
formal definition of tug - functions 0 So far our approach
to trig function

was naive - from SOHCAHTOA

We had a theorem ( lecture 3-3 ) : -

Theorem If f
" tffx) -- O then ffxkfco) cosx tf

Yo) six

§
This is really aauqueies theorem . We dedi 't ever worry about exciter

of solutions - what are
cos x , sci x in first place ? ? ?

Expect : Cesar is cirque
solution to this deff req . with Hotel , f Yoko

Su i .
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f-G) =O, f- Yok 1

Now we're going to start from scratch .



Def cos x = I - E? + 'Ii
.

-Ift - - -

su
.

.
-

-
x . # + ¥

.

-¥
.

. . . . } :{÷!:L::÷.

are all of IR .

General theory of power series ⇒ ft Goi x) = cos x , da Coo,x) =-six

There fuckin therefore do give solutions to f " fxltffx) -0
did they

satxjy the expected initial auditions

Digression You can use Taylor 's theorem to guie a new proof of that

wuqueiess theorem

Sketch Suppose fricxltffx ) = O .

Then ffk) is •-differentiable ,

so we can appy Taylor 's theorem to it .
We deduce that
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- (nth degree Taylor poly )
t En (K ) (Taylor remand'd)

= flo54-E.tk
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stop when you hit
an
T

where IEnfxil-yfhI.LH.in/ some twin
cockle hat

As ffk) is differentiable , its cts, so
bonded on E-IN , bet ]

as a filk) . Pick N so IHt) l , If I SN for such
]

Then I Enke) ) E cN⇒
.

txt
" '
→ 0 as a→ a .

Shows that flu) = flo) cosx t f
' sik

,
shows

the unguents of



We've defied cos x ,
six by power series .

① sci (xty )
= Sik cosy tcosxsciy

cos Gay) = cos a cosy
-six say
}

This follows from the deff - eq .
(Hw 3)

Sheth for sci ,
let ffk) = Sir Cxty)

some constant y

So f
" (x) tf Cx )

= O

r
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. ffxl -- f-6) cosset f'
6)sci x = say cosset cosy

sci
xp

② Note cos x is even
,
sci x is odd

cos C-x) --come
sci C-x) = -six

cos (x-x) = cos2K tsui 2x

r: I = Costa + sci 'sa
⇒

"

Pythagoras
"

⇒ lcosxtel ,
tsui a) S I



③ Let 's estimate cos 2 Whig degree 3 Taylor polynomial .

cos 2 = I - E
,
t E LEI = lcosyy.tl 24 some Octa

E l - 2+3=-3 E II
.
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Shows cos 250 ,
cos 0 > 1

As Cossa is Cts
,
Intermediate Value Theorem ⇒ F some ke (Q2)

with cos x=0 .

Def Let IT be smallest positive
real amber such that cos CLI )-O

(In fact 05 IT a 4) .

④ As Cossa 70 for Ofk < Iz ,
aid cos x =

Sai
'

x
,

shows sci x is increasing on [ o, Eef .

As cos I -O , Sui # =L



cos IT = CofE -sit Iz
= - I sci IT= 2 sci cos = 0

cos 21T = cos
'

IT-sci
-

IT = / sci 21T= 2mi ITcos IT = 0

cos fat 21T )
= cos k Sui Gc +21T) -Sui x

⇒ cos so , sci x
are periodic , period 21T

qiix ncos x

ia¥" if:*
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roughly graphs we were expected
?!



⑤ guise is treading on EQITKT
,

did odd
,
so increasing

on FITZ ,
'The] . Increasing ⇒ I - I ⇒ invertible .

Ded arcs in to be the inverse function of sin on Eta .TK ] .

L year ,
vise .
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-sci O
= f cos'd do = If.Ccos2OtDdO

discos Odo = lqsuizotoz = Stickto

=
t arcscic
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⑦ Show the area of wit arte is IT

,

= 4 So
"

tf da - [2k¥ tzaxscix]o
'

= Zarcsci I = IT ✓

⑧ Prove SOHCAHTOA Right angled
A angle Q .

←
Gqy)

Angle O means sector is ¥ of entire
'

Q

Ya:
so sector area -

- Efx IT = E

Iso Oz =tzxfht%fEdt-zxfhxt-LIC-fttzaresu.tl!
taro :-. Yosef E = I

,

- tarsia



O = Iz - arcsci a

i. arcsa- x = Iz- O

-

'

.

x -- su
' ( E-O ) = cos O ✓ What we needed for SOHCAHTOA ! !

S A
This. completes rigorous

T C depuihai of trig functions .


