Solutions to Homework 6

7.1. Prove that each of the four topologies on R given in Example 7.3 is a
topology, that is, it satisfies the three conditions in Definition 7.1.

(a)

The finite complement topology: U C R is open if either R\ U is
finite, or U = &.

Solution: The empty set @ is open by definition. To see that R
is open, note that R\ R = & is finite.

Suppose that U and V are open. If U = @ or V = @& then
UNV = @, which is open. Otherwise R\ U and R\ V' are finite,
so R\ (UNV)=R\U)U(R\ V) is a union of two finite sets,
hence is finite, so again U NV is open.

Suppose that {U; : i € I} is a collection of open sets. If I is
empty, or every U; is empty, then J,c; U; = @, which is open.
Otherwise there is some iy € I for which R\ Uj, is finite. Then
R\ U;er Ui € R\ Uj, is a subset of a finite set, hence is finite, so
again | J;c; U; is open.

The particular point topology: U C R is open if either 0 € U, or
U=g2.

Solution: The empty set & is open by definition. To see that R
is open, note that 0 € R.

We have @ € T' by definition, and R € T" because 0 € R. .

Suppose that U and V are open. If U = & or V = & then
UNYV = @, which is open. Otherwise 0 € U and 0 € V, so

0 UnNV,soagain UNV is open.

Suppose that {U; : i € I} is a collection of open sets. If T is
empty, or every U; is empty, then | J;c; U; = @, which is open.
Otherwise there is some ig € I for which 0 € Uy, so 0 € (U;¢; Us,
so again J;c; U; is open.



(c)

The lower semi-continuous topology: the open sets @, R, and
intervals of the form (a, 00).

Solution: The empty set @ and the whole set R are open by
definition.

Suppose that U and V are open. Observe we either have U C V,
in which case UNV =U, or V C U, in which case UNV =V,
and in either case U NV is open.

Suppose that {U; : @ € I} is a collection of open sets. If I is
empty, or every U; is empty, then (J;c; U; = @, which is open.
If some U; = R, then (J;c; U; = R, which is open. Otherwise we
can discard the empty U;’s, shrinking the index set I if necessary,
and write each U; as (a;,00) for some a; € R. If the set of left
endpoints {a; : ¢ € I} is unbounded below, then |J;c; U; = R,
which is open. If it is bounded below, let a be its infimum; then
Uier Ui = (a, 00), which is again open.

The lower limit topology: a subset U C R is open if it can be
written as a union of half-open intervals [a, b).

Solution: The empty set can be written as the union of an empty
collection of half-open intervals. The whole set R can be written

as Upez[n,n+1).]
It U = Uerlai bi) and V = U, slaj, bj), then

unv = U la;, b;) N [aj,bj).
il jeJ

But [ai, b;) N [aj,b;) = [max(a;,a;), min(b;, b;)), with the under-
standing that this empty max(a;, a;) is greater than min(b;, b;).
Let’s not belabor | J;c; Us, but just say that a union of unions of
[a,b)s is again a union of [a, b)s.



7.2. Find the interiors, closures, and boundaries of the following subsets
A C R in the topologies from Example 7.3:

(a)

Z C R in the finite complement topology.

Solution: A set is open in this topology if and only if its com-
plement is finite, or it is empty. Thus a set is closed if and only
if it is finite, or is the whole space R.

Now Z is infinite, so the only closed set containing Z is R, so Z =
R. Similarly, R\ Z is infinite, so R \ Z = R, so int Z = &, because
the closure of the complement is the complement of the interior,
as was true in metric spaces. Finally, 0Z = Z\intZ = R\ @ = R.

{0} C R and {1} C R in the particular point topology.

Solution: A set is open in this topology if and only if it either
contains 0, or is empty. Thus a set is closed if and only if it either
does not contain 0, or is the whole space R.

Thus {1} is closed, and it contains no non-empty open set, so its
interior is @, its closure is {1}, and its boundary is {1}, just as
in the usual topology.

On the other hand, {0} is open, and it is not contained in any
closed set apart from the whole space R, so its interior is {0}, its
closure is R, and its boundary is (—o00,0) U (0,00), quite unlike
the usual topology.

(0,1) C R in the lower semi-continuous topology.

Solution: The open sets in this topology are of the form (a, o)
for a € R, together with the empty set and the whole set R. Thus
the closed sets are of the form (—o0,a] for a € R, together with
the whole set R and the empty set.

A closed set containing (0, 1) is either all of R, or of the form
(—o0,a] for some a > 1. The closure of (0,1) is the intersection
of all these, which is (—o0,1]. The only open set contained in
(0,1) is @, so its interior is @. Thus its boundary is (—oo, 1].



(d)

(0,1) C R in the lower limit topology.

Solution: We see that the interior of a subset is the union of all
half-open intervals [a, b) that it contains.

Thus (0,1) is its own interior, because we can write

O,n)=[E DUl Dulnu--

To find the closure of [0, 1), let us find the interior of the comple-
ment (—oo,0]U[1, 00). Taking the union of all half-open intervals
[a,b) contained in (—oo, 0] U[1, c0) gives (—o0,0)U[1,00). So the
closure of (0, 1) is the complement of that, namely [0,1). (It may
seem strange that the closure is open, but it’s true.)

The boundary of (0,1) is [0,1) \ (0,1) = {0}.

8.1. Let X be a topological space. Let Y C X, and give Y the subspace
topology. Let ACY.

(a)

Prove that if A is closed in Y and Y is closed in X, then A is
closed in X.

Solution: Because A is closed in Y, by Proposition 8.5 there is
a closed set F© C X such that A = FNY. If Y is closed in X
then this is an intersection of closed sets, hence is closed in X.

Give two examples to show that if A is closed in Y and Y is not
closed in X, then A may or may not be closed in X.

Solution: Let X = R with the usual topology, and let Y = [0, 3).
If we take A = [1,2] then A is closed X, so A = ANY is closed in
Y. On the other hand, if we take A = [2,3) then A is not closed
in X, but A=1[2,3]NY, so Aisclosed in Y.

Prove that if A is open in Y and Y is open in X, then A is open
in X.

Solution: Because A is open in Y, there is an open set U C X
such that A =UNY. If Y is open in X then this is an intersection
of two open sets, hence is open in X.



(d)

Give two examples to show that if A is open in Y and Y is not
open in X, then A may or may not be open in X.

Solution: Let X = R with the usual topology, and let Y = [0, 3).
If we take A = (1,2) then A is open X, s0 A= ANY is open in
Y. On the other hand, if we take A = [0,1) then A is not open
in X, but A=(-1,1)NY, so A is open in Y.

Let A C Y, let clx(A) denote the closure of A in X, and let
cly (A) denote the closure of A in Y. Prove that

Cly(A) = Clx(A) ny.

Solution: First, clx(A) NY is closed in Y and contains A, so it
contains cly (A).

For the reverse inclusion, we know that cly(A) is closed in Y, so
there is a closed F' C X such that cly(A) = FNY. But AC F,
soclx(A) C F,soclx(A)NY C FNY =cly(A).

Let A C Y, let intx(A) denote the interior of A as a subset of X,
and let inty (A) denote the interior of A as a subset of Y. Prove
that

intx(A) C inty (A).

Solution: We know that intx(A) is open in X, so intx(A)NY
is open in Y. But intx(A) C Aand A C Y, sointx(4A)NY =
intx(A). Thus intx(A) is open in Y and is contained in A, hence
is contained in inty (A).

Give an example where the inclusion in part (f) is strict.
Solution: Let X =R, let Y = [0,2], and let A = [0,1]. Then
intx(A) = (0,1), but inty (A) = [0, 1).

Orlet X =R, let Y =Q, and let A = (0,1)NQ. Then A is open
inY, so inty (A) = A, but intx(A4) = @.



8.2.

(a)

Let X be a topological space, and suppose that we can write
X = F4 U...UF,, where each Fj; is closed. Let Y be another
topological space, let f: X — Y, and let f;: F; — Y be the
restriction of f to F;: that is, for x € F; we set fi(z) = f(x).
Prove that f is continuous if and only if f; is continuous for all 3.
Solution: We freely use Proposition 7.7, which states that a
map is continuous if and only if the preimage of every closed set
is closed.

Let G C Y be closed. Observe that

If f is continuous then f~1(G) is closed in X, so f~H(G) N F; is
closed in F; by definition of the subspace topology. Thus f; is
continuous.

Conversely, suppose that f; is continuous for all 7. Because X =
L u...UF,, we have

JNE) = UG N (RU...UF)
— (JHG)NF) V..U NG N F)
— ;UG V.. U L@

Because f; is continuous, we know that fi_l(G) is closed in Fj,
hence is closed in X by Exercise 8.1(a). So f~!(G) is a finite
union of closed sets, hence is closed. Thus f is continuous.

This is usually applied to show that a piecewise function is con-
tinuous. Consider the function f: [0,1] — R defined by

0 if 2 <1/3,
flx) =93z -1 if1/3<x<2/3,
1 if 7 > 2/3.

If we wanted to apply part (a) to show that f is continuous, which
should sets should we take for the F;?

Solution: Take Fy = [0,%], Fy = [3,3], and F3 = [3,1]. It is

clear that the restriction of f to each of these is continuous, so f
is continuous by part (a).



7.3. (Optional.) Let (X,d) be a metric space. A function f: X — R is
called lower semi-continuous at a point p € X if for every € > 0 there
is a 0 > 0 such that d(p,q) < ¢ implies f(q) > f(p) — e. The idea is
that in the limit, f can only jump down. You can guess what upper
semi-continuous means.

(a)

Let X = R with the usual metric, and consider the floor function
| ], which returns the greatest integer < z, and the ceiling func-
tion [x], which returns the least integer > x. Which one is lower
semi-continuous, and which one is upper semi-continuous?

(You don’t have to prove it.)

Solution: The ceiling function is lower semi-continuous; the floor
function is upper semi-continuous.

If you wanted to prove it, you could start with the observation
that if 7 is close to zero, then |z 47| < |z], while [z +n] > [z].

Prove that f: X — R is lower semi-continuous (at every point) if
and only if it is continuous as a map of topological spaces when
the codomain R is given the lower semi-continuous topology from
Example 7.3(c).

Solution: First suppose that f is lower semi-continuous at every
point. Take a subset U C R that’s open the lower semi-continuous
topology. If U = R then f~1(U) = X, which is open, and if
U = @ then f~}(U) = @, which is open. If U = (a,c0) for some
a € R then f~Y(U) = {p € X : f(p) > a}; I claim that this too
open. Given a point p € f~1(U), we have f(p) > a, so we can let
e = f(p) — a > 0. Because f is lower semi-continuous, there is a
d > 0 such that d(p,q) < ¢ implies f(q) > f(p) — € = a, which
is equivalent to saying that ¢ € Bs(p) implies f(q) € U, or that
Bs(p) € f~Y(U). Thus f~1(U) is open, as desired.

Conversely, suppose that f is continuous when the codomain R is
given the lower semi-continuous topology. Let p € X and € > 0 be
given, and take U = (f(p) —¢,00) C R, which is open in the lower
semi-continuous topology. Then f~!(U) is open in X, and we see
that p € f~1(U), so there is § > 0 such that Bs(p) C f~1(U).
That is, if d(p,q) < & then ¢ € f~1(U), which is true if and only
if f(q) € U, which is true if and only if f(q) > f(p) —e.



7.4. (Alternate optional problem.) Let (X, d) be a metric space. A function
f: R — X is called continuous from the right at a point p € R if
lim,_,,+ f(q) = f(p): that is, for every e > 0 there is a 0 > 0 such
that p < ¢ < p + J implies d(f(p), f(¢)) < e. You can guess what
continuous from the left means.

(a)

Again take X = R in the usual metric, and consider the floor and
ceiling functions. Which one is continuous from the right, and
which one is continuous from the left?

(You don’t have to prove it.)

Solution: The floor function is continuous from the right; the
ceiling function is continuous from the left.

Prove that a map f: R — X is continuous from the right (at
every point) if and only if it is continuous as a map of topological
spaces when the domain R is given the lower limit topology from
Example 7.3(d).

Solution: First suppose that f is continuous from the right at
every point. We want to prove that for every open set U C X, the
preimage f~1(U) is open in the lower limit topology. It is enough
to prove that for every p € f~1(U), there is a § > 0 such that the
basic open set [p,p+6) C f~1(U). So let U and p € f~1(U) be
given. Then f(p) € U, and because U is open, there is an € > 0
such that B.(f(p)) C U. Because f is continuous from the right at
p, there is a 0 > 0 such that ¢ € [p,p+9) implies f(q) € Be(f(p)),
which implies that f(q) € U; thus [p,p+0) C f~1(U), as desired.

Conversely, suppose that f is continuous when the domain R is
given the lower limit topology. Let p € X and ¢ > 0 be given,
and let U be the open ball B.(f(p)) C X. Then f~1(U) is open
in the lower limit topology, so it can be written as a union of
intervals of the form [a,b); we see that p € f~1(U), so we have
p € [a,b) C f~YU) for some a < b. Let § = b — p, which is
positive. Then [p,p + d) C [a,b) C f~Y(U), so if ¢ € [p,p + J)
then f(q) € Bs(f(p)), as desired.



