
of Valid
over any freid .

Engel 's theorem Suppose og Loge (
V ) , din V =

n
,
and all davits

of 9 are nilpotent endomorphism, of
V . Then there's a basis Vi . . . .vn for V

such that D . Vi E EV , , - . , Vi. .
> fi .

Corollaries Such a g is nilpotent Cas n . CE) is nipotut
)

Corollary2 If g is a f -d . Lie algebra and adx :g-09
is nilpotent Frey,

ther g is nilpotent
-

Lie 's theorem Suppose og L ye CV
)
,
din V -- n ,

and g is solvable .

Then there's a basis on . .vn for V
such that 9. Vi C- Eun

-
- Ni 7 fi .

Coz I (f g is f - d
. solvable Lie algebra 16 their 9

' b'

rulpoteit.Cowllaug2AHjf@rrepsoff.d. solvable 9 / E are l -D .

crucial
7 Requires field of char - O aid alg . closed .



Proof of Engel 0¥93 yeah ,
deriv -- n

All elevate of 9 are nilpotent endomorphisms q V
.

Main step Show F O # VE V s - tr og - v
-

- O .

err

Guin that : Induction on n .
Let V ,

-

- V .

Then apply udwhii
to

the mage of y
vi gl ( V

' )
,
V
'
= Ya> . Lift bani for V

'
to V

,

get V
, ,
Va ,

.
- in co g

-Vi E
evi . - - ' Vi -it as required .

Now we ment prove main step, use by udivhoi
on devi g .

Beese : duipg = I . Pick 0# v EV
to be any eigenvector for

x .

D= ex>
As x is nilpotent , xv

= O ✓

Indudwitep : Let 0 # N Eg maximal proper subalgebra .

Consider ad : n → cyl (og ) .



Note for Ken , adx = (Xx - F.c) log

Xx E End (yea
)) defined by tea malt

. by x

Bc E End (gear
)) . .

. . right mutt
- by a

As x is mlpoteit . (Xx)
"
= x)

"

= 0 ,
oho Tx

, Px commute

i
. ( Xx - 5×72

"
=o

.

'

.
adx is rulpoteit .

Look at induced representation
. act : n → oyl (Mn ) .

Apply uduihai hypothesis to wage of n
under this harrumphing to get

a vector y e og
- n so [ n , y ] E N .

Then n ④ Ey # y ⇒ D= n ⑤ dy .

N ¥ = by maxuiality of m .



Let W : { we V l n w -- 03 , non - zero by induction

As [y , m ) EM ,
W is uraiait under action of y .

P
WEW

,
KEN

k( yw) = [Xy]w tyfxw) = O U

piece O #ve w that is an eegeuofi- for y , yv = 0
as y

is nilpotent .

Ther g. v
-

-

O as D= N ① Icy
=



Proof of lie 's theorem As before , ndivtwi on n to reduce the proof

to checking

Maisky : F O # ve V
s - tr g v e

t v > .

To do that , og E DNV
)
, g is solvable .

Use uduehii on dui og .

Baseycase : dri g
-
-
O .

hdustep
:
deni g>

0 .

91g ,
is
'

nomen ,
Abehai Lee algebra .

Pick codimension l subspace , take

A pre
- mage a g , you get a codimension l ideal N 8 og .

So of = n to Cly , no g
.

By induction I 0¥ we V set . n w e e w > .



This means for KEN ,
X w = Xcx) w for some Xen 't .

Let W -

-
{ we V I saw = Xcx) w t seen } #

O .

need dg .

Clavin y W
E W i f closed field

Once we've proved the clavi , the
rest is easy . - - we're over Cl

,
we can

pick a O # VE W that's an eegerueetir for y

Then g.
v E EV > as D= n Cly and we're done .

It remains to prove
the dani .

✓
(*)

Take Ken
,
we w

Ny w) = Exy) w tyfxw)
= Xfhxy]) w t Xfx ) yw

1 So we need to show c) ( Tay ] )- O ther done .
Wait Xk) yw



Choose rn>O maximal so W
, yw , y

-
W
,
- -

-

, ya
- '

w are hi . udepadeet .

Candies matrix of X G
Ew , yw , yaw , -→ y

' - '

w > = : W
'

-

Hi Iii,"
"

armature
° IN Xcx ) on diagonal .

'

j Q
'

'

'

Xcx)
0

This follows hire CH) by uduehi . .. xyiw : Xx
) yiw plus

stuff ci e w, yw ,
-
.
. yi

-'

w > .

Uses

Hera
,

tr ( x ) ) = rn Xcx) Axe n ←
char- o .

W
'

So tr ( Ex.ch/w.)--mXCExiy3 )
⇒ XCGayD=o

" I

← trfxlwoylw .
- ylw.sc/w.)trCABI--frlBA)



(h . 2 Semisimple Lie
.

algebras and root systems

working over
E .

Recall a fed . Lie algebra g is Senisupe If it
has no non

-zero solvable ideals .

Lemay Suppose og E se
(V) some fed . V, and assume

✓ is irreducible as a g -module
.
Then g is seuisupci .

P
Keenan ! ⑨ SUV ) is semenya (

I
.

! seas is supa
! ! )

⑨ sp (V ) for dei
V even .
72 Spa) S SVU)

⑨ so (V ) for dir V 73
SO SSLCV )

Gard g leave
→

V is Inedible representation
same subspace niarait of G (Witt 's theorem)
-
i V y

'

cnreduiiba for g too



Proof of lemma Let n be a solvable ideal
,
show n

-

- O .

Lie 's theorem ⇒ F O# ve V sit xv
-

- Xcx ) v t seen

some Xe n
't

for ye D , xy [xy
]v t y xv
-

CH)

KEN = XC[xyDv t Xcx) y v
= 0

As V is inedible over 9 , V = monomial's via
bani g y span

i. V has a bani conning of Yi
,

" -

Yin
V Yi 's c- og .

Now like a prog q
Lee's theorem

,
one (tf ) and udeutr to see that an

act in an upper triangular way on this bauie suitably ordered . . .

Ktv :

c)
xx ,

.

.tt ) with HK) on the diagonal .

0 In pahuki , trfxlv )
-

- Chill ) .Xix) .

'

Hic) ok so Xfxko Hren .



Now it follows that any Kf n actually has matrix zero when

aching on this bani
,
a = O

⇒ N = 0 so 9 is seuirup.gg


