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Algebraic groups
- Every algebraic gap is wild

X affine variety

X decomposes uniquely as
X = Xiu - - - UXN of

irreducible corporeity

P
° maximal inedible

subset

Maher
Kei

any
(automatically closed)

topological space that
is

Noetherai (DCC on
closed subsets )

What does cmediubie caponeat look like for G ?



Lemma l G algebraic gags .

(1) e EG belong to a unique inedible component of G, denoted G°

(2) GO is closed normal subgroup of G

(3) The inedible corporate y
G are exactly the coset of

Gori G .

In particular , [
G : Go] e a sad

G° is
'

ako the connected

component of G cubing
e .

← GO is the identity
component of G .

(4) Any closed subgroup HE G of G is connected⇐ G=G°

finite index cartons Go .

If his finite .
Go . se } .

✓Glnllkl , SHIK) , Spaak) ,
sonClk)

I → SONIK) → On → EI i3 → I connected

0

I → G → G → Gao → I

connected finite
alg . gp . group ( componentgroup of G )



proof (1) Let XY
be inied - components of G catauig e

m : X x Y → G continuous

¥iba ( Ik you
.

HEY] is a Metal domain← doggone dosed

¢ YORK is not a domani ! ! !
it crucial )

⇒ XY is irreducible ⇒ XT is inedible

Cx G

X Y

Maxmatity ⇒ X -- XT -

- Y ⇒ X = y
t

(2) Apply G) cult X -1=8, get Go - Goat,

here
,
G° is closed under melt .



i : GT G
is homeomorphic g so i (Go) is an irreducible

gag
"

ccuparut anting e
,
so
i (Gol -- Gt by Cll

⇒ Go so

Forge G , Int g
: GT G

a homeomyiui

xtsgxg
'

so g
G° g

' '

an rachitic apt outrange ,
co

g Gog
- I
=
Go

⇒ Go Q G .



(3) Let X be any core'd . Cpt of G , take re X .

Let tanlahei by
E

' G → G is a homeomorphic
'

g t '
i'
g

so I
'
X = Go

,
so X = x G° .

Scniikvly every
coset of

G° is an
inedible component .

⇒ [G : Go ] E D .

(4) HE G closed subgroup of finite udeix

HO E HE G ⇒ Ho is gone
closed ri G

finite finite
- connected
[G : Ho )em ⇒ Ho is a connected capacity G

⇒ Ho - Go ⇒ Go E He



Lemma 2 G algebraic group ,
U
,
VE G due open .

Then G
-

-

UV

proof Take ge G . g ,
V both dense i G .

So U
- '

g n
V * 0 .

- l for a- U

Pick some ve V so v e U g ,
ie .

v -- u
- '

g

⇒ g
-

-up

Lemmy
Let G be an algebraic group , aid

H be any subgroup .

Then It is also a subgroup .
.

Moreover
, if H cartons a

non - empty subset of II then H -

-I .



Poof Take
heh .

As g ↳ hg homeomorphic
,

Tt = htt =
htt ⇒ It I = II

Take he II Hh EF

i
.
Ith C- It

"

ith

Shows It is closed circle mutt . .

As i is homework, ITH) = ich)
II

Show. It is closed under curries
⇒ IT S G ✓ .



Nor suppose
7 0¥ U E H E F

T
opera IF

It. Uh
u

he H

⇒ It is open
in It .

Now apply lemma 2 with U
,
V = H to get It

= HH -

-H

t

Theorem Let Q : G→
It be a morphism of algebraic groups .

Then 9 (G) is a closed subgroup q H,
hehe
,
an

algebraic group i it
own right .



Proof Need one more alg . geometry fact :

the usage of any morphine of
affine heretics contains

$
a non-empty open subset of

its closure .

Now apply
Laura 3 (G ) E H to deduce

that @ Cat. QTG)=

Of course
her Cf = Q'

'

( Ee 3 ) ci also a closed, normal
⑤ if Ois separable

subgroup of G . Begs guertin Cy
Can onegive → kerf Pls Tsai ou
this the stricture bio of algebraic

of an algebraic group is some
infirm way ? gaps ?



⑨ p=2 A :S↳ Hk) → PSLIK)

/ P

cornet depute q PSLZAK)
"usual

"

depirhai

ar algebraic group foxes
this ! PS↳Hk) =

She

(scalar
matrices

chalet . ,
)

Ever when p=2 ,
Good ri fo 97, to

' :)
SHH # PSL, Hk) characteristic. not 2

as algebraic group

Whup=L , Cf is not
th p - 2 , Pslzflk)

"I
'

Shak)

as abstract group
separable .



If you have aiy closed subgroup H of G ,
how do you

make set Gaf of left coset
it a rarity ??

Possible
,

but in general
its not a€fmi .

Need quasi - projective
.

any rarity
varieties ' f

Orbits of algebraic group f
:
G X X → X

achoo which is also a morphine
rautio .

Can you make
orbits a G on X

uto rarities too ?
?

by → G. x ,
g Cola)
t g.x

Cock) kex Iso . of rarities ??


