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1. INTRODUCTION

Let IT = Sp(2m, 2) and I" = XTI, where 2 is the translation group of the
affine space AG(2m, 2). IT acts 2-transitively on the cosets of each orthogonal
subgroup GO(2m, 2), e = 41, and I" has a second class of subgroups iso-
morphic to IT ([10, pp. 236, 240], [6], and [14]). By considering a certain
symmetric design #¢(2m) having I” as its full automorphism group, we will
prove these results. The symmetric designs #<(2m) will be studied and
characterized in terms of an interesting property concerning the symmetric
difference of distinct blocks. Other properties and characterizations of these
desings will also be given, and an application made to rank 3 linear groups.

There are several ways to construct #<(2m). One way is in terms of differ-
ence sets [3, p. 108]; from this point of view, &<2m) has the unusual
property of arising from difference sets in m + 1 nonisomorphic abelian
groups. Using a description in terms of the incidence matrix, Block [1]
observed that the automorphism group of #<(2m) is 2-transitive. The present
work was motivated by Block’s result. In the course of studying the full
automorphism group #4(2m),a description was found in terms of GO<(2m, 2)
and Sp(2m, 2) (see Section 4). More recently, the designs #<(2m) were
discovered in terms of the latter description by A. Rudvalis (unpublished)
and Cameron and Seidel [2].

Yet another description of the designs #'(2m) arises from using suitable
dual ovals in desarguesian and Liineburg-Tits planes. The construction in
terms of desarguesian planes was obtained by the author [3, p. 95] at the
same time that the incidence matrix and symplectic group descriptions were
first considered; however, it was not originally known that the descriptions
produced the same designs. The construction from the Liineburg—Tits planes
requires the use of the designs to prove a new property of the planes. We note
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that, using suitable dual ovals, new symmetric designs can also be obtained
having the same parameters as #(2m). The determination of those translation
planes which are related to #*(2m) as in Section 7 seems to be an interesting
but difficult problem.

2. DEFINITIONS

The definitions and elementary properties of symplectic and orthogonal
groups are assumed from [5]. GO¢(2m, 2) will denote O,,(F,,Q) in
Dieudonne’s notation, where e = 41 if the quadratic form Q has index m,
and e = — [ if this index is m — 1.

The basic properties of symmetric designs and difference set designs are
found in [3]. Isomorphic designs will be identified. Symmetric designs will
always be assumed to have v > k + 2 > 4, except for the case v = 4 and
k=1lor3.

Points will be denoted by 0, x, v, z and blocks by B, C, D, E, X, Y.

If S and T are sets of points of a design, then %S is the complement of
Sand S A T is the symmetric difference (S T} — (S N T'). (This notation
is intended to distinguish the symmetric difference of blocks from the sum of
blocks, which will be defined later in a special situation.)

If I' is a permutation group, I's denoted the global stabilizer of the set S.

3. THE DEsIGNs S<(2m)

Set

For each positive integer m. Let H(2m) be the tensor product of m copies of
H(2). Rows and columns of H(2m) have 22™1 { 2™l entries ¢, where
e = +1. Any two distinct rows or columns have in common 22%-2 { 2™1
entries ¢. We can thus regard rows and columns as the points and blocks of
a symmetric design <(2m), a point being on a block if and only if the
corresponding entry is e. #%(2m) has parameters

o=2m  k=2mlpQml A —2m2p gml (])

SFY2m) and F~Y(2m) are complementary designs. #*(2m) was first described
in the present form by Block [1].
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As H(2m) is symmetric, &¢(2m) is self-dual.
F<(2m) has the following basic property:

LemMa 1. Points can be labelled by the elements of an additive group G in
such a way that 2 = {x — x -+ g | g € G} is an automorphism group sharply
transitive on the points, and, for any distinct blocks X and Y, X A\ Y is a left
coset of a subgroup of G.

Proof. As X ANY = €X AFY, we may assume that e = 1. If m = 1,
then %(2) has a unique automorphism group &, with the stated properties.
Ifm > 1, let 2, 5 be an automorphism group of #*(2m — 2) which satisfies
Lemma 1. The elements of X, and Z,,,_, may be regarded as pairs of per-
mutation matrices. By taking the tensor products of such matrices we find
that 2 = 2, X Z,,_, is an automorphism group of #1(2m) sharply transitive
on the points. Let G, and G,,,_, correspond to X, and 2, , as in Lemma 1.
As the rows of H(2) and H(2m — 2) are labelled by G, and G,,, ,, the rows
of H(2m) can be labelled by G = G, X Gypn_ps0that X ={x—>x + g | g G}
Regard G as the set of ordered pairs (x, , Xym_p) With x5, € Gy and x5 € Gops -
Then there is a 1-1 correspondence between the blocks B of #1(2m) and the
pairs B, , B,,,_, of blocks of #Y(2) and #Y(2m — 2), respectively, such that

B = (B;, By ) Y (¥B;, €Byp_s).
Suppose also that

B # X = (X, Xonp) U (8X,, € Xopms)
Then

BAX=(By AXys Bymg N\ Xomg) U (6(By N Xy), €(Bomg A Xoms)-

B, A\ X, is empty or a coset of a subgroup H, of G,. By induction,
By, s A X5 is empty or a coset of a subgroup H,,,_, of G,,,_, of order
2#m=3, If either B, A X, ot By, A Xpm_s = &, our assertion is immediate.
If both are nonempty, write B, A\ X, = &, + Hy , €(By A X;) =y, + H,,
Bons A Xomo = %gmg + Homg and €(Bymg A Xom—s) = Yom—s + Hym_s -
Then B A X = (%, ¥3m_s) -+ H, where H is the subgroup generated by
(H,, Hyp ) and (%, + V5, ¥ym_p + Vam—s)- This proves Lemma 1.

Note that G is an elementary abelian 2-group in Lemma 1. However, in
the first part of the above proof we could have taken Z, to be any one of the
four sharply transitive subgroups of S, . Thus, #<(2m) may be regarded as a
difference set design in many ways, of which at least m -+ 1 are inequivalent
from the point of view of difference sets. For ¢ = —1, these difference sets
are described on p. 108 of [3].
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Note also that the dual of Lemma 1 holds with the same group Z. This
follows from the fact that all the permutation matrices involved are involutory
and hence symmetric.

4. PROPERTIES AND CHARACTERIZATIONS OF #¢(2m)

Let & be a symmetric design satisfying Lemma 1. We will prove properties
of & which will yield the automorphism group of .#<(2m) together with
characterizations of %¢(2m). As usual, set # = k& — A. Fix a block B on the
identity element ¢ of G. If X =~ B, set

H =Y |IBAX)NY|=n={B,X}U{Y||BNXNY|=A—in}

We first show that X5 5 is transitive on Hy and that X is an elementary
abelian 2-group. As X A €Y = X A Y, we may temporarily assume that
k < 2n. Zgpy is a group of order | B A X | = 2n, so that | Hy | = 2an for
some integer a. Since Xy A y is transitive on B A X, each point of B A X is on
2an - n/2n = an blocks of Hy . As k <21, a = 1 and Xy is transitive on
Hy.Letl # ceZandset X = B°. If 6' € 2y y moves B to X, theno = o',
Thus, BAX =(B A X) =X A X° so B = X°1It follows that 2 has
exponent 2. By a result of Mann [3, p. 61], & has parameters (1). In particular,
2n = }v.

X determines affine spaces (7 and (f* over GF(2), each with translation
group 2, such that the points of (¥ and (Z* are, respectively, the points and
blocks of 2. H is a hyperplane of (7*, If B is regarded as the “origin” in 7%,
the sum of two blocks is meaningful. Moreover, the definition of Hy shows
that X — Hy, X # B, defines a symplectic polarity of the projective space
a* — {B}. Let f(X, Y) be the corresponding bilinear form.

The definition of addition shows that, if Y € Hy and 6 € X5 ¢ takes B to
Y,then X =X+ Y. Thus, BAX =Y A(X + Y)IfY¢Hyandoel
takes Bto Y, then4(B A X) = (B A X)* =Y A (X + Y). This proves:

LEmMA 2. If X 5= B and Y are blocks, then BA X ANY =Y + X or
€(X + Y) according to whether Y e Hy or Y ¢ Hy .
For each block X let Q(X)e GF(2) be 0 if o€ X and 1 if 0 ¢ X. Then
Q(B) = 0. We claim that, for all blocks X and Y,
QX + Y) = QX) + 2Y) + f(X, Y). 2)

Repeated use will be made of Lemma 2. We may assume that X # B,
Y+#B X+#Y. LetQ(X)=0. Theno¢ B A X.If Y e Hythenf(X,Y) =0,
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BAX=YA(X+Y)and thusQ(Y)=0if and only if Q(X + Y) = 0.
IfY¢ Hythenf(X,YV)=1,BA X =%(Y A (X + Y)), and thusQ(Y)=0
ifand only if (X + V) = 1.

Next, let 0¢ X, Y. Thenoe B A X and Q(X) =0Q(Y)=1. If Ye H,
then f(X,Y)=0, BAX=YAX+Y), and thus oe X+ Y, so
O(X + Y) = 0. Finally, if Y ¢ Hy, then f(X, ¥) =1,

BAX=%Y AN(X+Y)),

and thuso ¢ X + Y, s0 Q(X + Y) = 1. This proves (2).

Thus, O is a quadratic form associated with f. The set of blocks on o is its
set of singular points. As & = 272" + ¢),Q has index mif e = l orm — 1
ife = —1. This proves that & is unique, and thus is %*(2m). We can now
prove the following:

THeoreM 1. The full automorphism group I’ of F<(2m) is a semidirect
product of the translation'group 2 of AG(2m, 2) with Sp(2m, 2). If B is a block,
then I'y is isomorphic to Sp(2m, 2) and is 2-transitive on B and €B. Moreover,
if x € B then I' 5 is GO<(2m, 2).

Proof. 1If B, X and Y are distinct then (B A X)N (B A Y) % @, so the
v — 1 hyperplanes B A X, X s B, are pairwise non-parallel. We can thus
recover (7 from #<(2m), so that I'" is a collineation group of (¥ and (7*.
I' = XTIy = 2Ty . Regarding I as a collineation group of (7, we have that [,
preserves an alternating form f', while I',;, o€ B, preserves a quadratic
from Q’ in such a way that B is the set of singular points of Q'. Since the
blocks of &<(2m) are the sets B + «, x € G, the group of the quadratic form
Q' permutes them and thusis I . As o can be any point of B, | I'g: I';5 | = &,
and it follows that I', and I'; are both isomorphic to Sp(2m, 2). Finally, ;5
is transitive on B — {o}, so that I'p is 2-transitive on B. Since the same is true
for S~<(2m), the result follows.

CoroLLARY 1. Sp(2m, 2) acts 2-transitively on the cosets of its subgroups
GO«(2m, 2).

CoOROLLARY 2. I has an involutory outer automorphism 0 such that

(i) 0 centralizes X,
(i) O interchanges I', and I'y , where o is a point and B is a block on o0; and

(iii) If II is any subgroup of Sp(2m, 2) not fixing (as a whole) any set of
2m-12m - 1) points of AG(2m, 2), then I1° is a second complement to X in XTI
moving all points.

481/33/1-4
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Proof. 6:x <> B + » x€ G, is a polarity and hence acts on I 4 satisfies
(1) and (ii), and thus is an outer automorphism of I'. Let w € IT and B" =
B + 2, z€ G. Then, for any «,

xﬁ'no — (B + x)nﬂ — (Bﬂ + xﬂ)e
=B+ z+x) =5 +z

Thus, 11° < 211, so 0 normalizes 211 by (i). (Z1I), = I1° fixes both B and
% B. By hypothesis, 71° and IT are not conjugate, which proves (iii).

CoRrOLLARY 3. F¢(2m) can be constructed as follows. Let V be a 2m-
dimensional vector space over GF(2), and Q a nondegenerate quadratic form on V
whose group is GO*(2m, 2). Let B be the set of singular vectors of Q. Then the
points and blocks of S<(2m) are the vectors of V and the translates B + v,ve 1,
respectively.

It follows that, if Q is as in Corollary 3, B is its set of singular vectors, and
v € B, then B + v is the set of singular vectors of a nondegenerate quadratic
form associated with the same alternating form as is Q.

THEOREM 2. Let @ be a symmetric design admitting a sharply point-
transitive automorphism group X. Define addition of points so that X is the set
of right translations of the group G of points. Then the following statements are
equivalent.

(1) D is F(2m) for some m and e.

(i) X A Y is a left coset of a subgroup of G whenever X and Y are
distinct blocks.

(i) E(X A Y)is a left coset of a subgroup of G whenever X and Y are
distinct blocks.

Proof. We have already shown that (i) <> (ii).

(iii) = (ii). We may assume that & >> 2A. Suppose v % 4n. As (v — 2n) | v,
we have v > 3(v — 2#n). Then

A3n— 1) = Mo — 1) = k(k — 1) = 20k — 1),

so k> 31 — 1. The same argument now yields A3z — 1 )= 3A(k — 1),
which is impossible. Thus, v = 4, so (ii) is clear.

(i) = (iii). This follows from (i).
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5. THE SYMMETRIC DIFFERENCE PROPERTY

In this section we will consider a symmetric design & satisfying the
following condition:

(SDP) If B, C, D are any three blocks, then B \ C N\ D is either a block
or the complement of a block.

By Lemma 2 of Section 2, &%(2m) satisfies (SDP).

THEOREM 3. Let @ be a symmetric design satisfying (SDP). Then the
Jfollowing statements hold:

(i) D has the same parameters as F<(2m) for some m and e.

(i1) Let O/ consist of the points of & and the symmetric differences of the
pairs of blocks of 9. Then (! is the set of points and hyperplanes of an affine
space AG(2m, 2).

(ili) Fix a point 0. In (I, define addition of points in the natural way, so
that o becomes the zero element of a vector space over GF(2). For each point x,
let (x) be the set of blocks on x. Then (0) A (x) A (y) = (x + y) or its com-
plement, for all points x, y with x # 0, y # 0, x # y.
(iv) The dual of 2 satisfies (SDP).
(v) Fix ablock B.For all X, Y, define the block X + Y by
BAXAY=X+Y

or its complement. Then the blocks form an elementary abelian 2-group under
addition.

Proof. (i) and (ii). Suppose that, whenever B, C, D are different blocks,
B A C A Dis ablock. Then | BN C N D} is independent of B, C, D. By
the Dembowski-Wagner Theorem [4], & is a projective space, and hence
fails to satisfy (SDP). Thus, for some B, C, D, B A C A D is not a block,
and hence satisfies B A C A D =%E for a block E. Now BA C =
€D A E), sov=4n.

Next, for any B Cand D # E,if B A C # D A E then

(BAC)N(D AE) =n

For, D AE = B A X or ¥(B A X) for some X. It is now elementary to
calculate that |(B A C) N (B A X)| = n, as required.

Call a set B A C or €(B A C) a hyperplane whenever B # C. Let (Z
consist of the points and hyperplanes, and let (7, consist of the points s£x and
hyperplanes on .

If H is a hyperplane, each B determines a unique C such that H =B A C
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or #(B A C). Thus, counting in two ways the ordered triples (B, C, H) with
H=B)\C or ¥(B A C), we find that there are exactly 2u(v — 1)/v =
2(v — 1) hyperplanes. Consequently, there are an average of 2(v — 1) - n/2n =
o — 1 hyperplanes per point.

On the other hand, for each point x, the dual of €%, has a constant number
of blocks per point, and a constant number of blocks per 2 distinct points.
Consequently, by a standard incidence matrix argument [3, p. 20], (%, has
at most v — 1 hyperplanes. It follows that (7, is a symmetric design, and (¥
is a 3-design.

Moreover, suppose H and H' are hyperplanes on x. Fix a block B on x.
Then H=B A Cor 4B A C),and H =B A\ C' or (B A C"), for some
blocks C and C’. Consequently, x e ¥(H A H') = C A C' or €(C A ), so
€(H N H')is in I, . Since (7, is a Hadamard design, it is a projective space
over GF(2) by the Dembowski-Wagner Theorem [4]. Consequently, (7 is an
affine space over GF(2). Now (i) follows from a result of Mann [3, p. 61],
since v is a power of 2.

Moreover, the complement of a hyperplane is now also a hyperplane. This
proves (ii).

(). Let {p, g, 7, s} be any plane of (¥. We must show that (p) + (g) =
(r) + (s) or its complement. Let B, C € (p) - (¢); it suffices to show that B
and C are both in (r) + (5) or are both in its complement. But B and C are on
justone of p, g,s0p,ge B A\ Corp,ge€(B A C).Since B A Cis a hyper-
plane of ¢Z, either r, se B A C or r,s€6(B A C). Then either B and C
are on just one of 7, s, or else neither is on just one of these points. Con-
sequently, B and C are both in () + (s) or its complement.

(iv). 'This is clear from (iii).
(v). 'This is the dual of (iii).

ExampLE (N. Patterson). Let f be a nondegenerate alternating bilinear
form on a vector space of dimension 2m over GF(2). Fix ¢, and construct
&(2m) as in the proof of Theorem 1. Let W be a totally isotropic subspace
of dimension 7. Consider the subsets B A W and ¥(B A W), where B runs
through the blocks of ¢(2m). It is not difficult to show that each subset
has size 2™1(2™ L ¢), and that the subsets of size 2™-1(2™ + ¢) form a
symmetric design & (with point set V). Clearly, 2 satisfies (SDP). Further
designs satisfying (SDP) can now be obtained from £ and %<(2k) for any %
by the tensor product method of Section 3.

An isomorphism between two symmetric designs satisfying (SDP) is, by
Theorem 3, induced by a collineation of the underlying affine spaces. It is
therefore easy to see that the designs obtained from the above construction
are not isomorphic to one another, nor to any #<(2m).
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Remark (P. Cameron). Any (1, —1) incidence matrix of a symmetric
design & having v = 4n is a Hadamard matrix H. It is not difficult to check
that & satisfies (SDP) if and only if (i) v = 2*" for some m, and (ii) H =
TH(2m)U for some monomial permutation matrices T and U.

6. FURTHER CHARACTERIZATIONS

We now present additional characterizations of the designs .#%(2m), based
on other properties of their automorphism groups. We begin with two lemmas.

LemMa 3. Let y be a nontrivial automorphism of a symmetric design, where
y has prime order. Then
(i) vy fixes at most v points; and
(i) Ify fixes 4v points, then v = 4n and y* = 1.

Proof. (i) is Theorem 3 of Feit [7], while (ii) is essentially contained in
the proof of that theorem.

Lemma 4. Let & be a symmetric design with v = 4dn. Let o and o' be
nontrivial automorphisms, each fixing 2n points, such that F,\F,» = @. Then

(1) F, =%(B A B°) whenever B + Be;
(ii) o and o’ fix no common block;
(i) F, = €(B A C) implies that C = B;
(iv) o is the unique nontrivial automorphism of @ fixing F,, pointwise; and
(v) If B == B® and X is any block, then | BN B° N X | = A or X — 1n.

Proof. (i). o moves each of the 2n = v — 2n pointsin B A Be.

(i)). Suppose ¢ and ¢ fix a common block. As each moves 2n and fixes 2n
blocks, they must move a common block B. Then (B A B°) =F, = %F, =
B A B, so ¥B° = B, which is ridiculous.

(i), F,=%(X A X°) and GF,=F, =%(Y A Y") for at least 2n
blocks X and 2% blocks Y. Consequently, the given block B must satisfy (by (ii))
¢F,=BAB° or F,=%F, =B A B°. Now BAC=%F,=BAB,
or €(B A\ B°) implies that C = Be.

(iv). Let y be a nontrivial automorphism fixing F, pointwise. Then (iii)
applies to o and y. Consequently, B° 5= B implies ¢F, = ¢F, == B A B, so
B¥ = Be. Similarly, B” £ B implies B* = B°. Thus, y == 0.

(v). Either X \ X° =%F, or X AN X9 =%F, =F,, so ecither n =
| XN (B ABo)orn=|XNEB A B



52 WILLIAM M. KANTOR

THEOREM 4. Let & be a symmetric design. Then for some m and ¢, @ is
S(2m), PG(m, 2), or the complementary design of PG(m, 2), tf and only if for
any distinct blocks B and C, there is a nontrivial automorphism of 2 fixing all
points not in B A\ C.

Proof. PG(m,2) and its complementary design clearly satisfy the given
condition. By Section 4, for @ = (2m) each set €(B A C) is fixed point-
wise by a nontrivial elation of the underlying affine space AG(2m, 2).

Conversely, assume that & satisfies the given condition. Since A(v — 1) =
k(k — 1), we may assume that v > 2k Let T be the given set of
automorphisms, where we may assume that each o€ T has prime order.
Each oe T fixes at least v — 2n points. By Lemma 1, v — 2n <C {v, so
2 < 4n.

Suppose o € T moves B. Then the set F, of fixed points of ¢ is disjoint
from B A B°, so 6F,C B A B°. Since ¢ fixes at least o — 2n points, 6F, =
B A Be. If 7€ T also moves B, €F, = B /\ B". A simple calculation now
proves the following fact.

Lemma 5. If o, 1€ T move a common block, then either F, =F_ or
|€F,N%6F,| =n.

Assume first that any two elements o, 7 € T move a common block. Then,
by Lemma 35, distinct sets €F, have exactly z common points. Let 2* be the
dual of the incidence structure of points and distinct sets €F, , o € T. Then
2* has v* points, b* = v blocks, r* = 2n blocks per point, and A* =n
blocks per two distinct points. By a standard incidence matrix argument [3,
p. 20], v = b* = o*. On the other hand, for a fixed block B there are v — 1
sets B A C with C 5 B, so v* > v — 1. Suppose v* = v — 1. Then, for
each ¥F, = X A Y and each B, (X A Y) A B is a block. This is impossible
by Theorem 3. Consequently, ©* = v. Thus, for each €F, , there is exactly
one block B, such that B, A €F, is not a block. Let p =| B, N¥F,|.
Counting in two ways the pairs (x, X) with x € X N 6F, , we find by Lemma 5
that 2n -k = (v — 1) n 4+ u. Consequently, p =n(2k —v 4 1) <0, so
v—1=2k and w =0. Then B,CF,, so B, =F, as both sets have
k = v — 2n points. Thus, for any distinct blocks B, C, there are 3 =
1+ (v — 1)/k blocks containing BN C. By the Dembowski-Wagner
Theorem [4], @ is PG(m, 2) for some m.

We may thus assume that some o, o’ € T move no common block. Then
v = 2(v — | F,|) = 4n, so v = 4n. Hence, o and ¢’ fix no common block.
By the dual of Lemma 4, F,NF,, = @. Let T, be the set of ¢ € T such
that some such ¢’ € T exists, and let {(7,,> be the group generated by T, .

Consider ¢ and o’. Take any blocks B and D with B° = B and D° % D.
By Lemma 4(ii), B # B, so B A B” =%F,, =F, =%(D A D°), and
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hence B A D =¥€(B*> A D°). Consequently, if 7e T has F, = €(B A D),
then 7 € T, and B" = D (by Lemma 4(iii)). It follows that {T,> is transitive
on the blocks and hence the points of Z.

We now show that Ty = T. For, suppose 7€ T. The transitivity of (Ty>
implies that some o € T, must move F, . Let ¢’ be as before. By Lemma 1,
0> =72 = 1.ThenF,, =F;° £F,, soore £ 7. Also, F,,, #+ F, by Lemma
4(iv). Clearly, F,,,2F,NF, +# @ and ¥F,N¥F,* &. By Lemma 35,
|FoNE, | :n'ThusxFam #F,,F,, IFommFo| >n)and‘Fawan| =N,
so Lemma 5 implies that F,, N F, =F, NF. =F NF,_.Then

F,,(\(F, AF) + 2,

so K, =%([F, AF,) as both sets have exactly 2n elements. Similarly,
F,..+#F,, F. (by Lemma 4(iv)), F,,,NF, =F,. . NF, =F NF,, and
hence F,,, =%€(F, ANF,)=F,,. Again by Lemma 4(iv), ror = oro.
Consequently, T = groro € T}, as required.

Thus, Ty="7T. Let B,C, D be any distinct blocks. Then B A C=%F,=F,.
for some o, ¢’ € T. By Lemma 4(ii), o or o’ moves D,so BAC=D A D°or
%(D A D). Now Theorem 3 applies: the points of & and set B A C form
an affine space AG(2m, 2). Since F, and F,. are parallel hyperplanes fixed
pointwise by the nontrivial collineations ¢ and o', respectively, oo’ must be a
translation. Then (T contains the translation group X of AG(2m, 2), as
F, can be any hyperplane. Clearly, 2y is transitive on F, . Consequently,
Theorem 4 follows from Theorem 2.

THEOREM 5. A symmetric design is S<(2m) for some m, €, if and only if its
automorphism group is 2-transitive on blocks and contains a nontrivial element
Jfixing at least Yv points.

Proof. By Lemma 3, v = 4n. If y fixes }v points and moves B, then
%(B A\ B) is its set of fixed points. Since the automorphism group is
2-transitive on blocks [3, p. 79], the result follows from Theorem 4.

LEMMA 6. Let II be a transitive collineation group of PG(d, 2) such that
the stabilizer of a point x has point-orbits of lengths 1, 2n — 2, 2n, where
n = 2971, Let x* consist of x and the points of the orbit of length 2n — 2. Then
x- is a hyperplane and x — x* is a symplectic polarity preserved by IT.

Proof. Let X be the translation group of (¥ = AG(d + 1,2). I' = ZIT is
a collineation group of (¥. If x «~ p then I',, has a unique orbit H(p, x) =
H(x, p) of length 2n. Let ¢ ¢ {p, x} U H(p, x). If 0 € Z moves p to x, then ¢
centralizes I'y,, . Theny = ¢° ¢ H(p, x) and I' ), = Iy, -

As (2n — 2, 2n) = 2, Iy, has orbits on H(p, x) of lengths divisible by n.
In view of the orbit lengths of I',,, I', is primitive on the points #x. In
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particular, H(p, x) # H(p, x') if x # «'. But I'},, has two orbits of length n
on H(p, x) and also on H(p, q). As | H(p, q) U H(p, x)| < 4n, it follows that
| H(p, q) N H(p, x)] = n and I, = I, has exactly 3 orbits of lengths .
H(p, y) must be a union of two of these orbits and is neither H(p, g) nor
H(p, x). Thus, H(p,y) = H(p, q) /\ H(p, x). Similarly, H(q, y) = H(p, x).
Since {p, g, x, ¥} is a plane of (7, if 7 € 2 takes p to q it takes x to y and thus
fixes H( p, x); this is true for each g ¢ {p, x} U H(p, x). As o also fixes H(p, x),
this set is fixed by 2» — 1 nontrivial elements of 2. Then Zy, . is sharply
transitive on H(p, x), and H(p, x) is a hyperplane. z € x* implies that x € =*
(compare [5]), and the lemma follows.

THEOREM 6. Let & be a symmetric design admitting a 2-transitive auto-
morphism group I' such that, for each block B, I'y is 2-transitive on both B and
EB. If I' has a regular normal subgroup, then & is S<(2m) for some m and e.

Proof. Let X be the given normal subgroup. By [13], Lemma 5.5, 2 is
an elementary abelian 2-group and & has parameters (1). We may assume that
€= —1.

Let x # p. By [13], Lemma 4.5, I',, has two orbits of points #p, x,
having /; points, y; of which are not on any block on p and x(f = 1, 2). As
in [13], Section 10,

L+bL=9v—2 Y+ v, =v —k, 3)
ML+ Ayl = nt. (5)

We may assume that 4 + [, . By (1), (3), and (5),
@2 — I Mo —2— L)+ (v — k — )2 4} = 22m3 .
As (v — k)2 = 0 (mod 22m-2), it follows that
@t = D{=2n* — 2Av — k) 314} = 0 (mod 227-2),

or y(» + (v — k) L) = 0 (mod 22m-3). Thus, yp, = 0 (mod 22m-1), since
v —k=2m"12m L 1) and 4 1 [, . Now (4) implies that

y < A2 = 1)(n/27Y) <2

Thus, [ ==2(2™! — 1) y,/2»1. Together with (3) and (5), this yields
L=2n-—-2,1, =2n,y, =212 4 1), y, = n. By Lemma 6, the orbit
H(p, x) of I',, of length 27 is a hyperplane of AG(2m, 2). Every block on p
and x meets H(p, x) in 2n — y, = n points. Also, there are A(2n — y,)/l, = §A
blocks on p, x, and a given point of H(p, x). Now an elementary inclusion—
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exclusion argument shows that each block on one of the points p, x, meets
H(p, x) in A points, while each block on neither p nor x meets H(p, x) in =
points. Consequently, Zy(, ) fixes the set of blocks on exactly one of the
points p, x, so the dual of Theorem 2(ii) holds. This completes the proof.

CoROLLARY. Let V be a d-dimensional vector space over GF(q), and G a
subgroup of I'L(V) inducing a rank 3 permutation group on V — {0}. Form the
semidirect product GV, and suppose that there is an intransitive complement to V
in GV fixing no vector of V. Then d = 2m is even, ¢ may be assumed to be 2,
and G < Sp(2m, 2).

Proof. 'This follows from Theorem 6 and [13], Lemma 4.1 and the proof
of Lemma 4.5.

7. TaE DEesioNs 2(0)

Let (7 be an affine translation plane of order ¢ = 2™ with translation group
2. The elements of 2 and the points of ¢ will be identified. A kne oval in (¥
is a set @ of ¢ + 1 lines, one from each parallel class, no three of which
concur. In the dual of the projectivization of (%, 0 is thus an oval whose knot
[3, p. 148] is the dual of the line at infinity. If {7 is desarguesian and this oval
1s a conic, ¢ will be called a line conic.

Set B(0) = {x | x is on a line of @}.

THEOREM 7. (i). B(0)is a difference set in X whose corresponding symmetric
design Z(0) has parameters (1) with ¢ = 1.

(ii). If O is a line conic, then D(O) admits a 2-transitive automorphism
group Z11, with I1 a collineation group SL(2, q) of (X fixing a point.

Proof. (i) Every point of B(0) is on precisely 2 lines of @:| B(0)| =
g + 1)g. If 1 5 o € 2, then o fixes a unique line L, € 0. Count in two ways
the ordered triples (x,L,L’) with xeL € @ and x €L’ € 0°:

41B(O)NB(0°) =q(¢g— 1 +qg+q+4q

(The terms on the right correspond to the cases L #L,, L YL #L,;
L=L, L #L;L=L,=L';andL #L,,L" =L,.) This proves (i).

(ii). Every collineation of ¢ fixing € induces an automorphism of
2(0). There is a group of such collineations, isomorphic to SL(2, ¢), which is
transitive on both B(®) and ¥B(0). The product of this group with X' is thus
a 2-transitive automorphism group of Z(0). Moreover, the stabilizer of a
point is SL(2, q).
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THEOREM 8. If O is a line conic in AG(2, 2™), then D(0) is isomorphic to
FY(2m).

Proof. Let f be a nondegenerate alternating bilinear form on a 2-dimen-
sional vector space ¥ over GF(2™). If u is a nonzero GF(2)-linear map from
GF(2™) to GF(2), and V is regarded as a 2m-dimensional vector space V' over
GF(2), then a nondegenerate alternating bilinear form f’ on V'’ is given by

(v, w) = f(v, w), v, we V.

Moreover, every GF(2™)-linear map on V preserving f is also a GF(2)-linear
map on V’ preserving f' (cf. [9, p. 229]). Thus, IT = Sp(2, 2™) = SL(2, 2™)
in its usual representation on I is contained in Sp(2m, 2) in its usual repre-
sentation on V', In particular, IT is transitive on V' — {0}. Let 2 be as in
Lemma 1. By Theorem 1, I' = 21T is a 2-transitive automorphism group of
FY(2m). However, by Theorem 1, Z is simply the group of translations of
the vector space I’’, hence also the group of translations of V. That is, 2’ may
be regarded as the group of translations of AG(2, 2™). It follows that I is
precisely the group described in Theorem 7(ii). If B is a block of #1(2m),
then I'y is a collineation group of AG(2, 2™). As II is transitive on nonzero
vectors, I’y and IT are not conjugate. Since Xp = 1, I is isomorphic to I1.
There is thus 2 line conic @ of AG(2, 2™) such that B(0) is an orbit of I’y
([117; [3, p- 183]). As I'y is transitive on B and B [3, p. 79], while | B| =
| B(0)|, it follows that B = B(0). Since the blocks of .#1(2m) are the images
of B under 2, while the blocks of Z(®) are the images of B(0)) under 2, we
have identified .#(2m) with 2(0).

TueoreMm 9. Let (¢ be a Liineburg-Tits plane [12], so (¢ is a translation
plane of order g% = 22™ with m odd.

(1). There is a line oval O of (U preserved by a collineation group of (X
tsomorphic to the Suzuki group Sz(q).
(i)). 2(0)is S(2m).

Proof. As in the preceding proof, we can regard Sp(4, 2™) as a subgroup
of Sp(dm, 2) transitive on the nonzero vectors. Hence, 1T = Sz(q) fixes 0 and
acts on FY4m). Here, IT has three orbits on vectors, of lengths 1,

(@+Deg—1 @+Dgg—1.

Hence, by Corollary 2 of Section 4, I1° fixes a point but no block.

On the other hand, ZI7 is a collineation group of &%, where X is the trans-
lation group of both AG(4m, 2) and (%. Moreover, I1° < XII. By [12] (or
[3, p- 186)), it follows that there is a line oval @ preserved by II°. This proves
(i), and (ii) is now clear.
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We remark that the existence of @ or II? in Theorem 9 was not known in
[3] and [12]. Thus, the symmetric designs &*(2m) provide a proof of a new
property of the Liineburg-Tits planes. An alternative proof can be given,
based on cohomological methods; in fact, there are precisely ¢ conjugacy
classes of subgroups of ZIT isomorphic to IT = Sz(g).

ProBLEM. What geometric conditions on a line oval @ of a translation
plane of order 2 are necessary and sufficient in order that 2(0) be isomorphic
to S(2m)?

ExampLE 1. In AG(2,2™), 2 > 4, the lines x = 0 and y = mx + m?,
m e GF(2™), form a line oval 0. (In fact, in PG(2, 2™), 0 U {L,} consists of a
line conic together with its knot.) However, 2(0) can be shown not to be
isomorphic to Y(2m). Thus, not every ¢ determines a design Z(0)
isomorphic to a design S(2m).

Exampie 2. Let D be any commutative non-associative division algebra
of order 2. Then the sets of lines {x =0} U {y = mx 4+ m?|me D} and
{x = 0} U {y = m2x + m}are line ovals in the translation plane coordinatized
by D. It seems very likely that neither type of line oval produces &*(2m).
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