
The Poincare - Birkhoff -Witt Theorem (PAW) ←
9#d

d

Td(9)

let oy be a Lie algebra , Ucg) = THY
↳④y

-

y ④x
- Ex,y7 be,yes)

its universal enveloping algebra . y U-

in
'

deg . 2 in deg . I

The canonical map i : g.→ UCD ) is injective (so we can iaeihjy g with a

subspace of Ufos ) ) . Moreover
, if Xi Ci c- I)

is a basis for g and some

total order on I
,
then

{ Kii . - Xin 1h20 , 4 . - nine I , i , E
- - - E in }

is a basis for Ufos) .

#ordered monaural's IPBW monomials

Usually , og is f. d . with bani 24 , - - i kn ther PBW basis is

{ xin ' am. . - aim I m . . .
. .mn 703 .



Comments on proof

You probably saw the first Weyl algebra
A =

⇐"Y
Lacy -yx - 17
-

-

This has bair yd xi Ciij 70) . dega dego

Usual proof so yjxi ( i,j7o) span A

• define an actor of A on
Q Ey ] so y act as malt

.

Check relations ! day (y f) ayddfytf
" acts as day

• Ther cue this actor to prove
hi - independence , acton yke Ely) .

In fact , A is a filtered defornakoi of
E [x, y ]

Note T= Efx,y>
is a graded algebra (key in degree 1)

But I -- Lacy -ya - I> is not homogeneous -
. . A is merely fettered .

Let Azn - Inc Td ) . Then :



so 1k¥ Aso E Az ,
E Asz E - - - subspaces

• Azm . Azn E As Cnn)
-CHI

For a filtered algebra , its auoceated graded algebra gr A
= ⑨ A )d

where (g r A)
d

: =
A
Edf - check

Aed well-defied

For ace Asn ,
let grnx = x then c- (gr A)n.fm

""

Ther yr A
ai a graded algebra with Cgrnk) -Cgrmy) = grungy) .

For our A , the fit Weyl alpha , Cgr A)
n

has bani grn
sci) litj -- n ) .

--

Aho gr , K , gr , y commute ai gr
A

. Cgr, DJ Cgr , x)
"

grimy) ?%yx) So : Efx, y ] Is gr A , algebra h#h
- isomorphic .

X 1-3 g
n
,
x

y 1-7 gr , y



Story for Ucg ) is scimitar !

To prove PBW theorem or The ordered monomials span UG )

• Make Slog) uto a left -module so

Ki . Kj , - - - Xjn I Kikji
. -Xjr (modulo

lower

7 a degree tours )Unpleasant¥110 D Sas)

Inductee ondegree . and Xi . Kj , . . .xjn
= Xixj , - -

- xjn if
i ft" n

(umami way to do this )

. Use this action to show Lin . independence (acton l )

( Thee 's an axcoinatisahoi of this type q ago.meet
- Bergman's diamond lemma)

In fact , Ufos ) is a filtered deformation of S .

Of course U (og ) is a filtered algebra as a quo heit of Tcg)

Ufos)⇐n = Imc a Tacos ) )



PBW ⇒ (gr n

has bari grnfxii - - Xin )

¢ C' is - . Ein

Aho gr Ulg) is

,
commutative (gr , a;) . . . - Cgr, Xin)

[ gr.sc , gr , y] = grz ( Ky -yx )
-

- gra (Ex,yJ)=O

So
Scg)⇐ grub) .

x 1-3 gr
,

x

§

g -
UG)



Last time : three bani examples of Hopf algebra b (comet . ) Scout ) antipode

① IKG , Gafuite guys ② HELGI
,
G algebraic group ③ Ucg) ,ga Lie

'

algebra

B(g) =g ④ g g c- G D= m
't Ix)=x④ltl④x

"

group-
like element

" E = eve E (x) = 0
gag

Ecg) -- I go.GS . it sexy
-x

Scg) -

- g
" geG

Need to cue Ani - prop .

of UG ) to see that
there

"
Ulg) is to g as IKG is to G

"

extend appropriately .

(fate group G )

Rep (g) = Ufos) -mad
to

f-d Rep (G) = IKG - modfd
p

f-d. reputation Rep (G) = Comodfd
. IKIG] PAY three cats .

→
of 9 algebraic gap

are symmetric torso- cats .



s

why is Hopf algebra structure important ? s orI
ft → Axoa

A A
flip

A ctahe Hopf algebra A : A → A ④ A s : A-→ Ik S : A→ A

e-V④WFW④V
Then A - modfd is a 9¥ tenor atoms I④a÷on¥fnm;6 f. Ahaha's

V
,
W

a There's a ④

V ④W -

-

V ④µW is an A④A -module . There's a duality *

(a ④ b) (v ④w) -- av ④ bw
. Thee 's a unit object , tnviialmoduk.lk

So its an A -nodule via
b : A → A ④A

VK.ltoq.CH/Hiueaidual.aCaf!Cv)--ffSCa)v )

Trivial module Ik has action defied by a - I ,k=
Sla) - 4k .



dual map

(f A is a Hopf algebra , to consult - bona

Att
,
linear dual , is always an algebra A*④A*↳fA④AF¥ A't

But A
't
is Not necessarily a coalgebra Cherie , Hopf algebra) in a

nature way .
A
*
→ f-④AT ← A

*
④ A
't

P
In general the magic of this map , dual q

Mutt - ou A ,

needn't be in subspace A-* ④ A't↳ (A④A)
*

If A- is f-d. , no problems, and
A
't
is again a Hopf algebra neituicaituctcai

⑨ IKG ,
G fine group . CKGM = Ik [G] as Appaloosas

T
Rep (G) = Rep (G) left IKG -nodules = right IKIGI - convolutes



For G connected algebraic grip .

Then IKIG]
*

is an algebra but
"too big

"

to be a coalgcbm / Hopf again

me -

-
hereve o

IKLG ]
Now you

courier

Dust CG) = { Oe HIGH / O ( MT") - o for n>so }
×

In of dutsiani q
G ¥ ( lk%men

Its a subalgebra , ever filtered
with Du't Catan = µkEGYmenm)* .

Ever a Hopf algebra with consult . dual to multi on IKE G)
=

In char . O
,
turns out that Du't (G) E U(g) as Hog. ay, .



g--
Der CHIGI , Ike )

= (Meline)
't

E Dutra )

Get Lie
.

alg -

hon . og→
Data ) from ther

f tf
UCM) I requires char . O .


