EXERCISES FOR LECTURE 1

1. MAIN EXERCISE

Exercise 1. (1) If G is an algebraic group, a character is a morphism of al-
gebraic groups G — Gy,. Given a character x, a weight vector of weight x
in a representation V is a vector v such that g-v = x(g)v for all g € G.
If v € V is a weight vector, compute the image of v under the coaction
morphism
V-V e0oG).
(2) Let m > 1, and consider the algebraic group
G=(Gy" =k x - xk*.

The corresponding Hopf algebra is lk[x;ﬂ : 1 <i <'mj, with the comultipli-
cation determined by

Its group X*(G) of characters (i.e. morphisms of algebraic groups from G
to Gy, ) identifies with Z™, where (A1,..., A,) corresponds to

(1, tm) = [

(a) Show that every representation of this group is the sum of its weight
spaces, i.e. if V € Rep(G), then

V= @ Vi where Vy ={v eV |eG, g-v=Ag)v}.
AEX*(Q)

The weights of V are the elements A\ € X*(G) such that V) # 0.
(b) Given representations V,V’ of G, determine the decomposition in
weight spaces of V ® V’ in terms of those of V and V.
(3) Consider the case G = SLa(k), with the choices of B and T as in the lecture,
and assume that char(k) = 0.
(a) Recall, for any m > 0, the representation

considered in the lecture. Compute the weights of T" on V,,,.

(b) Show that each V;, is a simple representation.

(c) Determine, for m in Zsg, the decomposition of V3 ® V,,, as a direct
sum of simple representations. (Hint: use semisimplicity and the de-
scription of the weights of these representations.)
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2. ADDITIONAL EXERCISES

Exercise 2. (1) In this question we assume that G = SLy(k). Determine, for
my, Mgy in Z>g, the decomposition of V,,,, ® V,,,, as a direct sum of simple
representations.

(2) Now we take G = SL,(k), with the choices of B and T as in the lecture.
The Lie algebra g identifies with {M € M,, (k) | tr(M) = 0}, and the adjoint
action is given by conjugation of matrices.

(a) Fori € {1,...,n— 1}, we set
wi:[€1+~~+€i] EZ”/AZ
Show that the map

(Al,...,Anfl)O—)Z)\i-wi

defines a bijection (Zg)" ™1 = X+.

(b) We denote by V' = k™ the natural representation. For ¢ € {1,--- ,n —
1}, determine the weights of T on AV,

(c) Show that each AV is a simple representation. (Under the bijection
in Chevalley’s theorem, this representation corresponds to w;.)

Exercise 3. (1) Show that when G = GL,, with the choice of T" as in the
lecture, the canonical exact sequence

1T —Ng(T) >W—>1

admits a canonical splitting.
(2) Show that when G = SLo with T as in the lecture, the exact sequence of
the preceding question does not admit a splitting.

Exercise 4. Let G be an algebraic group over k. Denote by A : O(G) — O(G) ®
O(G) the comultiplication morphism, by S : O(G) — O(G) the map sending a
function f to the function g +— f(g~!), and by ¢ : O(G) — k the map sending f to
f(1). Show that these maps satisfy the following conditions:

A, S and € are algebra morphisms;

(id® A)o A = (Aoid) o A (co-associativity axiom);

(id®e)o A =id = (¢0id) o A (co-unit axiom);
mo(SRId)@A=¢(-)-1=mo(id®S)® A (antipode axiom).
(These are the axioms in the definition of a Hopf algebra.)
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