
Last fact from alg . geometry : -

Theorem Let × be an irreducible afford rarely .
Then

din Tx ( x) Z
din X Axe X

Equality holds for all x in some dense open subset of
X -

v Hitz) EA
'

t
The x where dni T.cc X)

= doin X are called

scnpiupoib oc X . If ALL points are supa , then

K X is called smooth .

Algebraic groups are smooth - every pout is a
hero later of e .

So for an algebraic group G , dim ICG) = chin G°



Def Let G be an algebraic group . Dennie

( (G) : = f DE Der CIELO ,

IKIGI ) / Xgo D= Do Xg Agfa }
P

"

left invariant derivations
"

Xg : IV. [ G) → Ik EG ]

DerCHIGI , HEH ) I DECKED
) " left translation by

geo
"

Lie subalgebra
Gg f) Ch) = ffgi

' h )

Also hCG) E DerCHEAT , HIGH Sg : IKEGI → KEG]

c)go [
Di , Da) = Xgo (D,oDz-

DoD ,
)

"

right translator
"

f) Ch) = ffhg )(
= - . .

= ED , ,
Dido Xg )

So Lfb) is a lie algebra is very easy
way

.

Lenya 1 There's a hair isomorphism
L (G) F Te (G) , DADI

D .

The inverse isomorphism Te Ca)→ Lca) , Xt, I =
Cid ⑤ X)o§* .is I

④ means
' 'contact

' '

lkEGI.se/k-T/kEagComattspieiaaoi



Food I ftp.?a,C9?=Cidx0HCmMHl9t=EIxGi7fiCg)
= X ( E. fits) fi

") = X ( Xg-if )
(t)

m
't (f) = €

,

fi
'
④ fi
"

(Xg-if ) ( h ) = f- Cgh)
= @*f) Kg , h ) ) = E. fi

'

G) fi
" Ch)

Unig this , let 's
check that I is a kH-atdenahoixcxgf) Ch) Xg ICH Ch ) Iff , (g) = GDGDFZGHFIGITECEIGI,

RHS -- Ift) ( 5th) X ( Iggy . ,f )
LHS # XCXgiffifzD-XKXg-ifdfg.FI )

-

- X (Xp, Xgf )
= XCXgifdcxgifdkltkgifikelxcxg.it)
= AND#G) tf, G)IT GD

ft! Tyfxgf) (h ) -- LHS /
= RHS ✓



Demaris to check TJ =D ,
I -- X

-
-

⑤ (f) (g) =D(f) Cg) Iff) -- X Cf )

LHS# D- ( xgif)
LHS = Iff ) Ce)

= eve (Dagh)
€' XC deaf)

= XGICDCH) (e)
= X ft) = RHS ✓

A
= DCA (g) = RHS J

so : hCG) F Tech)
D to 5 [X. Y]=eko[I , I]
I ← X

Unig this , tmxpart Lie algebra structure to make Te (G) nib a Lie algebra to



Exarate G
-

-

Glen Clk ) Senate) →

Tea)
-

- Mn ( Ik)
what's the Lie bracket on Mn Ck) ?

U

eve 0¥
;

= eg
.

Expecting : Eeij ,eke ] -
- Sjkeie- feiekj

Show : Eenijseke ]CTrd=(fjkeie
- feiekj ) (Trs)

what's Tej ? Ej (Trs)
= Cidxoeij)Cm*CTrs ))

-fidxoeij) (⇐Tru④Tus)
= I,eijCTus) Tru

= Sjs Tri
E-u ,j=s

RHS -

- fjkeetrs) -Seiekj (Trs)
-_ Sjkfes Tri - Sei Sjs

Ik

Uts -- Ej Hrs)) - Eke first)=Ej( des Tru)
-Eke ( Sjs Tri )

= frsfjr.Tri-fjsfeitrk-RHSVLCGL.dk/)=gffk)



Lemme Let Cf : G→ It be a morphism of algebraic groups .

Then doe : Te EG) → Te Elt ) is a lie algebra homonym .

⇒ there's a functor from alg .

gps
to frat . lie algebras

.

do

hCG) → LCH)
= eve
,

o Otto D
Food

DtsevegDfs o Sf Dh eve;D

TECH → TECH)
doe

Let do :L(G) → LCH ) be anode
lueai map so deagain commutes .

Clavin for DELCG), @A)
CD) is the angie elevator

LCH ) such that

Dog
't
-

- Otto @a)CD) -GH

Pf - lb determined by evqo Do y
't

= eve
,

09*0 (da CD) )

How to get from here to CH) ? Compose on right tag, forge G
.



evqo Do cettoxce, eve
,

09*0 (da CD) ) o Xcecg, St G

evgo Do y
't

= ergo
0*0 @OCD ) ) ①

*
o Xaq,=XgoO*

This holds HyeG , here
Exexui !

Doce
't

= 9*0 fake CDs) evqoxg = evg
Obvious !

Paves the dairy

Now to prove the lemma
:

D
, ,
Da C-LCG)

del ([ D , , Da)) = [do CD ,) ,
da CDs))

LHS is augie donut q
LCH) such that Otto da CED , ,DID = ED

, ,
Da) o

*

So we ment check RHS has this property : Otto [da
CD ,) , del CDD] = ED , ,adopt

Its 6*0 dock) oddCDs)
- Otto d@(Dz) od OCD,) D
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