
0.3.3. Relativistic motion in parallel electric and magnetic fields

Consider a relativistic charged particle (mass m, charge e) in parallel homogeneous electric and magnetic 
fields E = (0, 0, E), B = (0, 0, B).

a) Show that the equation of motion for the z-component of the momentum pz decouples from px and py,
and that the momentum perpendicular to the z-axis is a constant of motion: p2x + p2y ≡ p2⊥ = const.

b) Choose the zero of time such that pz(t = 0) = 0, and show that with a suitable chosen origin the
z-component of the particle’s position can be written

z(t) =
1

eE

√
T 2
0 + c2e2E2t2

where T0 is the kinetic energy (i.e., the energy of the particle without the potential energy due to the
fields) at time t = 0.

hint: Recall Einstein’s law of falling bodies, ch. 0 §3.3.

c) Introduce a parameter ϕ via dϕ/dt = ceB/T (t), with T (t) the time-dependent kinetic energy. Show
that the orbit of the particle can be represented in the parametric form

x =
cp⊥
eB

sinϕ , y =
cp⊥
eB

cosϕ , z =
T0
eE

cosh(Eϕ/B)

and explicitly find the relation between ϕ and t.

hint: Consider π := px + ipy and note that |π| = p⊥ = const. by the result of part a).

d) Describe and visualize the orbit, and discuss the motion in the limits of large and small times.

(14 points)
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111(198}= zo = 1 

EB= 0.1 

x [phi_] : = Sin [phi] 

y [phi_] : = Cos [phi] 

z [phi_] : = zO Cosh [EB phi] 

ParametricPlot3D[{x[phi], y[phi], z[phi]}, {phi, O, 8Pi}] 

Ouq198}= 1

Ou� 199}= 0 . 1

(, )
v 

-1.0 

6 

4 

2 

.,..> 
• (,e., ,1

= -'> 
I 

ll.•] 
. ..,. 

( l i::

I ,., 
.J-
'-

I 

-;;> 0 
-

tC 

lt a, '-Jrr-

('-' � 
� t. ( y 

• ./.._ .,,, lr.._� (),:)')· ,.,,,_ 
I j 

I ,J 
L 

, 

r,/� +- O(t l )-

t (< r 
C. I

h).J'"" �� 
<..r.,e 

'- J t- {{, -:. t v +
���

"t
l� o(t

"'

� I "\ " 

.... 

p-0.3.3-4



{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}




{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}




{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}




{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}



