Solutions to Midterm

l. Let A = (; ll)

{a) Find the eigenvalues of A.
Solution: T'he characteristic polynomial is

M =0A+18=(A=3){A=6),

so the eigenvalues are 3 and 6.

(b) Find eigenvectors for those cigenvalues.
. - . 1
Solution: For A =3 we can take any multiple of ( 0l
o . I
For A = 6 we can take any multiple of e

(¢) Find the general solution of X' = AX.
Solution:

X{t) = ac™ (_l

(d) Sketeh the phase portgait.

Solution:

o

{c) T X(t)is a solution of X' = AX with N (0) = ((l)) find X{1). What
quadrant is il in? Does this agree with your picture?

Solution: In the general solution from part (¢} we need a = 1/3 and
B =2/3 s0

This is in the first quadrant, which agrees with my picture,



2. Consider the second-order equation & + 1/ < 2r = 0.

(a) Convert this to a first-order system in two variables, find the cigen-

values and eigenvectors, and sketeh the phase portrait.
Solution: We sel y = &', so

Or+ 1y
¥ o=2r-1y,

0 1
f\=(2 ])

The characteristic polynomial is

]
[

T ¥ L
AT+ A=2=(A=1)}{N+2),
so the eigenvalues ave | and —2. For the l-cigenvecior we can take any

. ny .. . -
multiple of ( . For the {—2)-cigenvector we can take any multiple

of ( . The phase diagram is as shown:

Wy

-1y

For which initial conditions, i.e. for which va ‘:(Ks of af O) and (0},
do we have x(f) = 00 as £ — co? Tor which do we have #{t) = 07
For which do we have r(t) - —o0?

Solution: Irom the picture we see that if we starl with y > =2 then
we approach the line y = & and head ofl 1o co. That is, if #/(0) =
=2:(0) then x(f) — oo as t — oo, Simibmarly, il (0) < —22(0)
then (1} = —co. 1M 670} = =2e(0) then ({1} =+ 0; coneretely, the
solution is

() = e r(0),



i (A 1
3 Let A = (0 /\+c)'

()

(b)

()

(n

Find the eigenvalues of A.
Solution: Since A is upper-triangular, we can read the eigenvalues
ofl the diagonal: A and A + ¢,

IMe = 0, find eigenvectors for those eigenvalues.
Solution: For the A-eigenvector we ean take ((l))
- . 1

For the (A + ¢)-cigenvector we can take (c) .

Let 7" be the matrix whose columns are those eigenvectors.

Find 1'~'. Check that 74" =1 or 17! = 1.
1/
Solution: We have 1’ = (l i) so Tt = (l 1.’ C). We check:

0 0 1/c
et _ {1 N1 =1/6) {1 0
1 “(0 f-)(u ije )] \o 1
'I"l']'=(

o )l 9= %)

A 0
1 .- rpr—=1 4
Check that 77147 = (0 A+c)'

1 =1/e) A 1 11
0 1/e 0 M+e 0 ¢
(A =Ae 11
A0 Met+1 /A0 ¢
e 0
A Ate
. . - T AD
Show that il ¢ = 0 then there is no 7" such that ' AT = .

0 A
A
Tint: Wlnt e p=1g
Hint: What is 4 (0 ,\)1 !
Selution: I[T~1AT =X then A =7 - M -7V = X1~ = AL
But A # A, so there can be no such 1.

Solution:

What happens to 7'~ from part (d) as ¢ -+ 07

Solution: 'Fhe second column blows up.

It is also interesting Lo note that del?” = ¢ =+ 0, so ' stops being
imvertible.



