Lecture 3: main exercises

Ezercise 3.1. Let R = Clz1,x2]|, where x; and z2 have weight 1. Let S be the
R-module defined by S = R/(x1,x2).

Let A = Cley, 2], where 1 and €9 are graded commutative variables of weight 1
and degree —1. That is, they obey

5% = 5% =0, €169 = —E9€7.

Let K* := A® R. We write ¢;z; for ¢; ® x, etc. We equip K*® with an R-linear
differential d determined by

d(l) = O, d(é‘z) = T, d(EZ’Ej) = &iTj — E5T4.
(a) Show that S has a projective resolution K*® — S.
(b) For each of the following graded R-modules M, find a quasi-isomorphism from
Hom®%(K*, M) € Chf to a complex with zero differential.
Use this to compute the cohomology of RHompg(S, M) € DMod%, or in other
words, to compute the groups Ext¥(S, M ).
) M=R
(il) M =S,
(iii) M = R/(x1).

FEzercise 3.2. Let AY = Cl[fy, 5], where 6, and 65 are graded commutative variables
of weight —1 and degree 1.

Find an R-linear action of AV on K*® which is compatible with the gradings (i.e.
the action of #; should decrease weight by 1 and increase degree by 1). Show that
the induced algebra morphism AY — Hom%(K®, K*®) is also a quasi-isomorphism of
complexes.

(Warmup: first do this for the 1-variable case.)



Lecture 3: additional exercises

Ezercise 3.3. Let R = Sym®(V'), where V is a finite-dimensional vector space with
weight 1. Also let A = Sym®(V[1]), interpreted in the graded commutative sense.
That is, A is isomorphic as an ungraded algebra to the exterior algebra A®(V).

(a) Find a differential on K* := A ® R such that S = R/(V) has a projective
resolution K*® — S.
(b) For each of the following graded R-modules M, find a quasi-isomorphism from
Hom@%(K*®, M) € Chf to a complex with zero differential.
Use this to compute the cohomology of RHompg(S, M) € DModg, or in other
words, to compute the groups Extk(S, M).
(i) M =R,
(i) M =S,
(iii) M = R/(W), where W C V is a subspace.
(c) Let AY = Sym®(V*[—1]), interpreted in the graded commutative sense, where
V* is the linear dual of V. Find an R-linear action of AY on K*® which is

compatible with the gradings. Show that the induced algebra morphism AV —
Hom$% (K*®, K*) is also a quasi-isomorphism of complexes.

Ezercise 3.4. More practice computing Exts. Let R = C[z1,x2]. Let M = R/(z%, xy,y?).

(a) Find a free resolution of M.
(b) Compute Ext*(M, S) for all k > 0.

(c) Compute Ext*(M, M) for all k& > 0.

Ezercise 3.5. More practice computing Exts. Let A = Cly]/(y*). Foreach 0 <i < 4,
let M; = A/(y"), an i-dimensional indecomposable A-module.

(a) For each i, find a free resolution of M;.

(b) Compute Ext*(M;, My) and Ext®(Ms, My) for all k > 0.

(c) Compute Ext*(My, M;) and Ext®(My, M3) for all k > 0.
)

(d) Compute Ext®(Ms, Ms) for all k > 0.



