(M) with the space of complex structures on M . But they are not always
homeomorphisms, as the following example shows.
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Example 16.9. Consider the Cl3-module M = H where the action of e1 and e2 is
that of i and j, respectively, and e3 acts as e1e2. We will examine

CA2(M)/CA3(M) ↪→ Ex3(M).

An easy exercise shows that there are exactly two e3-structures extending the Cl2-
action, namely e3 = ±e1e2. [The action of e1e2e3 squares to 1 and is H-linear, so
it is either id or − id]. So Ex3(M) consists of exactly two points.

The group CA2(M) is just Sp(1), the group of unit quaternions, and CA3(M)
is the same group since if a map respects the e1- and e2-actions on M then it also
must respect e1e2. So CA2(M)/CA3(M) is a single point. The image in Ex3(M)
consists of the e3-structure e3 = e1e2.

For a similar example where the spaces are bigger, let M = H+ ⊕H− where e3
acts on the first factor as e1e2 and on the second factor as −e1e2. In this case it
turns out that

Ex3(M) = ∗ ⨿ S4 ⨿ ∗.
The first point is the structure e3 = e1e2, and the last point is the structure
e3 = −e1e2. The S4 is really HP 1, and coincides with e3-structures that are equal
to e1e2 on a 1-dimensional H-subspace V and equal to −e1e2 on V ⊥.

The group CA2(M) is Sp(2), and the subgroup CA3(M) is Sp(1) × Sp(1): for
the latter, an H-linear map f : M →M commutes with the e3-structure if and only
if it preserves the subspaces H+ and H−. The map CA2(M)/CA3(M)→ Ex3(M)
is a homeomorphism onto the second component, but of course is not surjective.
(We will soon see that a better way to think about Ex3(M) is via the formula
Ex3(M) = GrH2 (M)⨿GrH1 (M)⨿GrH0 (M), as the e3-structure is entirely specificied
by the quaternionic subspace where e3 acts as e1e2)).

The above example reveals the key issue. Sometimes the Clk−1-moduleM admits
different ek-structures that lead to non-isomorphic Clk-modules, and when this
happens the space Exk(M) has extra summands. In fact, we know the group
CAk−1(M) acts on Exk(M) and therefore Exk(M) will be a disjoint union of orbits,
each of which is a homogeneous space for CAk−1(M). Two ek-structures (call them
ek and e′k) are in the same orbit if and only if there is a Clk-isomorphism between
M and M ′. Thus, we obtain the following:

Proposition 16.10. Let I(M) be the set of isomorphism classes of Clk-module
structures on M extending the given Clk−1-structure. For each element of I(M)
choose a specific ek-structure representing it, and let CAk(M ; ek) ⊆ CAk−1(M)
be the subgroup of automorphisms that preserve this structure. Then there is a
homeomorphism ∐

I(M)

CAk−1(M)/CAk(M ; ek)
∼=−→ Ek(M)

sending the coset f · CAk(M ; ek) to fekf−1, for all f ∈ CAk−1(M) .

Exercise 16.11. Prove the above proposition.

Corollary 16.12. Let M be a finite-dimensional Clk-module. When k ̸≡ 3 (mod
4) the map CAk−1(M)/CAk(M ; ek)→ Exk(M) is a homeomorphism.

Proof. Taking a look back at Table 16.1, when k ̸≡ 3 mod 4 the isomorphism type
of a Clk-module is completely determined by its dimension. So in those cases the
set I(M) will be a singleton. □
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16.13. Understanding Clifford module structures. Let M be a real vector
space. Giving a Cl2-structure on M is the same as giving M the structure of an
H-vector space, so we understand that fairly concretely. What does one need to
specify in order to extend this to a Cl3-structure? Rather than consider e3, it is
helpful to look instead at the element y = e1e2e3. Note that giving the Cl3-structure
is the same as specifying left-multiplication by y. But y2 = 1, so the eigenvalues
of (multiplication by) y are ±1; so M will decompose as the orthogonal sum of the
two eigenspaces V+ and V−. Since y commutes with e1 and e2 (check this), each
of V+ and V− is closed under the H-action. One can readily reverse this reasoning
and see that specifying V+ is equivalent to specifying y· (note that V− = V ⊥

+ ). So
extending the Cl2-structure to a Cl3-structure is equivalent to giving an H-subspace
V of M .

If the Cl3-structure extends to a Cl4-structure then e4—which must anticommute
with e1e2e3—must send V+ to V− and vice versa. So such an extension can only
occur when dimV+ is exactly half of dimM , and when this condition is satisfied
giving the e4-structure is equivalent to specifying an H-linear isomorphism V+ →
V−.

One can repeat the above style of argument to inductively analyze what is re-
quired to extend a Clr-structure to a Clr+1-structure. There is some slight clever-
ness in finding an analog of y in each case, but essentially the first thing one tries
always works. Table 16.13 and Figure 16.14.1 summarize the results, and we leave
it to the reader to work out the details as an exercise (but we give some hints).
When some Clifford module structures do not extend to the next row, we indicate
this—so if there is no notation, all extend. Also, we write A⊥B for the orthogonal
complement of A inside of B.

Table 16.13. Giving Clifford module structures

r Equivalent description of a Clr-structure on M
0 R-module (extends only when dim is even)
1 C-module (extends only when dimC is even)
2 H-module
3 H-module together with H-submodule V ⊆M (extends only when

dimV is half of dimM) [V is the +1 eigenspace of e1e2e3]
4 above together with an H-linear isomorphism V → V ⊥ (always extends)

[the isomorphism is multiplication by e4]
5 above together with a C-submodule W ⊆ V such that e2W =W⊥V

[W is the +1-eigenspace of e1e4e5]
6 above together with a real subspace X ⊆W such that e1X = X⊥W

[X is the +1-eigenspace of e2e4e6]
7 above together with a real subspace Y ⊆ X (extends only when

dimY = 1
2 dimX) [Y is the +1-eigenspace of e1e6e7]

8 above together with an R-linear isomorphism Y → Y ⊥X (extends when
dimY is even) [the isomorphism is multiplication by e7e8]

9 above together with a complex structure on Y [given by e8e9]
(extends when dimC Y is even)

10 above together with a quaternionic structure on Y extending
the C-structure [given by e8e10]
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Remark 16.14. One can start to see the 8-fold quasi-periodicity in this chart. For
bookkeeping purposeses imagine a row −1 with a purely fictitious e−1 operation.
Then in row 8n+ r for 0 ≤ r ≤ 7 we take the statement in row r and change every
word ei1 · · · eis to e8ne8n+i1 . . . e8n+is . (One can also imagine e0 appearing in the
rows where n = 0, but with the convention that e0 = 1).

Figure 16.14.1 below gives another way of keeping track of what is happening
here. Columns 0 through n show the deconstruction of a Cln-module M in terms
of the spaces M ⊇ V ⊇ W ⊇ X ⊇ Y . (Warning: This is obvious once you see it,
but take note that the map from V to V ⊥ only shows up at level 4, not at level 3.)

Figure 16.14.1. Deconstruction of a Clifford module
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Exercise 16.15. Justify all of the lines in Table 16.13. The following notes—also
indexed by r to match the table—give short guides:
(3) (e1e2e3)

2 = 1, so the eigenvalues of e1e2e3 are ±1 and M is the orthogonal sum
of the eigenspaces. Since e1e2e3 commutes with e1 and e2, these eigenspaces
are closed under the H-action.

(4) e4 anticommutes with e1e2e3, and so sends the +1-eigenspace V to the −1-
eigenspace V ⊥. [In particular, an e4-structure exists only when V and V ⊥

have the same dimension].
(5) (e1e4e5)

2 = 1 and e1e4e5 commutes with e1e2e3.
(6) e2e4e6 squares to 1 and commutes with e1e2e3, e1e4e5.
(7) e1e6e7 squares to 1 and commutes with e1e2e3, e1e4e5, and e2e4e6.
(8) e7e8 anticommutes with e1e6e7, but commutes with the three triples listed in

the previous line.
Continue far enough that you believe the quasi-periodicity. (The following might
be helpful. Say that a monomial in the ei’s is even/odd depending on the number
of terms, and say that two monomials overlap if they have common factors in their
shortest presentation. Prove that an even monomial commutes with any other
monomial that doesn’t overlap with it, and that if A and B are odd monomials
that do not overlap with ei then [eiA, eiB] = [A,B].)

Based on the above work, we can identify the spaces Exk(M) for all k. To help
with this, the following result will be useful:
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Proposition 16.16. One has the following homeomorphisms:

{orthogonal complex structures on R2n} ∼= O(2n)/U(n)

{rank n real subspaces H of Cn s.t. iH = H⊥} ∼= U(n)/O(n)

{orthogonal H-structures on C2n extending the complex structure} ∼= U(2n)/Sp(n)

{rank n complex subspaces H of Hn s.t. jH = H⊥} ∼= Sp(n)/U(n)

Proof. The first and the third have similar proofs. For the third, U(2n) acts on
the space of quaternionic structures by conjugation. By Lemma 15.15 the action
is transitive. The stabilizer of a fixed quaternionic structure is precisely Sp(n), so
this completes the identification.

For the second homeomorphism, observe that U(n) acts on the left space. We
will show the action is transitive and calculate the stabilizer of Rn. Let V and W
be two rank n real subspaces of Cn such that iV = V ⊥ amd iW = W⊥. Note
that Cn = V ⊕ iV = W ⊕ iW . Choose orthonormal R-bases for each of V and
W , and note that these are necessarily unitary C-bases for Cn. Therefore the C-
linear transformation L : Cn → Cn sending the first basis to the second is unitary.
This proves that U(n) acts transitively on the given space. The stabilizer of the
subspace Rn ⊆ Cn is precisely O(n). The proof for the fourth homeomorphism is
identical. □

Remark 16.17. For a Hermitian inner product space V , a real subspace H such
that iH = H⊥ is sometimes called a “real structure” on V . Likewise, if V is
a quaternionic inner product space then a complex subspace H ⊆ V such that
jH = H⊥ is called a “complex structure” on V . Using this terminology, the results
of Proposition 16.16 take on a nice symmetry.

Proposition 16.18. Let M be a Clk-module, with dimRM = n. Then one has the
following identifications:

k Exk(M) conditions CAk(M)
0 O(n) O(n)

1 O(n)/U(n2 ) n is even U(n2 )

2 U(n2 )/Sp(
n
4 ) n is a multiple of 4 Sp(n4 )

3 GrH• (H
n
4 ) n is a multiple of 4 Sp(V )× Sp(V ⊥)

4 Sp(n8 ) n is a multiple of 8 Sp(V ) = Sp(n8 )

5 Sp(n8 )/U(n8 ) n is a multiple of 8 U(W ) = U(n8 )

6 U(n8 )/O(n8 ) n is a multiple of 8 O(U) = O(n8 )

7 GrR• (R
n
8 ) n is a multiple of 8 O(T )×O(T⊥U )

8 O( n16 ) n is a multiple of 16 O(T ) = O( n16 )

Here GrF• (N) denotes the space of all F -subspaces of N , and so is a disjoint union
with components indexed by the possible F -dimensions of such subspaces. The
spaces V , W , U , and T are as in Table 16.13. Note that the space Exk(M) only
depends on the Clk−1-structure of M .

Proof. The identification of the Exk(M) spaces follows immediately from the in-
formation in Table 16.13. The k = 1, 2, 5, 6 cases use Proposition 16.16, whereas
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k = 3, 7 are self-evident. For k = 4 one notes that the space of H-linear isomor-
phisms V → V ⊥ is (when nonempty) a torsor for the group Sp(V ) via precompo-
sition. Similar for k = 8.

The identification of the groups in CAk(M) is also mostly immediate from Ta-
ble 16.13, with the exceptions of k = 4, 8. For k = 4, the automorphisms of V
and V ⊥ from CA3(M) must be compatible with the isomorphism e4· : V → V ⊥,
which is equivalent to saying that the automorphism of V ⊥ is determined by
the one on V . So CA4(M) = Sp(V ) and the map CA4(M) → CA3(M) is
f 7→ (f, x 7→ −e4f(e4x)). The analysis for k = 8 is entirely similar. □

Taking the results of Proposition 16.18 and stabilizing, we can now complete the
identification of the iterated loop spaces of O. In the following chart we start with
the rightmost O and taking loops moves us to the left:

· · · Ex8 M Ex7 M Ex6 M Ex5 M Ex4 M Ex3 M Ex2 M Ex1 M Ex0 M
· · · O Z×BO U/O Sp/U Sp Z×BSp U/Sp O/U O

The only slightly subtle point in the stabilization is what happens for k = 3, 7.
But here one gets a bigraded lattice as in (15.6) and the analysis exactly follows
what was done there. See Section 17.6 below, though, for a less ad hoc approach
to stabilization.

Remark 16.19 (∗-algebras and modules). Throughout this section we always con-
centrated on orthogonal Clifford module structures. This was not absolutely nec-
essary, but is convenient because it produces objects that connect to the compact
groups On, Un, and Spn rather than GLn(R), GLn(C), and GLn(H). But the
constant insistence on orthogonal actions can feel a little clunky.

Here is some different language that accomplishes the same thing. Let M be
a finite-dimensional real inner product space, and let EndR(M) be the algebra of
R-linear endomorphisms. Equip EndR(M) with the involution f 7→ f†. Recall that
the adjoint f† is the linear map uniquely characterized by ⟨f†x, y⟩ = ⟨x, fy⟩, and in
terms of matrices with respect to an orthonormal basis this just amounts to taking
the transpose.

The pair (EndR(M), †) is a prototypical example of a ∗-algebra, which is an R-
algebra A equipped with a conjugation ∗ : A→ A that is an R-linear anti-involution;
the “anti” part is the identity (xy)∗ = y∗x∗. As it turns out, the Clifford algebras
come with natural structures of ∗-algebras where one sets e∗i = −ei (note that this
determines the ∗-operation on all other elements). We say that M is a ∗-module
for Clk if the action map ρ : Clk → EndR(M) is a map of ∗-algebras; in addition
to being a module in the ordinary sense this amounts to the extra condition that
ρ(e∗i ) = ρ(ei)

† for all i. But because e∗i = −ei = e−1
i , this is the condition that

ρ(ei)
−1 = ρ(ei)

†—equivalently, ρ(ei) is orthogonal in the sense of preserving the
inner product.

The upshot is that the “orthogonal Clifford modules” we have been considering
can also be described as the ∗-modules for the Clifford ∗-algebras. There is nothing
deep here—it is just a shift of language—but the theory of ∗-algebras and ∗-modules
can feel a bit less ad hoc, and connects to the vast theory of C∗-algebras in analysis.

Exercise 16.20. For the ∗-operation on Cln defined in Remark 16.19, check that
(ei1 · · · eik)∗ = (−1)(k+1

2 )ei1 · · · eik when the ij are all distinct.
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17. The Clifford menagerie

One thing that is missing from our story so far is a “natural” construction of
the K-theory spectra K and KO. Clifford algebras have led us to models for the
iterated loop spaces on U and O, but to write down a spectrum one needs iterated
deloopings of Z × BU and Z × BO. The periodicity theorems allow us to recast
the iterated loops on O as iterated deloopings of Z × BO, but this approach feels
a bit unsatisfying.

The next remark will at first seem unconnected, but now that Clifford algebras
have been allowed in the door it turns out there is much more one can do with
them. Instead of the singly-indexed family of Clifford algebras we have studied so
far, there is a natural bigraded family—this comes from the usual bigraded family
of nondegenerate quadratic forms over the real numbers. Karoubi showed how to
use this full spectrum of Clifford algebras to produce the required deloopings and
the associated models of K-theory spectra. The current section recounts this story.

17.1. The bigraded real Clifford algebras. The Clifford algebra construction
is something that can be applied to any vector space equipped with a quadratic
form, over any field. Given (V, q) we can define the Clifford algebra as a quotient
of the tensor algebra T (V ):

Cl(V, q) = T (V )/⟨v ⊗ v = −q(v) | v ∈ V ⟩.
Over the real numbers every nondegenerate quadratic form is isomorphic to one of
the canonical types

q(x1, . . . , xp+q) = x21 + · · ·+ x2p − (x2p+1 + · · ·+ x2p+q)

for integers p, q ≥ 0. The Clifford algebra associated to this form will be denoted
Clp,q. Note that Clp,0 is the algebra that we have previously been calling Clp,
whereas Cl0,q is an algebra we saw in Section ?? and denoted Cl−q there.

One can readily check that Clp,q is isomorphic to the quotient of the tensor
algebra R⟨e1, . . . , ep, f1, . . . , fq⟩ by the relations saying that e2i = −1, f2j = 1, and
any two distinct e- or f -variables anti-commute with each other. We will often find
this model particularly convenient.

Computing the Clp,q algebras explicitly is just as easy as the computation of the
Cl±k algebras that we did in Section ??. We can do it with only one additional fact:

Proposition 17.2. For any p, q ≥ 0 there is an isomorphism of R-algebras

Clp+1,q+1 → Clp,q(2) given by ep+1 7→
[
0 −1
1 0

]
, fq+1 7→

[
1 0
0 −1

]
, and ei 7→[

0 ei
ei 0

]
, fj 7→

[
0 fj
fj 0

]
for i ≤ p and j ≤ q.

The proof is straightforward once one has the above formulas for the isomor-
phism, but before giving the proof let us explain where those formulas come from.
Let N be a Clp+1,q+1-module. The difference between Clp,q and Clp+1,q+1 lies in
the two generators ep+1 and fq+1. Since f2q+1 = 1 the underlying vector space of N
splits as V+⊕V−, where the summands are the +1 and −1 eigenspaces for fq+1. The
other e’s and f ’s anticommute with fq+1 and so they map V+ to V− and vice versa.
But we can use ep+1 to identify V+ and V−, and in that way we can think of the
generators of Clp,q as operating on just one of these—V+, say. More precisely, define
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ẽi = eiep+1 and f̃j = fjep+1 and check that these elements define an action of Clp,q
on V+. Set M = V+ with this action. Then N =M⊕ep+1M , and if we identify the
underlying vector space with M⊕M in the evident way then fq+1 acts as the matrix[
1 0
0 −1

]
, ep+1 acts as the matrix

[
0 −1
1 0

]
, ei acts as

[
0 ẽi
ẽi 0

]
, and similarly for

the fj . Since it is easy to get confused about signs here, let us justify the nonzero
entries in the matrix for ei as an example: eim = ep+1eiep+1m = ep+1(ẽim) and
ei(ep+1m) = ẽim.

Proof of Proposition 17.2. It is routine to check that the given matrices satisfy the
defining relations for the Clifford algebras, so that we do indeed get a map of
R-algebras. Taking products of the given matrices readily shows that we get all
matrices of forms [

x 0
0 x

]
,

[
x 0
0 −x

]
,

[
0 −x
x 0

]
,

[
0 x
x 0

]
where x is a product of e’s and f ’s. Such matrices generate Clp,q(2) as a vector
space, and so our map is surjective. Both the domain and codomain have dimension
2p+q+2 as vector spaces, and so the map is injective as well. □

Morita theory tells us that the module categories of Clp,q and Clp,q(2) ∼=
Clp+1,q+1 are equivalent, though we basically proved this by hand in our above
discussion. But let us record the result for future reference:

Proposition 17.3. There is an equivalence of categories Clp,q −Mod →
Clp+1,q+1−Mod that sends a module M to M ⊕M with the action of the Clif-
ford generators given by the formulas from Proposition 17.2.

Recall that we already computed the algebras Clp,0 and Cl0,q. Proposition 17.2
then lets us fill out the table in Figure 17.3.1.

Figure 17.3.1. The Clifford algebras Clp,q

R(16) C(16) H(16) H(32)×H(32) H(32) C(64) R(128) R(128)×R(128) R(256)

C(8) H(8) H(16)×H(16) H(16) C(32) R(64) R(64)×R(64) R(128) C(128)

H(4) H(8)×H(8) H(8) C(16) R(32) R(32)×R(32) R(64) C(64) H(64)

H(4)×H(4) H(4) C(8) R(16) R(16)×R(16) R(32) C(32) H(32) H(32)×H(32)

H(2) C(4) R(8) R(8)×R(8) R(16) C(16) H(16) H(16)×H(16) H(32)

C(2) R(4) R(4)×R(4) R(8) C(8) H(8) H(8)×H(8) H(16) C(32)

R(2) R(2)×R(2) R(4) C(4) H(4) H(4)×H(4) H(8) C(16) R(32)

R×R R(2) C(2) H(2) H(2)×H(2) H(4) C(8) R(16) R(16)×R(16)

R C H H×H H(2) C(4) R(8) R(8)×R(8) R(16)

0
p
// 1 2 3 4 5 6 7 8

Figure 17.3.1 shows the algebras Clp,q where p is on the horizontal axis and q
is on the vertical. Observe from the table that if we write Clp,q ∼= A(n) where n
is maximal possible, then the “root” A only depends on p − q mod 8. This is a
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combination of the (1, 1)-periodicity from Proposition 17.2, the 8-fold periodicity
of the Clp,0 and Cl0,q algebras, and a certain kind of ‘duality’ between the Clp,0
and Cl0,q families (they have the same roots but in reverse order). A deeper expla-
nation of what is going on here will come when we discuss the Brauer group of real
superalgebras; see Section 20.7.

Given an orthogonal Clp,q-module M , let us now write Ex(0,1)p,q (M) for the space
of orthogonal Clp,q+1-extension structures on M . That is, an element of this space
is an fq+1 ∈ O(M) such that f2q+1 = idM and such that fq+1 anti-commutes with
the action of the generators of Clp,q on M . We will likewise write Ex(1,0)p,q (M) for
the space of orthogonal Clp+1,q-extension structures on M . The spaces E(1,0)

p,0 (M)

were studied in Section 16 and there called Exp+1(M).
The following result is almost an immediate consequence of Proposition 17.3.

Proposition 17.4 ((1,1)-periodicity). For any Clp,q-module M there are homeo-
morphisms Exϵp,q(M)

∼=−→ Exϵp+1,q+1(M ⊕M), where ϵ is either (1, 0) or (0, 1) and
M ⊕M is given the Clp+1,q+1-structure described in Proposition 17.3.

Proof. A linear map M ⊕M →M ⊕M is of the form (x, y) 7→ (Ax+By,Cx+Dy)
for linear maps A,B,C,D : M →M . The key observation is that such a map anti-
commutes with the actions of ep+1 and fq+1 if and only if A = D = 0 and B = C.
This is an easy computation. Based on this, we define the map

Ex(0,1)p,q (M)
∼=−→ Ex(0,1)p+1,q+1(M ⊕M)

to send an fq+1-structure f to (x, y) 7→ (fy, fx), which is readily checked to be
an fq+2-structure. The above key observation shows that any fq+2-structure on
M ⊕M is of this form, and the inverse map is readily constructed.

The exact same proof works for E(1,0) in place of E(0,1). □

Remark 17.5. We have set up the definition of Exϵp,q (where ϵ is (1, 0) or (0, 1)) so
that it involves orthogonal Clifford modules structures. Although this is convenient,
it also leads to some issues. Dropping the orthogonality conditions yields spaces
that are different but that turn out to have the same homotopy type, analogous to
GLn(R) and O(n).

One motivation for droppping the orthogonality condition is to generalize the
setup as follows. Let R ⊆ S be an extension of R-algebras and let {si} be a set
of elements that generates S as an R-algebra. If M is an R-module one can define
a space ExR→S(M) of S-module extensions of M . We regard this as a subset of∏
iHomR(M,M) by recording the action of each si, and we give ExR→S(M) the

subspace topology induced by the product topology. (Note that in most applications
the {si} will be a finite collection and M will be finite-dimensional over R, so this
product is just a finite-dimensional Euclidean space).

One nice benefit of this generalization is that certain results become entirely
algebraic. For example, Morita theory shows that the evident map

ExR→S(M) −→ ExR(n)→S(n)(M
⊕n)

is a homeomorphism. To see this, observe that we can construct a map in the
other direction as follows. Given an S(n)-extension structure on M⊕n, give M the
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S-extension structure defined by

s.m = π1

([
s 0
0 0

]
·
[
m
0

])
(showing the case n = 2 for brevity). One of the compositions is then clearly
the identity, and demonstrating that the other is the identity is a nice exercise in
algebra.

For another result along these lines, consider the diagonal map R → R × R. A
generator for the target is f = (1, 0), and in fact the target can be identified with
R[f ]/(f2−1). Giving an R-module M the structure of R[f ]/(f2−1)-algebra is the
same as specifying an idempotent R-linear map M → M . But by linear algebra
any such map is diagonalizable with possible eigenvalues 1 and −1, so this is the
same as giving two R-submodules M+ and M− of M such that M = M+ ⊕M−
(the eigenspace decomposition of multiplication by f). In this way we identify
ExR→R×R(M) with a subspace of Gr•(M)×Gr•(M), where Gr•(M) =

∐
kGrk(M).

It is the space of R-module splittings of M .
As a final example, consider R×R regarded as the subring of diagonal matrices

in the matrix algebra M2×2(R) = R(2). Let f = [ 0 1
1 0 ] and write diag(a, b) = [ a 0

0 b ].
Observe that f2 = 1 and f. diag(a, b) = diag(b, a).f for all a, b ∈ R. Moreover, f
generates R(2) as an R×R-algebra.

Every R × R-module has the form M ⊕ N where M and N are R-modules
and (a, b).(m,n) = (am, bn); so R × R acts on M via the first coordinate and N
via the second. We claim that extending this to an R(2)-structure is the same
as specifying an R-linear isomorphism ϕ : M → N . Given such a map, define
f.(m,n) = (ϕ−1(n), ϕ(m)) and check that this defines an R(2)-structure. In the
other direction, given an R(2) structure one recovers ϕ by ϕ(m) = π2(f.[

m
0 ]) and

it is routine to check that ϕ is an isomorphism.
We conclude that ExR×R→R(2)(M ⊕ N) is the space of R-linear isomorphisms

from M to N .

While we will not develop this theory in complete detail, sometimes we will go
back and forth between the “orthogonal” situation and the “algebraic” situation
when convenient and without much comment.

17.6. Stabilization. Stabilization works as follows. We want to have maps
Exϵp,q(M) → Exϵp,q(M ⊕N), where ϵ stands for either (1, 0) or (0, 1). In the latter
case, for example, the map needs to take an fq+1-structure on M to one on M ⊕N :
but while it is clear what to do on the M factor, for N we would need to be given
an fq+1-structure to start with. So let us do the following. Let H1, . . . ,Hr be a
complete list of irreducible Clp,q+1-modules. We know from our identification of
the Clifford algebras that r will always be 1 or 2, but that is not important. For
each i we obtain maps

θi : Ex(0,1)p,q (M)→ Ex(0,1)p,q (M ⊕Hi)

as we described above: fq+1 7→ (fq+1, f
Hi
q+1) where fHi

q+1 comes from the Clp,q+1-
structure on Hi. We can then form an infinite r-dimensional lattice where the nodes
are indexed by the modules He1

1 ⊕· · ·⊕Her
r and we have the maps θ1, . . . , θr leaving

each node. Define the colimit of this diagram to be Ex(0,1)p,q (H).
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Remark 17.7. It was not important that the Hi themselves be irreducible, but
rather that every irreducible representation be contained as a summand of some
Hi. As long as we have this condition then our lattice will be cofinal in the one
above, and so will have the same colimit. This observation will be important a bit
later. Since under these hypotheses the colimit does not depend on the specific
choice of the Hi’s, we will also write Ex(0,1)p,q (∞) instead of Ex(0,1)p,q (H).

If we also use H to denote the infinite Clp,q+1-module
⊕

iH
⊕∞
i , then we can

think of the set Ex(0,1)p,q (H) as the collection of orthogonal fq+1-structures on H hav-
ing the property that fq+1−fHq+1 has finite rank—or equivalently, the two structures
fq+1 and fHq+1 agree on a subspace of finite codimension. To get the topology correct
we use a slightly different formulation. Define O(H) to be colimr,sO(

⊕r
i=1H

⊕s
i ).

Then Ex(0,1)p,q (H) may be identified with the subspace of O(H) consisting of elements
A such that fHq+1A is an fq+1-structure on H. (Recall that we saw this issue before,
back in Section 16).

Observe that the same approach works to define the stabilized spaces Ex(1,0)p,q (∞)
except that here the H’s need to be irreducible representations of Clp+1,q.

Example 17.8. Let us consider Ex(0,1)0,0 (∞). Here Cl0,1 ∼= R × R, and so we take
H1 = R+ and H2 = R− where the actions are (a, b).r = ar and (a, b).r = br,
respectively. Giving an f1-structure on a vector space V is the same as giving a
decomposition V = V+ ⊕ V− where V+ is the +1-eigenspace of f1 and V− is the
−1-eigenspace. This explains the notation R+ and R−. Note that when V has an
inner product and we are specifying an orthogonal f1-structure then we only need
to give V+, as V− will be the orthogonal complement.

To ease notation let us just write Ex(0,1)0,0 = G. By the above remarks, G(V ) is
the space of subspaces V+ ⊆ V—that is, G(V ) =

∐dimV
k=0 Grk(V ). To stabilize we

form the bigraded array

G(0) //

��

G(R+) //

��

G(R2
+) //

��

· · ·

G(R−) //

��

G(R+ ⊕ R−) //

��

G(R2
+ ⊕ R−) //

��

· · ·

G(R2
−) //

��

G(R+ ⊕ R2
−) //

��

G(R2
+ ⊕ R2

−) //

��

· · ·

...
...

...

and G(H) is the colimit. Since our model for G tracks the positive eigenspace of
f1, the horizontal maps

G(Ra+ ⊕ Rb−) −→ G(Ra+1
+ ⊕ Rb−)

send W 7→ W ⊕ ea+1 (here ea+1 denotes an element of the standard basis, not a
Clifford algebra generator) whereas the vertical maps

G(Ra+ ⊕ Rb−) −→ G(Ra+ ⊕ Rb+1
− )
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send W to W . Note that in this way we recover the same bigraded diagram that we
found by ad hoc methods back in Section 15.4. Our conclusion is that Ex(0,1)(0,0)(∞) ∼=
Z×BO.

17.9. The Bott maps.
If M is a Clp,q+1-module then there is a map

β : E
(0,1)
p,q+1(M) −→ Ωfq+1,−fq+1E

(0,1)
p,q (M)

that sends fq+2 to the path t 7→ cos(πt)fq+1 + sin(πt)fq+2. Similarly, if M is a
Clp+1,q-module then we have the map

β : E
(1,0)
p+1,q(M) −→ Ωep+1,−ep+1

E(1,0)
p,q (M)

that sends ep+2 to the map t 7→ cos(πt)ep+1 + sin(πt)ep+2. The Bott arguments
show that these are equivalences in a range that goes to infinity as dimM increases.

Passing to colimits is mostly straightforward. We can choose a collection of
finitely-generated Clp,q+2-modules H1, . . . ,Hr such that every irreducible is a sum-
mand of some Hi. But even more, we can ensure that when we restrict to the
Clp,q+1-structure it is still true that every irreducible Clp,q+1-module is a summand
of some Hi. This is essentially automatic because of the way the Clifford modules
work, but it is worth a moment’s thought. We get a commutative lattice of Bott
maps indexed by the modules Ha1

1 ⊕ · · · ⊕Har
r , and passing to the colimits gives a

weak equivalence

Ex(0,1)p,q+1(∞)
≃−→ Ω Ex(0,1)p,q (∞).(17.10)

Note that we are using Remark 17.7 here, to know that the colimit in the target is
what we want it to be. We are also using that Ω commutes with filtered colimits,
due to the compactness of S1.

A similar construction where H is a system of Clp+1,q-modules gives a weak
equivalence

Ex(1,0)p+1,q(∞)
≃−→ Ω Ex(1,0)p,q (∞).

17.11. The periodicity theorems and the representing spectrum for K-
theory.

The Bott theorems give us equivalences Ex(0,1)p,q+1(∞)
≃−→ Ω Ex(0,1)p,q (∞), and (1, 1)-

periodicity gives us homeomorphisms Ex(0,1)p,q+1(∞) ∼= Ex(0,1)p−1,q(∞). Putting these
together gives weak equivalences

Ex(0,1)p−1,q(∞)
≃−→ Ω Ex(0,1)p,q (∞).

Fixing q therefore gives us an Ω-spectrum

KR
(q) =

[
Ex(0,1)0,q (∞), Ex(0,1)1,q (∞), Ex(0,1)2,q (∞), . . .

]
These spectra are transparently 8-fold periodic by the 8-fold periodicity of the
Clifford algebras, together with Morita theory. The spectrum KR

(0) is more typically
called KO. Observe that the (1,1)-periodicity in the table of Clifford algebras Clp,q
shows that the spaces in the spectrum for KR

(q) are obtained from those in KR
(q+1)

by shifting to the left one spot. That is,

KR
(q) = ΣKR

(q+1).
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This can also be written as KR
(q) = Σ−1KR

(q−1), which yields

KR
(q) ≃ Σ−qKR

(0) ≃ Σ−qKO.

Bott’s original arguments were about the equivalences Ex(1,0)p+1,0(∞)
≃−→

Ω Ex(1,0)p,0 (∞). In our current indexing we have Ex(1,0)−1,0(∞) ∼= O ∼= Ex(0,1)−1,0(∞).

Now consider the first two rows of our table of Clifford algebras—that is, the
Clifford algebras Clp,0 and Clp,1. The diagram below shows these together with the
(horizontal) inclusions Clp,0 ↪→ Clp+1,0 and the (vertical) inclusions Clp,0 ↪→ Clp,1.

R×R // R(2) // C(2) // H(2) // H(2)×H(2) // H(4) // C(8) // R(16) // R(16)×R(16)

R
α
//

η

OO

C
β
//

ζ

OO

H
γ
//

ϵ

OO

H×H
δ
//

δ

OO

H(2)
ϵ
//

γ

OO

C(4)
ζ
//

β

OO

R(8)
η
//

α

OO

R(8)×R(8)
θ
//

θ

OO

R(16)

η

OO

0 1 2 3 4 5 6 7 8

The maps with the same label—for example, the two maps labelled α—are not
identical, but are related to each other in the evident way. Recall that the E(1,0)-
spaces involve the difference across a horizontal map, whereas the E(0,1)-spaces
involve the difference across a vertical map. Making use of Morita invariance, the
above diagram yields the unexpected relation Ex(1,0)0,0 (∞) ∼= Ex(0,1)6,0 (∞), and more
generally

(*) Ex(1,0)6−p,0(∞) ∼= Ex(0,1)p,0 (∞)

for 0 ≤ p ≤ 6 together with Ex(1,0)7,0 (∞) ∼= Ex(0,1)7,0 (∞). This is another manifestation
of Bott periodicity, although the exact connection might not be immediately clear.
Recall that in the following sequence each space is loops on the one immediately
after it:

. . . Ex(1,0)2,0 Ex(1,0)1,0 Ex(1,0)0,0 O E
(0,1)
0,0 Ex(0,1)1,0 Ex(0,1)2,0 . . .

(we are now leaving out the ∞ notation for brevity). The Ex(1,0)7,0 and Ex(0,1)7,0 terms
are coincident with the O in the 8-fold pattern, and one can now see that (*) is
also part of this pattern. Although (*) might at first feel like a 6-fold phenomenon,
it is secretly 8-fold because of the two (0, 0) terms and the extra O.

Here is a quick summary of our explicit descriptions of the various E-spaces.
When R and S are successive Clifford algebras the space ExR→S often takes the
form G(R)/G(S) for appropriate groups G(R) and G(S) that depend only on the
‘roots’ of the Clifford algebras. For example, ExR→C ∼= O/U . In addition, ExR→R×R
is the Grassmannian Z×BG(R), where G(R) is that same group; e.g., ExR→R×R ∼=
Z× BO. And ExR×R→R(2) is G(R). Using these basic facts, one readily identifies
the above sequence of spaces as

. . . Z×BSp U/Sp O/U O Z×BO U/O Sp/U Sp Z×BSp . . .
We can remember all of this with another version of the Bott periodicity clock:
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R
O/U// C

U/Sp

$$
R× R

O
::

H
Z×BSp��

R
Z×BO

OO

H×H

Spzz
C

U/O

dd

H
Sp/U
oo

There are two ways to read this clock. Starting with R → C and going around
clockwise, these are the maps Clp,0 → Clp+1,0 (but remember we only record the
roots) and the labels on the arrows are the Ex(1,0)p,0 spaces. Reading this way, loops
on each label gives the label on the next arrow. This is the left half of the above
sequence. Alternatively, we can start with R → R × R and regard this as Cl0,0 →
Cl0,1 (the first vertical map in the above array), and then going counterclockwise
gives the successive maps Clp,0 → Clp,1 (up to roots, of course). In this version
the labels on the arrows are the Ex(0,1)p,0 spaces, and traveling counterclockwise gives
deloopings. This is the right half of the above sequence.

Remark 17.12 (Symmetric spaces). A symmetric space is a Riemannian mani-
fold M having the property that for every p ∈M there is an isometry Ip : M →M
that fixes p and where the derivative acts on TpM as −Id. The map Ip is called
an “inversion” about p. A simple example of a symmetric space is S1, where for
Ip we take the reflection in the diameter of the circle that passes through p. More
generally, every Lie group G equipped with a bi-invariant metric is a symmetric
space: inversion at the identity e is the map g 7→ g−1, and inversions at other
points can be obtained by conjugation (e.g. Ig(x) = g · Ie(g−1x)). However, there
exist symmetric spaces that are not Lie groups.

If G is a connected Lie group and σ ∈ Aut(G) is an involution, let H be a
subgroup of Gσ = {g ∈ G |σ(g) = g} that contains the connected component of
the identity. Then G/H is a symmetric space: σ induces G/H → G/H given
by gH 7→ σ(g)H, and one readily checks that DeHσ is −Id. Inversions at other
points are obtained using the group action. As one example, consider G = U(n)
with σ complex conjugation, and H = O(n) = Gσ. Then the symmetric space is
U(n)/O(n). It is not immediately obvious, but it turns out that every symmetric
space arises as such a G/H.

There is a complete classification of symmetric spaces, due to Elie Cartan. Simi-
lar to the classification of compact Lie groups, there are a handful of infinite families
and then several isolated exceptional cases. The infinite families turn out to all be
related to Clifford algebras—in fact, they are precisely the spaces that come up in
Bott periodicity of the unitary and orthogonal groups.

We will not need to use symmetric spaces in the rest of this book, but it is good
to know a little about how they fit into the story of Bott periodicity. A standard
reference for symmetric spaces and their classification is [Helgason].

◦ Exercises ◦
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Exercise 17.13. Let Gp,q ⊆ Clp,q be the multiplicative subgroup generated by all
the ei and fj elements. As a set this consists of all monomials in the e’s and f ’s
(there are 2p+q of these) and their negatives. So Gp,q has order 2p+q+1. You may
have noticed that in our work with the Clifford algebras and their modules we never
used any elements of Clp,q outside of the set Gp,q. One can therefore tell a version
of the story that only uses these groups and their representations, not the Clifford
algebras. In this problem we explore this, following the paper [LS].
(a) Let C, K, D, and Q be the groups Z/4, Z/2 × Z/2, D8 (dihedral group),

and Q8 (quaternion group). Check that G1,0
∼= C, G0,1

∼= K, G2,0
∼= Q, and

G0,2
∼= G1,1

∼= D.
(b) Prove that Gp,q is the group generated by symbols m, e1, . . . , ep, f1, . . . , fq sub-

ject to the relations

m2 = 1, e2i = m, f2j = 1, eifj = mfjei,

eiej = mejei (i ̸= j), fifj = mfjfi (i ̸= j), mfj = fjm.

Also prove that the relations mfj = fjm are consequences of the others except
in the one case (p, q) = (0, 1).

(c) Let Z/2 = {1,m}. Define an m-group to be a group G with a homomorphism
Z/2 → G whose image is in the center. We will write m both for the element
of Z/2 and its image in G. If G1 and G2 are m-groups, define G1×̈G2 to be
the quotient of G1 ×G2 by the normal subgroup ⟨(m,m)⟩. Prove that

Gp,q×̈Gs,t ∼=


Gp+t,q+s if p+ q even and p+ p+q

2 odd,
Gp+s,q+t if p+ q even and p+ p+q

2 even,
Gp,q×̈Gt,s if p+ q odd and p+ p+q−1

2 is odd.

[Note: This is the hardest part of the exercise. If you get stuck, take the result
as given and do the parts below. Or just do the cases p + q ≤ 2, which are
enough for our purposes.]

(d) Prove that
(i) C×̈Gp,q ∼= C×̈Gq,p.
(ii) Gp+2,q

∼= Q×̈Gq,p.
(iii) Gp,q+2

∼= D×̈Gq,p.
(iv) Gp+1,q+1

∼= D×̈Gp,q.
(e) Using (d), build a table analogous to Figure 17.3.1 showing all of the groups

Gp,q. Use GH as an abbreviation for G×̈H, and show that the table can be
made so that every entry has one of the forms Di, DiC, DiQ, DiK, DiQK.
[Hint: Note that GH = HG, Q2 = D2, and CD = CQ.]

(f) Prove that Gp+4,q
∼= DQGp,q ∼= Gp,q+4. Then prove the analog of Bott period-

icity: Gp+8,q
∼= D4Gp,q ∼= Gp,q+8.

(g) If G is an m-group, define the group algebra Rm[G] to be the quotient of the
usual group algebra R[G] by the relation m = −1. An m-representation is a
module over Rm[G]. Check that Rm[Gp,q] = Clp,q (this is almost tautologous),
and so m-representations of Gp,q are the same as Clp,q-modules.

Remark: The paper [LS] calls the groups Gp,q the Clifford-Littlewood-Eckmann
groups, or CLE groups for short. The Gp,0 groups were introduced much earlier
by Eckmann [Eckmann1] in relation to the Hurwitz-Radon theorem. See both [LS]
and [Eckmann2] for further results and applications.
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18. Pinning down Bott periodicity

In (15.5) we proved the periodicity isomorphisms πiU ∼= πi+2U for all i ≥ 0,
but we have not as yet produced explicit generators for these groups. Relatedly,
the periodicity isomorphism itself is difficult to unravel—it is not as if we have a
concrete formula for it. These things are buried in the Bott-Morse arguments, but it
takes a bit to tease them out. That is our goal in the next two sections, for both the
unitary and orthogonal groups. We will explore some down-to-earth constructions
that yield very specific formulas, but will also see how this information can be
encoded and abstracted with the continued help from Clifford algebras and their
modules.

18.1. Matrix formulas and the Bott suspension map. We will start by inves-
tigating some relations between U(n) and U(2n). The identification C2n ∼= C2⊗Cn
yields some easy connections. We will eventually approach this in very categorical
ways, but let us begin by taking a track where everything is very concrete.

Observe that whenever α, β ∈ C and |α|2 + |β|2 = 1 then we have the element

Eα,β =

[
αIn −β̄In
βIn ᾱIn

]
∈ SU(2n)

(exercise: check that the determinant is 1, perhaps by row-reducing). Identifying
S3 with the unit sphere in C2, we have described a map S3 → SU(2n). When
n = 1 this is the standard isomorphism S3

∼=−→ SU(2). For n > 1 we can think of
E as arising as a composite S3 → SU(2) → SU(2n) (the second map is basically
tensoring with IdCn , by the way).

If A ∈ U(n) then we also get the element FA =

[
In 0
0 A

]
∈ U(2n). By conjugat-

ing, we obtain elements

Gα,β,A = FAEα,βF
−1
A =

[
αIn −β̄A†

βA ᾱI

]
∈ SU(2n).

Here we have written A†, but we could also have written A−1 since they are equal.
This formula describes a map G : S3 × U(n)→ SU(2n).

Observe that
(18.2)

Gα,β,A=Re(α)

[
I 0
0 I

]
+ Im(α)

[
iI 0
0 −iI

]
+Re(β)

[
0 −A†

A 0

]
+ Im(β)

[
0 iA†

iA 0

]
where each of the four matrices appearing in the linear combination is in SU(2n).
The coefficients of our linear combination are a point in S3, and we have seen that
any such “unital” linear combination gives a matrix in SU(2n). This surprising
property turns out to be very useful and rare, and we will see in Section 19.7
that such situations always come from Clifford algebra representations. In fact you
might notice that the four matrices in our linear combination can be used to give
a quaternionic structure on C2n and that H ∼= Cl2(R) (the four matrices gives the
action of 1, i, j, and −k).

For what is about to happen we will not need the full S3 parameter space, and
it will be enough to restrict down to a 2-disk. But there is not a canonical choice
for such a disk, and this leads to a bit of a mess where different viewpoints call for
different choices. Most of the work in this section amounts to navigating this.
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Exercise 18.3. Verify that an element X ∈ U(2n) anticommutes with
[
iI 0
0 −iI

]
if

and only if it has the form [ 0 B
C 0 ] where B,C ∈ U(n). If in addition X2 = −I verify

that B = −C† (and note that this forces X ∈ SU(2n)). So if one went looking
for quaternionic structures extending

[
iI 0
0 −iI

]
then one would quickly discover the

above formulas.

We will only need the portion of G defined on S2
upp, the upper hemisphere of S2,

regarded as sitting in S3 as the points (x, y, z, 0) with x, y, z ∈ R and z ≥ 0. In
relation to the complex coordinates used earlier, α = x+ iy and z = Re(β). Let G′

denote the map S2
upp × U(n)→ SU(2n) given by

(x, y, z, A) 7→ xI + y

[
iI 0
0 −iI

]
+ z

[
0 −A†

A 0

]
.(18.4)

When z = 0 the output does not depend on A, which says that G′ respects the
quotient relation (u,A) ∼ (u,B) for all u ∈ ∂S2

upp and A,B ∈ U(n). So we obtain
an induced map

B : (S2
upp × U(n))/∼−→ SU(2n).

As we will shortly explain, the domain is a model for Σ2U(n). So we will also write
this as B : Σ2U(n)→ SU(2n). We call B the “Bott suspension map”.

To understand the claim about the domain, if Λ is a space with a boundary
∂Λ write DΛW = (Λ ×W )/∼ where the quotient relation is (u,w) ∼ (u,w′) for
u ∈ ∂Λ and w,w′ ∈ W . Observe that DIW is the standard model for ΣW . The
construction DI2W is almost DI(DIW ), but not quite. There is a canonical surjec-
tion DI2W → DI(DIW ) that squashes two intervals down to distinct points (the
two cone points in Σ2W ), and therefore is a homotopy equivalence for reasonable
spaces W . Our space (S2

upp × U(n))/∼ is just another way of looking at DI2U(n).
See also Exercise 18.13(g) below for another perspective.

Exercise 18.5. For W = Sr check that a homeomorphism S2+r −→ (S2
upp×Sr)/∼

is given by
(u, x) 7→

(
(u1, u2, |x|), x|x|

)
for (u, x) ∈ R2 × Rr+1 such that |u|2 + |x|2 = 1. Here the image point has the
evident interpretation when |x| = 0. [Suggestion: It is easier to work with the
inverse.]

Exercise 18.6. Verify that the square

(S2
upp × U(n))/∼ B //

id×j
��

SU(2n)

j

��
(S2

upp × U(n+ 1))/∼ B // SU(2n+ 2)

commutes up to homotopy, where each j is the standard inclusion. If your homotopy
is basepoint-preserving, great. If not, use the group structure on SU(2n + 2) to
show how to easily modify it to make it basepoint-preserving.

Remark 18.7. Notice that we made a choice in (18.4) to use the matrix
[

0 −A†

A 0

]
from (18.2) rather than

[
0 iA†

iA 0

]
. It turns out that this choice doesn’t matter. We

can replace
[

0 −A†

A 0

]
with the matrix

[
0 −s̄A†

sA 0

]
for any s ∈ S1 and obtain a map
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G′
s. Taking a path in S1 from 1 to s gives a homotopy between our G′ and any

other G′
s. The formulas corresponding to G1, G−1, Gi, and G−i are all commonly

found in the literature, with different sources making different choices.

Remark 18.8. Another choice commonly found in the literature is to switch the
locations of A and A† in formula (18.4). This time the switch does alter the
homotopy type of the maps G′ and B, but in a predictable way: it essentially
precomposes them with the automorphism of U(n) given by A 7→ A†. We will not
have to deal with this issue, but want to alert the reader to differences that might
be encountered in other sources. The profusion of different choices here makes the
literature a bit of a nightmare.

Given f : Sr → U(n) let B∗Σ
2(f) denote the composite

S2+r (S2
upp × Sr)/∼

id×f // (S2
upp × U(n))/∼ B // SU(2n)

where the first isomorphism is the one from Exercise 18.5. The assignment f 7→
B∗Σ

2(f) gives a map of groups πrU(n)→ πr+2SU(2n), as it is the composite

πrU(n)
Σ2

−→ πr+2(Σ
2U(n)) = πr+2((S

2
upp × U(n))/∼) B∗−→ πr+2SU(2n).

This also explains the symbology B∗Σ
2.

In coordinates (u, x) ∈ R2 × Rr+1 with |u|2 + |x|2 = 1 we have

(B∗Σ
2f)(u, x) = u1I + u2

[
iI 0
0 −iI

]
+ |x|

[
0 −f( x|x| )†

f( x|x| ) 0

]
.

Note that when |x| = 0 the last term is interpreted to be the zero matrix. Sometimes
it is useful to absorb u1 and u2 into a single complex coordinate α. Here we identify
S2+r with S(C× Rr+1) and then write

(18.9) (B∗Σ
2f)(α, x) =

[
αI −|x|f( x|x| )†

|x|f( x|x| ) ᾱI

]
= G

α,|x|,f
(
x
|x|

).
We regard (1, 0) as the basepoint of S(C×Rr+1) and note that (B∗Σ

2f)(1, 0) = Id.
The following result is a very concrete version of Bott periodicity:

Theorem 18.10. For r < 2n the map B∗Σ
2 : πrU(n) −→ πr+2SU(2n) is an

isomorphism. The stabilization square

πrU(n)

B∗Σ
2

��

j∗ // πrU(n+ 1)

B∗Σ
2

��
πr+2SU(2n)

j∗ // πr+2SU(2n+ 2)

is commutative for all r and n, and the colimit over n is precisely the stable Bott
isomorphism πrU → πr+2SU from (15.5).

Note that the commutativity of the square follows from Exercise 18.6, so the
real content is in the other claims. The proof is not deep, and consists mostly of
just carefully comparing our formula for B∗Σ

2 to the maps that came up in the
Bott-Morse arguments. But this is easier said than done and does take some care.
The remainder of the section will be focused on this proof, but very little of what



ANOTHER BOOK ON K-THEORY 193

goes into this proof will be used later. So readers who are more interested in seeing
applications of Theorem 18.10 should feel free to jump ahead to Section 19.

Formulas for B∗Σ
2 similar to ours, and isomorphisms such as in Theorem 18.10,

appear explicitly in [PR, Section 1] and in [Fomenko, Section 23.1]. See also [CR].
Formulas such as (18.9) can also be found in [Eckmann2] and [Eckmann3]. It seems
likely that Theorem 18.10 would have been known by experts much earlier than
any of these listed papers, but I do not know of a reference.

Exercise 18.11. (Highly recommended.) Use the isomorphisms in Theorem 18.10
together with the long exact sequences for SU(r − 1) ↪→ SU(r) → S2r−1 to prove
that for all k ≤ 2n− 1 one has

πk(U(n)) ∼=
{
Z if k is odd,
0 if k is even.

That is to say, the Bott periodic groups in π∗U(n) persist up through ∗ = 2n− 1.
Also prove that π2nU(n) (the first non-periodic group) is always cyclic. [Suggestion:
Construct a table of the groups πrSU(n), start filling it out, and consider the
different ways you have for propagating information from one cell of the table to
another.]

The rest of this section is devoted to the proof of Theorem 18.10. While the
argument might at first seem long and complicated, we want to stress that all of
the steps are fairly simple. The proof looks more intimidating than it really is.

18.12. Joins. IfX and Y are spaces then the joinX∗Y is defined to be the quotient
space (X × I × Y )/∼ where the equivalence relation is genereated by (x, 0, y) ∼
(x, 0, y′) and (x, 1, y) ∼ (x′, 1, y) for all x, x′ ∈ X and y, y′ ∈ Y . Intuitively one
thinks of the join as the space of lines from points in X to points in Y . It will be
convenient to adopt the notation

(x, t, y) = (1− t)[x] + t[y],

so that X ∗ Y = {a[x] + b[y]
∣∣x ∈ X, y ∈ Y, a, b ∈ I, a+ b = 1}.

Note that S0∗Y is the (unreduced) suspension of Y . We will often give the points
of S0 names like ±P , in which case points of S0∗Y will be written a[±P ]+(1−a)[y]
where y ∈ Y and a ∈ I.

When X and Y are pointed CW-complexes the homotopy type of X∗Y coincides
with Σ(X ∧ Y ). We will not need this general fact, but it is good to know; one
source for a proof is [DI3, Appendix B].

The following exercise establishes several basic facts we will need about the
behavior of the join:

Exercise 18.13. Justify all of the following claims.
(a) For the unit circle S1 ⊆ C, a homeomorphism S1 ∼= S0 ∗ S0 = {±1} ∗ {±i} is

given by
α 7→ Re(α)2[sgn(Reα)] + Im(α)2[sgn(Imα)i]

where sgn(r) is +1 when r > 0 and −1 when r < 0 (the value when r = 0
doesn’t actually matter for the above formula).
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(b) The inverse of the map in (a) is given by a[±1] + b[±i] 7→ (±√a) ± (
√
b · i),

where the first ± follows the sign on 1 and the second follows the sign on i.
Verify that

a[±1] + b[±i] 7→ 1√
a2+b2

[±a± bi]
also gives a homeomorphism S0 ∗ S0 → S1, and that this map is homotopic to
the first one.

In fact, suppose γ : I → R2 is any homeomorphism onto the first quadrant
of the unit circle (x, y ≥ 0) such that γ(0) = (0, 1) and γ(1) = (1, 0). Write
γ(t) = (γ1(t), γ2(t)). Then

a[±1] + b[±i] 7→ ±γ1(a)± γ2(a) · i
is a homeomorphism and is homotopic to the above maps.

There is a moral here: because joins are made up of straight lines, maps out
of them can often be represented by many different formulas that are the same
up to homotopy.

(c) For the standard spheres Sr ⊆ Rr+1 and Ss ⊆ Rs+1, there is a homeomorphism
Sr+s+1 ∼= Sr ∗ Ss given by

(x, y) 7→ |x|2
[
x
|x|

]
+ |y|2

[
y
|y|

]
where x ∈ Rr+1, y ∈ Rs+1, and |x|2 + |y|2 = 1.

(d) When X, Y , and Z are compact Hausdorff the triple join X ∗ (Y ∗Z) is home-
omorphic to the quotient space obtained from the set of formal sums

a[x] + b[y] + c[z]

where a, b, c ≥ 0 and a+ b+ c = 1 (topologized as X × Y ×Z ×∆2) subject to
the quotient relation generated by 0[x] + b[y] + c[z] ∼ 0[x′] + b[y] + c[z] and the
two analogous relations corresponding to b = 0 and c = 0. [Note: This result
is non-obvious because of the need to commute products with the quotienting
processes. Possibly the hypotheses that the spaces are compact and Hausdorff
are unnecessarily strong, but they allow one to use adjunction arguments and
other simplifying techniques. If Q = (X × Y × Z ×∆2)/∼ start by producing
a map X × (Y × Z × I) × I → Q, then get (Y × Z × I)/∼−→ QX×I , and
continue to arrive at a map X ∗ (Y ∗ Z)→ Q.]

(e) A homeomorphism S(C× Rr+1) ∼= S0 ∗ S0 ∗ Sr is given by

(α, x) 7→ Re(α)2
[
sgn(Re(α))

]
+ Im(α)2

[
sgn(Im(α))i

]
+ |x|2

[
x
|x|

]
.

(f) S1 ∗X ∼= (D2×X)/∼ where the equivalence relation has (a, x) ∼ (a, x′) for all
a ∈ ∂D2 and x, x′ ∈ X. One such homeomorphism is given by t[α]+(1−t)[x] 7→
(tα, x), and another (homotopic) one is given by t[α] + (1− t)[x] 7→ (

√
t · α, x).

[This does not need X to be compact Hausdorff, though the proof is easier in
that case. Likewise for the next part.]

(g) There is a homeomorphism

S0 ∗ S0 ∗X −→ (S2
upp ×X)/∼

given by a[±M ] + b[±N ] + c[x] 7→ ((±M
√
a,±N

√
b,
√
c), x), where our model

of the double join is the one from (d). Here we are using S2
upp to line up with

discussion from the beginning of the section, but note that we could just as
well use D2 instead (but getting slightly different formulas).
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(h) Suppose given a map f : Z → ΩP,QW , and recall that the target denotes the
space of paths that begin at P and end at Q. Check that one gets an “adjoint”
adj(f) : S0 ∗ Z →W via the formula

(1− t)[±N ] + t[z] 7→
{
[f(z)]( t2 ) for +

[f(z)](1− t
2 ) for −,

having the property that [+N ]→ P and [−N ]→ Q. Geometrically, the canon-
ical path in S0 ∗ Z from N to −N that passes through a point z ∈ Z is being
sent to the path f(z) in W .

Show that if Z has a basepoint ζ and γ = f(ζ) then the following diagram
commutes

πr(Z, ζ)
f∗ //

Σ

��

πr(ΩP,QW,γ)

Adj∼=
��

πr+1(S
0 ∗ Z, [+N ])

adj(f)∗

// πr+1(W,P )

where Adj sends a homotopy element α : Sr → ΩP,QW to adj(α) : S0 ∗Sr →W
and S0 ∗ Sr has the north pole [+N ] as basepoint. As part of this, check that
Σ and Adj are well-defined, group maps, and that Adj is an isomorphism. [For
Adj, one approach for dealing with some of the unpleasant technicalities is to
get ΩP,PW into the picture via your favorite homotopy equivalence ΩP,QW →
ΩP,PW .]

Using Exercise 18.13(g) we now see that the Bott suspension map B can be
reinterpreted as the map B : S0 ∗ S0 ∗ U(n)→ U(2n) given by the formula

a[±M ] + b[±N ] + c[A] 7→ ±M
√
aI +±N

√
b

[
iI 0
0 −iI

]
+
√
c

[
0 −A†

A 0

]
.

18.14. Proof of Theorem 18.10.
Recall the Bott map β : Grn(Cn+ ⊕ Cn−) → ΩI,−ISU(2n) sending a subspace H

to the path βH given by

βH(t) = [the transformation that is ·eπit on H and ·e−πit on H⊥].

For stabilization we need to pass to ΩISU(2n) instead, so let σ be the path from I
to −I where

σ(t) = [the transformation that is ·e−πit on Cn+ and ·eπit on Cn−].
We use the homeomorphism ΩI,−ISU(2n)→ ΩISU(2n) that sends a path λ to the
loop t 7→ λ(t) · σ(t) (see Exercise 15.17), and will write β̃ for the composite

Grn(Cn+ ⊕ Cn−)
β−→ ΩI,−ISU(2n) −→ ΩISU(2n).

The proof centers on analyzing the large diagram in Figure 18.14.1. This diagram
is off-putting, but it is easier to navigate than one might think. Start with the
following:

• The sequence of boxed terms represents one version of the Bott isomor-
phism, with β̃ the map that came to us from Bott-Morse theory.



196 DANIEL DUGGER

• Along the top edge of the diagram we have the stable version of the Bott
isomorphism from (15.5), and the six rectangles above the boxed terms all
commute trivially (we will say more below). This upper part of the diagram
is just about stablization, and can largely be ignored.

• The “action” in the diagram lies in the two pentagons at the bottom. This
is where the Bott isomorphism will be compared to B ◦ Σ2.

Figure 18.14.1. Comparing Bott maps

πrU
∼=
c
// Vectst(Sr+1) πr+1Gr∞(C2∞)

β̃∗

∼=
//oo πr+1ΩISU πr+2SU

CkπrUk
∼=
c
//

∼=

OO

CkVectk(S
r+1)

∼=

OO

Ckπr+1Grk(Ck+ ⊕ C∞
− )

∼=

OO

∼=oo

πrUn

[r≤2n−1]

OO

Σ
$$

∼=
c
// Vectn(Sr+1)

OO

πr+1Grn(Cn+ ⊕ C∞
− )

[r≤2n−1]

OO

∼=oo

πr+1ΣUn

Σ ((

Θ∗ // πr+1Grn(Cn+⊕Cn−)

[r≤2n−1]

OO

β̃∗

[r≤2n−1]

// πr+1ΩISU2n

OO

πr+2SU2n

[r<4n−2]

OO

πr+2(S
0∗S0∗Un)

B∗

33

One part of this diagram—the map Θ∗—has not been explained yet, but we will
get to it shortly. We instead begin with several remarks to help the reader parse
the above behemoth:
(1) The composition across the top row is the stable form of the Bott periodicity

isomorphism. The dotted arrow is explained in (3) below. The space Gr∞(C2∞)
is the construction colimkGrk(Ck+ ⊕ Ck−) that we encountered in Section 15.
Recall that this space is a model for BU .

(2) Ck is shorthand for colimk, and we have written Uk as shorthand for U(k).
(3) The dotted arrow in the top row is dotted because it is not naturally occuring;

rather, it is defined to be the composite of the other isomorphisms in that
square. All other maps in the diagram are the evident ones.

(4) Recall that the maps Grn(Cn+ ⊕ Cn−)→ Grn+1(Cn+1
+ ⊕ Cn+1

− ) send an n-plane
H to H ⊕ ⟨en+1,+⟩. That is, both en+1,+ and en+1,− are added to the ambient
space, but only the former is added to the subspace. Going to the colimit can
be broken up as first adding in all of the negative basis vectors to the ambient
space, and then adding the positive basis vectors one by one into both the
ambient space and the subspace. This is what is going on at the top of the
central column. We are doing this because Grk(Ck+⊕C∞

− ) is a model for BU(k)
and hence classifies rank k vector bundles.

(5) The maps labelled c are given by the clutching construction. The inequalities
in brackets are ranges where the given maps are isomorphisms. There are
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three sources of these: the fiber sequences Uk ↪→ Uk+1 ↪→ S2k+1, the fact that
Grn(C∞) is obtained from Grn(C2n) by attaching cells of dimension 2n+2 and
higher, and the Bott-Morse arguments giving the connectivity of the lower β̃
map.

(6) The four squares in the upper left obviously commute.
(7) The maps β̃ send a subspace H to the path of transformations

t 7→ (eπit on H, e−πit on H⊥) · (e−πit on Cn+, eπit on Cn−)

where the · denotes multiplication of matrices or composition of transforma-
tions. If we denote this path β̃H , notice that for x ∈ H ∩ Cn+ or x ∈ H⊥ ∩ Cn−
we have (β̃H)t(x) = x for all t. In particular, this explains why β̃ extends to
the colimit. This is the commutativity of the leftmost of the two upper right
rectangles. The commutativity of the rightmost one is self-evident.

At this point we have analyzed the top portion of the diagram, made up of the
six rectangles. It is difficult to directly relate the composition across the bottom of
these rectangles to the B∗◦Σ2 composite because some of the maps go in the “wrong”
direction. We will correct for this by introducing the map Θ: ΣU(n)→ Grn(C2n),
which helps connect the two pieces. This map is in some sense a geometric construct
underlying the isomorphism πrU ∼= πr+1BU .

Let G : U(n) → Grn(C2n) be the map that sends a matrix A to its graph GA =
{(x,Ax) |x ∈ Cn}. There is an extension of G to a map ΣU(n) → Grn(C2n) that
deforms GA to each of the two “coordinate axes” in Cn ⊕ Cn. Precisely, we have
Θ: S0 ∗ U(n)→ Grn(C2n) given by

(1− t)[N ] + t[A] 7→ {(x, tAx) |x ∈ Cn}
(1− t)[−N ] + t[A] 7→ {(tx,Ax) |x ∈ Cn}.

Note that [N ] 7→ Cn ⊕ 0 and [−N ] 7→ 0⊕ Cn.
Pulling back the tautological bundle η on Grn(C2n) along Θ gives a rank n bundle

on ΣU(n). As we have seen in Section ??, vector bundles on such a suspension are
characterized by a clutching function U(n)→ U(n), and we claim that in this case
the clutching function is the identity. To see this, observe that the formulas

(1− t)[N ] + t[A] 7→ [(e1, tAe1), . . . , (en, tAen)]

(1− t)[−N ] + t[A] 7→ [(tA−1e1, e1), . . . , (tA
−1en, en)]

give trivializing sections over the upper and lower cones, respectively. When t = 1
the matrix that writes the first basis in terms of the second basis is precisely A
(just look in the second coordinates).

Continuing now with our analysis of the big diagram:
(8) The trapezoidal pentagon in the lower left commutes because, given

f : Sr → U(n), the vector bundle on Sr+1 constructed with this clutch-
ing function is precisely the pullback in the diagram

E //

��

ηn

��
ΣSr

Σf // ΣU(n)
Θ // Grn(C2n).
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This is due to our construction of Θ, and the fact that Θ∗ηn is the bundle
on ΣU(n) whose clutching function is the identity.

(9) We observe now that the theorem will follow immediately once we have
proven the commutativity of the bottom pentagon (which looks more like
a triangle in the diagram), using that the indicated maps are isomorphisms
in the given ranges.

To prove commutativity of the pentagon we need to unpack the Bott map β. It
will be convenient to break down what is happening into two steps: given a subspace
H ∈ Grn(C2n) we form the transformation TH of C2n that is multiplication by 1 on
H and multiplication by −1 on H⊥, and then βH is the path t 7→ eπitTH . In fact,
the first step is really a homeomorphism between Grn(C2n) and the subspace X ⊆
U(2n) consisting of matrices C such that C2 = I and the +1 and −1 eigenspaces of
C have the same dimension (recall that if C2 = I then the matrix is automatically
diagonalizable). From now on we will move back and forth between Grn(C2n) and
X at will via this homeomorphism. For example, the Bott map β : Grn(C2n) →
ΩI,−ISU(2n) is also the map β : X → ΩI,−ISU(2n) given by

(18.15) C 7→ [t 7→ eπitC = cos(πt)I + sin(πt)iC].

We next want to re-interpret our map Θ: S0 ∗ U(n) → Grn(C2n) (see above)
as a map Θ′ : S0 ∗ U(n) → X. This involves finding matrices in X whose 1-
eigenspaces are the given subspaces of C2n. A little legwork/inspiration suggests
that to have (x, tAx) be an eigenvector one should look at unitary matrices of the
form Q =

[
rI sA†

s̄A −r̄I

]
for r, s ∈ C, and we leave the reader to check that

• Q is unitary precisely when |r|2 + |s|2 = 1.
• When Q is unitary, Q2 = I if and only if r ∈ R.
• When Q is unitary and Q2 = I and t ∈ [0, 1], Q has {(x, tAx) |x ∈ Cn}

inside its 1-eigenspace precisely when r = 1−t2
1+t2 and s = 2t

1+t2 . In this
case the −1-eigenspace contains {(tA−1x,−x) |x ∈ Cn}, therefore the two
eigenspaces actually equal the ones given and Q ∈ X.

• When Q is unitary and Q2 = I and t ∈ [0, 1], Q has {(tx,Ax) |x ∈ Cn} as
its 1-eigenspace precisely when r = t2−1

1+t2 and s = 2t
1+t2 (just change t to t−1

in the previous bullet point). Again, Q ∈ X here.
These are routine exercises. The upshot is that the formula for the map Θ′ : S0 ∗
U(n)→ X is

(18.15) (1− t)[±N ] + t[A] 7→
[
±rI sA†

sA ∓rI

]
= ±r

[
I 0
0 −I

]
+ s

[
0 A†

A 0

]
where

r = 1−t2
1+t2 , s = 2t

1+t2 .

Note that r2 + s2 = 1 here, for all values of t.
The above formulas for r and s are a little awkward, so we make the following

observation. All that is important here is that the assignment t 7→ (r, s) maps [0, 1]
to the first quadrant of the unit circle, with 0 7→ (1, 0) and 1 7→ (0, 1). All such maps
are homotopic, and using any such map to give the coefficients for r and s in the
above formula gives a map S0∗U(n)→ X that is homotopic to the specific Θ′ above.
For example, one could use (r, s) = (

√
1− t,

√
t) or (r, s) = (cos(π2 t), sin(

π
2 t)), and

these lead to more pleasant-looking formulas.
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Finally, we consider the composite

S0 ∗ U(n)
Θ′

−→ X
β−→ ΩI,−ISU(2n).

Combining (18.15) and (18.15) we find that this is given by the formula

(1− t)[±N ] + t[A] 7→
[
u 7→ cos(πu)I + sin(πu) · i ·

[
±r(t)

[
I 0
0 −I

]
+ s(t)

[
0 A†

A 0

]]]
.

We again take note that the coefficients r2(u) = cos(πu) and s2(u) = sin(πu) can
be varied somewhat. All that is important is that u 7→ (r2(u), s2(u)) maps I to
the top of the unit circle and sends 0 to (1, 0) and 1 to (−1, 0). All such paths are
homotopic, so we can change the coefficients in the above formula to any such r2(u)
and s2(u) without changing the overall homotopy class of the map. In a moment
it will also be convenient that u = 1

2 is mapped to (0, 1), so we will also insist on
that.

Taking the “adjoint” of the above composite, as in Exercise 18.13(h), gives the
map adj(βΘ′) : S0 ∗ S0 ∗ U(n)→ SU(2n) whose formula is

a[±M ] + b[±N ] + c[A] 7→ r2
(
1∓Ma

2

)
I±Ns2

(
1∓Ma

2

)
r
(

c
1−a

) [
iI 0
0 −iI

]
(∗)

+ s2
(
1∓Ma

2

)
s
(

c
1−a

) [
0 iA†

iA 0

]
.

Recall that the 1∓Ma
2 term is mapping the “suspension coordinate” given by a to a

“path coordinate” that goes from 0 to 1, as shown in the following picture:

[+M ] (a = 1) //

��

0

(a = 0) // 1
2

[−M ] (a = 1) //

OO

1.

The coefficients in (∗) are off-putting, but what is happening here is that we have
four maps from ∆2 = {(a, b, c) ∈ I3 | a + b + c = 1} to S2

upp (corresponding to the
four choices of signs) that patch together to give the map shown in the following
picture:

b b
b

b

b

b

b b

b

b

A

−A
B−B

C

C

A

B

−A

−B

+++−

−− −+

(1,0,0)

(1,0,0)

(0, 1, 0) (0,0,1)

The diamond is really ∆2 ⊆ R3 together with its three images under the different
reflections (a, b, c) 7→ (±a,±b, c). The points labelled ±A, ±B, C in the diamond
map to the corresponding points in the sphere, with indicated lines mapping onto
the indicated arcs of great circles. Each triangle in the diamond is identified with



200 DANIEL DUGGER

our standard ∆2 by having the ±A vertex map to (1, 0, 0), the ±B vertex map to
(0, 1, 0), and the C vertex map to (0, 0, 1) (notice that, conveniently, these are also
related to the coordinates of their images in the sphere).

While this map from the diamond to the upper half-sphere is not too hard to
understand from a geometric perspective, the algebraic formula in (∗) is unpleasant.
As we have seen before, it can largely be ignored: all that is important here is that
the map sends the boundary of the diamond homeomorphically onto the equator
and the four corners to the four corresponding equatorial poles—all such maps are
homotopic. So we can instead use, for example, (±a,±b, c) 7→ (±√a,±

√
b,
√
c) if

we prefer. This shows that adj(βΘ′) is homotopic to the map

(∗∗) a[±M ] + b[±N ] + c[A] 7→ ±M
√
aI ±N

√
b
[
iI 0
0 −iI

]
+
√
c
[

0 iA†

iA 0

]
.

It then follows that we have a homotopy-commutative diagram

S0 ∗ S0 ∗ U(n)

∼= ((

adj(βΘ′) // SU(2n)

(S2
upp × U(n))/∼

B

77
(18.16)

where the isomorphism is the one from Exercise 18.13(g), namely a[±M ]+b[±N ]+

cA 7→ ((±M
√
a,±N

√
b,
√
c), A). This requires one more comment, because our

formula from (∗∗) does not exactly match the formula for B from (18.4) due to the
presence of the i’s in the final matrix. However, by Remark 18.7 B is homotopic to
the version with the i’s.

Exercise 18.17. For those who prefer algebra to geometry, check that the functions
r(t) =

√
1− t, s(t) =

√
t, and

r2(u) =

{√
1− 2u if 0 ≤ u ≤ 1

2 ,

−
√
2u− 1 if 1

2 ≤ u ≤ 1
, s2(u) =

√
1− |2u− 1|

satisfy our various requirements and turn formula (∗) exactly into formula (∗∗).
We can now complete the last step of the proof:
(10) To see commutativity of the bottom pentagon in our large diagram we

expand the picture as follows:

πr+1ΣUn

Σ //

Θ′
∗ ''

Θ∗ // πr+1 Grn(C2n)
β̃∗ // πr+1ΩISU2n πr+2SU2n

πr+1X

∼=

OO

β∗ // πr+1ΩI,−ISU2n

∼= K∗

OO
Adj

∼=

55

πr+2(S
0 ∗ S0 ∗ Un)

adj(βΘ′)∗

OO

B∗

OO

Here K : ΩI,−ISU(2n)→ ΩISU(2n) is the map that right-multiplies a loop
by the canonical path σ : t 7→ diag(e−πit, . . . , e−πit, eπit, . . . , eπit), and Adj
is the map that sends Sr+1 → ΩI,−ISU2n to its adjoint Sr+2 ∼= S0∗Sr+1 →
SU2n (see Exercise 18.13(h)) where the basepoint of the domain is the
north pole. The upper left triangle and the upper rectangle commute by
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definition. The upper right triangle is checked to commute as follows. Let
Ht be the homotopy from the constant path at I to σ rel the initial point
shown in the following diagram:

σ

σ

I

I

I

−I

I

H0 H1Ht

(on the top triangle this is constant and on the lower one it is—looked
at the right way—the homotopy showing that σ contatenated with its
reverse is homotopic to the constant path). If α : Sr+1 → ΩI,−ISU2n

then Adj(α) : S0 ∗ Sr+1 → SU2n is the map that for each x ∈ Sr+1

sends the path “suspension of x” (from north to south pole) to α(x). Let
Adj(α)t : S

0 ∗ Sr+1 → SU2n be the similar map that sends the path “sus-
pension of x” to α(x) ·Ht, where the multiplication is pointwise, using the
group structure on SU2n. This gives a homotopy, pointed at the north pole,
from Adj(α)0 = Adj(α) to Adj(α)1 = K∗(α).

The map adj(βΘ′) is the “adjoint” of the composite βΘ′, and the bottom
pentagon containing this map commutes by Exercise 18.13(h). Finally, the
maps adj(βΘ′) and B are homotopic by (18.16), and hence induce the same
map on homotopy groups.

Summary: The main goal of this section was the very concrete version of Bott
periodicity for U given by Theorem 18.10. The proof was a longish chase through
the Bott periodicity map that comes out of Morse theory, but it was mostly tedious
rather than having any groundbreaking ideas. Attempting to do something similar
for O, however, presents some real challenges. To do this in a navigable manner
will require us to step back and develop some more structure to help organize all
that is happening.

19. Pinning down Bott periodicity, Part 2

In the last section we uncovered a very down-to-earth version of Bott periodicity.
We produced a family of maps B : (S2

upp × U(n))/∼−→ SU(2n), with the domain
a model for Σ2U(n) and given by very explicit matrix formulas. Then we proved
in Theorem 18.10 that the composition

πrU(n)
Σ2

−→ πr+2Σ
2U(n)

B∗−→ πr+2SU(2n)

is an isomorphism for r < 2n and is compatible with the Bott map β. The compo-
sition is also denoted B. This theorem opens the door to several questions:
(1) We can now produce explicit generators for the groups π∗U by starting with

known generators in low dimensions and applying B. What do these generators
look like?

(2) The generators of π∗U translate into generators for π∗(BU) = K−∗(pt). Can
we use these explicit descriptions to understand the ring structure?
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(3) The construction of the map B was somewhat ad hoc. How do we better
understand it?

(4) How do we generalize all of this to O instead of U?
Many of these questions are connected to each other. Our goal in this section is to
answer them as best as we can.

19.1. Generators for π∗U . Let us use B to produce some interesting elements in
the homotopy of the unitary groups. Start with the standard generator f1 ∈ π1U(1),
namely the map (x, y) ∈ S1 7→ x + iy. Then Bf1 is the map S3 → SU(2) that

sends (z, x, y) to
[

z −x+ iy
x+ iy z̄

]
. Note that this could also be described using

only complex coordinates, as

f3 : (z, w) 7→
[
z −w̄
w z̄

]
,

which is the standard isomorphism from S3 to SU(2). Applying B one more time
gives the map f5 ∈ π5SU(4) with formula

f5 : (u, z, w) 7→


u 0 −z̄ −w̄
0 u w −z
z −w̄ ū 0
w z̄ 0 ū

 .(19.2)

Clearly it is a triviality to keep writing these down in higher and higher dimensions
to produce explicit formulas for f2n+1 ∈ π2n+1SU(2n).

This procedure produces generators for π2s+1U that come from π2s+1U(2s). But
the stability isomorphisms shows that in fact a generator can be lifted all the way to
π2s+1U(s + 1). This is a substantial difference! For example, the above technique
lets us write down an explicit lifting of the generator for π15U to an element of
π15U(128), when in fact we know that a lifting actually exists into π15U(8).

One thing that is notable about the generators produced by Theorem 18.10 is
that they are linear . For example, f3 is given by the formula

(z0, z1, w0, w1) 7→ z0

[
1 0
0 1

]
+ z1

[
i 0
0 −i

]
+ w0

[
0 −1
1 0

]
+ w1

[
0 i
i 0

]
.(19.3)

Liftings of these generators into smaller U(n)’s tend not to be linear anymore (in
fact, we will see in Corollary 19.9 that they are never linear). For example, here is
a lifting of f5 into π5SU(3):

(u, z, w) 7→

u− w̄z w̄2 −z̄ − w̄ū
z2 u+ zw̄ w − zū

w + ūz z̄ − ūw̄ ū2

 .(19.4)

How did we get this map? There is an interesting technique from [Lundell], later
refined and simplified in [PR], that we will now describe. Let X ⊆ SU(d) be the
subspace of matrices A having add = 0. These are unitary transformations having
the property that A(ed) lies in ⟨ed⟩⊥. Set b = A(ed). Under these circumstances
we can follow A with the rotation in the plane ⟨ed, b⟩ that rotates b back to ed and
ed to −b. In this way we deform the original transformation into one that fixes ed,
and therefore lives in SU(d− 1). Here is a more precise statement:



ANOTHER BOOK ON K-THEORY 203

Proposition 19.5. There is a homotopy H : X × I → SU(d) where H0 is the
inclusion and H1 factors through SU(d− 1), given by

Ht :

[
E b
c 0

]
7→
[
E − bc sin(π2 t) b cos(π2 t)
c cos(π2 t) sin(π2 t)

]
.

Proof. On one level the proof is just a computation: one simply checks that the
given formula always gives a matrix in SU(d), and then the stated properties are
immediate. Checking that the formula gives a unitary matrix is routine algebra,
though verifying that the determinant is 1 is a little trickier.

The result is clearer when we interpret the given formula as post-composing

the original unitary transformation A =

[
E b
c 0

]
with a rotation. The fact that

A is unitary implies that E(e1), . . . , E(ed−1) are orthogonal to A(ed) = b. Write
Rt for the rotation that fixes ⟨ed, b⟩⊥ and sends ed 7→ cos(π2 t)ed − sin(π2 t)b and
b 7→ sin(π2 t)ed + cos(π2 t)b. Then Rt clearly lies in SU(d). The composite RtA has
the following behavior:

For 1 ≤ i ≤ d− 1: ei 7→ Eei + cied 7→ Eei + ci(cos(
π
2 t)ed − sin(π2 t)b)

ed 7→ b 7→ cos(π2 t)b+ sin(π2 t)ed.

Note that this exactly reproduces the matrix formula in the statement of the propo-
sition. □

If a map f : Sr → SU(d) factors through X, Proposition 19.5 gives an explicit
way to homotop it down into SU(d− 1). The condition about factoring through X
seems rather specialized, but anytime there is a fixed matrix entry which vanishes
for the entire image of f then there is a way to move that entry to the (d, d)-spot
via rotations, so that in fact we land back inside of X. For example, start with the
formula for f5 in (19.2) and note the 0 in the (3, 4)-entry. Left-multiply with the
matrix 

1 0 0 0
0 1 0 0
0 0 cos(π2 t) − sin(π2 t)
0 0 sin(π2 t) cos(π2 t)


to get a homotopy between the f5-map and the similar map where the last two
rows have been switched and the (new) third row negated. Now we have the zero
in the (4, 4)-entry, and applying the formula from Proposition 19.5 spits out (19.4).

Exercise 19.6. Start with the formula for f5 in (19.2) and apply B to get a linear
element f7 ∈ π7SU(8). You will notice that the formula has many zeros in it.
Convince yourself that after using the above method to reduce to an element in
π7SU(7) with quadratic entries one can apply the method again to reduce to an
element in π7SU(6) with quartic entries. Challenge: For this example, how long
can one continue this process?

19.7. Linear homotopy classes. The formula of (19.3) is very reminiscent of sim-
ilar formulas we saw when talking about vector fields on spheres and the Hurwitz-
Radon problem, as well as in the (related) theory of Clifford modules. This is,
of course, no surprise since Clifford modules are somehow fundamental to Bott
periodicity. But let us tease this out a bit more from an elementary perspective.
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Say that a map Sr → U(n) is linear if it has the form

(x0, . . . , xr) 7→ x0A0 + x1A1 + · · ·+ xrAr

for some A0, . . . , Ar ∈ U(n). Note that given a linear map like this we can always
left-multiply by A−1

0 and obtain a related map where A0 = Id. From now on we
will always assume that linear maps have been normalized in this way.

Proposition 19.8. The elements A0, . . . , Ar ∈ U(n), with A0 = Id, give a linear
map if and only if A2

i = −I and AiAj = −AjAi for all 1 ≤ i < j ≤ r. That is, the
matrices A1, . . . , Ar give a unitary representation of the complex Clifford algebra
Clr(C) on Cn. [And the same result holds with U(n) replaced by O(n) and the
complex Clifford algebras replaced by the real ones.]

Proof. The “if” direction is a simple verification that we leave to the reader. For the
“only if” direction, assume we have a linear map Sr → U(n). Then, in particular,
x0I + x1A1 ∈ U(n) whenever x20 + x21 = 1. So

I = (x0I + x1A1)(x0I + x1A
†
1) = (x20 + x21)I + x0x1(A1 +A†

1),

and since this holds whenever x20 + x21 = 1 we conclude that A1 + A†
1 = 0. Then

A−1
1 = A†

1 = −A1, so A2
1 = −I. Similarly, A2

i = −I for i ≥ 1.
By the same kind of analysis one uses that xiAi+xjAj ∈ U(n) whenever x2i+x2j =

1 to conclude that AiA
†
j+AjA

†
i = 0. Then use that A†

i = A−1
i = −Ai (and similarly

for Aj) to conclude that Ai and Aj anti-commute. □

We will call a collection of matrices A1, . . . , Ar satisfying the above conditions a
set of Hurwitz-Radon matrices, or equivalently a set of Clifford matrices.

Corollary 19.9. There exists a linear map Sr → U(n) if and only if n is a multiple
of 2⌊

r
2 ⌋. Likewise, there is a linear map Sr → O(n) if and only if n is a multiple

of 2σ(r) where σ(r) = #{s | 0 < s ≤ r and s ≡ 0, 1, 2, or 4 mod 8}.
Proof. This follows immediately from the representation theory of the Clifford al-
gebras. All of the irreducible modules for Clr have the same dimension: 2⌊

r
2 ⌋ in

the complex case, and 2σ(r) in the real case. Since the representation theory is
semisimple, the dimension of any representation will be a sum of the dimensions of
the irreducibles. □

By just checking that the dimensions line up, we see from Corollary 19.9 that
the linear maps Sr → U(n) produced by the B map—as in the discussion after
Theorem 18.10—are the best possible. For example, the linear map S5 → SU(4)
cannot be lifted to a linear map into SU(3), even though it does lift to a non-linear
map into SU(3) as we have seen. (We have not yet considered the orthogonal case
but will do so shortly!)

We now understand that a unitary Clr(C)-action on Cn gives a linear map
f : Sr → U(n). If the action extends to a Clr+1(C)-action then f extends to
Sr+1 → U(n), which means that f was null-homotopic (because the inclusion of Sr
into Sr+1 is null). We want to systemize this way of passing from Clifford modules
to linear homotopy classes in order to get a better handle on it.

Let Gr be the Grothendieck group of finite-dimensional unitary Clr(C)-modules.
We can also make this construction for Clr(R), and when necessary we will write
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Gr(C) and Gr(R) to distinguish between the complex and real cases. The Gr
groups are all free abelian with generators corresponding to isomorphism classes of
irreducibles, since the representation theory of the Clifford algebras is semisimple.

The inclusion Clr(C) ↪→ Clr+1(C) gives rise to a forgetful map from Clr+1(C)-
modules to Clr(C)-modules, which in turn gives a map of abelian groups Gr+1 →
Gr. Let Ar denote the cokernel. Our next goal will be to construct group homo-
morphisms

Ar(C)→ πrU, Ar(R)→ πrO.

Let M be a finite-dimensional unitary Clr(C)-module (recall this means that M
comes equipped with a Hermitian inner product and that the Clifford generators
act as unitary transformations). By picking a unitary basis ϵ1, . . . , ϵn for M we can
represent each Clifford generator as acting by an element of U(n), and thereby get a
linear map fM : Sr → U(n) as above. This depends on our choice of basis, though.
Another choice of basis would change this to P · fM · P−1, where P ∈ U(n) is the
change-of-basis matrix. Fortunately, U(n) is connected: a choice of path from Id
to P will give a basepoint-preserving homotopy from fM to PfMP−1, and so we
find that the element fM ∈ πrU(n) is independent of the choice of basis.

The analogous argument in the real case requires an extra step, because of the
fact that the groups O(n) are not connected. The matter again reduces to compar-
ing a map fM : Sr → O(n) to a conjugate PfMP−1 where P ∈ O(n). There is a
path in O(n) from P to either Id or R, where R is the reflection diag(−1, 1, 1, . . . , 1),
and as before such a path gives a homotopy. So we reduce to comparing fM to
RfMR

−1. We can re-interpret conjugation by R as conjugation by −R, and if
n is odd then −R has determinant 1 and so is path-connected to Id. So if n is
odd then we are okay. But if n is even then we can compose with the inclusion
O(n) ↪→ O(n+ 1) to reduce to the odd case. So the conclusion here is that, while
fM ∈ πrO(n) might depend on the choice of basis, the image in πrO does not.

Proposition 19.10. fM⊕N = fM + fN in πrU (or πrO for the real case). Conse-
quently, we obtain maps of abelian groups Gr(C)→ πr(U) and Gr(R)→ πr(O) as
well as induced maps Ar(C)→ πr(U) and Ar(R)→ πr(O).

Proof. This boils down to checking that if f, g : Sr → U(n) then the product
fg : x 7→ f(x)g(x) is homotopic to

f ⊕ g : x 7→
[
f(x) 0
0 g(x)

]
when regarded as maps Sr → U(2n) (in the first case, via the inclusion U(n) ↪→
U(2n)). That statement in turn follows from the claim that the two maps U(n)→
U(2n) given by

A 7→
[
A 0
0 I

]
, A 7→

[
I 0
0 A

]
(19.11)

are homotopic. To justify this claim, consider the path in U(2n) given by

t 7→
[
cos(t)I − sin(t)I
sin(t)I cos(t)I

]
from t = 0 to t = π

2 . Left-multiplication by this path shows that the identity on

U(2n) is homotopic to the map
[
A B
C D

]
7→
[
−C −D
A B

]
. Right-multiplication by
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the path gives a similar homotopy between the identity and a map that involves
switching column blocks instead of row blocks. Applying these two homotopies in
succession gives the desired homotopy between the two maps of (19.11).

Check O case and basepoints. □

At this point we have constructed maps of graded groups A∗(C) → π∗(U) and
A∗(R) 7→ π∗O. We want to next understand how periodicity of the two sides
interact. In each case, periodicity stems from a certain kind of multiplication that
we now explain.

Let us first observe a clever “doubling” construction that one can apply to Clifford
modules. If M is a Clr-module then consider the real vector space M ⊕M . This
comes equipped with the map f =

[
0 I
−I 0

]
which has f2 = −I. Check that f

anticommutes with [ 0 A
uA 0 ] (u a scalar constant) if and only if u = 1, and that f

anticommutes with [B 0
0 uB ] if and only if u = −1. This gives us a couple of ways of

regarding M ⊕M as a Clr+1-module, via the formulas ei 7→
[

0 ei
ei 0

]
, er+1 7→ f or

via the formulas ei 7→
[
ei 0
0 −ei

]
, er+1 7→ f .

Suppose given a Clr-module M and a Cls-module N . Can we merge these
two actions into something like a Clr+s-module? Write the generators of Clr as
e1, . . . , er and write the generators of Cls as gr+2, . . . , gr+s+1 (the strange indexing
will make more sense in a moment) . We need to construct a new module where the
e’s and g’s act simultaneously and anticommute. If we had said “commute” rather
than “anticommute”, there would be a standard solution: take M ⊗N and consider
the actions given by ei ⊗ idN and idM ⊗gj . To get anticommutativity instead we
can take the double (M ⊗ N) ⊕ (M ⊗ N) and intertwine with the f -map in the
following way:

ei 7→
[
ei ⊗ idN 0

0 −ei ⊗ idN

]
for 1 ≤ i ≤ r

er+1 7→
[

0 idM ⊗ idN
− idM ⊗ idN 0

]
ej 7→

[
0 − idM ⊗gj

− idM ⊗gj 0

]
for r + 2 ≤ j ≤ r + s+ 1.

Note that we actually get a Clr+s+1-action in this way, not just a Clr+s-action.
Write M ⊗c N for (M ⊗ N) ⊕ (M ⊗ N) with this Clr+s+1-action. We will call it
the “Clifford tensor product”.

For a more algebraic perspective on this construction, see Exercise 19.32.

Remark 19.12. If the Clifford algebra Clr is thought of as containing generators
e0, e1, . . . , er with e0 = 1, then the generators for the two Clifford algebras Clr and
Cls merge to give

e0, . . . , er, er+1, . . . , er+s+2

with er+i corresponding to ei in Cls. In particular, er+1 corresponds to the e0 in
Cls. Keeping this in mind helps parse the formulas in the definition of M ⊗c N .

Remark 19.13. There were choices made of where to put the signs in the matrices
defining the Clifford action on the tensor product. One is of course free to multiply
any of the matrices by −1 and this produces a different module. The sign choices
for the first set of matrices seem reasonably natural, but the signs that appear in
er+1 and in the last set of matrices are not at all intuitive.
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For now we will just say that the sign choices come from taking a more natural
construction that we will encounter later and deconstructing it. See Section 20.16.

One thing that is not at all obvious is that our choice of signs in the definition
of the Clifford tensor product makes the following true:

Proposition 19.14. The Clifford tensor product is associative up to isomorphism:
if M is a Cls-module, N is a Clt-module, and W is a Clu-module, then (M ⊗c
N)⊗cW ∼=M ⊗c (N ⊗cW ) as Cls+t+u+2-modules.

The above result will be a simple consequence of work we do in later sections,
see Exercise 20.23. Another approach, from a more hands-on perspective, is in
Exercise 19.33.

The Clifford tensor product induces a product on the groups G∗, with the un-
fortunate grading Gs⊗Gt → Gs+t+1 (if this really bothers you, keep heart because
we will eventually repair this oddity). By Proposition 19.14 this product is associa-
tive, and so it makes

⊕
sGs into a rng (a ring without identity element). It likewise

induces pairings As⊗At → As+t+1. We want to use this extra information to help
understand the structure of the A∗ groups. To this end, we need notation for talk-
ing about the irreducible Cln-modules before we go to the next stage of computing
tensor products. We already saw this in the real case back in Figure 16.14.1, but
let us give a quick tour of the complex version.

When n is even there is a unique (up to isomorphism) irreducible Cln-module, so
there are no issues there: let us just denote it Fn. But when n is odd there are two
non-isomorphic irreducibles, which we will call Fn,+ and Fn,−. In order to explain
what we mean by these, let us recall how Clifford modules work via the following
diagram:

Figure 19.14.1. Deconstruction of a Cln(C)-module

V V e1−

V e1+

e2

kk

V e1,e2e3+−

V e1,e2e3++

e2e4

jj

V e1,e2e3,e4e5++−

V e1,e2e3,e4e5+++

e4e6

jj

0 1 2 3 4 5 6

Here are the instructions for parsing this:
• A Cl0-module is just a complex vector space V .
• To make V into a Cl1-module one must give the action of e1. But since
e21 = −1, the action will be diagonalizable and will split V into the +i
and −i eigenspaces, denoted V e1+ and V e1− (sometimes we will drop the
superscripts for convenience).
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• If the Cl1-action extends to a Cl2-action then since e2 anti-commutes with
e1 it will have to interchange the two eigenspaces V+ and V−. In fact,
mutiplication by e2 will have to give an isomorphism V+ → V− and so the
Cl1-action extends if and only if V+ and V− have the same dimension.

• If the Cl2-action extends to a Cl3-action, then since e2e3 commutes with e1
it will perserve each of the V+ and V− eigenspaces. But (e2e3)

2 = −1 so it
will decompose V+ (for example) into +i and −i eigenspaces, denoted here
V++ and V+−. Note that there will be a similar decomposition of V−, but we
don’t need to include that because we obtain it from the V+-decomposition
via multiplication by e2.

• To extend to a Cl4-action, the element e2e4 commutes with e1 and so will
have to preserve V+; but it anticommutes with e2e3 and so will interchange
V++ and V+− and give an isomorphism between them.

• At the next stage, e4e5 commutes with e1 and e2e3 and so will preserve
the V++ eigenspace, and since (e4e5)

2 = −1 it splits it into +i and −i
eigenspaces.

• At this point the pattern is clear: at each stage one writes down a certain
element ejek which commutes with the previously chosen elements, or else
anticommutes with the one immediately preceding it. In the first case the
element splits a previous eigenspace into two, whereas in the second case it
gives an isomorphism between the two previous eigenspaces.

• Note that the diagram has been set up so that columns 0 through n show
the information that constitutes a Cln-module, with the understanding that
the curved isomorphisms all lie in the column containing their label. And
when we say “show”, of course the diagram only shows the splittings for
the V+···+ eigenspaces, since the splittings of the other eigenspaces can be
obtained from these.

One can reverse the above decomposition process to construct Clifford modules
very explicitly. Briefly, one starts with some chosen information at level n and
then lets this freely generate the rest of the module by moving to the left in the
diagram. For example, a Cl3-module is determined by the choice of V++ and V+−.
Let F3,+ be the module where V++ = C and V+− = 0 (and F3,− the opposite).
Note that these two spaces determine V+, as it is their direct sum, which then
determines V− (as it is e2V+), which then determines V . So for example, we see
that V is 2-dimensional in this case. For a Cl4-module we would specify V++, then
set V+− = e2e4V++, and then continue as above—this produces a 4-dimensional
Cl4-module, and it is clear that when we restrict to Cl3 we get F3,+ ⊕ F3,−.

Exercise 19.15. The module F3,+ can be described by letting x be a generator
of V++, so that e1x = e2e3x = ix. Check that x, e2x gives a basis for V and that
e3x = −ie2x. Verify that e1e2e3 acts on F3,+ as multiplication by −1. Then do
this for F3,− and show that e1e2e3 acts as the identity instead.

Next do something similar for F5,+: if x is a generator for V+++ show that x,
e2x, e4x, and e2e4x form a basis for V , and compute the ej multiplications on these
basis elements for all j. Check that e1e2e3e4e5 acts on F5,+ as multiplication by
−i. Likewise, check that for F5,− the action is by +i.

It is often the case that one has a Cl2n+1-module M and by a dimension count
one knows it is isomorphic to either F2n+1,+ or F2n+1,−; but how do we decide
which one? The above exercise gives a clue. Note that (e1e2 · · · e2n+1)

2 = (−1)n+1
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and so multiplication by e1e2 · · · e2n+1 will have eigenvalues ±in+1 (that is, ±1
when n is odd and ±i when n is even).

Proposition 19.16. The element e1e2 · · · e2n+1 acts as multiplication by in+1 on
F2n+1,+ and as multiplication by −in+1 on F2n+1,−.

Proof. Set V = F2n+1,+ and let ω = e1e2 · · · e2n+1. If x is a generator for V++···+
then a C-basis for V is given by the set of elements e2j1e2j2 · · · e2jkx for j1 < j2 <
· · · < jk (exercise). Each Clifford generator er commutes with ω, therefore if we
prove ωx = λx for some λ ∈ C then α acts by multiplication by λ on all of V .

Now we just observe that ω = (1 · e1)(e2e3)(e4e5) · · · (e2ne2n+1) and each pair in
parentheses acts on x as multiplication by i. So ωx = in+1x, as desired.

In the case of V = F2n+1,− we have x ∈ V++···+− and so each pair in the above
decomposition of ω acts on x as multiplication by i except for the final pair, which
acts as multiplication by −i. □

With these considerations in mind we can proceed to analyze some tensor prod-
ucts:

Proposition 19.17. One has isomorphisms
(i) F0 ⊗c F2n

∼= F2n+1,+ ⊕ F2n+1,− ∼= F2n ⊗c F0

(ii) F0 ⊗c F2n+1,+
∼= F2n+2

∼= F2n+1,+ ⊗c F0

(iii) F0 ⊗c F2n+1,− ∼= F2n+2
∼= F2n+1,− ⊗c F0

(iv) F1,+ ⊗c F2n+1,± ∼= F2n+3,∓
(v) F1,− ⊗c F2n+1,± ∼= F2n+3,±.

Before proving all of these isomorphisms let us give the immediate consequence:

Corollary 19.18. The group A2n+1 is generated by the element (F1,+)
n (or alter-

natively, by (F1,−)
n).

Proof. We know that A2n+1 is generated by F2n+1,+, and that [F2n+1,+] =
−[F2n+1,−]. So it suffices to observe that Proposition 19.17(iv) shows that F2n+1,−
is isomorphic to the n-fold Clifford tensor product of F1,− with itself, or [F2n+1,−] =
[F1,−]

n. □

Proof of Proposition 19.17. Note that F2n has dimension 2n as a C-vector space, as
does F2n+1,±. Statements (ii) and (iii) are easy, since even Clifford algebras have
exactly one irreducible and so the isomorphism class of a module is determined
by its dimension over C. So, for example, F0 ⊗c F2n+1,+ and F2n+2 both have
dimension 2n+1 and hence are isomorphic.

For F0 ⊗c F2n, the dimension over C is 2n+1 and so the module can only be
isomorphic to one of F2n+1,+⊕F2n+1,+, F2n+1,+⊕F2n+1,−, and F2n+1,−⊕F2n+1,−.
But note that the Cl0-action on F0 extends to a Cl1-action, and so the Cl2n+1-
action on F0 ⊗c F2n extends to a Cl2n+2-action. That is, the tensor product is in
the image of G2n+2 → G2n+1. This is enough to identify it is as the second of the
above options.

Finally, we tackle part (iv) (the proof for (v) is similar). A dimension calculation
shows that the Cl2n+3-module F1,+⊗cF2n+1,+ must be isomorphic to either F2n+3,+

or F2n+3,−, so we use Proposition 19.16 to decide which one. The action of the
Clifford generators on the tensor product is given by the matrices[

i 0
0 −i

]
,

[
0 1
−1 0

]
,

[
0 −e1
−e1 0

]
,

[
0 −e2
−e2 0

]
, . . . ,

[
0 −e2n+1

−e2n+1 0

]
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and the product of these matrices is ω =
[
−ie1···e2n+1 0

0 −ie1···e2n+1

]
. But e1 · · · e2n+1

acts on F2n+1,+ as multiplication by in+1, so the action of ω on F1,+ ⊗c F2n+1,+

is multiplication by −in+2. This shows we must have F1,+ ⊗c F2n+1,+
∼= F2n+3,−,

and the analysis of F1,+ ⊗c F2n+1,− is identical except for the sign change. □

We are in the midst of analyzing A∗ → π∗U , and we have now introduced and
understood a rng structure on the domain. The same types of formulas lead to a
rng structure on the target. Indeed, for f : Ss → U(n) and g : St → U(q) define
f ∗ g : Ss+t+1 → U(2nq) to be given by

(19.19) (f ∗ g)(u, x) =
[ |u|f(û)⊗ I I ⊗ |x|g(x̂)†

−I ⊗ |x|g(x̂) |u|f(û)† ⊗ I

]
for (u, x) ∈ Rs+1 ⊕ Rt+1 such that |u|2 + |x|2 = 1. Here we have written û = u

|u|
etc, and are interpreting the matrix as a transformation of (Cn ⊗Cq)⊕ (Cn ⊗Cq).
One readily computes that the transformation is unitary.

It is clear that f ∗ g only depends on the homotopy classes f ∈ πsU(n) and g ∈
πtU(q), since for example a homotopy from f to f ′ could be essentially substituted
into the above formula to give a homotopy from f ∗g to f ′ ∗g. If f (respectively, g)
is the constant map at the identity then f ∗g is null-homotopic, since the definition
can be extended to pairs (u, x) ∈ S(Rs+2 ⊕ Rt+1) (respectively, S(Rs+1 ⊕ Rt+2)).
From this it immediately follows that the definition of f ∗ g is compatible with
stabilization, so that it induces a pairing πsU×πtU → πs+t+1U . To check bilinearity
use the model of addition in π∗U which is induced from block sum of matrices. See
Exercise 19.30 for more details.

The definitions have been set up so that it follows immediately that A∗ → π∗U
is a rng map (and similarly for the orthogonal case).

Exercise 19.20.
(a) Verify that A∗ → π∗U is a rng homomorphism.
(b) Show that F1,+ is sent to the homotopy element represented by the map

f : S1 → U(1) given by (x, y) 7→ (x+ iy).
(c) Verify that f ∗ (−) : πtU(n) → πt+2U(2n) equals the operation B∗Σ

2 from
Theorem 18.10. [Hint: Comparing to formula (18.9) there is a sign discrepancy,
but see Remark 18.7 for how to resolve it.]

A short summary of our situation is:
• From algebraic computation we know all of the groups A∗, the ring struc-

ture, and the fact that multiplication by the generator in A1 gives period-
icity isomorphisms.

• If we had reason to know that A∗ → π∗U is an isomorphism of groups then
we would deduce Bott periodicity for π∗U , but unfortunately we have no a
priori explanation of that fact.

• We do know the groups π∗U by the Bott-Morse arguments from previous
sections. By Exercise 19.20, the content of Theorem 18.10 shows that in
the rng π∗U multiplication by the generator in degree 1 gives a periodicity
isomorphism.

• It then follows from algebra that A∗ → π∗U is an isomorphism in all
degrees. We record this important fact for later use:
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Theorem 19.21. The map A∗ → π∗U is an isomorphism of graded rngs.

Proof. Follows from Theorem 18.10 by the above reasoning. □

Let us next take a look at the orthogonal case, starting by determining the
ring structure on G∗(R). Much of the hard work can be avoided by using the
complexification map G∗(R) → G∗(C) (which is a ring homomorphism) together
with what we already know about the codomain, but we still need to get our hands
dirty in a few cases.

We know that Cl4n+3(R) has two non-isomorphic irreducible representations,
and once again we need to know a quick way to distinguish them. Based on our
experience from the complex case, we know what to look for.

Proposition 19.22. In Cl4n+3(R) let ω = e1e2 · · · e4n+3. On an irreducible repre-
sentation ω must act as multiplication by 1 or −1, and both actually occur. So the
two irreducible representations are distinguished by this property.

Proof. Let W be an irreducible representation of Cl4n+3. One checks that ω2 = 1,
and so W splits into the +1 and −1-eigenspaces for W . But ω commutes with all
of the ei’s, and so these eigenspaces will actually be Cl4n+3-submodules. Since W
was irreducible, one of them is zero and the other is all of W .

Given a representation of a Clifford algebra Clk, we can make a new representa-
tion by changing the sign on the e1-action. It is clear that this preserves irreducibles,
since it preserves direct sums and doing it twice gives back the original representa-
tion. So if we have an irreducible action of Cl4n+3 where ω acts as multiplication
by u ∈ {1,−1}, this procedure gives another irreducible where ω acts by −u. □

To work out the rng structure on G∗(R) we need to assign some names to ele-
ments. Let x = R be the irreducible representation of Cl0(R), and let y+ and y−
be the irreducible represenations of Cl3(R) where ω3 = e1e2e3 acts as multiplica-
tion by +1 and by −1, respectively. Likewise, let z+ and z− be the irreducible
representations of Cl7(R) defined similarly. Finally, let g5 and g6 denote the unique
irreducible representations of Cl5(R) and Cl6(R).

In processing the next result, remember that if M and N are Clifford represen-
tations then dim(M ⊗c N) = 2 dimM · dimN .

Proposition 19.23. Positive generators of G∗(R) and G∗(C) up through degree
eight, together with the behavior of the complexification map on these generators,
are as shown in Figure 19.23.1. The bracketed formulas on the left and right give
relations in the two rngs, and in addition both rngs are commutative.

Numbers in parentheses indicate the dimension of the module over the underlying
ground field. ∆ indicates that a generator maps to the sum of the two shown gen-
erators, 2 indicates that a generator is sent to twice the indicated generator of the
target, and in all other cases the shown generators map to the shown generators. Fi-
nally, (z+)2 = (z−)

2 and multiplication by z+ is an isomorphism Gi(R)→ Gi+8(R)
for all i.

Proof. The relations in G∗(C) were already established by Proposition 19.17. The
information there shows that the elements a, b+, and b− all commute, and they
give

(b+)
n =

{
F2n−1,+ if n is odd,
F2n−1,− if n is even,

(b+)
n−1b− =

{
F2n−1,− if n is even,
F2n−1,− if n is odd.
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Figure 19.23.1. G∗(R) and G∗(C)

G∗(R) G∗(C)

x(1) // a(1)

x2(2)
∆ // b+, b−(1) [a2 = b+ + b−]

x3(4)
2 // ab+(2) [ab− = ab+]

[x4 = y+ + y−] y+, y−(4)
2,2 // b2+, b+b−(2) [b2− = b2+]

[xy+ = xy−] xy+(8)
2 // ab2+(4)

[x2y+ = 2g5] g5(8)
∆ // b3+, b

2
+b−(4)

[xg5 = 2g6] g6(8) // ab3+(8)

[xg6=z++z−]

[y2+=y2−=4z−,y+y−=4z+] z−, z+(8) // b4+, b
3
+b−(8)

[xz− = xz+] xz−(16) // ab4+(16).

So the elements listed in the table generate the groups in each dimension. Let us
also recall for later use that ω2n−1 acts on F2n−1,± as multiplication by ±in.

Modules over Cl1 and Cl2 are determined by their dimension, so one readily sees
that x2 and x3 are the irreducibles there. If c denotes complexification then we start
with c(x) = a and then get c(x2) = a2 = b+ + b− and c(x3) = a3 = a(b+ + b−) =
2ab+.

Recall that y± has the property that e1e2e3 acts as ±1. Since x2 is C with e1
acting as i, x4 = x2 ⊗c x2 is (C⊗R C)⊕ (C⊗R C) with Cl3-structure given by the
matrices [

i⊗ 1 0
0 −i⊗ 1

]
,

[
0 1⊗ 1

−1⊗ 1 0

]
,

[
0 −1⊗ i

−1⊗ i 0

]
.

So the product e1e2e3 acts as
[−i⊗i 0

0 −i⊗i
]
, which has a 4-dimensional eigenspace

for eigenvalue +1 and a 4-dimensional eigenspace for eigenvalue −1 (exercise). So
x4 = y+ + y−.

The complexification c(y+) has dimension 8, and so it is a sum of two of the
irreducibles. But c(y+) has e1e2e3 acting as 1, the action on b+ = F3,− is by 1, and
on b+b− = F3,+ is by −1. So c(y+) = 2b2+. Likewise, c(y−) = 2b+b−.

Both xy+ and xy− must be the generator of G4(R) for dimension reasons, and
c(xy+) = a(2b2+) = 2ab2+.

The irreducible Cl5-module g5 has dimension 8 over R, so dimension arguments
show x2y+ = 2g5. Since c(x2y+) = 2a2b2+ = 2b3++2b2+b−, we conclude that c(g5) =
b3+ + b2+b−. The same kind of reasoning shows that xg5 = 2g6 and c(g6) = ab3+.

The module z+ has dimension 8 and ω7 = e1e2 · · · e7 acting as +1, so c(z+) has
those same properties. But ω7 acts on b4+ = F7,− and −1, and on b3+b− = F7,+ as
+1. So c(z+) = b3+b−, and likewise c(z−) = b4+. Computing c(xy6) = b4+ + b3+b−
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then yields that xy6 = z+ + z−, and similar reasoning shows y2+ = y2− = 4z− and
y+y− = 4z+.

We know the dimensions of the generators for Gs(R) for all s, and a dimension
count shows that multiplication by z− (or z+) must map generators to generators
in all degrees except possibly those congruent to 3 modulo 4. In those execeptional
degrees one must give a bit more argument. If M is a Clr-module then the Clifford
generators act on M ⊗c z− via the matrices[
e1I 0
0 −e1I

]
, . . . ,

[
erI 0
0 −erI

]
,

[
0 I
−I 0

]
,

[
0 −Ie1
−Ie1 0

]
, . . . ,

[
0 −Ie7
−Ie7 0

]
,

where we have written e1I instead of e1⊗I for typographical reasons. The product
of these matrices is

ωr+8 =

[
−ωr ⊗ ω7 0

0 −ωr ⊗ ω7

]
.

So if ωr acts with eigenvalue λ on M , then ωr+8 acts with eigenvalue λ on M ⊗c
z−. From this it immediately follows that multiplication by z− is an isomorphism
G4s+3(R)→ G4s+11(R) for all s ≥ 0. The similar analysis of the behavior of ωr+8

on M ⊗c z+ reveals that (z−)
2 = (z+)

2. □

Exercise 19.24. The above proposition does not list all the relations in G∗(R),
but the rest are easy to work out. For example, prove that y+g5 = 2x2z+.
Corollary 19.25. The rng A∗(R) is generated by x ∈ A1(R), y ∈ A3(R), and
z ∈ A7(R) subject to the relations

2x = 0, x3 = 0, xy = 0, y2 = 4z

together with commutativity.

Proof. Take y = y+ and z = z+. The rest is left to the reader. □

Now consider the square

A∗(R) //

��

A∗(C)

��
π∗O // π∗U.

We know all of the groups involved. We also know the top maps by Proposi-
tion 19.23, we know the bottom maps by Exercise 15.16, and we know the right
vertical map is an isomorphism by Theorem 19.21. Thinking it through, this im-
mediately yields that A∗(R)→ π∗O is an isomorphism except possibly in the cases
where ∗ ∈ {0, 1} (mod 8). It only takes a little more legwork to cover these cases
as well:
Theorem 19.26. The map A∗(R)→ π∗O is an isomorphism of graded rngs.

Proof. We already know this is a rng map. As remarked above, the comparison to
the complex case shows immediately that the map is an isomorphism in degrees not
congruent to 0 or 1 mod 8. It remains to check these final cases. For this, consider
instead the square

A∗(C) //

��

A∗(R)

��
π∗U

r // π∗O.
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Here the top map is induced by restriction of scalars along the evident maps of
algebras Cli(R)→ Cli(C). It is a quick check that this square commutes. When ∗
is equivalent to 1 mod 8 the square takes the form

Z //

∼=
��

Z/2

��
Z // // Z/2.

The left vertical map is an isomorphism by Theorem 19.21 and the bottom hori-
zontal map is projection by Exercise 15.16. It follows at once that the right vertical
map must be nonzero, hence an isomorphism.

It remains to analyze the case where ∗ ≡ 0 mod 8. We claim this follows from
the other cases, the rng structure on A∗(R), and the fact that A∗(R) → π∗O is a
rng homomorphism. Call this map ϕ. In degree 8n + 1 this is a map Z/2 → Z/2,
so we only need show it is nonzero. The group A8n+1(R) is generated by βnx, and
the group A8n+2(R) is generated by βnx2. We already know that ϕ(βnx2) ̸= 0 by
the previous analysis, and so ϕ(βnx) · ϕ(x) ̸= 0. Therefore ϕ(βnx) ̸= 0, and we are
done. □

Remark 19.27. The above result demonstrates a useful principle: often some hard
work regarding real K-theory can be avoided by instead pulling the information
from the complex case via the two maps relating them. It is almost as if the
quadruple (O,U, c, r) should be regarded as one object. This technique comes up
often enough that it is worth keeping near the top of one’s toolbox.

Theorem 19.26 now lets us (finally) give the real analog of Theorem 18.10:

Corollary 19.28. Let βR be a generator for π7O ∼= Z, for example the generator
arising from either of the fundamental representations of Cl7(R) on R8. Then the
maps

πiO
βR·(−) // πi+8O

are isomorphisms for every i ≥ 0.

Proof. Immediate from Theorem 19.26. □

Let us also explicitly describe the generators for π∗O in low degrees. These are
obtained directly from A∗(R)→ π∗O.

i = 0: S0 → O(1) = {+1,−1}, basepoint 7→ 1 and nonbasepoint 7→ −1
i = 1: S1 → O(2), a = (a0, a1) 7→ multiplication by a0 + ia1 on C

i = 3: S3 → O(4), a 7→ left multiplication by a0 + a1i+ a2j + a3k on H.

i = 7: S7 → O(8), a 7→ left multiplication by a on O.

The last line takes a little explanation. The octonions can be constructed by
starting with R8 and defining products of basis elements by explicit formulas. Let
the basis elements be denoted e0, . . . , e7 with e0 = 1. The products satisfy e2i = −1
for i ≥ 1 and eiej = −ejei for 1 ≤ i < j. It turns out that one gets a map of
algebras Cl7 → EndR(O) by sending ei to left multiplication by ei. This would
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be immediate if O were associative, but lack of associativity forces one to work
a little harder. The key observation is that ei(ejx) = −ej(eix) for all x ∈ O
and for all distinct i, j > 0. This property can be checked by brute force from
the defining relations of O, or deduced with less trouble from the Cayley-Dickson
construction of O. (Note that we are not claiming ei(ejx) = (eiej)x, which would
give associativity.) Since dimR O = 8, the only possibility is that O is one of the
two irreducible representations of Cl7. It doesn’t matter which one it is, as they
both give generators for A7(R).

Remark 19.29. We want to stress that the main theorems of this section have
used the fact that we previously computed π∗U and π∗O, as well as the compari-
son maps c and r between them, via the Morse-theoretic arguments. Results like
Corollary 19.28 are an appealing and informative repackaging of Bott periodicity,
but in our current telling of the story they do not offer an independent proof.

Theorem 19.26 almost brings to a close our long journey over the last several
sections. We have at this point computed the groups π∗U and π∗O together with
their ring structure, and moreover have seen how Clifford algebras give rise to a
nice algebraic model for these rings via A∗(C) and A∗(R). The only thing that
remains is for us to connect all of this back to K-theory.

A slight complaint is that the ring structures on A∗ and π∗U (resp. A∗(R) and
π∗O) feel a bit strange and ad hoc. As we connect back to K-theory we will be
able to fix this and understand the true origins of those structures. This will be
our task in the next section.

◦ Exercises ◦

Exercise 19.30. This exercise concerns the operation that takes f ∈ πsU(n) and
g ∈ πtU(q) and produces f ∗ g ∈ πs+t+1U(2nq).
(a) Let f be the constant map at the identity. Then formula (19.19) for (f ∗g)(u, x)

decomposes into blocks of the form

(19.31)
[
|u|Iq |x|g(x̂)†
−|x|g(x̂) |u|Iq

]
.

Treating this block as a map P : Ss+t+1 → U(2q), produce an explicit formula
for a homotopy H : Ss+t+1 × I → U(2nq) showing that P is null-homotopic.
[Hint: Formula (19.31) makes sense for (u, x) ∈ S(Rs+2 × Rt+1). When u ∈
Rs+1 there is a canonical path from (u, x) to (es+2, 0). ]

(b) Use (a) to prove that if f is the constant map then f ∗ g is null.
(c) Repeat (a) and (b) for the case where g is the constant map, but f is not.
(d) Prove that f ∗ g yields a well-defined operation πsU ⊗ πtU → πs+t+1U . [Hint:

Use ?????]

For the following exercises it will be convenient to write Cls+1+t for the Clifford
algebra on generators e1, . . . , es, es+1, es+2, . . . , es+1+t, with the idea that e1, . . . , es
form a distinguished collection of size s, es+1 is distinguished as a single element,
and es+2, . . . , es+1+t form a distinguished collection of size t. Expressions like
Cls+1+t+1+u will be interpreted likewise: it just means that the Clifford generators
are grouped into subsets of the given sizes.
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Exercise 19.32. Let M be a Cls-module and N be a Clt-module. Regard Cls as
a subalgebra of Cls+1+t in the usual way, and let k : Clt ↪→ Cls+1+1 send ei 7→
es+1+ies+1 for 1 ≤ i ≤ t. Check that k is an inclusion of algebras and that it gives
rise to an embedding Cls⊗Clt ↪→ Cls+1+t.

Verify that an isomorphism M ⊗cN −→ Cls+1+t⊗(Cls ⊗Clt)(M ⊗N) is given by
sending w in the first summand of M ⊗cN to 1⊗w and w in the second summand
to −es+1 ⊗ w.

Exercise 19.33. Continuing the previous exercise, let W be a Clu-module. Show
that (M ⊗cN)⊗cW may be identified with Cls+1+t+1+u⊗(Cls ⊗Clt ⊗Clu)(M ⊗N ⊗
W ) for a certain embedding Cls⊗Clt⊗Clu ↪→ Cls+1+t+1+u. Likewise, show that
M ⊗c (N ⊗c W ) may be idenfitied with Cls+1+t+1+u⊗(Cls ⊗Clt ⊗Clu)(M ⊗ N ⊗
W ) for another embedding Cls⊗Clt⊗Clu ↪→ Cls+1+t+1+u. Check that the two
embeddings are the same and thereby prove associativity of ⊗c. [This takes some
care, but requires nothing tricky.]

20. Graded Clifford modules and K-theory

The homotopy groups of U and BU are the same but with a shift. We have seen
that the groups π∗U are intimately related to Clifford modules, but it turns out
that the groups π∗BU are better described using graded Clifford modules. This
might seem odd: given that the two sets of groups are essentially the same, why
not just use the ungraded Clifford modules to describe both? But the algebra of
graded modules turns out to be a better fit for the algebra of π∗BU , most notably
the ring structure.

20.1. Gradings. A vector space V is said to be Z/2-graded if it is equipped with
a decomposition V = V0 ⊕ V1 into an “even” part and an “odd” part, labelled by
0 and 1. The degree is also called the parity in this context. If V and W are two
Z/2-graded vector spaces then Hom(V,W ) becomes Z/2-graded by the formulas

Hom0(V,W ) = Hom(V0,W0)⊕Hom(V1,W1),

Hom1(V,W ) = Hom(V0,W1)⊕Hom(V1,W0).

So the even maps are parity-preserving, and the odd maps are parity-reversing.
There is a corresponding tensor product, called the graded tensor product:

(V ⊗̂W )0 = (V0 ⊗W0)⊕ (V1 ⊗W1), (V ⊗̂W )1 = (V0 ⊗W1)⊕ (V1 ⊗W0).

Exercise 20.2. Check that these definitions yield a natural adjunction isomor-
phism Hom(V ⊗̂W,Z) ∼= Hom(V,Hom(W,Z)).

For any ungraded vector space V , write V [j] (j = 0, 1) for V regarded as a
Z/2-vector space concentrated entirely in degree j. Note the natural isomorphism
V [j]⊗̂W [k] ∼= (V ⊗W )[j + k], where j + k is interpreted modulo 2. From now on
we will stop saying “modulo 2” when it is clear from context. Also note that R[0]
is the unit for the graded tensor product.

A Z/2-graded algebra A is a Z/2-graded vector space equipped with a unit
η : R[0]→ A and a multiplication map µ : A⊗̂A→ A that is associative and unital.
In down to earth terms, A comes with a grading A = A0 ⊕A1 where the unit lives
in degree 0 and the product of two homogenous elements adds the degree. One
likewise defines Z/2-graded modules over A in the expected way.
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If A and B are Z/2-graded algebras then A⊗̂B inherits a Z/2-graded algebra
structure, but this happens in more than one way: there are some choices regarding
signs. The choice that turns out to be most useful for us is the one following the
Koszul sign rule, namely

(a1 ⊗ b1) · (a2 ⊗ b2) = (−1)|b1||a2|a1a2 ⊗ b1b2.(20.3)

The maps A→ A⊗̂B and B → A⊗̂B given by a 7→ a⊗1 and b 7→ 1⊗ b are maps of
algebras, the even elements of A and B map to elements that commute with each
other, whereas the odd elements of A and B map to elements that anti-commute
with each other. If M is an A-module and N is a B-module then M⊗̂N becomes
an A⊗̂B-module via the analogous formula.

Exercise 20.4. If A and B are Z/2-graded algebras check that there is an iso-
morphism of Z/2-graded algebras A⊗̂B → B⊗̂A given by a ⊗ b 7→ (−1)|a|·|b|b ⊗ a
whenever a and b are homogeneous.

Clifford algebras are naturally Z/2-graded. If (V, q) is a vector space with qua-
dratic form then the tensor algebra T (V ) is N-graded and the relations v2 = −q(v)
is even; so the quotient is Z/2-graded. So Cl(V, q)0 consists of products of an
even number of vectors in V , and Cl(V, q)1 consists of products of an odd number.
We will write Cl(V, q)grd when we need to accentuate that we are thinking of the
Clifford algebra as Z/2-graded.

The biggest advantage of introducing these Z/2-gradings is that the graded ten-
sor product gives us the most natural way of relating small Clifford algebras to
bigger ones:

Proposition 20.5. There is a unique map of graded algebras

Cl(V, qV )⊗̂Cl(W, qW ) −→ Cl(V ⊕W, qV ⊕ qW )

that sends v ⊗ 1 to (v, 0) for v ∈ V and 1⊗ w to (0, w) for w ∈ W , and moreover
this map is an isomorphism.

Proof. Left as an exercise. □

Remark 20.6. When applied to the standard Clifford algebras for the sum-of-
squares form this becomes the isomorphism Cls+t −→ Cls ⊗̂Clt given by

ei 7→
{
ei ⊗ 1 if 1 ≤ i ≤ s,
1⊗ ei−s if s+ 1 ≤ i ≤ s+ t.

Using this, we see that if M is a graded Cls-module and N is a graded Clt-module
then M⊗̂N becomes a Cls ⊗̂Clt-module and therefore a graded Cls+t-module via
the above isomorphism.

After the development of supersymmetry in physics, and the filtering of some of
those ideas into mathematics, Z/2-graded objects of all types started to be described
as “super” objects—super vector spaces, super algebras, etc. We will occasionally
use this language, but mostly will stick to the more prosaic “Z/2-graded”.

20.7. Super division algebras. The content of this section will at first seem to be
an unmotivated digression into more algebra, but with fairly little work we will find
that it gives us perhaps the best viewpoint on where Bott periodicity truly comes
from. A super division algebra is a super-algebra in which every homogeneous
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element is invertible. In analogy with the fact that there are only a small number
of real division algebras (R, C, and H), it is reasonable to suspect that there will also
be a small number of real super division algebras. And in fact that is correct—there
are precisely eight of them. Not only that, but these structures form a group—the
super Brauer group of R—which turns out to be Z/8. This perspective turns out
to explain much of what we have been observing on an ad hoc basis in our tour of
real Bott periodicity.

We begin with some general foundations. If A is a Z/2-graded algebra then
Aop denotes the same underlying graded vector space but with the product a⊙ b =
(−1)|a|·|b|ba. IfM is a right A-module then EndA(M) is HomA(M,M) with the mul-
tiplication given by composition. To clarify this a bit, note that HomA(M,N) may
be canonically identified with HomA(ΠM,ΠN) in the evident way (no sign changes
come into play here). We have EndA(M)0 = HomA(M,M) = HomA(ΠM,ΠM)
and EndA(M)1 = HomA(ΠM,M) = HomA(M,ΠM). Given f, g ∈ HomA(ΠM,M)
we interpret fg as either the composition Π(f)◦g ∈ HomA(ΠM,ΠM) or f ◦Π(g) ∈
HomA(M,M), both of which specify the same element in EndA(M)0.

Exercise 20.8. For each a ∈ A let λa : A→ A be left multiplication by a. Check
that a 7→ λa gives an isomorphism of algebras A ∼= EndA(A).

For p, q ≥ 0 define Ap|q = A⊕p ⊕ (ΠA)⊕q. This is the free A-module with p
even generators and q odd generators. Define A(p|q) = EndA(A

p|q). These are the
Z/2-graded analogs of matrix algebras. There are evident isomorphisms

• Aa|b⊗̂Ap|q ∼= Aap+bq|aq+bp.
• A(p|q) ∼= R(p|q)⊗̂RA.
• A(p|q)(a|b) ∼= A(pa+ qb|pb+ qa).

Exercise 20.9. Let A be an R-algebra, let M be an R-module, and let N be an
A-module. All of this is taking place in the Z/2-graded setting. There is a canonical
map

θ : EndR(M)⊗̂EndA(N) −→ EndR⊗RA(M⊗̂RN), f ⊗ g 7→ f ⊗ g.
(a) Check that θ is a homomorphism of graded rings.
(b) Check that the map θ is an isomorphism when M is finitely-generated and free,

meaning that M is a finite direct sum of copies of R and ΠR.
(c) If A is an R-algebra note that Ap|q = Rp|q⊗̂RA. Use (b) to conclude that

R(p|q)⊗̂RA ∼= A(p|q).
(d) Use (b) for EndR(Rp|q)⊗̂R EndR(Ra|b) −→ EndR(Rp|q⊗̂Ra|b) to conclude that

R(p|q)⊗̂R(a|b) ∼= R(pa + qb|pb + qa), and deduce the analogous result with R
replaced by A.

We will often find ourselves using the operation A 7→ A(1|1). Note that iterating
this operation k times gives A 7→ A(2k−1|2k−1). We will use the abbreviation A((n))
for A(n|n).

A Z/2-graded algebra A is a super division algebra if ρa is a bijection for every
homogeneous element a ∈ A. The supercenter of a Z/2-graded algebra A is the
subalgebra of A0 consisting of elements that commute with everything in A. Let F
be a field. Call a super division algebra over F central if its supercenter is precisely
F . Let Brsup(F ) be the set of isomorphism classes of finite-dimensional central
super division algebras over F . This set can be equipped with a monoid structure
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defined as follows. Given finite-dimensional central super division F -algebras A
and B, the algebra A⊗̂B is isomorphic to D(p|q) for a unique central superdivision
algebra D: one defines [A] · [B] = [D] in Brsup(F ). This makes Brsup(F ) into an
abelian group, called the super Brauer group of F (it is abelian by Exercise 20.4).

Remark 20.10. A graded two-sided ideal of a super algebra A is a graded
subspace I ⊆ A that is a two-sided ideal in the usual sense. A super algebra is said
to be simple if the only graded two-sided ideals are 0 and A. A central simple
F -superalgebra is an F -superalgebra A that is simple and whose supercenter is
F . One can prove that every central simple F -superalgebra has the form D(p|q)
for some central division superalgebra over F and some p, q ≥ 0. One can also
define Brsup(F ) to be the isomorphism classes of graded central simple F -algebras
modulo the equivalence relation generated by A ∼ A(p|q) for every p, q ≥ 0. The
(graded) tensor product of two central simple F -superalgebras is another central
simple F -superalgebra, and this preserves the equivalence relation; so it induces a
product on Brsup(F ).

With a little work one can classify all of the finite-dimensional super division
algebras over R. This was first done in [Wall], which also set up the basic theory of
super division algebras and the super Brauer group (there called the graded Brauer
group). See also [Deligne] for a more modern treatment of the foundations, which
we followed above.

In the following discussion we will stop saying “finite-dimensional” although it is
always in the background. If A is a super division algebra over R note that A0 will
be an (ungraded) division algebra over R, and so will be either R, C, or H. These
give all of the graded division algebras where A1 = 0. If f ∈ A1 is nonzero then
right multiplication by f will give an isomorphism A0 → A1. So our algebra will
take the form

A = A0 ⊕A0.f

and will be determined by two other pieces of information: for every x ∈ A0 one
must have fx = ϕ(x)f for some unique ϕ(x) ∈ A0, and f2 = λ for some λ ∈ A0.
Note that the product on A is specified by the product on A0 and the two rules

fa = ϕ(a)f, (af)(bf) = a(fb)f = aϕ(b)f2 = aϕ(b)λ.

The function ϕ : A0 → A0 must be additive and unital, and for R to be in the center
of A it must be R-linear.

Exercise 20.11. Prove that A is associative if and only if the following hold:
(i) ϕ : A0 → A0 is an R-algebra isomorphism,
(ii) ϕ(λ) = λ,
(iii) ϕ2(a)λ = λa for all a ∈ A0.
[Hint for (ii) and (iii): Think about λf = f2 · f and λa = f2a.]

The upshot is that super division algebras over R with A1 ̸= 0 are determined
(not necessarily uniquely) by the data (ϕ, λ) subject to the above requirements.
Note that we can always replace f with rf for some r ∈ R−{0}, which will replace
λ by r2λ while describing the same graded algebra.

For A0 = R we must have A0 acting centrally on f , and up to squares we have
only two possibilities: f2 = 1 and f2 = −1. So there are two possible algebras
here:

R+ = R[f ]/(f2 + 1) and R− = R[f ]/(f2 − 1).
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There is some choice in how to name these algebras (one could imagine switching
which is called R+ and R−), and the above names were chosen because they work
well with the connections to Clifford algebras (see below).

For A0 = C we can have either ϕ equal to id or complex conjugation. In the first
case we can rescale f by any complex number to reduce to the case f2 = 1 (this
uses commutativity of C), so our unique isomorphism class of division algebra is
represented by

C+ = C[f ]/(f2 − 1).

The alternative is to have ϕ equal to complex conjugation, so we will have zf = fz̄
for all z ∈ C. Since λ must be fixed by complex conjugation, up to scaling by
squares of real numbers we again have the two possibilities f2 = ±1. So our two
possibilities are

C+ = C⊕C.f, [f2 = −1, zf = fz̄] and C− = C⊕C.f, [f2 = 1, zf = fz̄]

where in each case z ranges over all complex numbers.
For A0 = H, this is a central simple division algebra over R and so the Skolem-

Noether theorem says that all automorphisms are inner. That is, ϕ must be given
by ϕ(x) = qxq−1 for some q ∈ H. The change of variable g = q−1f leads to the
new commutation rule

ga = q−1fa = q−1(qaq−1)f = a(q−1f) = ag.

So we reduce to the case where ϕ = id.
Property (iii) from Exercise 20.11 then says aλ = λa for all a ∈ H, and so λ ∈ R.

By rescaling our generator we reduce to λ = ±1, as before. So the super division
algebras with A0 = H are all isomorphic to one of

H+ = H[f ]/(f2 + 1) and H− = H[f ]/(f2 − 1).

Exercise 20.12. Prove that f and −f are the only two odd elements of H+ that
commute with all even degree elements and square to −1 (and similarly for H−).
Use this to show that H+ and H− are not isomorphic.

So the complete list of Z/2-graded division algebras over consists of the following
ten algebras:

R, C, H, R+, R−, C+, C+, C−, H+, H−.

If we restrict to the ones whose center is exactly R we get down to eight, namely

R, H, R+, R−, C+, C−, H+, H−.

The super Brauer group over R will then be one of Z/8, Z/4×Z/2, and (Z/2)3, and
we can determine which one by analyzing the elements of order 2. Recall that the
inverse of A in the Brauer group is Aop. One readily checks that (R+)

op = R− and
analogously for C± and H±, but Hop ∼= H (via conjugation). So the only element
of order 2 is H, and the super Brauer group of R is Z/8.

If we set x = R+ then it is easy to compute the graded tensor product and see
that x2 = C+. Since x2 /∈ {R,H} this shows that x does not have order 2 or 4,
hence it must have order 8 and be a generator. It immediately follows that the
group structure is as depicted in this circle:
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R // R+

""
R−

<<

C+

��
C−

OO

H−

||
H+

bb

Hoo

(the arrows depict multiplication by R+). The only things we used to get this
picture are our knowledge of the inverses, the fact that x2 = C+, and the self-
evident fact that R+⊗̂H = H+. Everything else is forced from these.

In this version of the Bott periodicity clock we can interpret the reflective sym-
metry about the line joining R and H as representing the inverses in the group.
The subgroup {R,H} is really the classical (ungraded) Brauer group Br(R).

Exercise 20.13. Check the calculation R+⊗̂R+
∼= C+ and also prove directly that

R+⊗̂C+
∼= H−. [For the latter, one way is to find in R+⊗̂C+ the two elements that

are analogs of the ones highlighted in Exercise 20.12].

If we look instead at graded division algebras over C there are just two of them:
C and C+. The super Brauer group is Z/2 in this case.

Remark 20.14. One might wonder if there is a way we could have predicted the
appearance of the number 8. Wall showed in [Wall] that for a field k the super
Brauer group Brsup(k) is an iterated extension of the three groups Z/2 = Brsup(k)
(this is really just tracking the Z/2-grading), k∗/(k∗)2, and Br(k). For k = R all
three of these groups are Z/2, leading to a super Brauer group of order 8. See also
[Deligne, Lemma 3.7] for an exposition of Wall’s result.

Let us now connect this story back to Clifford algebras. Our original collection
of Clifford algebras Clp,0, if we regard them as graded, are just the tensor powers
of Cl1,0 = R+. We now recognize this as a generator for the super Brauer group,
and so the division algebras underlying the tensor powers—what we once called the
“roots” of the Clifford algebras—will go through an 8-fold periodicity.

If we instead look at the Clifford algebras Cl0,q (again as super algebras), then
these are tensor powers of Cl0,1 = R−. Since this is the inverse of R+ in the super
Brauer group, we will see the eight-fold periodicity appearing in the reverse order.
Finally, the Clp,q algebras will correspond to (R+)

p · (R−)
q = (R+)

p−q in the super
Brauer group, and so we get the familiar 8-fold periodicity with respect to p− q.

Figure 20.14.1 shows the graded Clifford algebras Clgrdp,q . Note that the names
are different from what we saw in Figure 17.3.1, but the underlying algebras are
the same. For example, the graded algebras R+ and C+ become—after forgetting
the grading—C and H.

For ease of reference we also provide the following table:

Exercise 20.15. Justify the entries in the bottom row of Figure 20.14.2

20.16. Graded versus ungraded. The previous section demonstrated the impor-
tance of considering Z/2-graded algebras. It turns out there are interesting ways
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R((8)) R+((8)) C+((8)) H−((8)) H((16)) H+((16)) C−((32)) R−((64)) R((128))

R+((4)) C+((4)) H−((4)) H((8)) H+((8)) C−((16)) R−((32)) R((64)) R+((64))

C+((2)) H−((2)) H((4)) H+((4)) C−((8)) R−((16)) R((32)) R+((32)) C+((32))

H−((1)) H((2)) H+((2)) C−((4)) R−((8)) R((16)) R+((16)) C+((16)) H−((16))

H((1)) H+((1)) C−((2)) R−((4)) R((8)) R+((8)) C+((8)) H−((8)) H((16))

H+ C−((1)) R−((2)) R((4)) R+((4)) C+((4)) H−((4)) H((8)) H+((8))

C− R−((1)) R((2)) R+((2)) C+((2)) H−((2)) H((4)) H+((4)) C−((8))

R− R((1)) R+((1)) C+((1)) H−((1)) H((2)) H+((2)) C−((4)) R−((8))

R R+ C+ H− H((1)) H+((1)) C−((2)) R−((4)) R((8))

0 1 2 3 4 5 6 7 8

Figure 20.14.1. Graded Clifford algebras Clgrdp,q

Super division algebra: R R+ C+ H− H H+ C− R−

Underlying algebra: R C H H×H H C(2) R(2) R× R

Figure 20.14.2. Super division algebras and their underlying
(ungraded) forms

of moving back and forth between graded and ungraded Clifford algebras and their
modules, which we now describe in detail.

We begin by describing a functor D : Cls-Mod → Clgrds+1-Mod, which will turn
out to be part of an equivalence of categories. We will give three descriptions of D,
all of which are equivalent. However, first there is an annoying technical issue we
need to deal with.

We have the standard inclusion of Clifford algebras Cls ↪→ Cls+1, where the
latter has the extra generator es+1. For reasons that will shortly become clear it
will be better for us to consider the analogous map where we add a generator at
the beginning rather than at the end. Let us write Cl1+s for the Clifford algebra on
generators e0, e1, . . . , es, and j : Cls ↪→ Cl1+s will be the inclusion of the subalgebra
generated by e1, . . . , es. Of course there is some sophistry in this notation, since as
numbers 1 + s = s+ 1 but as algebras Cl1+s ̸= Cls+1. The notation is still useful,
one just has to be careful.

In addition to the inclusion j : Cls ↪→ Cl1+s there is a second useful inclusion:
define ϕ : Cls → Cl1+s by sending ei 7→ eie0 for 1 ≤ i ≤ s. One readily checks that
the defining relations of Cls are satisfied and that the resulting map is an injection.
If Cls is regarded as a graded algebra that is concentrated in even degree, then ϕ

is a map of graded algebras Cls ↪→ Clgrd1+s.
Unless otherwise noted, when we regard Cls as a subalgebra of Cl1+s it is through

the map j.
We now give three constructions of the functor D : Cls-Mod→ Clgrd1+s-Mod. Let

M be a Cls-module.
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Version #1: Define DM to be the graded vector space with (DM)0 = (DM)1 =
M . If m ∈ M write m[0] for m ∈ (DM)0 and m[1] for m ∈ (DM)1. Define the
Clgrd1+s-structure on DM by

ei(m[j]) = (eim)[j+1], for 1 ≤ j ≤ s,
e0(m[j]) = (−1)jm[j+1]

for all m ∈M and j ∈ {0, 1}.
Version #2: Define DM = Cl1+s⊗ClsM . Give this a grading by setting

(DM)0 = {1⊗m− e0 ⊗m |m ∈M}, (DM)1 = {1⊗m+ e0 ⊗m |m ∈M}.

Version #3: Define DM = (Cl1+s)ϕ⊗ClsM , where the notation means that Cl1+s
is regarded as a (right) Cls-module via ϕ. Here

(DM)0 = {1⊗m |m ∈M}, (DM)1 = {e0 ⊗m |m ∈M}.
Said differently, DM = (Clgrd1+s)ϕ ⊗Cls M and it inherits its grading from Clgrd1+s.

Exercise 20.17. Show that the three definitions of DM are isomorphic as graded
modules over Clgrd1+s.

Proposition 20.18. The following diagram is commutative

Cls-Mod

D
��

U // Cls−1-Mod

D
��

Clgrd1+s-Mod
U // Clgrd1+(s−1)-Mod,

where the U maps are forgetful functors induced by the standard inclusions j.

Proof. This is particularly obvious using Version #1, though it is easy enough using
any of the other definitions as well. □

Remark 20.19. For the above proposition it is very important that when passing
from Cls to Clgrd1+s the new generator was positioned before the others. The result
would not be true with Clgrds+1 instead, unless we changed the maps j.

We will show that D is an equivalence of categories by explicitly constructing an
inverse. Recall the map ϕ : Cls → Clgrd1+s, which is a map of graded algebras when
the domain is regarded as being concentrated in even degree. If W is a Clgrd1+s-
module then define Φ(W ) to be W0 but regarded as a Cls-module via ϕ. Explicitly,
this means the Cls-action has ei acting on W0 as left multiplication by eie0. Then
Φ is a functor Clgrd1+s-Mod→ Cls-Mod.

Proposition 20.20. The functors D : Cls-Mod ⇄ Clgrd1+s-Mod: Φ are an equiva-
lence of categories.

Proof. Using version #1 of the D functor, the relation ΦD = Id is self-evident. For
W a Clgrd1+s-module we need to produce a natural isomorphism h : DΦ(W ) → W .
This will consist of maps hi : W0 →Wi, i ∈ {0, 1}. Let h0 be the identity, and let h1
be left multiplication by e0. One readily checks that this is a map of Clgrd1+s-modules,
and it is transparently an isomorphism. □
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We have seen before that giving a direct-sum decomposition for a vector space
W is equivalent to giving an endomorphism f : W → W with f2 = 1: the direct
summands correspond to the +1 and −1-eigenspaces of f . An operator e : W →W
interchanges the two summands if and only if it anticommutes with f . From this
it is readily checked that giving a Clgrds -module structure on a vector space W is
equivalent to giving a Cls,1-module structure on W . This is completely functorial
as well:

Proposition 20.21. There is an equivalence of categories Clgrds -Mod ⇄
Cls,1-Mod.

Proof. Immediate. □

In light of the above proposition, the equivalence from Proposition 20.20 is just
a manifestation of the Morita equivalence between Cls and Cls+1,1 that we saw in
Proposition 17.3.

We can now give a nice explanation of the Clifford tensor product of modules
that we introduced back in ???:

Proposition 20.22. Let M be a Cls-module and N be a Clt-module. Then DM is
a Clgrd1+s-module and DN is a Clgrd1+t-module, therefore DM⊗̂DN is a Clgrd1+s ⊗̂Clgrd1+t-
module. Use the standard identification Clgrd1+s⊗Clgrd1+t = Clgrd1+s+1+t to regard
DM⊗̂DN as a Clgrd1+s+1+t-module. Then Φ(DM⊗̂DN) is a Cls+1+t-module, and
it precisely coincides with M ⊗c N .

Proof. For convenience write W = Φ(DM⊗̂DN). Let us use the model DM =

(Clgrd1+s)ϕ⊗ClsM . The graded pieces can be written as 1⊗M and e0⊗M . Therefore
W = (1⊗M⊗1⊗N)⊕(e0⊗M⊗e0⊗N), which we identify with (M⊗N)⊕(M⊗N)
in the evident way.

Now we just write down formulas. For example, the ei action on W is the eie0
action on DM⊗̂DN , and if 1 ≤ i ≤ s then eie0 means (ei ⊗ 1)(e0 ⊗ 1) = eie0 ⊗ 1.
Then compute that

(eie0 ⊗ 1)⊗ (1⊗m⊗ 1⊗ n) = eie0 ⊗m⊗ 1⊗ n = 1⊗ eim⊗ 1⊗ n,
(eie0 ⊗ 1)⊗ (e0 ⊗m⊗ e0 ⊗ n) = −ei ⊗m⊗ e0 ⊗ n

= −e0eie0m⊗ e0 ⊗ n
= −e0 ⊗ eim⊗ e0 ⊗ n.

So in the (M ⊗ N) ⊕ (M ⊗ N) model the action of ei is by
[
eMi ⊗idN 0

0 −eMi ⊗idN

]
,

which coincides with the definition of M ⊗c N .
The calculations are similar for the other e’s, but since it is easy to get confused

by signs we sketch the details. The es+1-action on W is the es+1e0 action on
DM⊗̂DN , and es+1e0 = (1⊗ e0)(e0 ⊗ 1) = −e0 ⊗ e0. Then use that

−(e0 ⊗ e0)(1⊗m⊗ 1⊗ n) = −e0 ⊗m⊗ e0 ⊗ n,
−(e0 ⊗ e0)(e0 ⊗m⊗ e0 ⊗ n) = 1⊗m⊗ 1⊗ n

(note than an extra minus sign appears in the second formula because e0 and e0⊗m
both have degree 1). So the matrix for the es+1-action is

[
0 I
−I 0

]
.

Finally, for s + 2 ≤ i ≤ s + t + 2 the ei-action on W is the eie0-action on
DM⊗̂DN , and eie0 = (1 ⊗ ei−s−1)(e0 ⊗ 1) = −e0 ⊗ ei−s−1. Write j = i − s − 1
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and then use

−(e0 ⊗ ej)(1⊗m⊗ 1⊗ n) = −e0 ⊗m⊗ ej ⊗ n
= −e0 ⊗m⊗ e0eje0 ⊗ n = −e0 ⊗m⊗ e0 ⊗ ejn

−(e0 ⊗ ej)(e0 ⊗m⊗ e0 ⊗ n) = −1⊗m⊗ eje0 ⊗ n
= −1⊗m⊗ 1⊗ ejn.

So the ei-action is given by the matrix
[

0 − idM ⊗eNj
− idM ⊗eNj 0

]
. □

The Clifford tensor product seemed somewhat ad hoc when it first appeared. We
can now see it as transporting the (very natural) graded tensor product across the
equivalences provided by Proposition 20.20. Also, when we introduced the Clifford
tensor product we remarked that its behavior with respect to the Clifford indexing
was unfortunate. Notice that shifting focus to the graded tensor product fixes this
issue.

Exercise 20.23. Prove that the Clifford tensor product ⊗c is associative up to
natural isomorphism, by deducing this from the associativity of the graded tensor
product.

Define Ggrds to be the Grothendieck group of finitely-generated Clgrds -modules.
The D functor gives us isomorphisms D : Gs → Ggrd1+s, for all s. We know

⊕
sGs is

a rng via the Clifford tensor product, and
⊕

sG
grd
s is a ring via the graded tensor

product. Our above work shows the following:

Corollary 20.24. The map D :
⊕

sGs →
⊕

sG
grd
s is a rng homomorphism. In

fact, it is an inclusion whose image is the ideal of positive-degree elements.

Proof. Let M be a Cls-module and N be a Clt-module. Then

D(M ⊗c N) ∼= DΦ(DM⊗̂DN) ∼= DM⊗̂DN
as Clgrd1+s+1+t-modules, where the first isomorphism uses Proposition 20.22 and the
second is from the (D,Φ) equivalence. □

Recall that in the case of ungraded modules we defined As to be the cokernel of
the restriction of scalars map U : Gs+1 → Gs. We make the analogous definition of
Agrds . By Proposition 20.18 the D-functor yields an induced map D : As → A

grd
1+s,

and this is again an isomorphism. We record the following:

Corollary 20.25. The map D :
⊕

sAs →
⊕

sA
grd
s is a rng homomorphism, an

injection, and the image is the set of positive-degree elements.

Proof. Immediate. □

Using graded modules gives us another useful tool that has not been mentioned
yet. Recall that if M is a Clgrds -module then ΠM denotes M but with the parity
shifted: (ΠM)i =Mi+1.

Proposition 20.26. The induced map Π: Ggrds (C)→ Ggrds (C) is the identity when
s is even, and interchanges the two positive generators when s is odd. Likewise,
the induced map Π: Ggrds (R) → Ggrds (R) is the identity when s ̸≡ 0 mod 4, and
interchanges the two positive generators otherwise.
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Proof. Clearly Π must take irreducibles to irreducibles. In the non-exceptional cases
there is a unique isomorphism class of irreducible module, and thus the action of
Π is trivial. So the only work is in checking the exceptional cases where there are
two isomorphism classes of irreducibles.

We give the argument in the real case, with the complex case being similar. Let
s = 4k. Recall from ??? that the irreducible modules over Cls−1 are distinguished
by the action of ω = e1 · · · es−1, which will be multiplication by either +1 or −1.
Let M be an irreducible Cls−1-module where ω acts as +1. We will compute the
corresponding actions of ω on Φ(DM) and on Φ(Π(DM)).

We already know M ∼= Φ(DM) and so the action of ω on Φ(DM) is +1. But
let us also compute it by brute force, so that we understand what changes when we
move to Π(DM). On Φ(DM) we have ω acting as (e1e0)(e2e0) · · · (es−1e0), and we
can write

(e1e0)(e2e0) · · · (es−1e0) = (−1)1+2+···+(s−1)es−1
0 e1 · · · es−1.

Because 4|s the sign is positive and es−1
0 = −e0, so the whole expression is

−e0e1 · · · es−1. When we think of this acting on (DM)0, the e1 · · · es−1 terms take
us into degree one and then −e0 takes us back to degree 0 via the identity. So we
are recovering the ω-action on M , as expected.

When we change from DM to Π(DM), the ei for i > 0 all act the same but
the e0 action changes to −e0. So the ω action picks up an extra (−1)s−1 from the
product (e1e0) · · · (es−1e0). Since 4|s, this sign is −1. So ω acts on Φ(Π(DM)) as
−1.

We have therefore proven that M and ΠM become different irreducibles after
application of Φ, so they are the two positive generators of Ggrds (R). □

Exercise 20.27. Think through the details of the above argument in the complex
case, where for Cl2k−1(C) the ω-action on irreducibles is multiplication by ±ik (see
Proposition 19.16).

20.28. The coefficient rings of K and KO. At this point in the book we have
developed a number of ways to access the groups K∗(pt) and KO∗(pt), together
with their ring structure, but we have not as yet carefully verified the consistency
of these different approaches. We finally turn to this issue now. The work will focus
on the following large diagram (note the use of red and blue colors, which we will
discuss shortly):

πs−1O

clutch ∼=
��

1

((

As−1

∼=Roo

2

��

D
∼=R

// Agrds

3

uu
4

��
KO0

st(S
s)

∼=
��

L1(Ds, ∂Ds)
clutch

∼=
oo

∼=
// KO0

cplx(D
s, ∂Ds)

πsBO
∼= // K̃O 0(Ss) L1(Ss, ∗)χoo ∼= //

π∗

OO

KO0
cplx(S

s, ∗)

π∗ ∼=R

OO

∼=R

χ

jj
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The following several paragraphs explain how to parse this diagram. Note that
we have drawn the diagram for KO∗, but the diagram for K∗ is completely analo-
gous.

All of the maps in this diagram turn out to be isomorphisms, but the arrows are
drawn in the direction where the maps are most natural to define. For example, the
two maps labelled “clutch” are clutching constructions. The vertical one is induced
by the construction that takes a map f : Ss−1 → O(n) to the rank n bundle on
Ss having this as its clutching function. The inverse of this map feels a bit less
natural, as it can only be constructed by choosing trivializations of a bundle on the
upper and lower hemispheres (though to be fair, even the original map involves a
choice of representing element f for the homotopy class).

The horizontal clutching map sends a map g : E1 → E0 of bundles on Ds, exact
on ∂Ds, to the bundle on Ss obtained by taking E1 on the upper hemisphere, E0

on the lower hemisphere, and then using g as the clutching function.
The two maps labelled χ sends a complex of vector bundles E∗ (possibly just

of length one) to
∑
i(−1)i[Ei]. The maps labelled π∗ are the pullbacks induced by

the projection π : (Ds, ∂Ds)→ (Ss, ∗).
Taking the direct sum over s gives a graded ring in each spot of the diagram.

The red spots are the ones where we can describe this ring structure with a precise
algebraic formula; e.g., on K0

cplx(D
s, ∂Ds) it is given by the external tensor product

of chain complexes (note that this uses the canonical isomorphisms Ds × Dt ∼=
Ds+t). The blue terms are ones where we have a ring structure for formal topological
reasons, but it is much less clear how to actually compute it. For example, The
external tensor product K0(Ss) ⊗ K0(St) → K0(Ss × St) can be shown to send
K̃0(Ss) ⊗ K̃0(St) into the image of K̃0(Ss ∧ St) in the target, and in this way
defines an element of K̃0(Ss ∧ St). This is the ring structure on

⊕
s K̃

0(Ss). But
while it is true that the external tensor product is a “formula” that we understand,
re-interpreting it as an element of K̃0(Ss∧St) is not formulaic—there is no evident
way of digesting the formal difference of bundles on Ss×St into a formal difference
of bundles on Ss ∧ St.

The terms that are neither red nor blue are ones where there is no reasonable ring
structure to consider on the direct sum over s. That is to say, one can artifically
put a ring structure by transplanting the ones we know across the isomorphisms,
but the result is not useful.

One can start to see some of the difficulties in navigating elements of this dia-
gram. Although there is a very direct map from π∗−1O to K̃O 0(S∗), it is challenging
to relate the algebraic multiplication on the former to the topological multiplication
on the latter. To compare these two it ends up being easiest to go the long way
around the diagram, as we will soon see.

Maps labelled ∼=R are ring isomorphisms. Note that the rightmost π∗ is a ring
isomorphism by naturality and excision, whereas the bottom χ is a ring isomorphism
by Theorem ??.

The maps labelled 1–4 are defined as follows:
(1) Given f : Ss−1 → O(n), for x ∈ Ds define f̂(x) : Rn → Rn by f̂(x) = |x|f( x|x| )

with the understanding that this is the zero map when x = 0. Send f to the
map of bundles n→ n that is multiplication by f̂(x) over the point x ∈ Ds.
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(2) Identify Rs with the subspace of Cls−1 spanned by 1, e1, . . . , en. Given a Cls−1-
module M , send this to the map of trivial bundles M → M on Ds that over
x ∈ Ds is multiplication by x.

(3) Regard Rs as a subspace of Cls in the usual way, i.e. as the span of the
elements e1, . . . , es. Given a graded Cls-module M , send this to the map of
trivial bundles M1 →M0 on Ds which over x ∈ Ds is multiplication by x.

(4) Same as (3).
All of the triangles in the top part of the diagram are readily checked to commute.

All of the maps labelled as isomorphisms are known to be so by previous results in
the text. It then follows from commutativity of the diagram that the maps 1–4 are
also isomorphisms.

The bottom right rectangle is clearly commutative, as is the triangle at the
very bottom of the diagram. Commutativity of the bottom left rectangle takes a
moment’s thought. Take an element x = [α : E1 → E0] ∈ L1(Ss, ∗). By adding a
complement to E1 to both the domain and codomain, we can assume that E1 is
free. The fact that α is an isomorphism over the basepoint implies that E0 and
E1 have the same rank, say n. We have χ(x) = [E0]− [E1] = [E0]− n. Going the
other way around the square, we consider π∗E0 and π∗E1 on Ds and clutch them
together using the isomorphism α. Using that E1 is trivial, the resulting vector
bundle is clearly isomorphic to E0. So going the other way around the square gives
[E0]− n again, hence the square commutes.

That the top horizontal maps are ring homomorphisms has been verified in
Theorem 19.21 and Proposition ??. It remains to check this property for the vertical
map:

Proposition 20.29. The map Agrds (R)→ KO0
cplx(D

s, ∂Ds) is a ring isomorphism,
and likewise for the complex case.

Proof. Note that the “isomorphism” part follows from the commutativity of the
big diagram, so the only question is whether the map is a ring homomorphism.
The main issue here is that the tensor product on graded modules is Z/2-graded
whereas the one on chain complexes is Z-graded, so one must work a little to fit
these together. The key step is the process described in ??? for folding a chain
complex (in this case of length two) down into a length-one chain complex—this is
the argument we used to prove that KO0

cplx(X,A) is isomorphic to L1(X,A).
Let M be a Clgrds -module and N be a Clgrdt -module. Recall that Mi denotes the

trivial bundle on Ds with fiber Mi. Let θ(M) denote the chain complex of bundles
over Ds that has Mi in degree i and where the differential is left multiplication by
x on the fiber over x. Similary, θ(N) is the corresponding chain complex of bundles
on Dt.

It will be useful to use x to represent elements of Ds, y to represent elements of
Dt, and w = (x, y) to represent the corresponding element of Ds ×Dt. Note that
|w|2 = |x|2 + |y|2.

Let αM : M0 →M1 be the map that is left multiplication by x on the fiber over x.
This gives a contracting homotopy for the map of chain complexes θ(M) → θ(M)
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that is multiplication by −|x|2:

M1
−|x|2 //

x

��

M1

x

��
M0

−|x|2
//

αM

==

M0.

Consider the following map of complexes of bundles on Ds ×Dt (exact away from
(0, 0)), where the domain is (θM)⊗cplx (θN) (appearing on the left):

M1 ⊗N1
id //

��

M1 ⊗N1

2|w|2

��
M0 ⊗N1 ⊕M1 ⊗N0

��

−αM⊗1+1⊗αN // M1 ⊗N1

M0 ⊗N0.

For ease of typography we are simplifying M and N to just M and N , and also
writing ⊗ for the external tensor product (to avoid confusion with the graded tensor
product).

Let Γ denote the desuspension of the mapping cone of the above map, recalling
that the desuspension involves changing the signs on all the differentials. Explicitly,
Γ is the following chain complex concentrated in degrees 2, 1, and 0 (for typograph-
ical reasons we have omitted the tensor symbols between Mi and Nj):

M1N1

[
d⊗1
−1⊗d
−1⊗1

]
// M0N1⊕M1N0⊕M1N1

[
1⊗d d⊗1 0
αM⊗1 −1⊗αN −2|w|2

]
// M0N0 ⊕M1N1.

If E is a vector bundle let D(E) be the chain complex that has E in degrees 0
and 1 and where the differential is the identity. There are short exact sequences

0 −→ θ(M⊗̂N) −→ Γ −→ ΣD(M1 ⊗N1) −→ 0

and
0 −→ X −→ Γ −→ θM ⊗cplx θN −→ 0

where X has M1 ⊗N1 in degrees 0 and 1 and the differential is multiplication by
−2|w|2. These exact sequences are more or less self-evident as soon as one goes
looking for them (remember that Σ changes the sign on the differentials in addition
to shifting them up). Note that every complex that appears in these sequences is
exact on (Ds ×Dt)− {(0, 0)}.

The short exact sequences give us the K-theory relations

[θ(M⊗̂N)] = [Γ] = [X] + [θM ⊗cplx θN ]

inKO0(Ds×Dt, Ds×Dt−{(0, 0)}). As the final step we observe that the differential
in X can be homotoped to one that is exact, via the homotopy −2|w|2−t, 0 ≤ t ≤ 1.
So X represents 0 in K-theory. This completes the argument for the real case.

The same exact argument works in the complex case. Just note that we are
using the chain of inclusions Ds ⊆ Rs ⊆ Cs ⊆ Cls(C), and so if x ∈ Ds then it is
still true that x2 = −|x|2 in Cls(C). □
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Corollary 20.30. For all n ≥ 1, the group K0(Cn,Cn − 0) (which is isomorphic
to Z) is generated by the Koszul complex K(z1, . . . , zn).

Proof. The inclusion (D2n, D2n − 0) ↪→ (R2n,R2n − 0) = (Cn,Cn − 0) induces
an isomorphism K0(Cn,Cn − 0) → K0(D2n, D2n − 0), which we will use implic-
itly for the rest of the proof. So Proposition 20.29 gives us a ring isomorphism⊕

sA
grd
2s (C)→⊕

sK
0(Cs,Cs − 0).

Recall that
⊕

sA
grd
2s (C) is the graded polynomial ring Z[M ] where M is either of

the two irreducibles over Clgrd2 (C). We will show thatK0(C1,C1−0) is generated by
the Koszul complex K(z1). Since K(z1, . . . , zn) is the n-fold tensor power of K(z1),
our ring isomorphism will then immediately imply that K(z1, . . . , zn) generates
K0(Cn,Cn − 0).

To get our hands on Clgrd2 (C)-modules we use the equivalence of categories
D : Cl1-Mod→ Clgrd2 -Mod from Proposition 20.20. Here Cl1(C) = C[e]/(e2 = −1)
and one of the irreducible modules is N = C with e acting as multiplication by −i.
Then M = D(N) is one of the irreducible Clgrd2 (C)-modules. It has M0 =M1 = C,
e1 : M1 → M0 is − id and e2 : M1 → M0 is multiplication by −i. Then θ(M) is
the complex of bundles 0 → M1 → M0 → 0 where over (x, y) ∈ D2 the map is
multiplication by xe1 + ye2, or as maps C → C this is multiplication by −x − iy.
As a complex of bundles this is isomorphic to K(z1), which is the similar complex
having multiplication by x+iy over (x, y) (use the identity map in degree 0 and − id
in degree 1). So K(z1) generates K0(D2, D2−0), or equivalently K0(C,C−0). □

20.31. Understanding the KO-theory of a point. The ring
⊕

nK
0(Cn,Cn−0)

is a polynomial ring Z[β] where β is represented by the Koszul complex on one
variable. The same thing happens in algebraic K-theory over any field F . But the
analogous result is not true for

⊕
nKO

0(Rn,Rn−0). In fact, the Bott computations
of KO∗ show that it cannot possibly be true. It is informative, though, to spend
some time unravelling precisely what is different here.

It is indeed true that KO0(R1,R1 − 0) is generated by the Koszul complex on
R1. We will write this as K(x) here. But the group it generates is a Z/2, not a Z.
That’s the first difference. The group KO0(R2,R2 − 0) is again generated by the
Koszul complex on R2, but once we get to KO0(R3,R3 − 0) the group is zero. So
these are the two differences we wish to explain: why Z/2 rather than Z, and why
does the third power vanish? Fairly explicit reasons can be given for both.

We have seen quite generally ??? that 2[K(x)] = [K(x2)] in KO0(R1,R1 − 0).
That is, twice the class of the Koszul complex is the Koszul complex on x2. But the
deformation x2 + t shows that K(x2) can be deformed to K(x2 +1), and the latter
is exact on all of R1. This is the reason for the Z/2. Notice that this argument
does not work over the complex numbers, since the complexes K(x2 + t) fail to be
exact for all x ∈ Cn − 0.

We have to work a bit harder to give an underlying geometric reason that the
Koszul complex on R3 represents zero in KO0(R3,R3 − 0). Of course Bott tells us
that the group is zero, but the goal is to give an independent explanation. Ideally
we would give an explicit deformation of K(x, y, z) into a complex that is exact,
but that seems to be tricky. Instead we will use a K-theoretic argument to first
replace K(x, y, z) by a different model.

Let x ∈ Rn. On the exterior algebra Λ∗(Rn) we have the Koszul differential
dx, which decreases degree, as well as the operator x ∧ (−) which increases degree.
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Define Tx = dx + (x ∧ −), which can be regarded both as a map ΛoddRn → ΛevRn
and as ΛevRn → ΛoddRn. The square of this operator is:

Tx(Txω) = dx(dxω + x ∧ ω) + x ∧ (dxω + x ∧ ω) = dx(x ∧ ω) + x ∧ dxω
= dx(x)ω − x ∧ dxω + x ∧ dxω
= dx(x)ω = |x|2ω.

In particular, as long as x ̸= 0 the operator Tx is invertible.
Write (Λ∗(Rn), T ) for the two-term chain complex

0← ΛoddRn Tx−→ ΛevRn −→ 0

of bundles on Rn (concentrated in degrees 0 and 1), where on the fiber over x the
map is Tx. By the preceding paragraph this defines an element in KO0(Rn,Rn−0).
The exact same construction in the complex case gives an element inK0(Rn,Rn−0).
It is important to note, though, that we do not get an element of K0(Cn,Cn − 0):
for x ∈ Cn we can have

∑
x2i = 0 even when x ̸= 0.

Proposition 20.32. The element (Λ∗(Rn), T ) is equal to the standard Koszul com-
plex as elements of KO0(Rn,Rn − 0).

Proof. ??? □

The pair (Λ∗(Rn), T ) is actually part of a graded Clifford module structure, as
this follows immediately from (Tx)

2 = |x|2. To be precise, Λ∗(Rn) is a module over
Clgrd0,n where x ∈ Rn acts as Tx. When n = 3 we can use the Clifford structure to
deform the complex into one that is exact on all of Rn. Set ω = e1e2e3. Then ω
commutes with each ei and therefore with any x ∈ Rn. Also ω2 = −1 (recall e2i = 1
for each i). For x ∈ Rn and t ∈ R consider the formula

(x+ tω)(x− tω) = |x|2 − t2ω2 = |x|2 + t2.

So x + tω is invertible as long as (x, t) ̸= (0, 0). The complex (Λ∗(Rn), T + tω)
therefore gives a deformation of (Λ∗(Rn), T ) (at t = 0) to a complex (at t = 1)
which is exact on all of Rn.

Corollary 20.33. For n ≥ 3 the Koszul complex on Rn equals zero in
KO0(Rn,Rn − 0).

Proof. Using the ring structure on KO0(Rn,Rn − 0), and the fact that the Koszul
complex on Rn is the nth tensor power of the Koszul complex on R1, it suffices to
prove this for n = 3. This was done by the above deformation. □

Again, we already knew that KO0(R3,R3 − 0) = 0 by the Bott calculation of
KO∗. But the above deformation helps us see what is going on behind the scenes.

Exercise 20.34. Try to apply the above deformation argument to n = 1 or n = 2.
Convince yourself that n = 3 is the smallest case where it works.

Exercise 20.35. It is possible to use a different sign convention when making Λ∗Rn
into a Clifford module. For x ∈ Rn define Sx(α) = −dx(α) + x ∧ α. Prove that
S2
x = −|x|2, and so Sx is again an isomorphism when x ̸= 0. Using these operators

Λ∗Rn is a Clgrdn,0 -module. Prove that the chain complex of bundles (Λ∗Rn, S) on Rn
is isomorphic to the complex (Λ∗Rn, T ) that we used above.
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20.36. Clifford structures on exterior products. Let V be a n-dimensional
real vector space with an inner product ⟨−,−⟩. There is an induced inner product
on the each vector space ΛkV . To define, start with

⟨v1 ∧ · · · vk, w1 ∧ · · · ∧ wk⟩ = det[⟨vi, wj⟩]
and extend linearly. By convention we set ⟨α, γ⟩ = 0 if α ∈ ΛkV and γ ∈ ΛlV and
k ̸= l, and so we can regard the inner product as defined on all of Λ∗V . Observe that
if e1, . . . , en is an orthonormal basis for V then {ei1 ∧ · · · ∧ eir | i1 < · · · < ir}0≤r≤n
is an orthonormal basis for Λ∗V .

Because we have a nondegenerate form on Λ∗V , we can define elements by spec-
ifying what their inner products are with all elements of Λ∗V . More precisely, if
Ω is a linear functional on Λ∗V then there is a unique ω ∈ Λ∗V with the property
that Ω(α) = ⟨α, ω⟩ for all α ∈ Λ∗V .

Suppose θ ∈ ΛkV . One defines the interior product operator (also called the
contraction operator) ιθ by the adjunction formula

⟨θ ∧ α, γ⟩ = ⟨α, ιθ(γ)⟩.
Observe that ιθ1∧θ2 = ιθ2 ◦ ιθ1 and, in particular, (ιθ)2 = 0.

We claim that for u1, . . . , uk ∈ V one has

(20.37) ιv(u1 ∧ · · · ∧ uk) =
k∑
j=1

(−1)j−1⟨v, uj⟩u1 ∧ · · · ∧ ûj ∧ · · · ∧ uk.

That is to say, ιv is really the same as the Koszul differential dv that we have
encountered before. To see this, start with

⟨w1 ∧ · · · ∧ wk−1, ιv(u1 ∧ · · · ∧ uk)⟩ = ⟨v ∧ w1 ∧ · · · ∧ wk−1, u1 ∧ · · · ∧ uk⟩

= det


⟨v, u1⟩ · · · ⟨v, uk⟩
⟨w1, u1⟩ · · · ⟨w1, uk⟩

...
...

⟨wk−1, uk⟩ · · · ⟨wk−1, uk⟩


and just do a cofactor expansion for the determinant along the first row.

From (20.37) one readily checks that

ιv(α ∧ γ) = ιv(α) ∧ γ + (−1)|α|α ∧ ιv(γ)
whenever α and γ are homogeneous. That is, ιv acts as a derivation with respect
to the exterior product.

Now suppose that V has a chosen orientation. This is just a fixed unit vector
ω ∈ ΛnV . The Hodge star operator is a linear map ∗ : Λ∗V → Λ∗V that sends
each ΛkV to Λn−kV , and is characterized uniquely by the equation

α ∧ (∗γ) = ⟨α, γ⟩ · ω
for all γ ∈ ΛkV and α ∈ Λn−kV . If e1, . . . , en is an oriented orthonormal basis for
V and {i1 < · · · < ik} ∪ {j1 < · · · < jn−k} is a partition of n into two sets, then

∗(ei1 ∧ · · · ∧ eik) = ±ej1 ∧ · · · ∧ ejn−k

where the sign is the unique one that makes the equation

ei1 ∧ · · · ∧ eik ∧ ±(ej1 ∧ · · · ∧ ejn−k
) = e1 ∧ · · · ∧ en

hold. If α ∈ ΛkV then ∗(∗α) = (−1)k(n−k)α.
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We have the canonical inclusion V ↪→ Cl(V ). We obtain an induced map
ΛkV → Cl(V ) by combining Clifford multiplication with the usual antisymmetriza-
tion formula:

v1 ∧ · · · ∧ vk 7→
1

k!

∑
σ

(−1)σvσ(1) · · · vσ(k).

If e1, . . . , en is an orthnormal basis for V then this sends

ei1 ∧ · · · ∧ eik 7→ ei1 · · · eik .
Therefore our map Λ∗V → Cl(V ) is an isomorphism of vector spaces, since it
sends a basis to a basis. Since this map is canonical, we will implicitly identify the
two underlying vector spaces from now on. Note that Λ∗V → Cl(V ) is of course
NOT a ring homomorphism: on the left we have v2 = 0 and on the right we have
v2 = −|v|2.

The action of Cl(V ) on itself now translates into an action of Cl(V ) on Λ∗V . For
v ∈ V and γ ∈ Λ∗V the formula for this action is

v · γ = v ∧ γ − ιv(γ).
Both sides are linear in the two variables, so it suffices to check it where v = ei and
γ = ej1 ∧ · · · ∧ ejk . There are two cases, depending on whether i appears among
the j’s or not, and the formula is readily verified in both cases. Going forward we
will refer to this as the canonical action of Cl(V ) on Λ∗V .

Proposition 20.38. Let V be an inner product space of dimension n. Then as a
module over Cl(V ), Λ∗V is 2n−φ(n) times the unique irreducible when n ̸≡ 3 (mod
4). When n ≡ 3 (mod 4) one instead has that Λ∗V is 2n−φ(n)−1 times the sum of
the two irreducibles.

Proof. Of course this is really a result about Cl(V ) as a module over itself. When
n ̸≡ 3 (mod 4) there is a unique irreducible and it has dimension 2φ(n). Since Cl(V )
has dimension 2n, the desired result is immediate.

Now assume that n ≡ 3 (mod 4). It will suffice to show that both irreducible
representations apppear in Cl(V ) with the same multiplicity. As usual fix an or-
thonormal basis for V and let ω = e1 · · · en. The irreducibles are distinguished by
whether ω acts on them as +1 or as −1. Let W+ ⊆ Cl(V ) be the set of elements x
such that ωx = x, and let W− be those elements where ωx = −x.

Let f : Cl(V ) → Cl(V ) be any automorphism having parity −1. For example,
one can take f to be the map that sends e1 → −e1 and fixes e2, . . . , en. We claim
f takes W+ to W− and vice versa (and likewise for f−1). For if ωx = x then
f(x) = f(ωx) = f(ω)f(x) = −ωf(x). This shows that W+ and W− have the same
dimension, and from there the result is immediate. □

Exercise 20.39. Let V be oriented with orientation class ω ∈ ΛnV . Prove that
the Hodge ∗-operator is connected to Clifford multiplication via the formula

α · ω = (−1)⌊ k+1
2 ⌋ · (∗α)

for α ∈ ΛkV .
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20.40. The Hermitian version. Now let V be a complex vector space with a
Hermitian inner product ⟨−,−⟩. Our convention is that this is linear in the second
variable and conjugate-linear in the first. Let b(v, w) = Re⟨v, w⟩ be the underlying
real inner product, so that ⟨v, w⟩ = b(v, w) + b(iv, w)i. Note as well that ⟨v, w⟩ =
⟨iv, iw⟩ and so b(v, w) = b(iv, iw).

Let RV denote V but regarded as a real vector space. If J : V → V denotes
the multiplication-by-i map, then (id⊗J)2 = − id on C ⊗ RV and therefore splits
C⊗RV into the +i and −i-eigenspaces. The former is {1⊗v−i⊗iv | v ∈ V } and the
latter is {1⊗ v + i⊗ iv | v ∈ V }, which as complex vector spaces are transparently
identified with V and V̄ . It will be useful to throw in a scaling factor, so that v ∈ V
is identified with 1

2 (1 ⊗ v − i ⊗ iv), and ṽ ∈ V̄ is identified with 1
2 (1 ⊗ ṽ + i ⊗ iṽ).

We will use this canonical identification C⊗ RV = V ⊕ V̄ implicitly from now on.
The real inner product b on RV induces a complex symmetric bilinear form bC

on C⊗ RV = V ⊕ V̄ . Let us be clear about what this is. For v, w ∈ V we have

bC(v, w) = b
(

1
2 (1⊗ v − i⊗ iv), 12 (1⊗ w − i⊗ iw)

)
= 1

4

[
b(v, w)− ib(iv, w)− ib(v, iw)− b(iv, iw)

]
= 0.

Likewise, for ṽ, w̃ ∈ V̄ one has bC(ṽ, w̃) = 0. But

bC(w̃, v) = b
(

1
2 (1⊗ w̃ + i⊗ iw̃), 12 (1⊗ v − i⊗ iv)

)
= 1

4

[
2b(w̃, v)− ib(w̃, iv) + ib(iw̃, v)

]
= 1

2 (b(w̃, v) + ib(iw̃, v))

= 1
2 ⟨w̃, v⟩.

Since bC is symmetric we can also write this as

bC(v, w̃) =
1
2 ⟨w̃, v⟩ = 1

2 ⟨v, w̃⟩.
The upshot is that in V ⊕ V̄ the two summands are orthogonal, and the pairing
between one summand and the other is almost the original form ⟨−,−⟩. The 1

2
factor is a little unsightly, but we will live with it. Some source use different
normalization factors: if we had 1√

2
in our original isomorphism instead of 1

2 that
would remove the scaling factor on the form, though it would introduce other factors
later on.

By our previous remarks we have a canonical vector space isomorphism

Λ∗(RV )→ Cl(RV ).

Tensoring with C now gives an induced isomorphism

Λ∗(V ⊕ V̄ ) = C⊗ Λ∗(RV )→ C⊗ Cl(RV )

(note that the exterior product on the left is happening over C). The action of
C ⊗ Cl(RV ) on the target gives an action on the domain, and just as in the real
case we would like to write a formula for that in terms of exterior calculus.

20.41. Symmetries of Clifford algebras. Clifford algebras have so many sym-
metries that the situation can feel overwhelming. Any orthogonal transformation
of f of V is the restriction of a unique automorphism Cl(f) of Cl(V ). There are
also the inner automorphisms x 7→ αxα−1 for any α ∈ Cl(V )∗.
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Exercise 20.42. Recall the distinguished element ω = e1 · · · en ∈ Cln.
(a) Prove that the center of Cln is R when n is even and is the subalgebra R⟨1, ω⟩

when n is odd.
(b) Prove that the supercenter of Clgrdn coincides with the center of Cln.
(c) Suppose n is odd. Prove that an automorphism f : Cln → Cln must send ω

to either ω or −ω, and prove that both possibilities actually occur. Define the
parity (or orientation) of an automorphism to be +1 or −1 in the two cases.
Check that inner automorphisms all have parity one.

(d) An automorphism f : Cln → Cln induces a map f∗ : Gn → Gn on the
Grothendieck group of modules, sending a module M to its restriction of scalars
along f (the same module but with the action x.m = f(x)m). Prove that f∗ is
the identity when n ̸≡ 3 (mod 4), and that when n ≡ 3 (mod 4) the situation
depends on the parity: parity one maps induces the identity, whereas parity
−1 maps switch the two positive generators.

There is also a canonical anti-automorphism σ of Cl(V ) given by σ(v1 · · · vk) =
vk · · · v1 for vi ∈ V . But what turns out to be most useful is to combine σ with the
antipodal map on V , which we call the transpose operator and denote x → xT .
That is to say,

(v1 · · · vk)T = (−vk)(−vk−1) · · · (−v1) = (−1)kvk · · · v1.
The transpose is the unique anti-automorphism that sends v 7→ −v for v ∈ V .
When e1, . . . , en is an orthonormal basis of V let us record that

(ei1 · · · eik)σ = (−1)(k2)ei1 · · · eik , (ei1 · · · eik)T = (−1)(k+1
2 )ei1 · · · eik .

Why work with the transpose rather than with σ? We will see that certain
constructions work out more cleanly with the extra signs built in, but we can also
motivate it by the following observation. Suppose Cl(V ) acts on Rn orthogonally,
and for each x ∈ Cl(V ) let Ax denote matrix giving the action of x. For an
element v ∈ V of norm 1, Av is orthogonal and (Av)

2 = −I, which shows that
(Av)

T = (Av)
−1 = −Av = A(vT ). It follows that for any x ∈ Cl(V ) one has

A(xT ) = (Ax)
T .

The transpose allows us to naturally change right Cl(V )-modules into left Cl(V )-
modules (of course one can also do this with any anti-automorphism). For example,
let M be a (left) Cl(V )-module. Then M∗ = Hom(M,R) is naturally a right Cl(V )-
module, via the formula

(ϕ · x)(m) = ϕ(x ·m)

with ϕ ∈ M∗, m ∈ M , and x ∈ Cl(V ). This construction satisfies ϕ(xy) = (ϕx)y,
as needed for a right module. But we can recast M∗ as a left module via

(x · ϕ)(m) = ϕ(xT ·m).

For the most part we will want to stay inside the world of left Clifford modules,
and so when we write M∗ the intention is always that it is equipped with the above
left Clifford action.

Note that when Cl(V ) is regarded as Z/2-graded then the transpose preserves
the grading, and so if M is a graded Cl(V )grd-module then we can define the dual
M∗ by the same formulas, with the grading (M∗)i = (Mi)

∗ for i = 0, 1.

Exercise 20.43.



236 DANIEL DUGGER

(a) The assignments M 7→ M∗ induce group maps Gn → Gn and Ggrdn → Ggrdn .
Check that these are equal to the identity, for all n.

(b) Recall the functor D : Cln-Mod → Clgrd1+n-Mod. Prove that this satisfies
D(M∗) ∼= (DM)∗, for all Cln-modules M .

(c) Check that the statements in the above two parts would not be true if we had
defined the module structure on duals using σ rather than the transpose.

20.44. More connections. The following works over any ground field not of char-
acteristic 2. Let V be any vector space, and equip V ⊕ V ∗ with the bilinear form
where

⟨v + ϕ, v′ + ϕ′⟩ = 1
2 (ϕ(v

′) + ϕ′(v)).

Note that ⟨v, v′⟩ = 0 = ⟨ϕ, ϕ′⟩ for every v, v′ ∈ V and ϕ, ϕ′ ∈ V ∗. We can form the
Clifford algebra Cl(V ⊕ V ∗), which will contain Λ∗V and Λ∗(V ∗) as subalgebras.
We claim this acts naturally on Λ∗V via the formula

(v + ϕ).α = v ∧ α− ιϕ(α).
Indeed, just compute that

(v + ϕ).((v + ϕ)α) = −v ∧ ιϕ(α)− ιϕ(v ∧ α) = −ιϕ(v)α = −ϕ(v)α
and ⟨v + ϕ, v + ϕ⟩ = ϕ(v).

If V comes equipped with a nondegenerate symmetric bilinear form b, then this
gives an isomorphism V → V ∗ by v 7→ b(v,−). Let us just write v∗ = b(v,−),
for brevity. The map V → V ⊕ V ∗ that sends v 7→ (v, v∗) is then an isometric
embedding, since

⟨(v, v∗), (w,w∗)⟩ = 1
2 (v

∗(w) + w∗(v)) = 1
2 (b(v, w) + b(w, v)) = b(v, w).

So we get an embedding fo Clifford algebras Cl(V ) ↪→ Cl(V ⊕ V ∗), and in this way
an action of Cl(V ) on Λ∗V . The formula for this action is

v · α = v ∧ α− ιv∗α
but note that the contraction term could also be written as ιv(α) using our earlier
conventions.

Now suppose that V is a complex vector space equipped with a Hermitian form
h(−,−). Our convention is that this is complex-linear in the second variable, and
conjugate-linear in the first variable. So we get an isomorphism V̄ → V ∗ by v 7→
h(v,−). The above construction then makes Λ∗V into a module over Cl(V ⊕V̄ ). We
can also identify V ⊕V̄ = C⊗(RV ). Specifivally, v ∈ V maps to Av = 1

2 (1⊗v−i⊗iv)
and ṽ ∈ V̄ maps to Bv = 1

2 (1 ⊗ v + i ⊗ iv). Note the identity 1 ⊗ v = Av + Bv.
Said differently, the element v ∈ RV corresponds to the element v + ṽ ∈ V ⊕ V̄ .

So we now have an action of C⊗Cl(RV ) on Λ∗V . The formula for this action is

v · α = (v + ṽ) · α = v ∧ α− ιṽ(α).
Note that here the contraction is with respect to the Hermitian inner product ⟨v,−⟩,
and so this is not the Koszul differential dv. If {ei} is an orthonormal basis for V
and v =

∑
viei, then ιv can be identified with the Koszul differential dv̄ where

v̄ =
∑
i v̄ei. This identification is not natural, though.

Proposition 20.45. Let V = Cn with its standard Hermitian inner product. As
elements of K0(Cn,Cn − 0) the complex [Λ∗Cn, z ∧ (−)− ιz(−)] is equal to (−1)n
times the standard Koszul complex.
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Proof. For z ∈ Cn define the operator Wz by the formula ⟨Wz(α), γ⟩ = ⟨α, dz(γ)⟩.
Then the Koszul complex is equal to [Λ∗Cn,Wz + dz] by our previous argument
(??). Since dz = ιz̄ we get Wz(α) = z̄ ∧ α.

The complex in the statement of the proposition may be written as [Λ∗Cn,Wz̄−
dz̄]. As we have seen before (???), this is isomorphic to the complex [Λ∗Cn,Wz̄+dz̄].
So this complex becomes the one from the preceding paragraph after pullback
along the map (Cn,Cn − 0) → (Cn,Cn − 0) that sends z 7→ z̄. Restricted to the
sphere S(Cn) this map has degree (−1)n, as there are n sign changes among the
real coordinates. So the induced map on K-theory is (−1)n, which completes the
proof. □

21. Spectral proofs of Bott periodicity

Up until now we have discussed essentially two proofs of Bott periodicity: the
original proof of Bott using Morse theory, which was outlined in Sections 15 and
16, and the Atiyah-Bott proof of complex periodicity via the K-functor, that was
sketched in Section ??. In this section and the next our goal is to describe some of
the other approaches in the literature.

The classical spectral theorem says that every unitary matrix is diagonalizable,
with orthogonal eigenspaces. There is a similar result for orthogonal matrices,
though it is a bit more involved. There are several papers that get at Bott period-
icity by tying it to these spectral decompositions: one line of attack was developed
in the series of papers [McDuff1], [AP], [Behrens1, Behrens2], whereas a different
approach was developed in [Harris] and [Giffen]. We will see that these are really
the same approach, though, just using slightly different technology.

21.1. Homotopy fiber sequences and quasifibrations. To demonstrate that a
space X is weakly equivalent to ΩY , one technique is to produce a homotopy fiber
sequence X → E → Y where E ≃ ∗. The easiest way to spot a homotopy fiber
sequence is if E → Y is a fibration and X is the actual fiber, but fibrations are
somewhat rare in nature. Dold and Thom [DT] developed a theory of quasifibra-
tions that also works for this purpose. The definition is simple: a map E → Y is
a quasifibration if the canonical maps from its fibers to its homotopy fibers are all
weak equivalences. This condition is not so easy to check, but the paper [DT] de-
veloped some techniques for doing so. Note that every fibration is a quasifibration,
but not vice versa: the vertical projection map from the letter to its base is a
counterexample to the converse.

So one way to prove complex Bott periodicity is to produce a quasifibration
E → U where the fiber is Z × BU , and likewise for the loop relations that make
up real Bott periodicity. The challenge is to produce the quasifibration, which
often involves some geometric ingenuity. An argument along these lines was first
proposed in [McDuff1], where the complex version was outlined. That argument
was flushed out in [AP], and later simplified and expanded to the real case in
[Behrens1, Behrens2].

Theorem 21.2 (Dold and Thom). Let p : E → B be a map. Assume that B is a
T1-space and that it comes equipped with a filtration ∅ = B−1 ⊆ B0 ⊆ B1 ⊆ · · · by
closed subsets such that B =

⋃
iBi with the colimit topology. Set Ei = p−1(Bi).

Suppose that
(1) p is a fibration over Bi −Bi−1, for all i.
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(2) For each i ≥ 0 there exists an open neighborhood Bi ⊆ Ni in Bi+1 and a
deformation retraction from Ni down to Bi: that is, a homotopy h : Ni×I → Ni
such that h0 = id, h1(Ni) ⊆ Bi, and (h1)|Bi = idBi .

(3) For each i ≥ 0 there exists a deformation retraction H from p−1(Ni) down to
Ei that covers h, and for every y ∈ Ni the map H1 : p

−1(y)→ p−1(h1(y)) is a
weak equivalence.

Then E → B is a quasifibration.

The above result is a combination of [DT, Theorems 2.2, 2.10, and 2.15]. See
also [Hatcher1, Lemma 4K.3]. Some of the criteria can be weakened a bit, but
this version will suffice for our purposes. It is useful to have a name for the maps
H1 : p

−1(y)→ p−1(h1(y)), and we will call them binding maps.

21.3. Spectral decompositions. Now we come to the key ideas. For every uni-
tary transformation T : Cn → Cn, there are unique eigenvalues λj ∈ S1 and or-
thogonal eigenspaces Vj ⊆ Cn such that T =

∑
j λjπVj

, where here πW denotes
orthogonal projection onto W . This is the usual finite-dimensional spectral the-
orem. If we define A =

∑
j

1
2πi log(λj)πVj then since each log(λj) ∈ iR this is a

Hermitian matrix, and e2πiA = T . In fact, up to the choice of log(λj) (which is only
defined up to multiples of 2πi) A is the unique Hermitian matrix with e2πiA = T .
We can narrow down the possibilites for A by requiring that the eigenvalues (which
must be real) lie in [0, 1], though this still leaves some ambiguity for the case λj = 1.
Here the eigenspace Vλj must be orthogonally split into the 0- and 1-eigenspaces of
A.

Define En to be the set of Hermitian n × n matrices with eigenvalues in [0, 1],
topologized as a subspace of Mn×n(C). Note that this is contractible, via the
homotopy A 7→ tA. Define pn : En → Un by p(A) = e2πiA. For an element
T =

∑
j λjπVj ∈ Un, the space p−1(T ) consists of Hermitian transformations of the

form ∑
λj ̸=1

1
2πi log(λj)πVj

+ 1 · πW1
+ 0 · πW0

where each log(λj) ∈ [0, 1], W1 ⊆ ker(T −I), and W0 is the orthogonal complement
of W1 in ker(T − I). The only choice here was W1, and in this way we see that
p−1
n (T ) ∼= Gr•(ker(T − I)), where as usual Gr•(V ) =

∐
kGrk(V ).

Next we stabilize, and the evident way to do this is via the usual inclusions
Un ↪→ Un+1 (T 7→ T ⊕ id) and En ↪→ En+1 given by A 7→ A⊕ 0. These definitions
commute with the pmaps. If we let Ẽ = colimnEn then we obtain a map p̃ : Ẽ → U ,
where Ẽ is weakly contractible (since all the En were). For T ∈ U the fiber p̃−1(T ) is
homeomorphic to Gr•(ker(T−I)) ∼= Gr•(C∞). We are starting to see the connection
between U and Grassmannians, but note that p̃ cannot possibly be a quasifibration:
if it were, then we would have ΩU ≃ Gr•(C∞) which we know is not the case. This
p̃ is a good example of a map where all of the fibers are homeomorphic but where
the map is not a quasifibration.

The bit of ingenuity is to stabilize in a different way. Let Cn+ and Cn− denote
two copies of Cn, the first with orthonormal basis e+1 , . . . , e

+
n and the second with

orthonormal basis e−1 , . . . , e
−
n . Set SCn = Cn+ ⊕ Cn− (the S is for ‘super’), and

note the evident inclusions SCn ↪→ SCn+1. Let E(SCn) be the space of Hermitian
transformations with eigenvalues in [0, 1], and let U(SCn) denote the usual unitary
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group. Let pn : E(SCn) → U(SCn) be the map pn(A) = e2πiA. Define E(SCn) ↪→
E(SCn+1) to be the map

A 7→ A⊕ (1 · π⟨e+n+1⟩
)⊕ (0 · π⟨e−n+1⟩

).

Note that writing the last term is unnecessary because the coefficient is zero, but
including it shows the symmetry: we are adding vectors of eigenvalue 1 and eigen-
value 0 simultaneously.

If W is a finite-dimensional vector space let us write (Z × BU)(W ) =
colimnGr•(W ⊕ SCn), where the transition maps

Gr•(W ⊕ SCn)→ Gr•(W ⊕ SCn+1)

send a subspace N to N ⊕⟨e+n+1⟩. These colimits were studied back in Exercise ??,
where we saw that (Z × BU)(W ) is homeomorphic to the space Z × BU and for
any inclusion W ↪→ W ′ the evident inclusion (Z×BU)(W ) ↪→ (Z×BU)(W ′) is a
weak homotopy equivalence.

Set E∞ = colimnE(SCn), U∞ = colimn U(SCn), and p = colimn pn. Then U∞
is a model for the infinite unitary group and E∞ is contractible. If T ∈ U∞ then
for some n we can write T = Tn⊕ id(SCn)⊥ where Tn ∈ U(SCn). One readily checks
that p−1(T ) ∼= (Z × BU)(ker(Tn − I)). In particular, all of the fibers of p are
homeomorphic to Z×BU . It remains to prove that p is a quasifibration. We only
outline the details of this argument.

For simplicity now write E = E∞ and U = U∞.
(i) For T ∈ U let us call the eigenvalues in S1 − {1} the proper eigenvalues,

and let Eigprop(T ) be the direct sum of the eigenspaces for all of the proper
eigenvalues. This space is also equal to ker(T − I)⊥.

(ii) Let Bn ⊆ U be the subspace of all T such that dimEigprop(T ) ≤ n. Then
Bn ∩ UN = {T ∈ UN | dimEig1(T ) ≤ 2N − n}, which is closed in UN . So Bn
is closed in U , and U =

⋃
nBn as topological spaces (for the topology part of

this, use that UN =
⋃2N
k=1(Bk ∩ UN )).

(iii) Let α : I → I be any map that is homotopic to the identity and sends the
interval [0, 13 ] to 0 and the interval [ 23 , 1] to 1. Let α′ : S1 → S1 be the map
e2πit 7→ e2πiα(t), for t ∈ [0, 1].

The maps α and α′ can be used to induce maps on E and on U (or perhap
subspaces of such) that apply α (resp., α′) to the eigenvalues in the spectral
decomposition of a map.

(iv) Let [e1/3·2πi, e2/3·2πi] ⊆ S1 denote the evident counterclockwise arc from the
left endpoint to the second. Let Nn ⊆ Bn+1 be the subspace of all T such that
the total dimension of the eigenspaces for λ ∈ (e1/3·2πi, e2/3·2πi) is at most n.
Note that Nn is open and Bn ⊆ Nn. Applying α′ to the eigenvalues gives a
deformation retraction Nn → Bn, and applying α to the eigenvalues gives a
deformation retraction p−1(Nn)→ p−1(Bn) that covers it.

(v) The binding maps associated to the above deformation retraction are the
“⊕W ” maps (Z × BU)(V ) → (Z × BU)(V ⊕W ), which are weak homotopy
equivalences by Exercise ??(d).

(vi) The final step is to check that when restricted to each Xn = Bn −Bn−1, p is
a Serre fibration. It suffices to show that p−1

N (Xn∩U(SCN ))→ Xn∩U(SCN )
is a fibration for N ≫ 0, since any cubical homotopy lifting diagram for p



240 DANIEL DUGGER

will (by compactness of cubes) factor through one of these finite-dimensional
versions.

The association T 7→ Eig1(T ) is continuous on Yn = Xn ∩ U(SCN ), since
on this set the dimension of Eig1 is constant (it equals 2N − n). Similarly,
the association A 7→ (Eig1(A),Eig0(A) ⊕ Eig1(A)) is continuous on p−1

N (Yn).
It follows that we have a pullback diagram

p−1
N (Yn)

��

// {(U, V ) |U ⊆ V ⊆ SCN}
π2

��
Yn // Gr•(SCN ).

This reflects the fact that the only difference in information between a point
in Yn and a point in the fiber over it is that the Eig1 eigenspace has been
split into two orthogonal pieces, the Eig0 and Eig1-eigenspaces of the corre-
sponding Hermitian matrix. The map π2 is a large disjoint union of maps
Grj≤k(C2N )→ Grk(C2N ), and these are fibrations: for example, they can be
written as quotient maps

U(2N)/(U(j)× U(k − j)× U(2N − k))→ U(2N)/U(k)× U(2N − k)
where U(j)×U(k−j)×U(2N−k) ⊆ U(k)×U(2N−k) is the evident inclusion
of subgroups. Since a pullback of a fibration is a fibration, this concludes the
proof.

For full details behind these steps, see [Behrens1]. Beware that it is very easy to
make mistakes with point-set topology when dealing with some of the spaces that
appear in these arguments.

Remark 21.4. In the end, the above proof is perhaps not so different in spirit
than the original Bott proof. The Morse theory technology has been traded for the
technology of quasifibrations.

Exercise 21.5. Return to the map p̃ : Ẽ → U that was obtained by our naive
stabilization. Use the above method to try to prove that p̃ is a quasifibration.
Show that the binding maps are the inclusions Gr•(V ⊕C∞)→ Gr•(V ⊕W ⊕C∞),
and the proof fails because these are not weak equivalences.

To adapt this style of argument to real Bott periodicity, the best way is to involve
Clifford algebras again. This is done in [Behrens2]. If U is a complete universe
for Cln, recall from Section 16 that Exn denotes the space of Clifford extension
structures on U that agree with en on a space of o-finite codimension. Behrens
shows how to produce quasifibrations En(U) → Exn(U) with fiber Exn+1(U) and
having En(U) ≃ ∗, thus showing Ω Exn(U) ≃ Exn+1(U). The proof that the Exn(U)
are the spaces that appear in real Bott periodicity was given in Proposition 16.18.
After a short prelude we will give a quick tour of Behrens’s argument.

For a finite-dimensional inner product space V define O(V ) to be the set of
isometries of V and o(V ) to be the tangent space of O(V ) at the identity (think
skew-symmetric matrices). Then o(V ) acts on V and satisfies ⟨Av, v′⟩ = ⟨v,−Av′⟩
for v, v′ ∈ V , A ∈ o(V ). So we have two embeddings o(V ) ↪→ End(V ) and O(V ) ↪→
End(V ) (the latter factors through the automorphisms, of course). Let σ(A) be the
set of eigenvalues of A acting on V ⊗ C. By the skew self-adjointness, σ(A) ⊆ iR.
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Give VC = V ⊗ C the induced Hermitian inner product, and write U(VC) and
u(VC) for the unitary group and its Lie algebra. We again have embeddings of
both of these into End(VC), and spectral theory tells us that the images are con-
tained in the subset Diag(VC) of diagonalizable transformations having orthog-
onal eigenspaces. Let Diag(V ) be the intersection of End(V ) ↪→ End(VC) and
Diag(VC) ↪→ End(VC). As a subset of Diag(VC) these are the elements such that
the eigenvalues appear in conjugate pairs and the eigenspace for λ is the complex
conjugate of the eigenspace for λ̄. The following diagram, with all maps inclusions,
shows the big picture:

Diag(V )
��

��

xx

xx
o(V )

33

33

��

��

// // End(V )
��

��

O(V )oooo
��

��

ee

ee

Diag(VC)xx

xx
u(V )

33

33

// // End(VC) U(V ).oooo
ee

ee

The image of o(V ) in Diag(V ) is the subset of transformations whose complex
eigenvalues are in iR. The image of O(V ) in Diag(V ) consists of transformations
whose complex eigenvalues are in S1. If f ∈ O(V ) satisfies f2 = −I then the
eigenvalues are ±i, so its image in Diag(V ) is also in the image of o(V ). We can
therefore regard such f as simultaneously belonging to both o(V ) and O(V ).

We also have the exponential map R×o(V )→ O(V ), (t, A) 7→ etA. Note that the
eigenspaces for etA are the same as those for A, but the corresponding eigenvalues
are changed by λ 7→ etλ. So for example, if f ∈ O(V ) satisfies f2 = −I then we
have eπf = −I.

After the above prelude we can get down to business:
(1) Let M be an orthogonal Cln+1-module. Define

En(M) = {A ∈ o(M) |σ(A) ⊆ [−i, i], enA = −Aen, ejA = Aej for j < n}.
The products like enA are taken in End(M). The space En(M) is contractible
by the homotopy A 7→ tA, and we define p : En(M) → Exn(M) by p(A) =
−eπAen. The reader should check that this is indeed an element of Exn(M).

(2) The element enen+1 ∈ O(M) squares to −I, and is readily checked to belong
to En(M). We have p(enen+1) = −(−I)en = en.

(3) Let fn ∈ Exn(M). It is easy to check that ker(en − fn) is a Cln-submodule of
M . Slightly less trivial is that there is a homeomorphism

p−1(fn)
∼=−→ Exn+1(ker(en − fn)), A 7→ Aen.

If p(A) = fn then −eπAen = fn and so eπA = fnen. Then compute that

(Aen)(Aen) = −A2e2n = A2.

But on ker(en − fn), the transformation fnen acts as −I, and therefore A
has eigenvalues ±i. Hence A2 = −I on ker(en − fn). The fact that Aen
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anticommutes with the ej for j ≤ n is immediate from A ∈ En(M). This
much gives us the injection p−1(fn) ↪→ Exn+1(ker(en − fn)). For surjectivity,
if g ∈ Exn+1(ker(en − fn)) then g2 = −I and so ker(en − fn)⊗ C = N+ ⊕N−
where these are +i and −i-eigenspaces for g. The spectral decomposition for
fnen consists of ker(en − fn) (eigenvalue -1) together with eigenspaces Vλ in
ker(en − fn)⊥ corresponding to eigenvalues λ ∈ S1 − {1}. For each such λ,
let ℓ(λ) be the unique element of (−i, i) such that eℓ(λ) = λ. Define A to be
the map with eigenspaces N+ and N− (for eigenvalues +i and −i) as well as
eigenspaces Vλ with eigenvalue ℓ(λ). Then A ∈ p−1(fn) and Aen = g.

(4) For the stabilization, define En(M)→ En(M ⊕M ′) by A 7→ A⊕ (enen+1)|M ′ .
Note that this makes sense because we are assuming that M and M ′ are Cln+1-
modules. As usual, define Exn(M)→ Exn(M⊕M ′) by f 7→ f⊕en. The relevant
diagrams commute, and we define p : En(U) → Exn(U) to be the colimit. The
space En(U) is weakly contractible because it is a filtered colimit of contractible
spaces.

(5) As we discussed in Section 16.7, the space Exn(U) is the set of Clifford extension
structures fn such that fn agrees with en on a subspace of o-finite codimension.
The topology is a little subtle: the map f 7→ −fen is an injection into O(U)
and we give Exn(U) the subspace topology.

Similarly, En(U) can be described as the set of A : U → U having the
previously-mentioned properties but that also agree with enen+1 on a sub-
space of o-finite codimension. We topologize this via the injective map
A 7→ −Aenen+1 into O(U).

For fn ∈ Exn(U), the fiber p−1(fn) is the space Exn+1(ker(en−fn)) of Cln+1-
extension structures that agree with en+1 on a space of o-finite codimension.
Note that en+1 does not necessarily preserve ker(en − fn), but it does preserve
an ofc subspace by Exercise 16.6(c). So the phrase “agrees with en+1 on a space
of o-finite codimension” makes sense.

(6) Since ker(en − fn) has o-finite codimension in U, it is isomorphic to U as a
Clifford module. So p−1(fn) ∼= Exn+1(U) for all fn ∈ Exn(U).

This gives a brief outline of the main ideas. The argument that p is a quasifi-
bration is similar to the complex case, and details are in [Behrens2].

21.6. The Harris-Giffen approach. In the previous section we saw that elements
of the unitary group U(n) can be described uniquely by specifying their spectral
decomposition: this amounts to a collection of subspaces (V1, . . . , Vk) of Cn giving
an orthogonal direct sum decomposition, together with eigenvalues λ1, . . . , λk ∈ S1.
The correspondence is essentially unique if we insist that λ1 < λ2 < · · · < λk under
the counterclockwise ordering (starting at 1) on S1.

Harris [Harris] realized that this could be used to give a description of U(n)
as the geometric realization of a certain naturally-occuring simplicial space that
is intimately related to Grassmannians. The basic ideas were later expanded and
generalized in [Giffen]. Our discussion below largely follows Giffen’s approach. We
should alert the reader that what we are about to describe is essentially the same
proof as in the last section, but using somewhat different technology. There is still
something useful in seeing this new version of the arguments, though.
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Let V be a finite-dimensional inner product space over C. Define Γ•(V ) to be
the simplicial space given by

Γu(V ) = {(V0, . . . , Vu) |V = V0 ⊕ · · · ⊕ Vu is an orthonormal direct sum}.
Here Γu(V ) is regarded as a subspace of Gr•(V )u+1. The face and degeneracy
operators are

dj = “merge Vj into Vj+1”, sj = “insert 0 into the (j + 1)st spot”,

where for du we interpret Vu+1 as V0. This means that dj(V0, . . . , Vu) =
(V0, · · · , Vj−1, Vj ⊕ Vj+1, · · · , Vu) for j < u and du(V0, . . . , Vu) = (Vu ⊕
V0, V1, . . . , Vu−1). Think of the tuple (V0, . . . , Vu) as giving the eigenspaces for
a spectral decomposition of an element of U(V ), with V0 always being Eig1 and the
other eigenspaces ordered so that the eigenvalues increase counterclockwise around
the circle.

Note for later use that Γu(V ) breaks up into a large disjoint union with compo-
nents indexed by the dimensions of the Vi’s. If k = (k0, . . . , ku) denotes a list of
positive integers such that

∑
j kj = dimV then

Γu(V ) =
∐
k

U(dimV )/[U(k0)× U(k1)× · · · × U(ku)]

where on the right we are quotienting by the evident subgroup of block-diagonal ma-
trices. The components of Γu(V ) are also sometimes described as a flag manifolds,
where we identify the tuple V with the flag V0 ⊆ V0⊕V1 ⊆ V0⊕V1⊕V2 ⊆ · · · . Note
that the tuple can be recovered from the flag by taking orthogonal complements
with respect to each inclusion.

Recall the simplicial space ∆•, where our model for ∆u is the set of tuples
(0 ≤ t1 ≤ · · · ≤ tu ≤ 1). For such a tuple it will be convenient to set t0 = 0 and
tu+1 = 1. The coface and codegeneracy maps are

dj = “repeat tj”, sj = “omit tj+1”.

Define maps αu : Γu(V )×∆u → U(V ) by

α((V0, . . . , Vu), (t1, . . . , tu)) 7→ 1 · πV0
+
∑
j

e2πitj · πVj

where πW denotes orthogonal projection onto W .

Exercise 21.7. Check that α(dj(V ), t) = α(V , dj(t)) and α(sj(V ), t) =
α(V , sj(t)), so that α induces a map |Γ•| → U(V ). Check that this is a home-
omorphism.

If the pair (V , t) is regarded as encoding a spectral decomposition for a unitary
transformation, the above identities say that having adjacent V ’s with the same
eigenvalue is the same as merging the two V ’s and omitting one of the repeated
eigenvalues. Likewise, if one of the V ’s is zero then it doesn’t matter what the
associated eigenvalue is and we can omit it.

There are evident stabilization maps Γ•(V ) ↪→ Γ•(V ⊕ W ) where we send
(V0, . . . , Vu) 7→ (V0 ⊕ W,V1, . . . , Vu). Define Γ•(n) = Γ•(Cn) and Γ•(∞) =
colimn Γ•(Cn). It follows that |Γ•(∞)| ∼= U . Observe that Γu(∞) is the space
of orthogonal decompositions C∞ = V0 ⊕ V1 ⊕ · · · ⊕ Vu where V1, . . . , Vu are finite-
dimensional (equivalently, V0 has o-finite codimension).
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Notice something important here: in replacing U with Γ•(∞), we have taken
away everything except the geometry of subspaces of Cn. All we have is a homo-
topical gadget made from that information.

Let us repeat the above ideas but in the setting of Hermitian matrices insted
of unitary matrices. The idea remains that of replacing Hermitian matrices with
eigenvalues in [0, 1] by the information in their spectral decomposition. To this end,
define a simplicial space E•(V ) by

Eu(V ) = {(V0, V1, . . . , Vu, Vu+1)
∣∣V =

u+1⊕
j=0

Vj is an orthogonal direct sum}.

This time think of the tuple as representing the eigenspaces of a Hermitian operator
with eigenvalues in [0, 1], ordered as to increasing eigenvalues, with V0 and Vu+1

always the eigenspaces for 0 and 1, respectively. The face and degeneracies are
given by

(21.8) dj = “merge Vj into Vj+1”, sj = “add a 0 after Vj”.

Note that here the last face map does not involve wrapping around back to V0,
because of the extra Vu+1 that occurs in degree u.

There is an evident simplicial contracting homotopy for E•(V ) given by

(21.9) (V0, . . . , Vu+1) 7→ (0, V0, . . . , Vu+1)

(see e.g. [D5, Section 3.10] for background on contracting homotopies). So |E•(V )|
is contractible. The maps α′ : Eu(V ) × ∆u → E(V ) given by (V , t) 7→ 0 · πV0

+∑u
j=1 tjπVj

+ 1 · πVu+1
evidently respect the simplicial identities and so induce a

map α′ : |E•(V )| → E(V ). This is readily checked to be a homeomorphism.
Observe that we have a canonical map of simplicial spaces pV : E•(V )→ Γ•(V )

given by (V0, . . . , Vu+1) 7→ (V0 ⊕ Vu+1, V1, . . . , Vu). In each simplicial degree this is
a coproduct of projection maps Grk≤l(V ) → Grl(V ), which (as we saw in the last
section) are Serre fibrations. In degree u, the fiber over an element (V0, . . . , Vu) is
equal to Gr•(V0).

There are two kinds of stabilization maps λ, ρ : E•(V ) → E•(V ⊕ W ). One
is (V0, . . . , Vu+1) 7→ (V0 ⊕ W,V1, . . . , Vu+1), the other is (V0, . . . , Vu+1) 7→
(V0, · · · , Vu, Vu+1 ⊕ W ). These correspond to adding W into Eig0 and Eig1, re-
spectively. They both are compatible (via the p-maps) with the stabilization maps
defined for Γ•. As we saw in the last section, we want to stabilize with respect to
both of them at once. Giffen does this by forming the directed system of E•(Cn)
spaces where he alternates the λ and ρ maps, and defines E•(∞) to be the colimit.
It follows that E•(∞)→ Γ•(∞) is a map of simplicial spaces that is a Serre fibra-
tion in each degree. In degree u, given an element V = (V0, . . . , Vu) ∈ Γu(∞) we
can write V0 = W ⊕ ⟨en+1, en+2, . . .⟩ for some n and W ⊆ Cn, and then the fiber
over V is precisely the space (Z × BU)(W ) from Exercise ??. In particular, all of
the fibers are homeomorphic.

Now we need to invoke a technical result about simplicial spaces. Say that a
simplicial space X• has free degeneracies if there exist subspaces Xnd

u ⊆ Xu such
that for all k ≥ 0 the natural map∐

[k] [u]

Xnd
u → Xk
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is a homeomorphism, where the coproduct runs over all surjective simplicial op-
erators and the maps are induced by the corresponding degeneracies. This is a
common notion, used for example in [DI1, Definition A.4]. Loosely speaking, it
says that each Xu decomposes as a disjoint union of a “non-degenerate subspace”
Xnd
u and the images of all the degeneracies, the latter being as free as possible.

If X• is a simplicial space with free degeneracies then its realization |X| is very
manageable: the layers in the skeletal filtration sk• |X| sit in pushout diagrams

Xn × ∂∆n //
��

��

skn−1 |X|

��
Xn ×∆n // skn |X|.

This makes it easy to prove results by inducting up the skeleta. If X• and Y• are
simplicial spaces with free degeneracies, say that a mapX• → Y• is nondegenerate
if it maps Xnd

u into Y ndu for all u ≥ 1.

Proposition 21.10. Let f : E• → B• be a nondegenerate map of simplicial spaces
that have free degeneracies. Assume that

(1) Each En and Bn is cofibrant, and
(2) For every u ≥ 1, every b ∈ Bu, and every simplicial face operator dj : [u−

1] → [u], the induced map dj : f
−1(b) → f−1(djb) is a weak homotopy

equivalence.
Then |E| → |B| is a quasifibration, with fiber having the weak homotopy type of
f−1(b) for any u ≥ 0 and any b ∈ Bu. (Condition (2) is sometimes phrased in terms
of all simplicial operators, but that is equivalent by two-out-of-three. Condition (1)
can be weakened, but this version is convenient enough).

Proof. This result as stated does not seem to be readily found in the literature, so
let us explain where it comes from. The idea is simply to apply Theorem 21.2 to
the skeletal filtrations of |E| and |B|, and this readily shows that |E| → |B| is a
quasifibration. The face operators from (2) become the binding maps. □

Remark 21.11. For other results in the literature similar to Proposition 21.10, see
[Segal4, Proposition 1.6] (which does not require free degeneracies but uses the fat
realization rather than the geometric realization) and [May1, Theorem 12.7] (which
requires the Bn spaces to all be connected, as well as other technical conditions).
Beware that as soon as one moves away from the free-degeneracies situation the
technical difficulties can become quite subtle.

Exercise 21.12. Find simplicial spaces E• and B• with free degeneracies, together
with a nondegenerate map E• → B•, such that the following conditions all hold:

(i) E0 = ∆1, End1 = pt, and Endu = ∅ for u ≥ 2.
(ii) B0 = Bnd1 = pt and Bndu = ∅ for u ≥ 2.
(iii) E• → B• is a levelwise Serre fibration satisfying all of the hypotheses of

Proposition 21.10.
(iv) The geometric realization |E| → |B| is not a Serre fibration.

The simplicial spaces Γ•(V ) and E•(V ) all have free degeneracies. For Γ•(V ),
take Γu(V )nd to be the subspace of tuples (V ) where all Vj except V0 are required
to be nonzero, and likewise for Eu(V )nd. Moreover, our maps E•(V ) → Γ•(V )
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are nondegenerate. Now we simply apply Proposition 21.10 to E•(∞) → Γ•(∞).
For the behavior of the simplicial operators on the fibers, the only cases where
these are not the identity are for the face maps that involve taking the direct
sum of two subspaces. For these, the map on fibers is a canonical inclusion of
the form (Z × BU)(W ) → (Z × BU)(W ⊕ W ′), which we know is a homotopy
equivalence by Exercise ??. So Proposition 21.10 yields that |E•(∞)| → |Γ•(∞)|
is a quasifibration with fiber Z × BU . Since |E•(∞)| ≃ ∗ and |Γ•(∞)| ∼= U , this
proves that ΩU ≃ Z×BU . [In [Giffen] the claim is made that |E•(∞)| → |Γ•(∞)|
is a fibration, but a close look suggests that Giffen uses “fibration” as a synonym
for quasifibration.]

So far this argument is so close to the one from the last section that the reader
may be wondering why it is worth the extra effort to do things this way. Here is
where we get our first payoff: the constructions Γ• and E• are general enough that
they work out of the box not only for complex inner product spaces, but also for
real and quaternionic ones. So we actually have three homotopy fiber sequences:

Z×BO → |E•(∞,R)| → |Γ•(∞,R)|,
Z×BU → |E•(∞,C)| → |Γ•(∞,C)|,
Z×BSp→ |E•(∞,H)| → |Γ•(∞,H)|

where in each case the middle term is weakly contractible. It remains to identify
the spaces |Γ•(∞,R)| and |Γ•(∞,H)|.

The complexification map Rn ↪→ Rn ⊗R C = Cn induces a bijection between
subspaces of Rn and subspaces of Cn that are closed under complex conjugation.
It induces a map of simplicial spaces Γ•(n,R) ↪→ Γ•(n,C). Taking geometric real-
izations gives

|Γ•(n,R)| ↪→ |Γ•(n,C)|
∼=−→ U(n),

and the image consists of all unitary matrices having the property that their
eigenspaces are closed under complex conjugation. As we saw in Exercise 15.20,
this is homeomorphic to the space U(n)/O(n). So we have learned that

|Γ•(n,R)| ∼= U(n)/O(n)

and after stabilizing this yields the loop relation Ω(U/O) ≃ Z×BO.
Likewise, the identification Hn = C2n gives a tautological bijection between H-

subspaces of Hn and complex subspaces of C2n that are closed under the action of
j. Call such subspaces of C2n “quaternionic”. We have an induced map of simplicial
spaces Γ•(n,H) ↪→ Γ•(n,C) and taking geometric realizations gives

|Γ•(n,H)| ↪→ |Γ•(n,C)|
∼=−→ U(n).

The image in U(n) consists of all matrices whose eigenspaces are quaternionic,
and we saw in Exercise 15.21 that this space is homeomorphic to U(2n)/Sp(n).
So |Γ•(n,H)| ∼= U(2n)/Sp(n) and after stabilizing we have the loop relation
Ω(U/Sp) ≃ Z×BSp.

Bott periodicity consists of 8+2=10 loop relations. There are the three trivial
ones coming from Ω(BG) ≃ G, and we have just derived three more. That leaves
four others. With only slight modifications Giffen’s techniques yield those as well.
It is easiest to explain this by looking at the most concrete case first and then



ANOTHER BOOK ON K-THEORY 247

pointing out how it generalizes. We start by reviewing how spectral decomposition
works for orthogonal matrices:

Exercise 21.13. Let W be a finite-dimensional real inner product space. Show
that there is a bijection between orthogonal transformations T : W → W and the
following information:

• Orthogonal decompositions W = Eig1(T )⊕Eig−1(T )⊕
⊕

θ∈(0,π) Veiθ (with
Veiθ ̸= 0 for only finitely many θ), together with

• Orthogonal complex structures on each Veiθ , such that
• T |(V

eiθ
) is multiplication by eiθ (interpreted using the given complex struc-

ture).
The tuple (Eig1(T ), {Veiθ , eiθ},Eig−1(T )) is called the real spectral decompo-
sition of T . The subspaces appearing in the tuple are called the invariant sub-
spaces of T . Note that the setup is such that the “eigenvalues” all have argument
in [0, π].
[Hint: Let (WC)eiθ be the eigenspace for T acting on WC. Define Veiθ to be the set
of real components of vectors in (WC)eiθ . For v in this space, let Jv be the unique
vector such that v − i(Jv) ∈ (WC)eiθ .]

Define the simplicial space W•(n) by letting Wu(n) be the space of tuples
(V0, V1, . . . , Vu+1) such that each Vj ⊆ Rn, Rn =

⊕
j Vj is an orthogonal direct sum,

and the spaces V1, . . . , Vu are each equipped with an orthogonal complex structure.
Think of the Vj as invariant subspaces for an orthogonal transformation of Rn, with
V0 and Vu+1 always contained in the λ = 1 and λ = −1 eigenspaces (respectively),
and the others sorted in terms of increasing argument of the eigenvalue. The only
proviso is that we allow repetition of eigenvalues, so that for example Vj and Vj+1

might have the same corresponding eigenvalue. The face and degeneracies are as
in (21.8).

There is a map |W•(n)| → O(n) given by

(21.14) (V , t) 7→ 1 · πV0
+
∑
j

eπitj |Vj
+ (−1) · πVu+1

and this is readily checked to be a homeomorphism.
Define E•(n) by letting Eu(n) be the space of tuples (V0, . . . , Vu+1) as above but

where V0, . . . , Vu are all equipped with complex structures. We have |E•(n)| ≃ ∗ be-
cause the formula (21.9) is again a simplicial contracting homotopy. Let p : E•(n)→
W•(n) be the evident map. This is a levelwise fibration, and its fiber over a given
tuple V is the space of complex structures on V0. Stabilizing with n gives the
homotopy fiber sequence O/U → ∗ → O.

Giffen gives three other constructions similar to what we just did that yield the
remaining homotopy fiber sequences for the Bott clock, but these involve some ad
hoc manipulations that are a little hard to understand. It is better to organize
things in terms of Clifford algebras. Here is an outline:

Let M be a Cln-module (possibly infinite-dimensional).
(1) Let f ∈ O(M) have real spectral decomposition (V1, {Vj , λj}, V−1). Say that

this is regular if all of the eigenspaces are Cln−1-submodules, en preserves
V1 and V−1, and for each non-real eigenvalue λj the complex structure on Vλj

commutes with ek for k < n and anticommutes with en.
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(2) Check that the map f 7→ −fen gives a homeomorphism

Exn(M) ∼= {g ∈ O(M) | the real spectral decomposition of g is regular}.
The minus sign is there because −fen agrees with id on a space of o-finite
codimension, and therefore belongs to O(M).

(3) Let W•(M) be the simplicial space where Wu(M) is the space of tuples
(V0, . . . , Vu+1) that are regular real spectral decompositions (loosely inter-
preted) for some f ∈ O(M), with V0 the 1-eigenspace and Vu+1 the (−1)-
eigenspace (note that V0 will be o-finite codimension). Here we allow repetition
of eigenvalues, so that for example Vj and Vj+1 can have the same eigenvalue,
as well as allowing some Vj to be zero. The face and degeneracies are as in
(21.8). If sV ,t denotes the orthogonal transformation given by (21.14), prove
that there is a homeomorphism |W•(M)| → Exn(M) given by (V , t) 7→ sv,t◦en.

(4) For M finite-dimensional, let E•(M) be the simplicial space where Eu(M) is
defined similarly to Wu(M) except that one also assumes that V0 has an orthog-
onal complex structure that commutes with the ek for k < n and anticommutes
with en. Then E•(M) has a simplicial contracting homotopy as in (21.9).

(5) Let p : E•(M)→W•(M) be the evident map. This is a levelwise fibration, and
the fiber over a tuple (V ) is homeomorphic to the space Exn+1(V0) (use ???).

(6) Let U be a Cln+1-universe. Stabilize the above constructions using the maps
W•(M) → W•(M ⊕M ′) given by V 7→ (V0 ⊕M ′, V1, . . . , Vu), and E•(M) →
E•(M ⊕M ′) given by ((V0, J0), . . .) 7→ ((V0 ⊕M ′, J0 ⊕ enen+1), . . .). Taking
colimits gives quasifibration |E•(U)| → |W•(U)| with weakly contractible total
space, base space Exn(U), and fiber Exn+1(U).

Exercise 21.15. Complete the details of the above argument.

Remark 21.16. The argument in [Harris] is somewhat different from [Giffen].
Harris only proves complex Bott periodicity, and while the key step is still the
homeomorphism |Γ•| ∼= U the rest of the argument avoids quasifibrations and
instead uses group completion techniques. We mostly do not cover these here, but
see Section 23 and especially Remark 23.10 for a brief overview.

22. Other proofs of Bott periodicity

In this final section on Bott periodicity our aim is to briefly describe some of the
other approaches in the literature. We will cover:

(i) Atiyah’s approach via elliptic operators: [Atiyah6].
(ii) Wood’s approach via Banach algebras: [Wood].
(iii) The loop-group approach: [GR], [PrSe], and [Mitchell2], [Mitchell3].
(iv) Latour’s approach using spaces of Lagrangians: [Latour].
(v) Atiyah’s approach via KR-theory: [Atiyah4].

This list is not meant to be exhaustive. Some others include [CM], [DL], [Toda],
[KT], [BS], [Tian], [AS1], and [LV], and surely there are many more.

Why spend time on this at all? Like many deep results, different proofs seem to
demonstrate different aspects of what Bott periodicity is all about. The variety of
lines of attack is truly remarkable.
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22.1. Atiyah’s approach via elliptic operators. In the Atiyah-Bott proof from
Section ?? the idea was to take the external tensor product map

K(X)⊕K(X) ∼= K(X)⊗K(S2) −→ K(X × S2)

and produce an explicit inverse. One piece of this inverse is easy: restriction along
X×pt ↪→ X×S2 gives a map K(X×S2)→ K(X) which can serve as the first com-
ponent of the splitting. So the work boils down to creating some other interesting
map K(X × S2) → K(X) that will serve as the second component. Atiyah-Bott
did this by analyzing clutching functions for bundles on X×S2, showing they could
be linearized after stabilization, and then introducing a novel method for taking a
linear S1-family of isomorphisms and producing (in a continous manner) a vector
space.

Atiyah later saw this last piece as naturally fitting into the framework he and
Singer built around index theory. Diving seriously into this subject would take
us too far afield, but let us hint at the general framework. Let M be a compact
smooth manifold, let E → M and F → M be smooth complex vector bundles,
and let d : Γ(E) → Γ(F ) be an elliptic differential operator. Atiyah shows that d
induces a natural map indd : K(M × X) → K(X) for compact spaces X. This is
a remarkable realization: elliptic operators give rise to pushforward maps in K-
theory. Taking M = CP 1, E = 1, F = Ω0,1 (1-forms of type (0, 1), so locally of the
form f(z)dz̄), and d = ∂̄ (so df = ∂f

∂z̄ dz̄) gives indd : K(S2 ×X) → K(X). Just a
little legwork shows that this gives the desired second component of our splitting.
This proves the complex periodicity theorem.

This approach has the feature that real periodicity comes about in essentially the
same way, once one has defined the index maps in the KO-setting and produced the
correct elliptic operator d. This time d is a Dirac operator on S8—in essence, an
operator that comes to us from the fundamental Clifford-algebra representations.

Of course the “magic” that we have swept under the rug is the construction of
the pushforward maps induced by elliptic operators, and this is not easy (especially
in the real case).

22.2. Wood’s approach via Banach algebras. This is another cousin of the
Atiyah-Bott argument, but it removes the K-groups and deals with the loop spaces
directly. A novel component is the recasting of the proof in terms of general Banach
algebras, which allows one to reduce most of the work to π0 statements (see below).

A Banach algebra is an associative algebra over R or C that has a norm satisfying
|xy| ≤ |x| · |y| for all x and y, and that is complete in the norm metric. If B is a
Banach algebra and X is a compact space, then the set of continuous maps BX is
a Banach algebra under the sup norm |f | = supx∈X |f(x)|. Also, if B is a Banach
algebra then the set B(n) of n × n matrices with entries in B is also a Banach
algebra under the norm |M | =∑i,j |mij |.

If B is a Banach algebra let B∗ denote the set of units, equipped with the
subspace topology. Let B⊛ ⊆ B∗ denote the subspace of elements b such that
b2 = −1.

It will be convenient to take as our model for the unit interval I the upper half
of S1, oriented from (1, 0) to (−1, 0), with points labelled as (x, y) as usual. For
any b ∈ B⊛, the path (x, y) 7→ xI + yb is a path in B∗ from I to −I. Note that
xI + yb is invertible because (xI + yb)(xI − yb) = (x2 + y2)I = I. So if we fix once
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and for all a basepoint k̂ ∈ B⊛ then we can write down a map

B⊛ → ΩIB
∗, b 7→ [(x, y) 7→ (xI + yb)(xI − yk̂)].

The minus sign in the second term is there so that k̂ maps to the constant path. The
reader will notice that this is a direct analog of the Bott map. When B = C(n) then
B∗ = GLn(C) and B⊛ ∼= {(V,W ) |V,W ⊆ Cn,Cn = V ⊕W} by sending an element
b ∈ B⊛ to its +i and −i eigenspaces. Since W can be continuously deformed into
the orthogonal complement of V , we have B⊛ ≃ Gr•(Cn) =

∐
kGrk(Cn).

In this context stabilization is passing from B to B(n) and letting n 7→ ∞. It
will be convenient to change notation and write Bn = B(n), to reduce parentheses.
There are the usual inclusions Bn ↪→ Bn+1, as well as inclusions (Bn)⊛ ↪→ (Bn+1)

⊛

given by b 7→ b⊕ k̂. These inclusions commute with the Bott maps so that we can
take colimits and get

(22.3) colim
n

(Bn)
⊛ → colim

n
ΩI(Bn)

∗ ≃ ΩI [colim
n

(Bn)
∗].

Wood shows these stabilized maps are weak homotopy equivalences provided that
k̂ is path-connected to −k̂ in B⊛. One of the features of this approach is that
it is actually enough just to show that the maps are always isomorphisms on π0,
because for πk one replaces the Banach algebra B with BS

k

and then uses the
π0-isomorphism there.

The proof of the π0-isomorphisms follows the general approach of Atiyah-Bott’s
argument from Section ??, though the details change somewhat. But one approx-
imates loops using Fourier series and thereby reduces to dealing with polynomial
loops, then stabilization tricks let one get down to quadratic loops, and from there
it is not hard to massage the loops into ones that are in the image of the Bott map.

Taking B = C(2) and k̂ =
[
i 0
0 −i

]
immediately yields complex Bott periodicity.

It is interesting to work out the stabilization map in this case and see that it is
what one expects, i.e. the one from Exercise ??(f). One cannot use B = C because
i is not path-connected to −i in C⊛ = {±i}, but one can check that k̂ and −k̂ are
connected in C(2)⊛.

Exercise 22.4. Prove that SU(2) ∩ C(2)⊛ ∼= S2 and conclude that k̂ and −k̂ are
path-connected in C(2)⊛. Using the weak equivalence C(n)⊛ ≃ Gr•(Cn) (above),
work out the stabilization maps explicitly and show that colimnC(2n)⊛ ≃ Z×BU .

This approach extends to give real Bott periodicity with a little extra work. Here
one considers pairs (B, σ) of a Banach algebra and a continuous automorphism
σ : B → B such that σ2 = id. For T ⊆ B define Tσ to be the set of elements fixed
by σ, and T−σ to be the set of elements x such that σ(x) = −x. Let k̂ ∈ (B⊛)−σ

and suppose that k̂ is path-connected to −k̂ in this space. In this situation Wood
produces a weak homotopy equivalence

(22.5) colim
n

(B⊛
n )

−σ −→ colim
n

[
hofib((B∗

n)
σ ↪→ B∗

n)
]
.

If G is a Lie group and H ≤ G is a closed subgroup then H → G → G/H is a
fibration sequence, and so hofib(H ↪→ G) ≃ Ω(G/H). The codomain of (22.5) can
therefore be written as Ω[colimn(B

∗
n)/(B

∗
n)
σ].

Wood also provided a nice way of rewriting the domain of (22.5). Let τ be the
involution given by conjugation by k̂. The map B∗

n → B⊛
n given by u 7→ uk̂u−1
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factors to give an injection B∗
n/(B

∗
n)
τ ↪→ B⊛

n . This is not always a surjection, but
typically it is a surjection onto a collection of path-components. When k̂ ∈ (B⊛

n )
−σ

we get (B∗
n)
σ/(B∗

n)
σ,τ → (B⊛

n )
−σ where T σ,τ denotes the elements in T fixed by

both σ and τ . So modulo being careful about components (and we will remain
vague about this), Wood proves that (22.5) can be rewritten as a weak homotopy
equivalence

(22.6) colim
n

[(B∗
n)
σ/(B∗

n)
σ,τ ] −→ Ω[colim

n
(B∗

n)/(B
∗
n)
σ]∗

where the lower ∗ indicates a possible restriction on path components.
Let B = Clr be a real Clifford algebra, with σ the automorphism that negates all

of the ei. Let k̂ = e1. Then one can show Bσ ∼= Clr−1 and Bσ,τ ∼= Clr−2. As long
as r ≥ 2 we have k̂ path-connected to −k̂ in ((Clr)

⊛)−σ, because we can connect
them inside the canonical sphere Sr−1 = S(R⟨e1, . . . , er⟩) ↪→ Clr. By consulting
the table of Clifford algebras one readily works out the units in Clj(n) for any j
and n. For example, for r ≤ 3 we have Cl0(n)

∗ = GLn(R), Cl1(n)∗ = GLn(C),
Cl2(n)

∗ = GLn(H), and Cl3(n)
∗ = GLn(H)×GLn(H). Applying (22.6) then yields

the real Bott periodicity clock but with the compact forms O, U , and Sp replaced
by their non-compact analogs GL(R), GL(C), and GL(H).

Wood’s paper has a number of unfortunate typos and is not the easiest to read,
but the arguments are worth studying. They foreshadow the role of C∗-algebras in
the story, as well as the role of Z/2-equivariance.

22.7. The loop-group approach. Let G be a compact connected Lie group. Let
GC be its complexification, meaning a complex Lie group containing G as a maximal
compact subgroup. Note that G ↪→ GC is a homotopy equivalence by the Iwasawa
decomposition. We can assume that GC comes embedded as a closed subgroup of
some GLN (C). It will be fine if the reader chooses to focus only on G = Un and
GC = GLn(C) for the discussion below.

Let LG denote the space of smooth maps S1 → G (not necessarily basepoint-
preserving). We can also look at the space LcontG of continuous loops, but standard
smoothing theory yields that LG ↪→ LcontG is a weak homotopy equivalence. For
the rest of this section we will restrict to smooth models. The relation between the
free loop space and the space of based loops at the identity is G×ΩG ∼= LG, with
(g, λ) 7→ g · λ.

Equipped with pointwise multiplication, LG and LGC are groups—called the
loop groups of G and GC. One can regard these as infinite-dimensional Lie groups,
and starting in the 1970s it gradually became understood that many of the nice
properties of Lie groups adapt in some way to loop groups.

Inclusion of the constant loops gives G ⊆ LG, and the quotient LG/G is the
space of (smooth) based loops ΩG. As a homogeneous space for LG this plays
the role (up to homotopy) of the flag varieties G/B in the finite-dimensional case.
It was realized by Garland and Raghunathan [GR], and independently by Quillen
(unpublished), that the Bott cell structure on ΩG that came out of Morse theory
could be obtained independently via a Schubert-like cell decomposition in the LG-
setting. These ideas can be used to give a new proof of Bott periodicity. The
argument for the complex case is only sketched in [GR], but appeared later with
complete details in [PrSe].

In Quillen’s work on this subject he discovered that similar ideas could be applied
to loops on homogeneous spaces, and that this recovered Morse-theoretic work of
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Bott-Samelson [BS]. Quillen never published his work, but it was later re-developed
and expanded by Mitchell [Mitchell2, Mitchell3]. In this level of generality the ideas
led to a new proof of real Bott periodicity, worked out in Mitchell’s papers.

Our goal here will be to describe the argument for complex Bott periodicity,
largely following [PrSe] but simplifying the story down to its core elements. This
allows the reader to experience some of the beauty and surprise of the methods.
We will not pursue the real version here, but we make a few remarks at the end of
the section.

Let H be the complex inner product space with countable orthonormal basis
{ek | k ∈ Z}. Recall from Exercise ?? the model Grft(H) for Z×BU consisting of
finite-type subspaces of H. A quick overview of some details:

• For any v ∈ H define the indicator indc(v) to be the smallest k for which
vk ̸= 0.

• For V ⊆ H define indc(V ) = {indc(v) | v ∈ V } ⊆ Z.
• For m ∈ Z let −→m = Z ∩ [m,∞). Let H≥m = Span{ek | k ∈ −→m}.
• A subset S ⊆ Z is called finite-type if there exists m ∈ Z such that S ⊇ −→m

and S \ −→m is finite. The virtual cardinality is the number vcard(S) =

#(S \ −→0 )−#(
−→
0 \ S).

• A subspace W ⊆ H is called finite-type if indc(W ) is finite-type—
equivalently, if there exists m ∈ Z such that H≥(−m) ⊇ W ⊇ Hm. The
virtual dimension of W is v. dim(W ) = vcard(indc(W )). The virtual di-
mension classifies the connected components of Grft(H).

• Finally, if S ⊆ Z is finite-type then the stabilization point is the smallest
m such that −→m ⊆ Z. If vcard(S) = d then there is a unique increasing
sequence s−d, s−d+1, . . . such that S = {s−d, s−d+1, . . .}, and this has the
property that sk < k for k smaller than the stabilization point, and sk = k
for k greater than or equal to the stabilization point.

Let T : H → H be the shift map ei 7→ ei+1, and let z = Tn be the n-fold shift
operator. We will also use z for the corresponding operator on subsets of Z. Say
that a subspace W ⊆ H is z-closed if zW ⊆ W , and likewise for subsets of Z. If
a subspace W is z-closed, then indc(W ) is also z-closed.

Note that the z-closed, finite-type subsets of Z are easy to understand. If S is
such a subset, for each 0 ≤ i ≤ n − 1 let ai be the smallest element of S that
is congruent to i modulo n. The set S is completely determined by the numbers
a0, . . . , an−1, and likewise any collection of a’s representing all n congruence classes
corresponds to a unique S.

Let Grz(H) ⊆ Grft(H) be the subspace of z-closed elements. Note the hidden
dependence on n. This construction is seemingly coming out of nowhere, but we
will see shortly that Grz(H) is a model for ΩU(n). This is the surprise that comes
out of the theory of loop groups.

Also recall from Exercise ?? the Schubert cell structure on Grft(H), having cells
CS indexed by finite-type subsets S ⊆ Z. Again, a brief review:

• Let S ⊆ Z be finite type, and let d = vcard(S). Let CS ⊆ Grft(H) denote
the subset of all W whose indicator set equals S. Every element W ∈ CS
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has a canonical basis taking the form of the rows of the matrix

(22.8)

1 ∗ ∗ 0 ∗ · · ·
0 0 0 1 ∗ · · ·
...


where the columns are indexed by the basis elements ei for i ≥ s−d and
the leading ones appear in the columns corresponding to each esk . The ∗’s
can be any complex number, and this shows that CS is a complex affine
space. The number of ∗’s in the first row is −d − s−d, in the second row
is (−d + 1) − s−d+1, and so forth, so that the total number is ℓ(S) =∑
k≥−d(k − sk) (note that this is a finite sum).

There is a corresponding cell decomposition on Grz(H) consisting of the open
cells CzS = Grz(H) ∩CS where S is z-closed. Subspaces W in CzS have a canonical
basis taking the form of the rows of (22.8) but where for every k ∈ S the asterisks
are omitted from any row whose leading 1 appears in a column k + nu for u ≥ 1.
The point is that in our canonical basis for W , for any basis vector with indicator
k+nu we can use the zu-shift of the chosen basis vector having indicator k. So the
complex dimension of CzS is

∑
k/∈n+S(k − sk).

Write Grft(H)0 and Grz(H)0 denote the connected components consisting of
subspaces having virtual dimension equal to 0.

Proposition 22.9 ([PrSe, Proposition 8.8.1]). The inclusion Grz(H)0 ↪→ Gr(H)0
is an isomorphism on πk for k ≤ 2n− 2.

Proof. Let K ⊆ Grz(H)0 be the union of all CS such that CS ⊆ Grz(H)0. This
is a subcomplex of both Grz(H)0 and Gr(H)0. The result will follow immediately
once we show two things:
(1) All of the cells of Gr(H)0 \K have complex dimension at least n.
(2) All of the cells of Grz(H)0 \K have complex dimension at least n.
But these are easy calculations. The cell CS is contained in Grz(H)0 if and only if
S ⊇ −−−−→s0 + n where s0 is the minimal element of S (this is not obvious, but it’s an
exercise). This condition is equivalent to saying that the stabilization point of S is
≤ s0 + n. If the condition does not hold then sk < k for all k ≤ s0 + n, and hence
ℓ(S) =

∑
k≥0(k − sk) ≥ (0− s0) +

∑s0+n
k=1 1 = n. This proves (1).

For (2), let S be a z-stable, finite-type subset of Z having virtual cardinality zero.
Let {sk}k≥0 be the associated sequence. Assume further that S ̸⊇ −−−−→s0 + n, so that
CS is not contained in Grz(H)0. The complex dimension of CS ∩Grz(H)0 is equal
to
∑
k(k − sk) where this time the sum ranges over k ≥ 0 such that sk /∈ n + S.

Recall that k − sk ≥ 0 always, and is > 0 when k is smaller than the stabilization
point of S. By assumption, this stabilization point is larger than s0 + n. So for
k ≤ s0 + n we have sk < k ≤ s0 + n = min(n + S) and therefore sk /∈ n + S.
Hence when computing the dimension of our cell, the condition sk /∈ n+S does not
affect the sum until k > s0 + n. So the (complex) cell dimension is again at least
−s0 +

∑s0+n
k=1 1 = −s0 + (s0 + n) = n. □

So far we haven’t done anything hard, but here is the miracle that comes out of
the theory of loop groups:

Theorem 22.10. There is a weak equivalence ΩSU(n) ≃ Grz(H)0.
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The composite ΩSU(n)→ Grz(H)0 ↪→ Gr(H)0 = BU therefore induces isomor-
phisms on πk for k ≤ 2n− 2, and this is complex Bott periodicity. The Grassman-
nian model Grz(H)0 for ΩSU(n) is attributed to Quillen in [Pressley, Section 1]
and [Mitchell1, Introduction].

It remains to explain the miracle of Theorem 22.10. There are a number of as-
pects to this. We switch perspective to ΩU(n) ≃ ΩGLn(C). Define LalgGLn(C) ⊆
LGLn(C) to be the space of functions f : S1 → GLn(C) such that both f and f−1

can be written as finite Laurent series
∑N
k=−N z

kAk for Ak ∈ Mn×n(C) (here we
use z for the standard complex coordinate on S1). This can also be interpreted as
the C[z, z−1]-valued points of the algebraic group GLn, or as GLn(C[z, z−1]), or as
the space of regular maps Gm → GLn. Define ΩalgGLn(C) ⊆ LalgGLn(C) to be
the subspace of functions f such that f(1) = In.

To understand some of the subtleties of the definition of Lalg, here are three
examples of elements in LalgGL2(C):[

z 0
0 1

]
=

[
0 0
0 1

]
+ z

[
1 0
0 0

]
(22.11) [

1 z2

0 1

]
=

[
1 0
0 1

]
+ z2

[
0 1
0 0

]
[
1− z −z
z 1 + z

]
=

[
1 0
0 1

]
+ z

[
−1 −1
1 1

]
.

We can also multiply the above examples by zk for any k ∈ Z. Every element of
LalgGLn(C) can be written as zk times a polynomial expression in z like the ones
above. For comparison, here is a finite Laurent series (in fact, a polynomial) that
is not in LalgGL2(C): [

z 0
0 z − 2

]
=

[
0 0
0 −2

]
+ z

[
1 0
0 1

]
.

In this case, note that even though for z ∈ S1 the expression takes values in GL2(C),
the inverse is not a finite Laurent series in z. It is helpful to note that a matrix
with entries in C[z, z−1] represents an element of LalgGLn(C) if and only if its
determinant is a unit in C[z, z−1], which means the determinant is zk for some
k ∈ Z.

These algebraic models are, up to homotopy, the same as the topological models:

Theorem 22.12. The inclusions LalgGLn(C) ↪→ LGLn(C) and ΩalgGLn(C) ↪→
ΩGLn(C) are weak homotopy equivalences.

This result is by no means obvious. As a reality check, let us look at n = 1.
Then LalgGL1(C) consists of the maps uzk where u ∈ C − 0 and k ∈ Z, so this is
Z× (C− 0). The space ΩalgGL1(C) is just {zk | k ∈ Z}, so this is a copy of Z. Of
course ΩS1 ≃ Z and LS1 ∼= S1 × ΩS1 ≃ S1 × Z.

There are versions of Theorem 22.12 for any complex reductive group in place
of GLn(C). Further, if G is a compact Lie group then one defines LalgG =
LG ∩ LalgGC, and the result is true with G replacing GLn(C). For sources see
[GR, Theorem 1.1], [Pressley, Theorem 5.1], [PrSe, Proposition 8.6.6], [Mitchell1,
Theorem 1.1], [Mitchell2, Theorem 1.4], and [Mitchell3, Theorem 4.1]. We will not
give the proof of Theorem 22.12 here.
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Let P ⊆ LalgGLn(C) denote the subgroup of maps f that can be extended
holomorphically over the disk |z| ≤ 1. In this case this means that f can be
written as a polynomial function, or equivalently that f can be regarded as an
invertible matrix with values in C[z]. Note that since C[z]∗ = C∗ this implies that
its determinant must be a nonzero scalar. So for example, the map zIn is not in P ,
but when n = 2 the last two examples of (22.11) do belong to P .

We have the inclusion GLn(C) ↪→ P by sending any matrix A to the constant
loop, and evaluation at 1 gives a map back. These are readily seen to form a
homotopy equivalence. It follows that

(22.13) LalgGLn(C)/P ≃ LalgGLn(C)/GLn(C) ≃ ΩalgGLn(C) ≃ ΩGLn(C).
Using the standard action of GLn(C) on Cn, the group LalgGLn(C) acts on

LalgCn. By the latter we just mean finite Laurent series with coefficients in Cn, and
if f =

∑
k z

kAk and v =
∑
m z

mvm then f.v =
∑
k,m z

k+mAkvm. Note that LalgCn

can be identified with C[z, z−1]⊗C Cn = C[z, z−1]n, but can also be identified with
H via zj ⊗ ek 7→ enj+k−1. In this last identification the subspace H≥0 corresponds
to C[z] ⊗ Cn. A subspace W ⊆ H that is finite-type and z-stable corresponds to
a C[z]-submodule W ⊆ C[z, z−1]n that is finitely-generated and contains zNC[z]n
for some N ≥ 0.

The action of LalgGLn(C) on H induces an action on Gr(H). Notice that this
action preserves the subspace Grz(H), since f.(zv) = z(f.v) for any f and v.

Proposition 22.14. The action of LalgGLn(C) on Grz(H) is transitive, and the
stabilizer of H≥0 is P . So LalgGLn(C)/P ∼= Grz(H). Consequently, ΩGLn(C) ≃
Grz(H).

Proof. Let us first compute the stabilizer of H≥0 = C[z]n. If f ∈ P then f is
a polynomial in z and so clearly f.H≥0 ⊆ H≥0. Since f−1 ∈ P , we also have
f−1.H≥0 ⊆ H≥0. Multiplying by f gives H≥0 ⊆ f.H≥0, so in fact H0 = f.H≥0.

Conversely, suppose f ∈ LalgGLn(C) is such that f.H≥0 = H≥0. Then clearly
f can have no zk terms for k < 0. So f is polynomial in z, and therefore det f is
(up to a nonzero constant) a nonnegative power of z. But multiplying by f−1 gives
H≥0 = f−1.H≥0, so we make the same conclusion for det f−1. This implies that
det f is a nonzero constant, so f ∈ P .

It remains to prove transitivity. Let W ⊆ H be finite-type and z-stable. Up
to multiplication by powers of z we can assume W ⊆ H≥0 = C[z]n, and then W
is a C[z]-submodule. Since C[z] is a PID, we know that W must be free. Since
zNC[z] ⊆W for N ≫ 0, W contains a free module of rank n. So in fact W is free of
rank n. Choose generators u1, . . . , un ∈ C[z]n for W as a C[z]-module and let A be
the matrix with these as its columns. Then left multiplication by A is a C[z]-map
LA : C[z]n → C[z]n and the image is W . We claim that A ∈ LalgGLn(C) and
A.H≥0 = W . The latter is clear, since A.H≥0 is simply the image of LA. For the
former, since zNC[z]n ⊆W we can write each vector zNei as a linear combination
of the u’s. If B is the matrix giving these linear combinations, then zNIn = B ·A,
and therefore zNn = det(B) · det(A). In particular, det(A) is a power of z. This
implies that A ∈ LalgGLn(C).

The final statement that ΩGLn(C) ≃ Grz(H) now follows from (22.13). □
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Theorem 22.10 is an immediate corollary, and this completes our account of
the loop group approach to complex Bott periodicity. While we have largely fol-
lowed the treatment in [PrSe], we have incorporated some useful perspectives from
[Pressley] and [Mitchell1]. To briefly summarize the argument: taking connected
components in Proposition 22.14 gives ΩSLn(C) ≃ Grz(H)0, and the cell structure
analysis from Proposition 22.9 yields πkGrz(H)0 ∼= πkBU for k ≤ 2n− 2.

The story for real Bott periodicity follows a related but somewhat different ap-
proach, and we do not recount it here because it would involve a long excursion
into Lie theory. But we highly recommend the papers [Mitchell2, Mitchell3] as a
wealth of intriguing mathematics. The payoff is that the equivalences of real Bott
periodicity can be read off of the multiplicity-labelled Dynkin diagrams for the rel-
evant symmetric spaces. At the end of the day this is not so different in spirit
from the index calculations that went into the Morse-theoretic arguments, but the
repackaging is very elegant and beautiful.

22.15. Karoubi’s approach using ϵ-symmetric forms, and Latour’s ap-
proach using spaces of transveral Lagrangians. We want to simultaneously
talk about quadratic, symplectic, Hermitian, and anti-Hermitian forms over the
fields R, C, and H. The language for this is a bit offputting, but is not so bad once
you get used to it. The setting will be a triple (F, (−)∗, ϵ) where F ∈ {R,C,H},
ϵ ∈ {1,−1}, and (−)∗ : F → F is an R-linear anti-involution—meaning that it is
additive and satisfies (xy)∗ = y∗x∗. We call such a triple a form type. In practice
the involution will always be either id or the usual conjugation.

In this setting an ϵ-symmetric sesquilinear form is an F -vector space V and a
pairing b : V × V → F such that b is additive in both variables and

b(λv,w) = b(v, w)λ∗, b(v, λw) = λb(v, w), b(w, v) = ϵ · b(v, w)∗.
Such a form is called nondegenerate if the condition b(v, w) = 0 for all w implies
that v = 0.

Let us define a Karoubian form to be a nondegenerate ϵ-symmetric sesquilinear
form with respect to some form type (F, (−)∗, ϵ). This is nonstandard language,
but will be very convenient. Up to isomorphism every Karoubian form is one of the
following:

• Rn with the standard (p, q)-form bp,q for some p+ q = n. Here bp,q(x, y) =∑p
s=1 xsys −

∑p+q
s=p+1 xsys (involution=id, ϵ = 1).

• R2n with the standard symplectic form ω (involution=id, ϵ = −1).
• Cn with the sum-of-squares form bn (the dot product) (involution=id, ϵ =
1).

• C2n with the standard symplectic form ω (involution=id, ϵ = −1)
• Cn with the standard Hermitian form Bp,q of type (p, q), for some p+ q =

n. Here Bp,q(v, w) =
∑p
s=1 v̄sws −

∑p+q
s=p+1 v̄sws (involution=conjugation,

ϵ = ±1).
• Hn with the standard Hermitian form BH given by BH(v, w) =

∑
s wsvs

(involution=conjugation, ϵ = 1).
• Hn with the standard anti-Hermitian form B−

H , given by B−
H (v, w) =∑

s wsivs (involution=conjugation, ϵ = −1).
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Exercise 22.16. Check that forms of type (C, conjugation, 1) are the same as those
of type (C, conjugation,−1), and that the only form of type (H, id,±1) is the zero
form.

Given a form type and an n ≥ 1, one can consider the space Kn of all Karoubian
forms on Fn, topologized as a subspace of HomR(F

n×Fn, F ). For reasons that will
gradually become clear it is convenient to include the notion of an “empty form”
(meaning a vector space with no extra structure), and in this case we define Kn to
be the space of automorphisms. The connection between these two constructions
is not transparent, but is demonstrated in Exercise 22.19(f) below.

Proposition 22.17. The following table shows the homotopy types of all of the Kn

spaces:
triple vector space K

(R, ∅) Rn O(n)
(R, id, 1) Rn

∐
p+q=nGrp(Rn)

(R, , id,−1) R2n O(2n)/U(n)
(C, ∅) Cn U(n)

(C, id, 1) Cn U(n)/O(n)
(C, id,−1) C2n U(2n)/Sp(n)
(C, conj, 1) Cn

∐
p+q=nGrp(Cn)

(H, ∅) Hn Sp(n)
(H, conj, 1) Hn

∐
p+q=nGrp(Hn)

(H, conj,−1) Hn Sp(n)/U(n)

Proof. To specify a form of type (p, q) on Rn one must give two subspaces V+, V−
of dimensions p and q = n− p, with V+⊕V− = Rn, together with an inner product
on each of V+ and V−. The space of inner products is contractible (??), and the
space of pairs (V+, V−) is homotopy equivalent to Grp(Rn). This justifies line two
of the table.

For line three, it is known that every symplectic form admits a symplectic basis.
So if J ∈ M2n×2n(R) is the matrix for the standard symplectic form, the space of
symplectic forms on R2n is the subspace of matrices PJPT for P ∈ GL2n(R), or
equivalently GL2n(R)/ stab(J). But we can deformation-retract GL2n(R) down to
O(2n), and then stab(J) deformation-retracts down to U(n).

The other lines of the table are similar, and left to the reader. □

Exercise 22.18. Complete the above proof.

Fix a form type α and let V be a 2n-dimensional F -vector space with a Karoubian
form b (here we include the possibility of the empty form). Let Λ(V ) denote the
space of n-dimensional isotropic subspaces of V , called Lagrangian subspaces. In
the empty form case these are just all n-dimensional subspaces. Two Lagrangian
subspaces L1 and L2 are said to be transverse if N1 ∩N2 = 0, which is equivalent
to N1 ⊕ N2 = V . For L ∈ Λ(V ), define UL ⊆ Λ(V ) to be the set of Lagrangian
subspaces that are transverse to L. This is an open subset, and part (b) of the
following exercise shows that it is naturally an R-affine space.

Exercise 22.19. This exercise, which is just elementary linear algebra, is based
on the first section of [Latour].
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(a) EveryM ∈ UL determines a projection map πM : V → L such that π(x+m) = x
for x ∈ L and m ∈M . Show that for all x, y ∈ V one has the identity

(*) b(πMx, y) + b(x, πMy) = b(x, y).

(b) Conversely, suppose given an F -linear map f : V → L such that f |L = idL and
(*) holds. Show that ker f ∈ UL, and that this yields a homeomorphism

UL ∼= {f ∈ HomF (V,L)
∣∣ f |L = idL, b(fx, y) + b(x, fy) = b(x, y) for all x, y ∈ V }.

Verify that the right-hand-side is an R-affine space inside of HomF (V,L).
(c) If M1,M2 ∈ UL let f1, f2 be the corresponding projections. Confirm that the

straight-line homotopy (1− t)f1+ tf2 determines a path in UL from M1 to M2.
(d) Let L,L′ ∈ Λ(V ) be transverse. If N ⊆ V is an n-dimensional subspace

that is transverse to both L and L′ then the projections πL,L
′

1 : N → L and
πL,L

′

2 : N → L′ are both isomorphisms, and so N is the graph of a unique
F -linear isomorphism u : L → L′. The requirement that N be isotropic is
equivalent to b(u(x), y) + b(x, u(y)) = 0 for all x, y ∈ L.

(e) Given N ∈ UL ∩ UL′ (and the corresponding u) define a new form on L by
c(x, y) = b(x, u(y)). Check that this is nondegenerate and (−ϵ)-symmetric.
Conversely, given such a form c prove that u (and hence N) is uniquely deter-
mined.

(f) Conclude that UL∩UL′ ∼= GLF (L) when we have the empty form, and otherwise
one instead has

UL ∩ UL′ ∼= K(−α)(L)

where −α is the form-type obtained from α by changing the sign on ϵ.

Let L0 and L1 be two Lagrangian subspaces that meet transversely. Let
Λtr(V ;L0, L1) = UL0

∩ UL1
⊆ Λ(V ) be the subspace of Lagrangians N that meet

both L0 and L1 transversely. There is a natural map

β : Λtr(V ;L0, L1)→ ΩL0,L1Λ(V )

that sends a Lagrangian N to the concatenation of the straight-line path in UL0

from L0 to N and the straight-line path in UL1
from N to L1. The following is

proven in [Latour]:

Theorem 22.20 (Latour). After stabilization the map β becomes a weak homotopy
equivalence.

Together with Exercise 22.19(f) this gives the fundamental loop relation

(22.21) Ω
[
Λ(F,(−)∗,ϵ)

]
≃ K(F,(−)∗,−ϵ).

To use this to derive the Bott clocks, make a list of the ten triples and the homotopy
types of their associated stable K-spaces and Λ-spaces:
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triple K Λ
(R, ∅) O Z×BO

(R, id, 1) Z×BO O
(R, id,−1) O/U U/O

(C, ∅) U Z×BU
(C, id, 1) U/O O/U
(C, id,−1) U/Sp Sp/U
(C, conj, 1) Z×BU U

(H, ∅) Sp Z×BSp
(H, conj, 1) Z×BSp Sp
(H, conj,−1) Sp/U U/Sp

For the nontrivial Λ-space calculations see Figure 15.18.1, Exercises 15.19
through 15.23, as well as [Arnold1, Arnold2]. We leave the reader to reflect on
the many interesting symmetries in this table.

Now pick any triple—say (C, id,−1)—and start with its Λ-space. By (22.21)
loops on this is K(C,id,+1), which we then look up in the above table and find is
U/O. Observe that this also equals Λ(R,id,−1), and now continue:

Λ(C,id,−1)
Ω // K(C,id,1) Λ(R,∅)

Ω // K(R,∅) Λ(C,id,1)
Ω // · · ·

Λ(R,id,−1)
Ω // K(R,id,1) Λ(R,id,1)

Ω // K(R,id,−1)

Exercise 22.22. Complete the cycle that was started above until you produce the
full clock for real Bott periodicity. Then do the complex case as well.

22.23. Atiyah’s approach via KR-theory. We have seen a few times that it
pays to regard K(X) and KO(X), together with the r and c maps, as a single
entity. One sophisticated way to do this is to regard Z× BU as a Z/2-space with
the conjugation action inherited from that on U . Then the fixed points are precisely
Z × BO, and the Z/2-equivariant homotopical object Z × BU can be thought of
as unifying the non-equivariant Z×BU and Z×BO spaces. This viewpoint leads
straight to KR-theory.

Throughout this section let σ denote the generator of Z/2. Whenever involutions
occur, we denote them as σ. If T is a set with involution then TZ/2 denotes the
fixed set, i.e. those t ∈ T such that σ(t) = t.

Atiyah defines a Real vector space to be a complex vector space together with
a conjugate-linear involution. For any real vector space V the space C ⊗R V with
σ(λ⊗ v) = λ̄⊗ v is a Real vector space. If W is a Real vector space then its fixed
set WZ/2 is a real vector space, and one readily checks that these two functors
give an equivalence of categories between Real vector spaces and real vector spaces.
Atiyah’s “Real” adjective is in some ways unfortunate, but we will stick with it.

Let X be a space with a Z/2-action. A Real vector bundle on X is defined
to be a complex vector bundle E → X together with a Z/2-action on the space E,
covering the action on X and having the extra property that for every x ∈ X the
map σ : Ex → Eσx is conjugate-linear. When X = pt a Real vector bundle over X
is precisely a Real vector space, and when X has trivial action the category of Real
vector bundles over X is equivalent to that of real vector bundles over X.
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Define KR(X) to be the Grothendieck group of finite-dimensional Real vector
bundles on X. Atiyah called this “K-theory with Reality”. These are best studied
in the context of Z/2-equivariant homotopy theory, which admittedly was not at
all developed at the time Atiyah wrote his paper. For Z/2-spaces X and Y , an
equivariant homotopy is an equivariant map X × I → Y where I is equipped with
the trivial action. We write [X,Y ]Z/2 for equivariant homotopy classes of maps. An
equivariant weak homotopy equivalence X → Y is an equivariant map such that
both X → Y and XZ/2 → Y Z/2 are non-equivariant weak homotopy equivalences.

A pointed Z/2-space is a Z/2-space X with a distinguished x ∈ XZ/2 (equiv-
alently, an equivariant map pt → X). If X and Y are pointed Z/2-spaces define
XY to be the usual topological function space of (non-equivariant) pointed maps
Y → X, equipped with the induced Z/2-action where σ.f = σ ◦ f ◦ σ. The fixed
points of XY are the pointed equivariant maps.

If we give U the action of complex conjugation then there is an induced action
on Z×BU . It is easy to see that KR(X) = [X,Z×BU ]Z/2. Likewise give CP 1 the
conjugation action. Complex Bott periodicity becomes the equivariant equivalence

Z×BU ≃ (Z×BU)CP
1

.

Many proofs of (non-equivariant) complex Bott periodicity—for example, the
Atiyah-Bott proof of Section ??—are readily adapted to the Z/2-equivariant setting
with almost no change.

So far this is not adding much new into the mix. But Atiyah realized that this
equivariant version of complex Bott periodicity yields real Bott periodicity as a
consequence. The line of reasoning it not trivial, but it can be explained in a page
or two. We already saw an idea like this in the Wood paper, where real periodicity
came out of complex periodicity by incorporating involutions. We will give an
outline of the argument, but the first step is to establish some notation for working
with Z/2-spaces.

Let Rtriv and R− denote R with the trivial action and sign action, respectively.
For p ≥ q set Rp,q = (Rtriv)p−q ⊕ (R−)

q. So Rp,q is Rp but with the Z/2-action
that involves q sign changes.

Let S(Rp,q) and Dp,q denote the unit sphere and unit disk in Rp,q, and let Sp,q =
Dp,q/S(Rp,q). Then Sp,q can also be regarded as the one-point compactification of
Rp,q. The space R2,1 can be identified with C with the conjugation action, and so
S2,1 ∼= CP 1. Observe as well that Sn,0 is the n-sphere with the trivial action.

The space S(Rp,p) is the sphere Sp−1 with the antipodal action, and since this
plays a special role we also write this as Sp−1

anti. This sphere is somewhat different
from the Sp,q’s because it does not have a fixed point.

The bigraded family of spheres Sp,q leads to bigraded homotopy groups πp,q.
Homology and cohomology theories will inherit these bigradings. A Z/2-equivariant
cohomology theory E will have suspension isomorphisms of the form Ẽa,b(Sp,q ∧
X) ∼= Ẽa−p,b−q(X). Long exact sequences of a pair will look like

· · · → Ep,q(X,A)→ Ep,q(X)→ Ep,q(A)→ Ep+1,q(X,A)→ · · ·
In these bigradings the first index is called the topological dimension and the
second index is called the weight.
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Since CP 1 = S2,1, our equivariant version of complex Bott periodicity takes
the form Ω2,1(Z × BU) ≃ Z × BU . This allows us to set up a periodic equi-
variant spectrum KR, and therefore an associated bigraded cohomology theory.
The Bott element is β ∈ KR−2,−1(pt) and multiplication by β yields the peri-
odicity isomorphisms KRp,q(X) ∼= KRp−2,q−1(X). The fixed set of Z × BU is
precisely Z × BO. So for X a space with trivial Z/2-action and n > 0 one has
KR−n,0(X) = [Sn,0 ∧X+,Z×BU ]∗,Z/2 = [Sn ∧X+,Z×BO]∗ = KO−n(X). The
second equality uses that a map from a space with trivial action into Z×BU must
factor through the fixed set.

If X is a space with trivial action then Z/2×X consists of two copies of X that
are switched by the involution. Then KR0,0(Z/2×X) = [Z/2×X,Z× BU ]Z/2 =

[X,Z×BU ] = K0(X), and more generally KRn,0(Z/2×X) = Kn(X) for all n ∈ Z.
So we start to see how both K and KO are together built into KR.

Remark 22.24. We now must pause to warn the reader that the bigraded indexing
we have introduced above is different than the one used in [Atiyah4]. We use the
modern “motivic indexing”, explained for example in [D3]. There is nothing inher-
ently wrong with Atiyah’s indexing, but the motivic indexing leads to statements
that are easier to parse—one can always drop the weight and get a statement that
makes sense in the nonequivariant world. For example, in our system KR is (2, 1)-
periodic, generalizing the usual 2-periodicity of KU . In Atiyah’s indexing KR is
(1, 1)-periodic.

In addition to this indexing difference, the paper [Atiyah4] made some non-
optimal choices like defining KRp,q to be a group that probably should have been
denoted KR−p,−q in the language of that paper. It is quite understandable that
this first excursion into equivariant topology would have used conventions that were
less than ideal, but it can make the paper hard going for a modern reader.

We also mention that the reader can consult [D3] for an introduction to the
framework of Z/2-equivariant homotopy theory, which here has been presented
very quickly.

Fact 1: Suppose p ∈ {1, 2, 4}. For any bigraded Z/2-equivariant cohomology
theory E there are canonical isomorphisms En,−p(X × Sp−1

anti)
∼= En,0(X × Sp−1

anti).

Proof. The point is that for p ∈ {1, 2, 4} the space Rp,p has the structure of a
(nonequivariant) division algebra (R, C, or H). One therefore gets equivariant
homeomorphismsX×Sp−1

anti×Rp,0 ∼= X×Sp−1
anti×Rp,p by sending (x, s, u) 7→ (x, s, su).

These restrict to homeomorphisms where one replaces Rp,0 and Rp,p with S(Rp,0)
and S(Rp,p). Applying En+p,0(−) gives

En,0(X × Sp−1
anti)

∼= En+p,0(X × Sp−1
anti ×Dp,0, X × Sp−1

anti × S(Rp,0))
∼= En+p,0(X × Sp−1

anti ×Dp,p, X × Sp−1
anti × S(Rp,p))

∼= En,−p(X × Sp−1
anti)

where the first and last steps are suspension isomorphisms. □

Fact 2: For p ∈ {1, 2, 4} there are canonical isomorphisms KRa,0(X × Sp−1
anti)

∼=
KRa+2p,0(X × Sp−1

anti). (Note that for p = 1, S0
anti = Z/2 and so this is the 2-fold

periodicity of complex K-theory.)
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Proof. This comes from combining Fact 1 with (2,1)-periodicity:

KRa,0(X × Sp−1
anti)

∼= KRa,−p(X × Sp−1
anti)

∼= KRa+2p,0(X × Sp−1
anti).

□

Fact 3: There are canonical short exact sequences

0→ KRn,0(X)
π∗

−→ KRn,0(X × S3
anti) −→ KR5+n,0(X) −→ 0.

Proof. Start with the long exact sequence for the pair (D4,4, S3
anti) = (D,S), which

takes the form

· · · // KRn,0(X×D,X×S) // KRn,0(X×D)
(id×i)∗// KRn,0(X×S) // · · ·

KRn−4,−4(X)

∼=

OO

·ρ4 // KRn,0(X)

π∗ ∼=

OO

We need to explain the ρ4 map. Let ρ : S0,0 ↪→ S1,1 denote the inclusion of the
points {0,∞}. This determines an element in the stable homotopy groups of spheres
π−1,−1(S) and therefore an element in KR1,1(pt) (which we will also call ρ). The
map S0,0 ↪→ S4,4 is the fourth smash power of ρ, and this is what induces the map
KRn−4,−4(X)→ KRn,0(X) in the diagram.

Now use Bott periodicity KR1,1(pt) ∼= KR−1,0(pt) = KO−1(pt) = Z/2. We
know that the third power of the generator in KO−1(pt) vanishes (see note below),
and it follows that ρ3 = 0 (ρ maps to either the generator or zero in KO−1(pt),
and we don’t actually care which one). So the above long exact sequence breaks
up into short exact sequences

0 −→ KRn,0(X)
π∗

−→ KRn,0(X × S3
anti) −→ KRn+1,0(X ×D4,4, X × S3

anti) −→ 0.

The group on the right is KRn−3,−4(X) using the suspension isomorphism, and
then using (2,1)-periodicity this is also KRn+5,0(X).

[Note that we are only using a small bit about KO∗(pt) in this argument. The
fact that the third power of the generator of KO−1(pt) vanishes can be proven
geometrically as in Corollary 20.33, or one could compute KO−3(pt) = K̃O 0(S3) =
0 by hand and then get it for free.] □

Fact 4: Multiplication by the usual Bott generator λ8 ∈ KO−8(pt) = KR−8,0(pt)
induces isomorphisms KRa,0(X) ∼= KRa−8,0(X) for all X and all a, b.

Proof. Consider the diagram

0 // KRn,0(X)

·λ8

��

// KRn,0(X × S3
anti)

·λ8

��

// KR5+n,0(X) //

·λ8

��

0

0 // KRn−8,0(X) // KRn−8,0(X × S3
anti)

// KRn−3,0(X) // 0

where the two rows are from Fact 3. The horizontal maps are combinations of
pullback maps and (2,1)-periodicity maps (which are multiplication by β), and so
the squares commute—possibly up to signs, but one is free to alter the signs on the
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vertical maps without changing the rest of the argument. The middle vertical map
is an isomorphism, as this turns out to equal the composite of two of the (4,0)-
periodicity isomorphisms from Fact 2 (this must be checked carefully, of course). It
follows from a diagram chase that the left vertical map is an injection. But as this
holds for all n, the right vertical map is also an injection. Another diagram chase
now shows that the right vertical map is surjective as well. But as this holds for all
n, we are done. □

Conclusion: Recall that for X a space with trivial Z/2-action, KR−n,0(X) =
KO−n(X) for n ≥ 0. Therefore Fact 5 gives Bott periodicity for the negative
KO-groups. Taking X = pt and using KO−n(pt) = πn(Z × BO) gives real Bott
periodicity in π∗O.

Of course we have only tried to give the general flavor of Atiyah’s arguments and
have therefore skipped over some key details. The main one is the claim that the
middle ·λ8 map in the proof of Fact 4 is the composite of the two (4, 0)-periodicity
isomorphisms. This involves some manipulations with Clifford algebras along the
lines of things we did in previous sections. The KR-theory proof is not exactly
‘simple’, but packaging some of the argument in terms of general facts about Z/2-
equivariant topology does lead to a proof that is more streamlined than some others.

We close our summary of thisKR-approach by quoting what Frank Adams wrote
in his Math Review of Atiyah’s paper: “The reviewer is conscious that the paper
contains points of interest not mentioned above [in the review]; he pleads that this
is a paper of 19 pages which cannot be summarised adequately in less than 20, and
urges topologists to read it.”

22.25. Even more approaches. As we wrap up our discussion of Bott periodicity,
it is worth mentioning that there were some early attempts to take all of the geom-
etry away and try to prove the Bott loop relations by entirely homotopy-theoretic
means. See for example Cartan’s chapters in [CM], or Dyer-Lashof [DL], or [Toda].
Typically these involve doing hard work to compute the cohomology of the spaces
involved (via spectral sequences or other means) and then using—for example—
that a map of H-spaces X → Y is a weak equivalence if and only if it induces an
isomorphism on homology. The work of Toda is slightly different, in that he tried
to uniquely characterize the space Z×BU via a short list of special properties. By
showing that ΩU also had those properties, he proved that ΩU ≃ Z×BU . A more
refined approach along these lines is in [KT].

There are many novel ways of getting at Bott periodicity via geometry. The
papers [BS] and [Tian] find it in moduli spaces of instantons. [LV] gives a proof
entirely in the world of algebraic geometry. Atiyah-Singer [AS1] gave a proof using
Fredholm operators on infinite Clifford modules, and there are many proofs in the
setting of C∗-algebras. As the reader might suspect at this point, any survey of
this subject is necessarily incomplete!
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Part 4. What is K-theory?

Of course there is no single answer to this question, and also no easy answer.
It is a bit like asking “What is physics?” or “What is a cow?” What constitutes a
satisfying answer all depends on one’s perspective. A reporter once asked Wiliiam
Faulkner what he was trying to say in one of his novels, and the author’s response
was something like “If I could tell you in two minutes I wouldn’t have had to write
the whole book!” I feel much the same way about our journey through K-theory
over the past ∞+ pages. All of the material we have covered has been trying to
unveil different aspects of what K-theory “is”, but the reader might understandably
be feeling that we have, in the end, raised more questions than answers. There are
too many places where the question of “what is really going on here?” seems to call
out for a deeper explanation.

In this final section I want to approach the question “What isK-theory?” directly
and try to sketch a certain kind of answer. But this will involve very different
techniques than in the rest of the book. Here I want to mostly leave geometry
behind and focus instead on the world of homotopy theory. Unfortunately, that
opens up a whole Pandora’s box of evils that could easily take us another ∞+
pages to unravel. And at some point we all need to retire for the night and get
some sleep.

So here is what is going to happen. Sit back, get comfortable, take your feet off
the ground. Peter Pan and Tinkerbell are going to take us sailing into the heavens,
on a whirlwind tour, and we are going to see some strange lands. Not everything
we see is going to make sense to us tonight, and that’s okay. We will take in what
we can, not ask too many questions, and then come back home and go to sleep
before the parents catch on. Deal?

23. The second star to the right

Warning: This section is more about painting a picture than being perfectly
rigorous, and so we are going to be cavalier about including the occasional “math-
ematical white lie”. The reader should proceed beyond this point at their own
risk.

23.1. What is homotopy theory? Since homotopy theory is going to be the
main backdrop for this journey, we had better get some things straight about it up
front.

In an introductory algebraic topology course one gets the idea right away that
there are deep and interesting processes for passing from topological information to
algebraic information. As researchers delved into this subject and found themselves
creating ever more sophisticated machinery to accomplish this transfer, it gradually
became apparent that it was best to think of this technology as operating inside a
certain realm that had previously been hidden. What came into view was a world
lying in between topology and algebra, sharing characteristics with both: this is the
world of homotopy theory. More precisely, I should call this the “homotopy theory
of topological spaces”; but this is a mouthful and it gives the erroneous impression
that the theory is mainly about topology. Here let me just use “homotopy theory”
as an abbreviation. The following crude diagram captures the situation somewhat:
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Topological spacesAlgebra

Homotopy theory

When students first encounter homotopy theory it is usually from the perspective
that the whole point is to study topological spaces, and as a result topology feels
inherently inseparable from what homotopy theory is. But that viewpoint is an
anchor that keeps one from ascending into the heavens, and it is important to
somehow let it go. It is best to view homotopy theory as its own thing, a wonderland
that was waiting to be discovered. Topological spaces were our first way into it,
but are by no means the only way in.

It is true that the homotopical world can at times feel very geometric. Objects
like spheres and manifolds, Lie groups and their homogeneous spaces, cycles and
intersections—the list goes on and on—all play a big role. But at other times
the homotopical world feels like some kind of highly-sophisticated algebra: it has
localizations, completions, bar constructions, resolutions, etc. Every topological
space yields a corresponding object in the homotopical world, and in fact every
object comes from a topological space—but the realm of spaces is often not the
best way to think about what is happening. For example, it turns out that every
chain complex of abelian groups also specifies an object in the homotopical world;
yet it is far from evident what topological space that should correspond to.

This strange blending of worlds can make it hard for homotopy theorists to talk
to mathematicians in other fields. For a homotopy theorist, topological spaces and
chain complexes live in the same playpen and get manipulated according to the
same rules. This idea can seem very disorienting to algebraists and geometers!
The intrepid homotopy theorists have developed all kinds of techniques for working
in—and thinking about—the homotopical world, and it can takes years to master.
We can’t cover all of that in one night, but fasten your seatbelts and we will do a
quick flyover.

I need to start assigning some names to things, so let me call this mystery world
HS—for the Homotopy theory of Spaces. As the name suggests, the objects in
this world are typically called “spaces”, but this is hopelessly confusing when one is
first getting the lay of the land. Inevitably one starts to confuse the objects with
topological spaces, which they are not. Let me instead call the objects “h-sets”,
short for “homotopical sets”. This is not a standard name, but will do for the time
being.

If you have been brought up on 20th century mathematics you would undoubt-
edly expect me to describe HS to you as a category: that is, I should give you
precise definitions of the objects and the morphisms. Somewhat surprisingly, this
has never quite worked. One can indeed describe certain categories that serve as
gateways into HS, but in each case one has to specify extra rules that govern when
various constructions in the category match HS and when they don’t. Categories
with such rules go under the name model categories.
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The inability to describe HS in terms of ordinary category theory is one of the
first oddities one must adapt to. In modern language one might say that HS has
to be described as an∞-category . We won’t go into the technology of either model
categories or∞-categories, and instead will just keep most of that structure hidden
in the background. But it is important to know that it is there.

After going on at length about the difficulties in describing HS, we still need to
describe it somehow. To get a sense of the problem, we will make an attempt to
give an “algebraic” description of the objects. Remember that these are supposed to
model homotopy types, and we know something about those. It seems clear enough
that an object X should come with a set of points X0, and that we should be able to
talk about paths—or maybe “edges” is a better term—connecting two points. That
seems simple enough, but now things get bumpy. We should be able to concatenate
paths (when they line up appropriately) to make new paths, and we should be able
to talk about deformations—or homotopies—between paths. Then we are going to
need homotopies between homotopies, and so on ad infinitum. Here it gradually
becomes clear that there are probably lots and lots of ways to encode all of this
stuff: one could use cubes, or simplices, or any other form of higher-dimensional
“blobs”, and then there is a combinatorial challenge of how to make this stuff all fit
together. None of the choices seem particularly canonical, and they all seem fairly
complicated. Blech.

Of the many possible approaches there are two that are most commonly used:
(a) Simplicial sets. Here we use simplices as our model for “higher homotopies”.

The definitions of the objects are not too bad, and one gets a completely combi-
natorial world in which to work. There are issues, though. One cannot compose
edges in a simplicial set, and so one has to find ways around that and related
issues. Also, there is certainly nothing canonical about simplices—one could
have used cubes just as well, and some problems seem to call out for cubes or
even more complicated “parameter spaces”. As a result, certain constructions
end up seeming unnecessarily complicated when done in the simplicial world.

(b) Topological spaces. This is a kind of Gordian-knot style solution. Observe that
topological spaces already have all of the structure we are trying to model, the
only problem is that they have too much structure. If we only care about the
homotopies and higher homotopies inside a space then we don’t care about the
open sets or other homeomorphism-type information, and we have to find a
way to systematically forget that data.

We are not going to introduce the language of model categories here, but the point of
that technology is that it offers a systematic approach to “doing homotopy theory”
that applies in both of the above worlds (as well as many others). We have two
model categories sSet and Top as well as adjoint functors sSet ⇄ Top allowing us
to pass back and forth between them.

Via these models every topological space yields an object in HS, but we also
obtain other sources for such objects. Every small category C has a nerve NC ∈
sSet—with the n-simplices being strings of n-composable maps—and the associated
object of HS is denoted BC and called the classifying space of C (perhaps we
should say “classifying h-set”, but we are going to start reverting to more standard
terminology). Likewise, there is the Dold-Kan equivalence of categories Ch≥0(Z) ∼=
sAb and via this every non-negatively-graded chain complex of abelian groups yields
an associated simplicial set—and hence an object of HS.
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23.2. Homotopical monoids. Now that we have the notion of an h-set (or at
least, the vague idea that there is a world of such things), perhaps an algebraic-
minded person would next ask: what is an h-monoid? For historical reasons these
usually go under the name A∞-spaces: such a thing is an h-set X together with
a distinguished point 1 ∈ X and a map µ : X × X → X that is “associative and
unital up to infinite homotopies”. As one would expect, it takes some serious work
to make sense of this. We sail past this point without much comment.

Let us note that an A∞-space is more than just the triple (X,µ, 1): it is also
the infinite collection of “higher homotopies” alluded to in our vague definition. So
there can exist multiple A∞-structures with the same underlying triple (X,µ, 1).
The convention is to be somewhat sloppy with language and to say things like “X
is an A∞-space” in place of “X, with a bunch of hidden data that you might guess
but we are not exactly going to spell out, is an A∞-space”. Such is life.

Although we will not need them, let us mention that an An-space is like an
A∞-space but where one only has higher homotopies up through level n, with level
2 just consisting of the product X ×X → X itself.

Here are several examples of A∞-spaces:
(1) Any monoid in sets, or more generally any topological space with a continuous

multiplication that is associative and unital on the nose.
(2) Any loop space ΩX.
(3) Any (homologically graded) differential graded algebra concentrated in non-

negative degrees (i.e. a monoid in Ch≥0(Z)).
(4) If C is a small monoidal category then the monoidal structure induces a product

on BC making this into an A∞-space.
(5) For any space X we have the monoid Vect(X) =

∐
nVectn(X) of complex

vector bundles under direct sum. The sets Vectn(X) are represented by BU(n)
(or BGLn(C) if you prefer), and direct sum is represented by the maps of spaces
BU(k)×BU(n)→ BU(k+n) induced by the block sum homomorphism maps
U(k)× U(n)→ U(k + n), i.e.

(A,B) 7→
[
A O
O B

]
.

These maps give a multiplication on the space∐
n

BU(n)

that makes it into an A∞-space
(6) In analogy to (5), if R is any discrete ring then

∐
nBGLn(R) has the structure

of an A∞-space. We can also consider∐
P

BAut(P )

where the coproduct is over the finitely-generated R-projectives. Here one
has to be careful as to how to get an indexing set for the coproduct. Dodg-
ing this point, this is another example of an A∞-space. Another approach
to the same (up to homotopy) space is to take the nerve of the category of
fininitely-generated R-projectives with isomorphisms, with the monoidal struc-
ture of direct sum (here again one should technically restrict to a small skeletal
subcategory).
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(7) We can replace U(n) or GLn(R) with the symmetric groups Σn, again using
the map BΣk × BΣn → BΣk+n induced by block sum of permutations. The
space

∐
nBΣn is again A∞.

(8) If X is a pointed topological space then the James construction J(X) is the
free monoid generated by the points of X with the basepoint as unit, suitably
topologized. As J(X) is a topological monoid, it is an A∞-space.

(9) If X is an A∞-space then any mapping space Map(W,X) will inherit an A∞-
structure. In particular, applying this to example (5) shows that if W is path-
connected then ∐

n

Map(W,BU(n))

is A∞.
Every monoid M can be regarded as a category with one object (and endomor-

phism monoid M), and as such it has a classifying space BM . If we model BM as
the geometric realization of the nerve, there is an evident map M → Ω(BM) and
this is compatible with multiplication (up to homotopy). This generalizes: every
A∞-space X has a classifying space BX, which comes with a map of A∞-spaces
X → ΩBX. (We have of course not explained what a map of A∞-spaces is, but so
it goes). In fact in most incarnations the B construction comes with a canonical
quasifibration EX → BX with EX contractible and X mapping into (but not
equal to) the fibers, analogous to the G → EG → BG story for groups G. This
will become important later on.

23.3. Homotopical groups and abelian groups. Now that we know about h-
monoids, how about h-groups? We might as well keep this party going. Here the
answer turns out to be pretty easy, though: an h-group is just an h-monoid X with
the property that π0(X) is a group. One can imagine other, more sophisticated,
definitions, but they all turn out to be equivalent to this more simplistic one.

Note that every loop space ΩX will be an h-group. It turns out these are all of
them!

Theorem 23.4. Every h-group X is equivalent (as an h-group) to ΩY for some
space Y . In fact the map X → ΩBX is an equivalence.

What about h-analogs of commutative monoids and abelian groups? The analogs
of commutative monoids are called E∞-spaces: these are A∞-spaces together with
an infinite collection of higher homotopies governing commutativity. An En-space
is the associated concept where one only has homotopies up through level n. For
example, E1-spaces are just A∞-spaces. We define En-groups to be En-spaces
where π0 is a group.

Theorem 23.5. The En-groups are precisely the n-fold loop spaces ΩnX.

Again, several examples:
(1) Every topological commutative monoid is an E∞-space. For example, if X is a

pointed space then the infinite symmetric product Sp∞(X) is E∞.
(2) If C is a symmetric monoidal category then BC is an E∞-space.
(3) The spaces

∐
nBΣn,

∐
nBGLn(R),

∐
P BAut(P ), and

∐
nBU(n) are all E∞-

spaces. The first three are the classifying spaces for the categories of finite
sets with isomorphisms, finitely-generated free R-modules with isomorphisms,
and finitely-generated projective R-modules with isomorphisms. The last is
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the classifying space for the topological category of finitely-generated C-vector
spaces with isomorphisms.

There is a subtlety in Theorem 23.5 that requires some explanation. An n-fold
loop space is a space X = X0 together with a sequence of deloopings: spaces
X1, . . . , Xn and weak equivalences Xi ≃ ΩXi+1. But observe that the space X0

can have different choices for the deloopings: X1 can be replaced with any of its
components, X2 can be replaced with its universal cover, etc. The information in
the original En-group really only corresponds to the connective deloopings: the
choices where each Xi is (i− 1)-connected.

The notion of E∞-space is a reasonable candidate for what “h-abelian group”
should mean, but it is not the only candidate. Another perspective is that the
“h-abelian groups” are spectra. The difference here is not huge, but is worth com-
menting on; it is related to the concerns of the preceding paragraph. An E∞-space
X is an infinite-loop space, and therefore is Ω∞(E) for some spectrum E. However,
the spectrum E is not unique. For example, a spectrum and its connective cover
always have the same Ω∞.

What is true is that there is (essentially) an equivalence between E∞-spaces
and connective spectra. It is common to be somewhat sloppy about the distinc-
tion between these two, and we will follow that approach in what follows. So the
two different perspectives on “h-abelian groups” amount to just the difference be-
tween connective and non-connective spectra. We will not need to care about this
distinction for our present purposes.

23.6. Homotopical group completion. In usual (non-homotopical) algebra,
group completion is the left adjoint to the inclusion i of Groups into Monoids:

(Monoids) // (Groups).
i
oo

If M is a monoid then the group completion is often denoted M+. It can be
constructed as the quotient of the free group on the underlying pointed set of M by
the normal subgroup generated by elements [x][y][xy]−1 for all x, y ∈M . Sometimes
the group completion is also referred to as the Grothendieck group of the monoid
M . Of course Z is the group completion of N, and when X is compact K0(X) is
the group completion of the monoid of isomorphism classes of vector bundles on X.

In the homotopical setting we can ask for a homotopical adjoint to the inclusion
of h-groups into h-monoids. This is “homotopical group completion”. If one starts
with an E∞-monoid then homotopical group completion will produce an E∞-group,
i.e. an infinite loop space. Homotopical group completion is usually denoted by
M 7→ M+ just as in the non-homotopical setting, but we will write M 7→ M+h to
avoid confusion.

IfX is an A∞-space then there is always an A∞ mapX → Ω(BX), and the target
is an h-group. It is reasonable to expect this target to be the group completion,
and it is:

Theorem 23.7. If X is an A∞-space then X+h ≃ Ω(BX).

If M is a discrete monoid then the simplicial model of BM together with the
Van Kampen theorem immediately gives that π1(BM) =M+, so that we conclude
π0(M

+h) = π0(ΩBM) = π1(BM) = M+. It is not hard to believe that this holds
more generally: if M is an h-monoid then π0(M+h) ∼= π0(M)+. But the interesting
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question is what (−)+h does to the higher portions of the homotopy type. This is
one answer to the question of “what is K-theory?”—at some fundamental level it
is the study of homotopical group completion. We constructed the group K0(X)
as the ordinary group completion of the monoid of isomorphism classes of vector
bundles on X, but what we should have really been doing is taking homotopical
group completion of an A∞-space of of vector bundles on X. We will say more
about this in a moment.

One would almost certainly guess that if M is a discrete monoid then M+h is
homotopy equivalent to M+. But this turns out to be far from the case! In Exer-
cise 23.23 below we give an example of a discrete monoid M for which BM ≃ S2,
so that M+h ≃ ΩS2; in particular, this M+h has non-vanishing higher homotopy
groups. In fact McDuff proved that every h-group can be realized as the homo-
topical group completion of a discrete monoid [McDuff2]. The moral is that even
discrete monoids can be quite complicated. The naive guess about M+h is indeed
true, however, when M is sufficiently nice: see (1) and (2) in the list below for some
cases of this. The exercises at the end of this section give an introduction to the
study of M+h when M is discrete.

Here are several examples of homotopical group completion:
(1) If M is a commutative discrete monoid then M+h ≃M+ (see Exercise 23.21).
(2) If M is a free discrete monoid then M+h ≃M+.
(3) (

∐
nBU(n))+h ≃ Z×BU .

(4) (
∐
nBGLn(R))

+h ≃ Z × K ′(R), where K ′(R) is a connected space whose
homotopy groups are the higher K-groups of R.

(5) (
∐
P BAut(P ))+h ≃ K0(R) × K ′(R) ≃ K(R), where K(R) is the Quillen K-

theory space of R.
(6) (

∐
nBΣn)

+h ≃ Q(S0) = Ω∞Σ∞(S0), the 0th space in the Ω-spectrum for the
sphere spectrum. Note that πi(Q(S0)) = πi(S), the ith stable homotopy group
of spheres.

(7) If C is a symmetric monoidal category then (BC)+h is the Quillen-Segal alge-
braic K-theory space of C (the 0th space of the algebraic K-theory spectrum).

We have seen that even if M is discrete then M+h can nevertheless be quite
complicated, in the sense of having nonvanishing higher homotopy. In examples
(4)–(6) above we find examples of A∞-spaces M having πi(M) = 0 for i > 1 but
where M+h is again quite complex. The algebraic K-groups of a ring are in general
unknown, and there are open questions even in the case R = Z. In example (6) we
find the stable homotopy groups of spheres in M+h, and of course those are also
notoriously complex. Generally speaking, there is no known process for starting
with the homotopy groups of M and then cooking up the homotopy groups of
M+h.

We will next try to explain some of the common themes one might notice in
examples (3)–(6).

For an h-groupX, all of the components must have the same homotopy type: any
x ∈ X has an inverse y in π0(X), and then multiplication-by-x and multiplication-
by-y give homotopy inverses between the components Xe and Xx. Here Xe is the
component of the identity. So for an h-group we will always have X ≃ π0(X)×Xe.
Thus, one thing group completion must do is “equalize” the different components in
an h-monoid. In many of our examples we have an h-monoid X with π0(X) = N,
so let us focus on that situation for a moment. Choose a point p1 ∈ X1, noting
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that here X1 is not the component of the identity element (which is 0 ∈ N). Form
the direct limit system

X0
·p1−→ X1

·p1−→ X2
·p1−→ · · · .

Let X∞ denote the (homotopy) colimit. The composites Xi → X+h p−i
1−→ X+h

are compatible with the maps in the direct limit system, and so yield an induced
map from X∞ to the 0-component of X+h. If we are lucky and X∞ is actually an
h-group then this will be the end of the story: we will get X+h ≃ π0(X)+ ×X∞.
This happens in example (3), for instance.

In example (4) an issue arises, which is that the X∞ space is BGL(R) and
therefore has nonabelian π1. But any A∞-monoid will have an abelian π1, so in
this example X∞ cannot be the 0-component of the group completion. The same
problem occurs in example (6), where π1 is the infinite symmetric group Σ∞. In
a moment we will see how to fix up these examples: the short answer is one can
recover the group completion by just altering X∞ in order to get rid of the bad
parts of π1. But to explain this, we need a brief detour on homology.

Quillen discovered a general formula for the homology of certain “well-behaved”
group completions. The idea is essentially as follows. To construct X+h from X
one can examine how π0(X)+ is made from π0(X) and then try to mimic that at
the homotopical level. The difficulty is that if M is a general monoid then the
passage from M to M+ might do all kinds of strange things. But if M satisfies
some mild hypothesis then M+ can be obtained from M by a colimit procedure:
for example, the colimit (in the category of sets) of the diagram

N +1−→ N +1−→ N +1−→ · · ·(23.8)

can be identified with Z in an evident manner. This was secretely what was lying
behind the π0(X) = N examples we looked at above; note how we replaced the
colimit with a homotopical one in order to get X∞.

If M is any monoid, let EM be the translation category for M : the object set
is M and for every x, y ∈ M there is a map ρx : y → yx with the properties that
ρ1 = id and ρaρb = ρba. Let M be the diagram EM → Set that sends every object
to M and each map ρx to right-multiplication-by-x. Let M∞ be the colimit in Set
of M . Note that this has a very simple description: an element in this colimit can
be described as a pair (x, y) where y is the object of EM and x ∈ M(y). The
relations in the colimit just say that (x, y) ∼ (xz, yz) for every x, y, z ∈M .

There is a map from the diagram M to M+ sending the pair (x, y) to xy−1,
and this induces a map of sets M∞ → M+. When M is commutative this is an
isomorphism: this is the usual construction of the group completion via pairs of
elements. The map is even an isomorphism somewhat more generally, whenever
the monoid M admits a certain kind of “calculus of fractions”. We will leave the
reader to dream about the details there.

We now come to the so-called “Group Completion Theorem”, due independently
to Quillen and to Barratt-Priddy. IfX is anA∞-space and T is a ring thenH∗(X;T )
becomes a ring under the Pontryagin product, given by

Hp(X;T )⊗Hq(X;T ) −→ Hp+q(X ×X;T )
µ∗−→ Hp+q(X;T ).

The degree 0 subring is precisely the monoid ring T [π0(X)], where π0(X) has the
monoid structure inherited from the product on X. The following result is from
[BPr] and [Quillen7]:
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Theorem 23.9 (Quillen, Barratt-Priddy). Let T be a ring and let X be an A∞-
space. Suppose that π0(X) is commutative. Then there is an isomorphism

H∗(X
+h;T ) ∼= H∗(X;T )[π0(X)−1].

(This also holds under somewhat less restrictive hypothesis, where one only assumes
that π0(X) admits a certain kind of calculus of fractions).

Now let us return to the example of the A∞-space X =
∐
nBGLn(R). We

have seen that the map X → X+h induces a map BGL(R) → (X+h)0 (the path-
component of the identity element 0 ∈ π0(X) = N), but that BGL(R) cannot be
(X+h)0 because of π1 issues. However, the group completion theorem shows that
H∗(BGL(R);T )→ H∗((X

+h)0;T ) will be an isomorphism for every ring T : this is
because H∗(X;T )[π0(X)−1] is precisely Z[t, t−1]⊗H∗(BGL(R)). This tells us that
(X+h)0 is pretty close to being BGL(R), but it is just that the π1 is getting in the
way. So it is reasonable to envision that if we could just carefully kill off some of
the π1 in BGL(R) then we might get X+h.

Quillen invented his “plus construction” to do exactly this. This construction is
related to group completion, though not exactly equal to it, and so the terminology
“plus construction” is a bit annoying. If W is a space with a normal subgroup
N ≤ π1(W ) that is perfect (meaning N = [N,N ]) then Quillen defines a new space
W+Q (usually just denoted W+, sadly) by attaching 2-cells to W to kill off N .
This space has the property that π1(W )→ π1(W

+Q) has kernel N and W →W+Q

induces isomorphisms on homology with any coefficients. [For more details on the
plus-construction see [Quillen2, Section 3], [Quillen4, Section 12], and [Loday]].

Returning to our space BGL(R), the normal subgroup [GL(R), GL(R)] ⊆
GL(R) = π1(BGL(R)) turns out to be perfect—this is not just by chance, see
Exercise 23.17 for an explanation. So we can form BGL(R)+Q, and the map
BGL(R)→ X+h must factor through it:

BGL(R) //

''

X+h

BGL(R)+Q.

99

The two solid-arrow maps are homology isomorphisms (with any coefficients), so
the same is true of the dotted arrow map. But for the dotted arrow map the domain
and codomain are both simple spaces (π1 is abelian and the action on the higher
homotopy groups is trivial). A homology isomorphism between simple spaces is
a weak homotopy equivalence, so we find that BGL(R)+Q ≃ X+h

0 . That is, the
Quillen plus-construction for BGL(R) gives a model for the 0-component of the
homotopical group completion of X.

The same exact story plays out for
∐
nBΣn to show that (BΣ∞)+Q ≃

(
∐
nBΣn)

+h
0 .

Finally, let us look briefly at example (5), which was X =
∐
P BAut(P ). Here

π0(X) is not N but rather the monoid of isomorphism classes of finitely-generated
R-projectives under direct sum. This is still commutative and so we can form the
corresponding directed system and construct our X∞ as the homotopy colimit.
But the free R-modules are cofinal in this system, since every projective is a direct
summand of a free. So we find that X∞ is weakly equivalent to the corresponding
homotopy colimit taken over the free R-modules, which is the same space obtained



ANOTHER BOOK ON K-THEORY 273

in example (4). The same homology-based arguments as before now show that
(X+h)0 ≃ BGL(R)+Q.

Remark 23.10. One can imagine a generalization of A∞-monoids where the mul-
tiplication is not defined on the entire space but only on a “big enough” subspace
that captures the entire homotopy type. That is, instead of a map µ : X ×X → X
we have an inclusion X[2] ⊆ X×X that is a weak homotopy equivalence and a map
µ2 : X[2] → X. Think of the space X[2] as giving “multipliable pairs”. Homotopy
associativity is now harder to state because we need triples where all possible pairs
are multipliable. It turns out to be better to approach this by having a specified
inclusion X[3] ⊆ X×X×X of “multipliable triples” that is again a weak homotopy
equivalence, a map µ3 : X[3] → X, and so forth for tuples of longer length. One
can develop such a theory of “partial A∞-monoids” together with classifying spaces
and group completions, and prove that any such partial object is equivalent to an
actual A∞-monoid—so the theories are the same.

Segal’s paper [Segal4] developed this story for the commutative case. He called
his objects “Γ-spaces” and proved (essentially) that the homotopy theory of Γ-spaces
is equivalent to that of E∞-spaces (to be more precise, Segal did this for grouplike
Γ-spaces and connective spectra). It should be explained that Segal’s work actually
predates the A∞-analogs, I believe.

Here is an important example that we have secretly already seen: take X =∐
nGrn(C∞). Given subspaces U, V ⊆ C∞ of dimensions n and k, there is no

canonical way to produce a sum inside C∞ of dimension n+k. But if the subspaces
are orthogonal then we can do it. So define X[k] = {(V1, . . . , Vk) |Vi ⊥ Vj} ⊆ Xk,
which is readily seen to be a weak equivalence. The addition maps X[k] → X
are just V 7→∑

j Vj . This gives a Γ-space structure, and the classifying space BX
turns out to be exactly the space |Γ•(∞)| that we encountered back in Section 21.6.
There we saw the homeomorphism |Γ•(∞)| ∼= U , which gives ΩBX ∼= ΩU . But
ΩBX ≃ X+h and we have already said that X+h ≃ Z × BU , so this gives the
Bott loop relation ΩU ≃ Z×BU . In some sense this is the most conceptual proof
of complex Bott periodicity. To summarize, spectral theory shows that U is the
classifying space of the E∞-monoid

∐
nBUn, group-completion arguments show

that (
∐
nBUn)

+h ≃ Z × BU , and therefore ΩU ≃ Z × BU . This is the argument
from [Harris]. Similar arguments (as in Section 21.6) give B(

∐
nBOn) ≃ U/O and

B(
∐
nBSpn) ≃ U/Sp, hence Z×BO ≃ Ω(U/O) and Z×BSp ≃ Ω(U/Sp).

We could stay on this subject of group completion for a long time, but let us just
mention one more theme. Suppose that C is a symmetric monoidal category, so that
BC is an A∞-space. Can we do something to C—back in the combinatorial world of
categories—that will mirror the passage from BC to (BC)+h? For example, can we
construct a category C+h having the property that B(C+h) ≃ (BC)+h? This was
another question considered by Quillen, and the answer works out very nicely. This
is known as Quillen’s S−1S-construction, though in our case it would technically
be C−1C. We will give a brief overview, but see [Grayson1] for details.

Let (C,⊕) be a monoidal category where every map is an isomorphism. Define
C−1C to be the category with object set ob(C) × ob(C), and where a morphism
(X1, X2) → (Y1, Y2) is an equivalence class of triples [c, f : c ⊕ X1 → Y1, g : c ⊕
X2 → Y2] where the maps f and g are isomorphisms. The equivalence relation
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has [c, f, g] ∼ [c′, f ′, g′] if there is an isomorphism c → c′ making the two evident
diagrams commute. If (C,⊕) is symmetric monoidal then one can define an action
of C on C−1C by c⊙ (X1, X2) = (X1, c⊕X2), and this is readily checked to be an
invertible action (the inverse is given by c⊙ (X1, X2) = (c⊕X1, X2)).

Continuing to assume that C is symmetric monoidal, we get an induced monoidal
structure on C−1C where (X1, X2)⊕ (Y1, Y2) = (X1 ⊕ Y1, X2 ⊕ Y2). The symmetry
isomorphism is needed for the induced behavior on maps. It is easy enough to
check that π0(C−1C) ∼= (π0C)

+. In fact we have the analogous statement at the
homotopical level:

Theorem 23.11 (Quillen). Suppose (C,⊕) is a symmetric monoidal category where
every map is an isomorphism. Then B(C−1C) ≃ (BC)+h.

Although Theorem 23.11 is stated for discrete categories, one can play similar
games in the generalized setting of topological categories. Here is one example:

Theorem 23.12. Let X be a compact Hausdorff space, and let VX denote the
topological category of complex vector bundles on X with the maps being the iso-
morphisms. Then
(a) If V = Vpt then BV ≃∐nBU(n) and B(V−1V) ≃ (

∐
nBU(n))+h ≃ Z×BU .

(b) BVX ≃
∐
nMap(X,BU(n)) and B(V−1

X VX) ≃ Map(X,Z×BU). In particular,
πp(BVX) ∼= K−p(X).

23.13. Exact sequences. As we know from our study of K0, sometimes the
Grothendieck group of interest arises not as the group completion of a monoid
but rather as the universal additive group in which exact sequences are forced to
split. To incorporate this kind of framework into our picture we should look for
constructions having the form

(homotopical gadgets involving a notion of exact sequence) −→ (E∞-spaces),

where historically the domain has been made explicit with progressively more so-
phisticated notions. Going very quickly through some history here:
(a) Quillen defined his “Q-construction”, which takes a category C with a notion of

exact sequence and outputs a spectrum K(C).
(b) Waldhausen developed machinery that takes a so-called “category with a cofi-

brations” D (a category with a well-behaved notion of cofiber sequence) and
outputs a spectrum KWald(D). This allows one to talk about the K-theory
spectrum for certain categories of chain complexes, with their homotopical no-
tion of cofiber sequence.

(c) After the introduction of ∞-categories, it was realized early on that the Wald-
hausen machinery could be adapted to take as its input any stable∞-category.
Blumberg-Gepner-Tabuada [BGT] proved that in this setting one can describe
Waldhausen K-theory as the universal construction satisfying a short list of
familiar axioms (Morita invariance, additivity, and compatibility with colimits,
for those who know what all those words mean).

When C is a symmetric monoidal category equipped with the notion of split-exact
sequence, Quillen’s Q-construction agrees (up to homotopy) with the output of the
C−1C-construction we saw earlier. Likewise, Waldhausen K-theory agrees with
Quillen K-theory in the cases where one would hope for that. For example, if X is
a scheme then the Waldhausen K-theory of perfect complexes over X agrees with
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the Quillen Q-construction applied to the category of locally-free coherent sheaves
on X, and if X is affine then this in turn agrees with the S−1S-construction applied
to the category of finitely-generated projective R-modules where R = O(X), which
in turn agrees with K0(R)×BGL(R)+Q ≃ (

∐
P BAut(P ))

+h.

23.14. This is all very interesting, but what is the punchline?
In all of our discussion of K-theory throughout this book, the groups Ki(X)

for i ̸= 0 have always been a bit nebulous. All too often we end up getting our
hands on them by using Bott periodicity to shift them to a K0, which often feels
unsatisfying. Even the relative groups K0(X,A) are a bit intimidating; here we saw
different geometric models (e.g. Atiyah’s difference bundles, or chain complexes of
bundles, or the L∞ model from ???) but a preferred model never seemed to rise to
the top.

Keeping the above comments in mind, let us now return to the beginnings—but
from a somewhat different perspective—and see if we can come to terms with some
of this. If X is a compact Hausdorff topological space let Vect(X) be the space of
vector bundles on X, regarded as an A∞-space via direct sum. The homotopy type
is

Vect(X) ≃
∐
n≥0

Map(X,BU(n)).

K-theory (and really we should say connective K-theory) is the study of the ho-
motopical group completion Vect(X)+h, but as we have discussed this is a priori a
somewhat nebulous object. There is no known general procedure for understanding
the homotopy groups of M+h in terms of algebraic information about the original
A∞-space M .

One of the themes of K-theory is finding models for Vect(X)+h in terms of the
geometry of X, and perhaps it is not surprising to discover that there are many
such models. This is a general aspect of homotopy theory: an abstract homotopy
type, when it manifests out in the real world—in essence, as a “representation”
of the homotopy type—often occurs in many different forms. Each form has the
homotopy type embedded in it, but has extra features that fill out the object,
like flesh and organs attached to a skeleton. The same skeleton can support quite
different-looking golems.

Some of these are ????. A recent line of research involves describing a model in
terms of certain kind of topological field theories on X: see [ST], [HST], [Markert],
and [Ulrickson] as just a few places to get started in that area.

NEED A PUNCHLINE HERE

23.15. Addendum. In our flyover of the neverland of A∞- and E∞-spaces, one
thing we failed to do is give many references. Unfortunately, it is not so easy to
find a sunlit path through this particular field of ideas. The original study of A∞
spaces is from [Stasheff1], but further development became a hot topic throughout
the 1960s and 1970s with competing approaches and much cross-fertilization of
ideas. A partial list of references is

(i) Boardman and Vogt [BV1, BV2]. The “E” of E∞ is due to them and comes
from their notion of “homotopy Everything” spaces. (For what it’s worth,
in my experience almost anything by Vogt is filled with beautiful ideas that
reward serious study.)
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(ii) The extensive work of Peter May and his collaborators, starting with [May1]
but continuing on with many later tomes. The use of operads was popularized
heavily here, though the concept itself appeared in Boardman and Vogt’s work
under a different name.

(iii) Segal introduced Γ-spaces in [Segal4], which as we have explained are a version
of E∞-spaces.

See also [Stasheff3] for an interesting survey article from that period, as well
as [Stasheff2], [May2], and many other works of May. For homotopical group-
completion see [BPr], [Quillen7], [May3, Section 15], and [MS] as places to get
started.

In the 1990s, after additional categorical foundations for homotopy theory had
been developed in the form of model categories and their localizations, people re-
turned to many of these ideas with fresh eyes. The papers are again too numerous
to mention, but see for example [Badzioch1], [Badzioch2], [BCV], [Stelzer], as well
as the many papers on model categories of operads and their modules. Finally, let
us mention that Lurie later developed an approach to A∞- and E∞-stuctures in
the setting of ∞-categories, which can be found in [Lurie].

23.16. Exercises.

Exercise 23.17. Recall that a group G is called perfect if G = [G,G], or equiva-
lently if the abelianization Gab is zero. Suppose that X and Y are path-connected
spaces, π1(Y ) is abelian, and f : X → Y is a map having the property that for every
local coefficient system F on Y the map f∗ : H∗(X; f∗F)→ H∗(Y ;F) is an isomor-
phism. Let P = ker(f∗ : π1(X)→ π1(Y )). Prove that P is perfect, for example via
the following steps:
(a) Using homology with (untwisted) Z coefficients and the Hurewicz isomorphism,

prove that P = [π1(X), π1(X)].
(b) Let G = π1(X) and A = π1(Y ) = G/P . Let X̃ and Ỹ be the universal covering

spaces of X and Y . Let F be the local coefficient system on Y corresponding
to the π1(Y )-module Z[A]. Prove that

(i) H1(Y ;F) = H1(Ỹ ) = 0.
(ii) H1(X; f∗F) = H1(X̃/P ;Z).
(iii) Pab = 0.

[Note that this exercise applies to the examples we saw whereW was an A∞-monoid
with π0(X) = N, Y = W+h, and X = W∞ was the stabilization of W . By the
group-completion theorem X → Y is an isomorphim on homology with respect to
any coefficient system, and therefore the difference between X and Y is controlled
by ker(π1(X) → π1(Y )), which this exercise says must be perfect. Quillen’s plus
construction gives Y ≃ X+Q.]

The exercises below concern discrete monoids M together with their group com-
pletions M+ and homotopical group completions M+h.

Exercise 23.18. Let M = {1, h} where h2 = h. Check that M is a monoid and
M+ = 1. For each n ∈ Z+ find a monoid generated by one element, that is not a
group, but whose group completion is Z/n. In particular, these are examples where
M →M+ is not injective.

Exercise 23.19. If M is a finite monoid prove that M →M+ is always surjective.
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Exercise 23.20. Let M be a monoid. Say that x ∈ M is a right absorbing
element if mx = x for all m ∈M . Define left absorbing elements analogously, and
let absorbing element mean any element that is either right or left absorbing.
(a) If M has an absorbing element, prove that M+ = 1 and that BM ≃ ∗ (give a

contracting homotopy for the simplicial set B·M). So M+h ≃M+ here.
(b) Let M ▷ g denote the monoid whose elements are words involving the formal

variable g and elements of M , subject to the relations that g2 = g and mg = g
for all m ∈ M . Check that this really is a monoid, which by (a) satisfies
(M ▷ g)+h ≃ (M ▷ g)+ = 1. The monoid M ▷ g acts like a cone on M .

Exercise 23.21. Let M be a discrete commutative monoid.
(a) Explain why Theorem 23.9 shows that M+h ≃M+.
(b) One can also give a more elementary proof of the result in (a), though still

requiring a bit of homotopical machinery. Let CM be the category with one ob-
ject and endomorphism monoid M , and likewise for CM+ . Let F : CM → CM+

be the evident functor. Quillen’s Theorem A [Quillen5] says that F induces
a weak equivalence on nerves provided that the nerve of the undercategory
(∗ ↓ F ) is contractible (one can also use overcategories here). The undercat-
egory has objects x ∈ M+, and morphisms from x to y are elements m ∈ M
such that y = x +m. Prove that (∗ ↓ F ) is a filtered category, and hence has
contractible nerve.

Exercise 23.22. Using the simplicial model for B·M one sees immediately that
H∗(BM) = TorZ[M ]

∗ (Z,Z). And more generally, if J is an M -module on which all of
the generators act as isomorphisms then J is a π1(BM)-module and H∗(BM ; J) ∼=
TorZ[M ]

∗ (Z, J).
(a) Let M = ⟨f⟩, the free monoid on one generator f . Let α : S1 → BM be

the evident map sending the 1-simplex of S1 to f . Prove that α induces an
isomorphism on π1 and on H∗(−; J) for every local coefficient system, and is
therefore a weak equivalence.

(b) Generalize part (a) to show that if M is any free discrete monoid then BM is
weakly equivalent to a wedge of circles. Deduce that M+h ≃M+.

Exercise 23.23. Following [F] we will produce a 5-element monoid M such that
BM ≃ S2. Then M+h ≃ ΩBM ≃ ΩS2, which has nonvanishing higher homotopy
groups. So this will be an example where M+h ̸≃M+.

Let M = {1, xij}1≤i,j≤2 with the product given by xijxmn = xin.
(a) Verify that M is associative and that M+ = 1.
(b) Let P1 = {x11, x12} and P2 = {x21, x22}. As subsets of M these are closed

under right multiplication by M . Prove that the map of right Z[M ]-modules
Z[M ] → Z⟨P1⟩ sending 1 7→ x11 is split surjective, proving that Z⟨P1⟩ is pro-
jective as a right Z[M ]-module. Repeat for P2.

(c) Show that Z has a projective resolution as right Z[M ]-module taking the form

0 −→ Z⟨P1⟩ ⊕ Z⟨P2⟩ −→ Z[M ] −→ Z⟨P1⟩ −→ Z −→ 0.

Use this to prove that TorZ[M ]
∗ (Z,Z) ∼= H∗(S

2).
(d) π1(BM) ∼=M+ = 1, so by the Hurewicz theorem the map π2(BM)→ H2(BM)

is an isomorphism. Verify that if f : S2 → BM is a generator for π2 then f is
a homotopy equivalence.
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Exercise 23.24. Here we will give another example of a monoid M such that
BM ≃ S2. This monoid will not be finite, but the construction will suggest some
generalizations.

Let L = ⟨f⟩ be the free monoid on one generator. Let M consists of words in the
symbols f , h1, and h2 subject to the relations that fh1 = h1, fh2 = h2, h21 = h1,
and h22 = h2. Note that M is the pushout (L ▷ h1) ∗L (L ▷ h2) in the category of
monoids, so one can think of it as being the monoid L with two cones attached.
We claim that BM ≃ S2.
(a) As a plausibility check, try to compute H∗(BM) algebraically as TorZ[M ]

∗ (Z,Z).
If we set

R = Z[M ] = Z[f, h1, h2]/(fh1 = h1, fh2 = h2, h
2
1 = h1, h

2
2 = h2)

then try to show that Z = R/(f − 1, h1 − 1, h2 − 1) has a free resolution that
starts out as

· · · → R4 → R3 → R→ Z→ 0

and find a nonzero class in TorR2 (Z,Z).
(b) Here is a better way to compute H∗(BM) = TorZ[M ]

∗ (Z,Z). Set Ni = L ▷ hi ⊆
M . Before diving in, note that we have the inclusion

j : BN1 ∪BL BN2 ↪→ BM

and that the domain of j, being the union of two contractible “cones” over
BL, has the homotopy type of Σ(BL) ≃ S2. The idea of our computation
will be to break the Tor into pieces analogous to the decomposition of S2 into
two hemispheres. Start by proving that M is the disjoint union of left cosets
sL where s ranges over the set consisting of 1 and all words in M ending in
either h1 or h2. Consequently, Z[M ] is free as a right Z[L]-module, on the
corresponding set of generators. Do something similar to analyze Z[M ] as a
right Z[Ni] module for i = 1, 2, in particular showing that it is free.

(c) Use the generators from the previous part to prove that there is a short exact
sequence

0 −→ Z[M ]⊗Z[L] Z −→ (Z[M ]⊗Z[N1] Z)⊕ (Z[M ]⊗Z[N2] Z) −→ Z −→ 0.

Then use the long exact sequence for Tor
Z[M ]
i (Z,−) to prove that

Tor
Z[M ]
i (Z,Z) ∼= Tor

Z[L]
i−1 (Z,Z) for i ≥ 1 (use the change-of-ring isomorphisms

TorSi (M,S ⊗R N) ∼= TorRi (M,N) that hold when R→ S is flat). Deduce that
H∗(BM) ∼= H∗(S

2).
(d) Prove that j is an isomorphism on π1 and on H∗(−;Z), and so obtain that j is

a weak homotopy equivalence.

Exercise 23.24 is a particular case of the analysis done in [McDuff2]. In fact it
is not a huge leap to go from the above ideas to seeing how to construct monoids
whose classifying spaces achieve any desired homotopy type.

Exercise 23.25. In Exercise 23.23 we saw a 5-element monoid where M+h ̸≃M+.
Are there smaller examples of this? If M is a discrete monoid we know that we
do have M+h ≃ M+ if M has an absorbing element, or if M is commutative, or
(trivially) if M is a group.

Parts (a) and (b) below can be done by hand, but for later parts one should
probably use a computer algebra system such as GAP.
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(a) Check that up to isomorphism there are exactly two monoids having two ele-
ments. Verify that both have M+h ≃M+.

(b) Prove that up to isomorphism there are exactly seven monoids with three ele-
ments, and construct them all. Actually, for our purposes it is useful to work
up to both isomorphism and anti-isomorphism, in which case there are only six
classes. Of these six, check that four have absorbing elements and the remaining
two are commutative (one has M+ = Z/3 and one has M+ = Z/2).

(c) There are 35 monoids with four elements, or 27 up to isomorphism and anti-
isomorphism. Verify that 19 of these have absorbing elements, two are groups,
and all of the remaining six are commutative (five have M+ = Z/2 and one has
M+ = Z/3).

(d) For monoids with five elements, there are now 228 of these (see [OEIS,
A058129]), or only 156 if we work up to anti-isomorphism. So the level of
complexity has dramatically increased. 126 of them have absorbing elements,
and of the remaining 30 only 5 are noncommutative. If you are brave, try to
determine how many of these five have M+h ≃ M+. (Of these five, four have
M+ = Z/2 and one hasM+ = 1. The latter is the monoid from Exercise 23.23).
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