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I.1.6 Bounds for n!

Prove by mathematical induction that

nn/3n < n! < nn/2n ∀ n ≥ 6

hint: (1 + 1/n)n is a monotonically increasing function of n that approaches Euler’s number e for
n → ∞.

(4 points)

Solution

Proof. First prove nn/3n < n! ∀n ≥ 6:

For n = 6 we have 66/36 = 26 = 64 < 720 = 6!, so the inequality holds.
Now assume mm/3m < m!. Then it follows that

(m+ 1)m+1

3m+1
=

mm

3m
1

3
(1 + 1/m)m(m+ 1)

<
mm

3m
e

3
(m+ 1) by the hint

<
mm

3m
(m+ 1) < m! (m+ 1) by the assumption

= (m+ 1)!

2pts
Now prove nn/2n > n! ∀n ≥ 6:

For n = 6 we have 66/26 = 36 = 729 > 720 = 6!, so the inequality holds.
Now assume mm/2m > m!. Then it follows that
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