
Worksheet 13

Monday, November 25, 2019

Math 205

1. You have been assigned into groups of three for the week. Write down your colleagues’
names and email addresses.

2. Critique the following paradoxes, traditionally due to Zeno:

(a) You want to go from here to there. But first you must go halfway, and before
that you have to go a quarter of the way, and before that an eighth of the way,
and so on, so you can never get anywhere.

(b) Achilles, who is very fast, is going to race against a tortoise, who is very slow,
so he gives it a head start of one minute. When Achilles starts running, he must
first catch up to the tortoise half-way, and then half of that, and so on, so he can
never pass the tortoise.



3. The paradox of Gabriel’s horn, or Toricelli’s trumpet.

(a) Sketch the region in the first quadrant that lies to the right of the line x = 1 and
below the curve y = 1/x. Argue that its area is infinite, in two ways: first, do an
integral; second, draw some boxes of area 1
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by grouping terms as we did on Wednesday. (If you were gone on Wednesday, ask
one of your group members to explain this.)

(b) Sketch the region in the first quadrant that lies to the right of the line x = 1 and
below the curve y = 1/x2. Argue that its area is finite, in two ways: first, do an
integral; second, draw some boxes of area 1, 1
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by grouping terms as we did on Wednesday.

(c) Sketch the 3-dimensional “horn” obtained by revolving the first region around the
x-axis. Argue that its volume is finite, by slicing it into thin disks and doing an
integral involving 1/x2.

But its cross-section has infinite area. How is this possible?

Sometimes this paradox is phrased in terms of painting the outside of the horn,
whose area is also infinite, or filling it with paint.



4. Here’s another paradox to critique. Among the positive integers, some are interesting
– for example, 7 – and some are not interesting – for example, 81792865203981. So
take the set of uninteresting numbers, and let n be its smallest element. But the first
uninteresting number sounds pretty interesting, doesn’t it! So we get a contradiction,
and the set of uniniteresting numbers must have been empty – it must be that every
number is interesting.


