
og f -
d . Lie algebra (¢ subalgebra, V

ideals✓ isomorphism theoremsU

nilpotent V solvable ✓ semisimple
(no non-too

solvable ideals)

first example g
-

- shik ) Bani e- (86 ) h -- CLE ) f-(98)

( lie bracket [e, ah , Eh ,eI=2e, [hifk -2g
← Smallest ( lowest

deuascaial )

Claim This is a rapid lie algebra
. simple Lie

' algebra .

Stupid
Poof Take O #

aetbhtcf , let I
be the ideal H' generates,

show I
-
- og

.

[ h , - ]=2ae
-Uf c- I

Eh , Eh ,
-T ) -- Kae thief c- I

⇒ ae , Cf , bh c- I

lfa¥hen too then ⇒ HEI , here ,
thief --Ze c-I ie, hi FEI

Leif ) --HEI Ee,fJ=hEI Eh , f) a-2 f- C-I i. I=g¢



You could try to classify all
low -duueininal Lee

'

algebras .

④ Abekai I

④ Abehai Eto
Q

ore basin e, h
[ h , e) =

Cee tbh ,
a ,
be Q WLOG a# O .

Eh , [he] ) =
a [he ]

. . . replace e by the ] to
reduce to the

situation that Eh , e) = a
e

n - r replace h by Za h to reduce

to situation that
Eh ,e) = 2e .

See that its the ZD subalgebra of
slack) spanned by

e -(8D
,

h-G'97

7
This a solvable Lee' algebra , not nlpoleit

.



r④ . ①④ Gto Cs Abehai } 2 they are such

a ① ⑤ ( the 2-Done just
studied )

• A bunch of set products
① X ( Eto

Q )
.

(almostall are Tog & n , need Lie alg
- horn . g.→

Deron)

solvable ,not nepoteit ) [×, y ]=z ,
2- is cental

• Heisenberg Lee' algebra ,
basis ay , Z

(nilpotent )
④④e) L

E

• slack) Gompa ) Bianchi 1898 .

6
of he worked over IR

not E

Shar) # so
,
CIR)

/ IR
'
,
lie bracket is

whee extend Salas usual cross product of
vectors .

from IR to Q , become E
.



Next up More about representations of Lce algebras .

Def . Say V is a g - module if
there's a bilinear map gxv →V

Gsv) to
xv

Such that kfyv)
- year) = Ex,y

] v .

P
(f V is a g-

module , geta lie algebra harrumph
.

f : og
→ age CV ), acts 5ha

) where she) G)
= xv

Conversely . - - so
"
g -module

' ' =
" representation of og

"
.

Homomaphni of g - modules f
: V→W

heat map so f Gcv
)-xfcv)

V SE, v
#

AveVinay .

f- f o tf face of .

W → w
Sfx)



Def .
Let g be any

lie algebra

Its universal enveloping algebra U (g) is the associative algebra

U(g) : If xxoy - y ④x -Tsay ]
Ix,yes >

Heeor algebra

free associative algebra
on
that vector space )

There's a brew mop
i : g
→ UG) , x ↳

I
.

It actually a Lce akpbru
homomaphri if

we new Utoy) as a
Lie' algebra nie the

commutator

In fact , Ucg ) is the associative algebra which is amnesia

for this property . . .



g
is Ucg)

aylwin¥j
°

¥2 ! I , algebra homorphui In fact : this

gives an isomaphri
which is a lie A

of categoriesalg - hoon. for left
induced lie bucket any

associative algebra
on A fog-nodules) E (UH

-

pay g
↳ TG) o→

, U
moaned

* Is ← '

'f x

A

Lenya If V is a g -module ,
there's a uuqii way to make

it Wto

a module over
the associative algebra U Coy) so that IV ⇒cu Haag

Conversely, ang UG)
-module becomes a g

-module nai KV = Iv Krag



Examples

① g - E ,
basis x , then UG) : Elsa ]

So molested g-modules
ci this case

.

I-D g-
modules as part

X e Q
(x acting as

X ) .

f.d . g- modules
c→

Jordan normal forms

hdeanpoiable
Ex Jordan block

& )

f-d . g-
modules

T
og
= LECHE all reps . of Gm are

or .

irreducible I -D
XE 27

If

Liga )
← inedible I -D 4=0 .



② Heuoibeg x, y ,
z EkyT=z , 2- ceetal

U ( g ) =
EEZ] ex , y >

{
Inky -ya - z >
\

set E- to 1
, you get Keagy(xy -ya-17

A -

- comet ;
Escaut

,
Sampo.de

Fust Weyl algebra .

G a faile group G algebraic gap of Lie' algebra , keg

CIG group algebra
is a ILG) coordinate algebra Ucg) Uni . ewekpcigalg

.

is a Hopf algebra b- a Hopf algebra
Hopp algebra

b( g) =g④g A = m
't ACE) -I④ It I ④I

{ Cg) -

-
I Scg)=5

'

s = eve S= i 't Seiko TROI :
S =-I

Use the

Uni - prop
.



eg
to canhrut A

, you
have to check

[ I ④ It I ④I , g- ④ It 1*5 ]
= Esty] ④ It l④EkyT .

Gi Uts)④UG))

g.
→

Ucg ) ④Ucg )

x l→
I ④ It I ④ I

ther use univ - property . . .


