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ON DISCRETE CHAMBER-TRANSITIVE AUTOMORPHISM 
GROUPS OF AFFINE BUILDINGS 

W. M. KANTOR, R. A. LIEBLER AND J. TITS 

1. Introduction. Let A be the affine building of a simple adjoint alge
braic group Q of relative rank > 2 over a locally compact local field K. Let 
Aut A (resp. E Aut A) denote the group of type-preserving (resp. of all) auto
morphisms of A. Note that E Aut A contains the group $(K) of ÜT-rational 
points of §. We will be interested in discrete subgroups of Aut A which are 
chamber-transitive on A. It is extremely rare that such groups exist and, as 
can therefore be expected, exceptions are interesting phenomena; our purpose 
is to list them all (see the theorem below). In order to describe them we must 
first introduce some notation. 

Let ƒ be a quadratic form in n variables over Q p with coefficients in Z. We 
let Pfi(/, Z[l/p]) denote the intersection PSO(/, Qp)'nPGL(n, Z[l/p]) within 
PGL(n,Qp), and similarly PGO(/, Z[l/p]) = PGO(/,Qp) nPGL(n,Z[l/p]). 
In the following list, T will always be a chamber-transitive subgroup of Aut A. 
The fundamental quadratic form (over Z) of the root lattice of type An, Bn, 
En, normalized so that the long roots have squared length 2, will be denoted 
by a n ,6 n , e n , respectively; note that bn is Yl" xl-

(i) Let ƒ = eg, &7,ci6,66*^6* or as, and let A be the affine building of 
PSO(/,Q2) . Here T can be any group between r m i n = Pfi(/,Z[l/2]) and 
r m a x = PGO(/,Z[l/2]) fi Aut A. The quotient r m a x / r m i n is elementary 
abelian of order 1, 1, 1, 4, 2, or 2, respectively, and r m a x is generated by 
Train and reflections. 

(ii) Let ƒ = &5,e6, or b'e = X a x ? + ^xh a n ( l let A be the building of 
PSO(/,Q3) . The group r m a x ( / ) = PGO(/, Z[l/3]) n Aut A has 3, 5, or 9 
conjugacy classes of chamber-transitive subgroups T. Passage mod 2 maps 
rmax(b5) onto the symmetric group S5, and the preimages in rmax(&5) of S5, 
A5, or a group of order 20 form the 3 desired conjugacy classes of groups T. 
The forms e& and b'e are rationally equivalent, and hence the buildings they 
define over Q3 are the "same" ; with suitable identifications of buildings and 
groups, Tb = rm a x(ee) H rmax(6é) has index 27 in rmax(e6) and index 2 in 
rmax(&6)- Passage mod 2 maps rmax(e6) onto PGO(5,3), and the preimages 
in rmax(e6) of the 5 different classes of flag-transitive subgroups of PGO(5,3) 
(cf. [S]) form the 5 desired conjugacy classes of groups I\ exactly 3 of which 
have members in Tb. The 6 remaining conjugacy classes of chamber-transitive 
subgroups of rmax(&6) n o t having members in rmax(e6) consist of groups 
having index 1 or 2 in (r, r) for one of the chamber-transitive subgroups T of 
rb , where r is the reflection x$ »-• -XQ. 
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(iii) Let A be the building of G2(Q2), and set T = G2(Z[l/2]) relative to 
the Z-form of G2 corresponding to the standard Z-form of the usual Cayley 
division algebra over Q. 

(iv) Let A be the building of PSL(3,Q2), and let T be the subgroup 
PSU(/i, Z[l/2, v711?]) < Aut A, where h is the 3 x 3 hermitian matrix 

1 fi / A 
fi 1 M 
fi fi IJ 

for /i satisfying 9/x2 -f 3/x -f 2 = 0 and \i + fi = - 1 / 3 . 
(v) Let A be the building of PSL(3,Fg((*))), q = 2 or 8. Consider the 

cyclic division algebra D over Fq((£)) generated by Fq3((t)) and an element 
a satisfying a3 = t + 1, at = ta and axa~l = x3 for x G Fg3. If A is the 
order over Fq[£,£-1, (t + l)"1] generated by Fqs and <r, let T be the group of 
F2((£))-algebra automorphisms of D preserving A. 

The examples in (i)-(v) were constructed in [Kl,2, KaMW, KMW1,2, 
M, Mu, MW, T2, W]. 

THEOREM. Let A and T be as in the first paragraph. Then ( r ,A) is 
isomorphic to one of the pairs enumerated in (i)-(v). 

Furthermore, if A is one of the buildings of (i)-(v), any chamber-transitive 
discrete subgroup of Aut A is conjugate to one of the above T by an element 
of Aut A; in other words, the normalizer of any such T in E Aut A satisfies 
iVE Aut A(r) * Aut A = E Aut A. 

As discussed in [K3, T2], our theorem is closely related to results of 
Timmesfeld and Stroth prompted by the "revisionist" point of view in the 
classification of finite simple groups. However the methods of proof are very 
different. 

2. Sketch of proof. In this section we will sketch the main part of the 
proof of the Theorem. However, exceptional situations that arise en route will 
not be pursued further: only the "generic" case will be considered in detail, 
and will be shown to lead to no examples of pairs A, T. The small number of 
situations not dealt with here require intricate ad hoc arguments leading to 
the still smaller number of examples appearing in the Theorem. 

Let §, A, JFC, and T be as in the first paragraph of §1. Let Fq be the residue 
field of K, of characteristic p \ q. Associated with A is an extended Dynkin 
diagram having r > 3 vertices. Let 1 and 2 denote vertices of A lying in 
a chamber C and corresponding to a pair of end nodes of this diagram (or 
adjacent nodes, if the diagram is that of A r - i ) - For i = 1,2, the star Star(i) 
is the finite spherical building of a semisimple group defined over Fq. By 
excluding the Sp(4,2) and G2(2) buildings, we can assume that 

(1) Aut Star(2)(°°) is the simple group associated with Star (i) for i = 1,2 

(where "(°°)" denotes the last term of the derived series). 
Let Ti be the stabilizer of i in T, and let K{ denote the kernel of the action 

of T{ on Star(i), so that Ti/Ki is a chamber-transitive subgroup of Aut Star(i). 
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We will assume that 

(2) Ti/Ki > Aut Star(i)(oo) for i = 1,2, 

there being only a handful of possibilities for the building Star(t) for which 
(2) might fail, all of which were enumerated by Seitz [S]. 

Statement (2) allows one further useful reduction: rj°°' is chamber-
transitive on Star(t), so that (T[°°',12 ) is chamber-transitive on A. Con
sequently, we may assume that 

(3) r = r(0°) = (r^oo),r^oo)). 
Since (Aut A)/Ç(K)' is solvable, it follows that 

(4) r < 9(K)'. 

At this point, the proof splits into two very different major parts, according 
to whether char K is 0 or p. 

Case I. ChaxK = 0. By (4), the finite group Ti acts protectively on the 
smallest degree nontrivial projective module V for Q over K, By (2), Y\* 
is an extension of the simple group AutStar(l)(°°) by K\ fi I j . The re
sults in [FT] imply that AutStar(l)(°°) has a faithful complex irreducible 
projective representation of degree < dimV. However, comparison of the pair 
(AutStar(l)(°°),dim V) with the table of minimal degree projective represen
tations obtained in [LS] shows that our simple group Aut Star(1)(°°) belongs 
to a very small list (having r < 5 and q < 3). Since we are only considering 
the generic case of the Theorem, we can conclude that Case I does not occur. 
(N.B.—The possibilities left to be dealt with in detail can be limited further 
by replacing 1 by a suitably chosen vertex 2 and arguing similarly. Of course, 
in view of the statement of the Theorem, most actual examples fall under the 
nongeneric part of Case I.) 

Before considering the case char K ^ 0, we note the following fact, valid in 
all characteristics. 

(5) The stabilizer Px of a vertex x of A in a parabolic sub
group P of Q{K) does not act transitively on the chambers 
containing x. 

Indeed, P fixes a "point at infinity" £ of A, therefore Px preserves the set 
of all chambers containing a segment [x,y] of the half-line [x, £], with x ^ y 
(cf. [T4, Proposition 5; BrT, (2.5.6), (5.1.33), (4.2.5)] for the definitions of 
£,[x,y], and [x,£]). 

Case II. Char K = p. Let S denote a Sylow p-subgroup of the stabilizer of 
the chamber C in T, and consider first the case where Q{K) = PGL(V) for 
an r-dimensional vector space V over a division algebra with center K. Label 
the vertices of C by the integers modr so that the corresponding vertices of 
the Dynkin diagram of type Ar_i are arranged cyclically in a natural order. 
Extending slightly the representation theory of PSL(n,pd) (^ (Vi/K^00) for 
all i and some d, by (2)) in characteristic p so as to include representations over 
division algebras, one can show that Ki = 1 for all i, that S stabilizes a single 
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point X and a single hyperplane Y of V, and that each I\,i+i = I \ n l \ + i (one 
of the "standard" maximal parabolic subgroups of I\) stabilizes either X or 
Y. Since r > 3, the stabilizer of X or y contains two subgroups r^j+i, Tjj+i 
with i ^ j\j + 1, so that I \ = (I\,t+i,I\j , j+i) (as I\^+i is maximal in I \ ) . 
This contradicts (5). Therefore the building A cannot be of type Ar-\. 

In rough terms, the above argument says that the various groups I \ "can
not cohabit" in PGL(V). Similar (but often more intricate) arguments can 
be given for all p , but the extended case analysis involved can be consider
ably reduced using an alternative approach sketched below, valid under the 
following hypothesis. 

(*) For each vertex i of C, a Sylow p-subgroup Ui of K{ is con
tained in a Borel subgroup of Q defined over a separable 
extension of K. 

By the Frattini argument, the normalizer iV» of U% in I \ acts chamber-
transitively on Star(i). In view of (*) it follows that U% = 1, as otherwise 
Ni would be contained in a proper parabolic subgroup of Q(K) [BoT], con
tradicting (5). A glance through the tables in [Tl]—or a simple general 
argument—shows that the equality of all | I \ : Ki\p can happen only if the 
diagram of A is of type A r_i, namely, in the case treated above. 

Fortunately, (*) often holds [T3]. In particular, it is true whenever Q is 
classical. 
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