Solutions to Midterm 1

1. §5.2 #33:

(a) Sketch the line y = 1z — 1.
Solution:

b

-

3
(b) Find / (32 — 1) dz geometrically, using triangles.
0

Solution: o

. %'S’L - g!’-’

3
(c) Find / (%:c—l) dz in the usual algebraic way, using anti-derivatives.
0

Solution:

/3(%x—1)dx= [%xz’—xr:(%—&—(o_o):_%
0



2. This problem is about the fundamental theorem of calculus.

For a positive number z, let

Flz) = /O “(t+2)at

(a) Sketch the region whose area is given by F(z).
Hint: There is a vertical line on the right whose position is z.

" Solution: “ 75/1%‘: k U
1\ / i
/ %

b 4

(b) Find F(z) geometrically, using a triangle and a rectangle.
Solution:

r/_?_‘,.u“" ,.T‘w.“k:%
{_ Fl@)=32"+22 "
i R
(c) Find F'(z).

Solution:

L (32?4 22) =z +2



3. Find
/2
/ 4sinz dx.
0

Bonus (2 points): Sketch the region whose area this integral computes.
Solution:

/2 /2
/ 4sinxdw=—4cosz}0 =0—-(-4)=4.
0.

At
l“ '
L 1] v
4. Find
/2
/ sin4dz dz.
0
Bonus (2 points): Sketch the region whose area this integral computes.

Solution: Substitute u = 4z, so g—;‘ =4, so idu =dzx.

If =0 then u = 0. If z = /2 then u = 2. Thus

/2 2 o 1
/ sinz:d:v=/ sinu-gdu=—%cosul =--(1-1)=0.
0 0 0 4




5. Based on §5.5 #43: Find

1
/ z Y1+ 722 dx.
0

Hint: Substitute u = 1 + 722,

To clean up at the end, recall that 81/3 = ¥/8 = 2.

Solution: Letting u = 1 + 722, we have % = 14z, so 1—14du =zdz.

Ifz=0thenu=1 Ifz =1 then u = 8 Thus
ST 8
/m\3/1+7x2dcc=/ Vu- & du
0 1

8
_ 1 1/3
=1 i u ' du

8
. 8,4/3
U ‘

1
14 1
=52 -1)=3(15=8

6. Find

s
/ zcosxdzr.
0

Hint: Integrate by parts, letting « = z and v = cos z.

Solution: Then v’ =1 and v = sinz, so

T Kis
— sinx dx
0 0

=7r‘0—0-0—[—cosa:]7T

0
iy
= [COS:C]
0
=-1-1=-2

g
/ rcoszdr = zsinz
0



7. Find

2
/ zlnzdz.
1

Hint: Integrate by parts, letting « = Inz and ¢/ = z.
To clean up at the end, recall that In1 = 0.

Solution: Then v’ = £ and v = 122, so

2 1
2
=2In2 -0~ [}a?]

=2mIn2-(1-1

=2In2 -3
8. Find
w/2
/ sin? z cos® z dz.
0

Hint: Use the identity cos?z = 1 — sin®z. Substitute u = sin z.

Solution: 'First,

/2 /2
/ sin z cos® z dz = / sin? (1 — sin®z) cos z dz.
J0 : 0

We let u = sinz, so g—g =05, 50 du = cosxzdz. If z =0 then u = 0.

If z = /2 then uw = 1. Thus the integral becomes

/Olu2(1 —u?) du = /Ol(u2 —u*) du



