Math 253 (Calc III), Winter 2019
HW9

1. Basic understanding problems: do exercises 0.2.4, 0.2.5, and 0.2.8 from the Diffy Qs
online textbook.

Solutions: 0.2.4: If z(t) = e then 2/(t) = 4e*t, 2" (t) = 16e*, and 2" (t) = 64e*. Thus
2" — 122" + 482" — 64z = (64 — 12 % 16 4+ 48 x 4 — 64) = *(0) = 0

as desired.

0.2.5: If z(t) = €' then all its derivatives are also €', so

2" — 122" 4 482" — 64x = €' (1 — 12 + 48 — 64) = €'(—27) # 0.

0.2.8: If 2(t) = Ce~?! then 2/ (t) = (—2)Ce* so
' 42z =Ce 2 (—2+2) = Ce ?(0) =0,

and z is a solution to this differential equation. Also, z(0) = C, so if (0) = 100 then
C = 100. The solution to this initial value problem is x(t) = 100e~%.

2. Consider the differential equation y” — 3’ — y = 0 with initial condition y(—2) = 3 and
y'(=2)=2.
(a) Compute the degree four Taylor polynomial T4(x) for a solution to this initial
value problem.
(b) Find a recursive formula for the general solution centered at —2.

(c) Verify your computation of T (x) using the recursive formula.

Solution: a) Starting with
v =y +y
we have
V(-2 =y(-2) +y/(-2) =2+3=5.
Taking the derivative we get
y/// — y// + y/
SO
Y(-2) =y (-2 +y (-2 =5+2=T.

Taking the derivative we get
1/

y//// — y/// + y
SO
y////(_2) — y///(_2) _|_ y//(_2) _ 7 + 5 — 12
Thus the degree four Taylor polynomial (which should be centered at —2) is

3 2 5) 7 12 5) 7 1
Ty(z) = ajti(:z:+2)+§(:zc+2)2+§(:n+2)3+m(:n+2)4 = 3—|—2(:L‘—|—2)—|—§(:U—|—2)2—|—6(:17+2)3+§(x—|—2)4.



b) If y(z) = > an(z + 2)" then

Y(@) =3 ansa(n+ 1)@ +2)"
n=0

and
y'(@) = anta(n+2)(n+1)(z+2)"

n=0

(We've already done the reindexing for these formulas, see the assignment for a write-
up of that.) Thus

y' =y -y = Z(an+2(n+ 2)(n+1)—apyi(n+1) —ay)(x+2)" =0.

n=0
Setting each coefficient to zero we get

ant2(n+2)(n+1) —apy1(n+1) —a, =0
or

(n+1)ant1 + an
(n+2)(n+1)

an42 =

This formula holds for all n > 0.
The base case for the recursion is the initial conditions y(—2) = ag and y'(—2) = a;.

c) Let ap = 3 and a1 = 2. The recursive formula for n = 0 gives

a la; + ag 5
9= ———— = —.
@) 2

The recursive formula for n = 1 gives

a _2@24—(11_5—}-2_3
TR 6 6

The recursive formula for n = 2 gives

a:3a3+a2:ﬁ+%:%:£:1
LT @) 12 12 12 2

This matches our answer in part a).

. Consider the differential equation y” 4+ 3y’ + y = 0 with initial condition y(0) = 1 and
y'(0) = 1.
(a) Compute the degree four Taylor polynomial T (x) for a solution to this initial
value problem.
(b) Find a recursive formula for the general solution centered at 0.

(c) Verify your computation of 74(x) using the recursive formula.



Solution: This one is very similar to the previous one. I'll be a little less wordy.
a) We have
y"(0) = =3y'(0) — y(0) = —4,
y"'(0) = =3y"(0) — y'(0) = 11,
y(0) = 3y"'<0> '

So

1 1 —4 11 29 11 29
T4($) a+*$+7$2+§3+TfE4:1+ _237 +€ﬂf3—ﬂ$4

b) b) If y(x) = > a,x™ then
! ZE) = Z an+1(n + 1)1’”
n=0

and

y'(@) =3 ansa(n +2)(n + 1)a”
n=0

Thusy” +3y +y=>,_o((n+2)(n+1)ant2 +3(n+1)ans1 +ay)z™ = 0. Setting each
coefficient to zero, we get
=3(n+ 1)ap+1 — an

(n+1)(n+2)

an+2 =

forall n > 0.
The base of the recursion is the initial conditions y(0) = a¢ and ¥/(0) = a;.

c) Let ap = 1 and a; = 1. The recursive formula for n = 0 gives

—3a1 — ap
ag = ——— = —2.

(2)(1)
The recursive formula for n = 1 gives

_ -32az—ap  12-1 11
BT 66

The recursive formula for n = 2 gives

o 3B)az —ay _ =33 42 _ 29
! (4)(3) 12 24

This matches.
4. Consider the differential equation ' — y = ;== with initial condition y(0) = 4.

(a) Compute the degree three Taylor polynomial T3(x) for a solution to this initial
value problem.

(b) Find a recursive formula for the general solution centered at 0.



(c) Verify your computation of T5(x) using the recursive formula.

Solution: a) y' =y + ﬁ soy (0) =4+ ﬁ = 5. Taking the derivative we get

1
"o
SO 1
Taking the derivative we get
nn — y// + 2
(1—x)3
SO 5
y"(0) =6 + =8

Thus T3(z) = 4+ 5z + S2% + Sa3.
b) If y(z) = > anz™ then
Y (x) = Z ant1(n+1)z".
n=0

Also,
1
o=
n=0

Thus
1

y’—y_1_x:Z()((n+l)an+1—an—1)mn:0.
n=

Setting each coefficient to zero we get

a, +1
n—+1

ap+1 =

foralln > 0.
The base of the recursion is the initial condition y(0) = ay.

¢) Let ap = 4. The recursive formula for n = 0 gives

4+1
a1=T=5.
For n = 1it gives
5+1 3
ag = —— = 3.
2T
For n = 2 it gives
~3+1 4
a3 = 3 —3.

This matches.

. Consider the differential equation y” + z?y = 0 with initial condition y(0) = 4 and
/
y'(0) =—-1



(a) Compute the degree four Taylor polynomial T (x) for a solution to this initial
value problem. (Be careful! What is the derivative of 2%y?)

(b) Find a recursive formula for the general solution centered at 0.
(c) Use this recursive formula to find T5(x). (If you did things correctly to this point,
this is not as bad as it sounds.)
Solution: a) Using y" = —z%y we get

y"(0) = —0%4 = 0.

Taking the derivative we get
"

y" = =2y — 2y
so
y"(0) = —2-0-4—0%*—-1)=0.
Taking the derivative we get

1
Yy

= 2y — 2y — 2xy — 2%y = —2y — 4oy — 22"

SO
y"(0) = —2(4) =0 — 0 = —8.

Thus . ,
Ty() :4—$+0x2+0x3+ﬂ$4:4—x—§x4.

b) If y(z) = ) apz™ then
Y (x) = Z anpy1(n+1)z"
n=0

and
y'(x) = Z anyo(n+2)(n + 1)a".

n=0

2 § : n
€T y = ap—2T
n=2

a sum which starts at n = 2 (we already did the reindexing). Thus

Also

Y +aly = Z an+2(n+2)(n—|—1)$”+2 ap—21" = 2a2$0+6a3x1—|—2((n+1)(n+2)an+2+an,2)m” =0.

n=0 n=2 n=2
(We separate the first two terms and combined the rest of the sum starting at n = 2.)
Setting each coefficient to zero we get

2a2 == 0, 6(13 == O,

and

a _ —Qp—2
T 4 2)(n+1)

foralln > 2.



The base of our recursion is the initial condition y(0) = a¢ and 3/(0) = a;, together

—an—2

with the special values as = 0 and a3 = 0. The recursive formula is a2 = ) (D)
foralln > 2.

¢) Let ag = 4 and a; = —1. We know that a; = a3 = 0. From the recursive formula for

n =2 we get
—ag -1

a4:m—?.

From the recursive formula for n = 3 we get

and similarly for n = 5 we get a7 = 0. Then for n = 6 we get

e — a4 _ % _ 1
ST @8)(7) 8.7 387




Now for the optional extra exercises.

1. Repeat the standard problem for y' — (2 + 3x)y = 0, centered at 0, with y(0) = 3.
Solution: a)
y'(0) =2y(0) =6
Y = (2+3x)y' + 3y
y"(0) = 2y'(0) + 3y(0) = 21
y" = (2+3z)y" + 3y + 3y = (2+ 3x)y" + 6y

y"(0) = 24" (0) + 63/ (0) = 42 + 36 = 78.
So
78 4

21

I didn’t bother to do T here.
b) y(x) = > g anz™ so
Y(@) = 3 ana(n+ 12"
n=0

and

(243z)y = Z Qanx”+z 3apz"t = Z 2anx"+z 3a,_1x" = 2a0x0+2(2an+3an,1)x".
0 0 0 1 1

Thus
/ 0 n
Yy — (24 3z)y = (a1 — 2ap)x” + Z((n + Dant+1 — 2a, — 3ap—1)z" =0.
1
Hence
a] = 2&0
and
2ay, + 3ap—1
Intl =071
forn > 1.

The base case is ap = y(0) and a1 = 2ay.

¢) If ag = 3 then a; = 6 and
_ 2a1+3a9 21

@2 2 2

and
- 2a9 + 3aq B 21 + 18 B

= 13.
3 3

as

2. Consider the differential equation y” + z?y = 0 with initial condition y(1) = 4 and
y' (1) =-1

(a) Compute the degree four Taylor polynomial 7;(x) for a solution to this initial
value problem.



(b) Suppose you try to find a recursive formula for the general solution centered at
1. What makes this problem subtle, and different from the previous problem? (If
you don’t get it, keep reading.)

(¢) Find bg, b1, by such that

2% = by + by (x — 1) 4 ba(z — 1)
(d) Find the recursive formula for the general solution to the differential equation
y" +boy + bi(z — 1)y + ba(x — 1)%y
centered at 1. (Is this doable? Is this the same differential equation as before?)

Partial Solution: a) you can do this. y”(1) = —1%y(1) = —4. and so forth.

b) Well, if we write y(z) = . a,(z — 1) then what is the formula for 2%y? It’s not
> anx?(z — 1)", that's not a power series.

c) Let g(z) = 2% Then g(1) = 1, ¢'(1) = 2, ¢”(1) = 2, and all further derivatives are

zero. So L o 5
g(x) = ot ( —-1)+ 2‘(37—1) =142z 1)+ (z—-1)%

d) So we should rewrite the differential equation as y” + (1 +2(z — 1) + (z — 1)?)y = 0.
Now we can write each term as a power series, for example

(x—1) y—Zanm—1”+2 Zan o(x —1)"

0

I'll leave the rest as a further exercise. But it is doable, and it is the same differential
equation as before, just written in a way which is more convenient for centering at 1.

. Repeat the standard problem for y’ — (2 + 3z)y = 0, centered at 1, with y(1) = 3.

Sketch: The interesting part is that we should rewrite 2 + 3z as a power series centered
at 1. We have 2 + 3x = 3(x — 1) + 5, so the ODE is better written as

v —(3(x—1)+5)y=0.
Now when y(z) = Y an(z — 1)" we have

= Zan+1(n +1)(z—1)"

n=0
and
Ba—1)45)y = > _5an(z—1)"+3Y apn_1(z—1)" = 5ag(z—1)°+» _(5an+3an_1)(z—1)".
0 1 1

From this we get the formula
Y — (24 3x)y = (a1 — 5ag)(x — 1)° + Z((n + Dans1 — dan — 3an—1)(x —1)".
1
So the base case is ag = y(1) and a; = 5ap, and the recursive formula is

5ay, + 3a,_1

Ap41 = n+ 1

forn > 1.



4. Consider the differential equation y” — 3y’ = 0, with general initial condition y(0) = ao
and y'(0) = a.
(a) Find a recursive formula for the general solution centered at 0.

(b) What can you say about the specific solution with y(0) = 6 and ¢/(0) = 0? Have
you seen this function before?

(c) What can you say about the specific solution with y(0) = 6 and ¢/(0) = 62 Have
you seen this function before?

Solution a) The recursive formula ends up being

" _ (n+ 1)anpt1 _ Gy
T i E 2 (n+1) n+2

for all n > 0. The base case is ap = y(0) and a1 = ¥/(0).

b) When ap = 6 and a; = Owe getas = 5§ = 0and ag = ¢ = 0and ay = % = 0 and

so forth. So a,, = 0 for all » > 1, and the solution is just y(z) = 6, a constant function.
¢) When ap = 6 and a; = 6 we get ax = g and a3 = 3% and a4 = ﬁca and so forth. So
an = % for all n > 0, and the solution is just y(x) = 6e*.

Aside: In fact, the general solution is C'; + Cse” for any numbers C; and Cs. You learn
why in MAT256.



