
theorem g
bi semisup'll ⇐ K is non - degenerate

Killing form K Gay) -- trgcadxoadg)
trace form TCK,g) = try Gay)

Proof reduced to - - -

→

Carton's Criterion If g s glad) , f
-d . V

,
aid Hay ) -o Hayes ,

then g is solvable .

Proof of this needs - - -

Leave let S be a subspace of yeah , fd
. V
,
aid let

n -- ng (
s ) = Exegecv) I adic Cs ) C- S3 .

If Ken has CGC, y)
-

-
O ttyfn , then x

is outpoint .

Proof . Let x -

- xstxn be Jordan decaposihoi of Ke Ende (V ) .

RTP Is = 0 .



Pick a basis for V so that matrix of x is wiper triangular , here ,

og -

- diag Ct . . . . .tn)
(tie E) .

Let F : IR- span (ti . . ..tn)
neat subspace of Cl .

RTP f- = O .

Take f e Horn
,,z
(F , IR ) .

RTP f - O .

Let y
-

- diag ( fct , ) , - - , f- Ctn) )
e Enda (V ) .

[ Ks , eij ] = Hi-tj) eij [y ,eij )
-

- Cffti) -fky-Deij-ffti-tjjeij.si
ij -matrix unit

Rice poly rate
ELT ) so r Cti -tj ) = f- Cti

-tj ) fig . fYEa;D
Then ad as Ceij ) -- Cti-tj) eij so r Cad g) Ceij) - r Cti- tj ) eij

Shows Madog)
-

- ady -0 = ffti- tj ) Ceij ) = adyceij ) H i ,j



Mad Ks) = ady

Next note that ad Gcs) = (adds -

→

follows because ad Gg ) is seuinpli ,
ad (kn) is nilpotent

,

they Canute , aid ad x -

-
ad f)G) tadfxn )

- : ad g) = Cad x),
and ad Gen) -- fed x)

.

by auguries of Jordan decapoatwi
.

So ad Gg) is a polynomial vi ad x

⇒ ady = p Cad x) for some poly p CH E E Et]

adic (5) SS

in pcadx) G) ES

r

'

. ady G) ES Shows ye n .



X ( x , y ) =
O by assuphoi

11

€
.

tiffti ) E F

Apply 112-Unai map f
- r . get €

,

f 5=0

⇒ fftil -o ti

:
. f

-

- O

t

Proof of Cartan 's catenin og Soglo)
ICS ,

93--0 .

Apply Guna te 5=9 . n
-

- mage
(g)

Take KE g
'
,
denied subalgebra .



To apply lemma , need
to check

a- (x , y )
-

-
O T Y En KY is spanned by Ex ,Pk)

X
, , Icf 9

Then lemma ⇒ x is nilpotent
.

Shows every xeg
' ii nypofeit ,

linearity ⇒ Stp

here
, g

' is a nilpotent Lee algebra
C ( EMMI , y ) -- O Hye n

.

H

R ( K, Eka, y ] )
- O ✓

by Engel 's theorem .

x x

So g is solvable,f
9 9



Corollary A f.d . Lie' algebra g is semisimple if
'

and only if it
'

ai a

finite direct sum of Lie. algebras .

←
[959;] = o

←
non-Abelian iej

Moreover
, if D= of ,

① - - - ④ oh , Gi 's simple , then
the idiots

of 9 are exactly the 2
"
subspace , obtained that

are ④
'
s of some

of the gi 's .
Hehe , all ideals and all qubits of a seuisuiple Lie

algebra are semisupte .

Poof (⇒ Suppose that g is seuimpci .
Let

y
Ig be an ideal .

s

n
! { yes I Klay) *Ken } 8 T- Kilhig form on n is the restriction of

and n n Nt Q g too
.

Killing form an g .
This follows as

Radical of killing form on m is nnnt ,
for Ken bre e frog

* *
So killing form on nant is zero . Deduce adic =

"

#nnmt is solvable by Carter 's criterion . Shows Manto .

O O



og semisup 'll , N E 9 ,
then g = n ④ n

't

P

Aho killing forms or maid nt ① q
lie algebra , too

are non-degenerate , so m cud nt are Em ,n'T
E MnMt = 0 .

themselves San'snite he
' algebras .

Repeat . . . uchi chin on
duviniu gives that 9--9 ,

- - -④of simple ideals .

03 , oyz - - r

(e) Suppose ya of - . - ④ gn sup-6
ideals .

N

killing form an og is ① a killing forms on each 9 .

.

. T.#O
u

Here k is non-degenerate , so 9 is semisimple .

"
Moreover

' '

og
: g ,④ - - # yn simple ideals .

Take no 9 . Ther og
-

- n ④ nt . . . repeat deduce that

N is a ④ of Supa ideals of 9 .
So all we need to do a show

every sarin ideal noes is equal to some gi .



But [n , or ] = Em , g , ] to - -
- to Tinson ] In

script

P
Not zero as z (g)

=0

Here ,
In , 97 -

- n . Deduce Em , gi ) is zero for all
but one i

,

fo - this i En .ge. ] - n Q g ,
⇒ 9=9,

Sapa f

Next up :

Weyl 's theorem on complete reducibility g f -d . semisupli .

Reply ) is a semisimple Abehai category .

I 11

Ucg ) - modf.ae .



Ingredient needed a proof of Weyl 's
theorem : Casein in elena't

Def . Let y
be a fd . Seminole Lee' algebra .

Its Casimir element is

n

2- = E Ki Yi
E U (og )

c-=L

where x , , - , xn
is a bovis for g

and ya - , yn is the dual basis

wet killing form K .

Note : z is well -denied udeperdeit of the choice of
bani .

Ex .

Leena z , Casimir , lies in the center 2- (Wg ) )
--

of the associative algebra U (g) . 2- (g) for short



Proof .

2- =
xiyi c- Ucg ) .

Take xeog .

We arent show [x , -27
-

-
set -ex =

0 .

Let Exisx ]
= Eaijxj
j- i

[ x ,yj7= Ei .bg . y ,
} " me aij , bij .

k( [Xi,xI,yj ) -
aaij-bijV-icj.lt

KC Ki , Ex ,yj ) )
= bij

[ 2- , x ] = €
,

[Ripe ] yi
-

,

2g Tray;]

= §! , aijxjyi - xjbijyi =

%


