2.2.3
Electrostatics in d dimensions (12 pts)

Consider the third Maxwell equation in d dimensions:

V- E(x) = S4p(x)

with the electric field E a d-vector, and Sy the area of the (d — 1)-sphere: Sa, = 27" /(n — 1)! and Say,+1 =
22n+1plgn /(2n)! for even and odd dimensions, respectively. Define a scalar potential p(x) in analogy to the
3 — d case, such that

E(x) = -Vy(z)

and consider Poisson’s equation

VZo(x) = —Sap(x)

note: Here we consider a generalization of electrostatics to d-dimensional space, NOT a d-dimensional charge
distribution embedded in 3-dimensional space.

a)

Show that the Green function G4(x) function for Poisson’s equation, i.e., the solution of
VQGd(iL') == —Sd 5(213)

is given by
Galz) 1 1
r)=—" ——
¢ d—2 |z]d-2
for all d # 2, and by
Ga(w) = In(1/]x|)
for d = 2.
hint: For d = 1, differentiate directly, using d sgn x/dxz = 2 §(x). For d > 2, show that G4() is a harmonic
function for all & # 0, then integrate V2G4 over a hypersphere around the origin and use Gauss’s law.
Calculate and plot the potential ¢ and the field E for d = 2 for the case of a homogeneously charged
disk, p(z) = po O(ro — [z|).
hint: It is easiest to proceed as in the 3-d case, see Problem 2.2.2.
note: This problem plays an important role in the theory of the Kosterlitz-Thouless transition, for which
part of the 2016 Nobel prize in Physics was awarded.
The same for d = 1 for the case of a uniformly charged rod, p(z) = po ©(x3/4 — 22).

hint: Integrate Poisson’s formula directly.
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