QUACKS II: QUACKS REDUCKS
QUANTUM GROUPS, CATEGORIFICATION, KNOT INVARIANTS, AND SOERGEL BIMODULES II
Cell theory for monoidal cats Fun with monoidal cats

Exercises 3

. Twisting super vector spaces

Let Vecz,7 be the C-linear monoidal category with objects given by the elements of Z/2Z, ® on
objects = group multiplication and trivial hom spaces.

Letw: Z/27Z X727 x Z/2Z — C* be the 3-cocycle with w(1,1,1) = —1, and twist Vec!

zp2z =
Vecz»7 on the associator @ and unitors 4, p by
a = o, j, kid;,, 4 =w,1, H7lid;,, p, = (i, 1,1)id,,
and obtain Vec? 1z
a) Show that ¥ ecZ ,, 1s nonstrict and skeletal at the same time.
b) Show that the addltlve Grothendieck algebra [_]g, of the additive closure of 4 ec, oz 1 [”l/ecZ /22] =

27 /27], regardless of x € {1,w}.
c) Show that ¥ ecZ 12z is not monoidally equivalent to ¥ ec®
d) () Classify braiding on ¥ec?

z)27°
7z for x € {1, w} (up to braided equivalence).

. Jordan decomposition in prime characteristic
Let G = Z/pZ for some prime p, and let K = E.

a) Show that Zep(G, K) is a fiat monoidal category with one simple and p indecomposable objects.
b) Compute the cell structure of Zep(G, K).

. Taft and friends

For fixed n € Z,, let & be a fiat monoidal category over C with indecomposable objects Z, ,
for1 </ <nand0 < r < n—1, with r read modulo n. The objects L, = Z , are simple and their
projective covers are P, = Z

The monoidal structureis M @ N =~ N ® M and

L®L, =L L®Z,=Z L®P =P

r+r' b= r+r'

min(/,l") . l;
O Zi—rpictrir—isminary LI+ <n,

Zl . ® Zl’ r’ ) @n— max(/,I")

i=1 Z [[=1"|+2i=1,r+# —i+ min(L,I")

1+ n
@@ r+r’ i+1°
er®Pr’ - @, 1 r+r’—1+l’ Pr®P @l 1 r+r’ —i+n*

Let us define a two-variable Chebyshev-type polynomial by Uy(X,Y) = 1, U;(X,Y) = X and
U, ,(X,)Y) = XU/(X,Y)-YU,_(X,Y) fore > 0. Let [_] denote the abelian and [_]g the
additive Grothendieck algebra.

Lir+r'>

itl+1">n,

exact

a) Compare & with Zep(Z/nZ,C) and Rep(Z/nZ, E) (the latter assuming that #n is prime).
b) Show that [],,..; = Z[Y1/(Y" = 1) but [F]g = Z[X,Y]/(Y" = 1,(X =Y — DU,_,(X,Y)).
c) Compute the cell structure of <.

. More fun with dihedral groups — N-representations
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As on the previous exercise sheet, let § denote the unit and let D, = (1,2[1? =22 = (12)" = ) be

the dihedral group of the n gon.

We also allow n = oo, and we consider the KL basis {5, |w € D,} as before. We think of 1 as

being colored ' spinach and 2 as being colored tomato . Take any simple connected bipartite graph

I'=(V, E) with | spinach / and tomato i colored vertices such as

Define an N-representation of D, on NV by
b ei=2ei, bei=X ), byei=2-0, bei=¥o ],
where a — b means a and b are connected.

a) Verify that the above defines an N-representation of D for any graph I'.
b) (*) Let e = n — 2. Verify that the above defines an N-representation of D, if and only if I" is of
ADE type

The type A family
e=3

— R
- k¥
The type D family
e=4 e=6 e=8 e =10
- d ! ]
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The type E exceptions
e=16

e=10

e=28

[P R I

where type A,, shows up for n = m + 1, type D,, for n = 2m — 2 and types E,, E; and Eg for
n = 12,18, 30, respectively.

(Aside: e = n — 2 is often called the level, with 2 being a reference to SL,(C) or SO;(C) and the
above is essentially a statement about N-representations of the Grothendieck algebras of these
beasts.)

¢) () If you know Soergel bimodules, then you should be able to guess a categorification.

» There might be typos on the exercise sheets, my bad. Be prepared.
« Star exercises are a bit trickier; prime exercises use notions I haven’t explained.
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