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1.4.5. R as a metric space

Consider the reals R with p : R x R — R defined by p(z,y) = | — y|. Show that this definition
makes R a metric space.

(3 points)
Solution
Positive definiteness and symmetry are obvious. 1pt
Now prove the triangle inequality:
Proof. By definition of || we have zy < |z| - |y| Vz,y € R. Therefore,
0<2@-y)(z—y) +2lz—yl-lz—yl  (*) Ipt
And hence
(x—2)2 = 2% —2zz+2°
< 2?2z 222w —y)(z—y) + 2z —y| |z -yl
>0 by (*)
= 22 2024+ 22+2x—y)z -2 —y)y+2lz—y| |z -y
= 2?2277 +224277 20y + 27 2y> + 2|z —y| - |2 — 9
= 2220y +y? +yP 2y 2242z —y| |z -y
= (@-y’+@y—2)7+2z -yl |z -yl
2
= (lz—yl+1ly—=)
But (z — 2)? > 0, and hence we have the triangle inequality
|z — 2] < |z —yl+ [y — 2]
O

1pt



