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Abstract

When a curve is represented in &
digital computer by a table of points,
‘many methods of interpolation have
difficuity near an abrupt change inthe
slope of the original curve. The
problem is avidenced by the inter-
poiating curve having more inflection
points than the actual function thatit is
intended to approximate.

Polynomial . interpolation
often gives wild results
near an abrupt change of

slope.

This paper presents a method of
interpolation which generates a curve
that will never have more inflection
poinis than are clearly required by the
given set of points. The interpolating
curve passes through the tabulated
points and exactly maiches the given
slopes at those points (except for one
unlikety degenerate case which has a
siope discontinuity at one of the given
points).

When used to approximate a sine
function, the method of this paper was
found to be more accurate than spline
interpolation. The amount of computa-
tion required to find an interpoiated

point is approximately the same as to-

evaluate a sixth-degree polynomial.

An appendix presents asug gested
way to compute slopes at the given
points when only the points are known.
However, exact slopes should be used
whenever possible.
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Introduction
in digital computer computations,

known, polync

mial interpolation often

it is common to represent a gurve bya gives wild results near an abrupt

set of points, with interpolation be- change of slope. Spline interpolation
tween points. However,. as is well can also give unreasonable results.
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The problem is illustrated in
Figure 1. Curve {a) shows a monotoni-
cailly increasing curve with an abrupt
decrease in slope. In (b), fourpointson
curve (a) have been fitled by a cubic
polynomial, with completely unsatis-
factory resuits. In {c}, three additional
points have been taken from {a) and all
seven points have been fitted by a 6th-
degree potynomial, still with unsatis-
factory results. In (d), the same four
points as in (b) have been fitted by
three piecewise cubic polynomials,
chosen to preserve continuity of first
and second derivatives at the interior
points (“spline” interpolation); again
unsatisfactory. Piecewise cubics are
also used in (e), but the slopes at the
given points are made equal to the
slopes in (a), aiso unsatisfactory. In
desperation, many analysts have used
linear interpolation as in {f), acceptirg
the need for a relatively large number
of points to achueve a given accuracy

The compiete assuranca
that the ' procedure will
never generate
points makes it attractive
as a general-purpose pro-
cedura.

uw"d”'

What is needed is an interpolation
procedure with the foi|owing prop-
erties;

a. H values of the ordmates of the
specified points change monotoni-
cally, and the slopes of the line
segments joining the points change
monotonically, then the interpolating
curve and its slope will change mona-
fonically.

b. If the slopes of the line seg-
menis joining the specified points
change monotonically, then the slope
of the interpolating curve wrli change
monotonically.

c. Suppose that the conditions in
(a) or (b) are satisfied by a set of points,
but a small change in the ordinate or
stope at one of the points will result in
conditions (a) or (b} being no longer
satisfied. Then making this small
change in the ordinate or slope at a
point will cause no more than a small
change in the interpolating curve.,

An interpolation procedu're that
has the above properties is given in the
next section of this articfe. The last of
the three properties is discussed later
in the paper in terms of an example,

Interpolation Procedure

In the foli’owmg discussion, it is
assumed that x y y {=1,2,.., hare
given where

X ¥, = rectangular coordinates

of jth point on curve.
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yj = slope of the curve at jth point.

xl<x]+1f0r; 1, 2., n-1
If the slopes are not amt:ally known
they may be calcuiated by the method
described inthe Appendix. Slopes thus
calculated are consistent with achiev-
ing the objectives stated in the intro-
duction,

Given x such that Xj€ X S Xy the
procedure for calculating y (the
corresponding interpolated value) is
the following. The slope of the fine
segment joining the two points is

s,=Jit1 " Y )
! Xitt ~ %

Values of s; may be précomputed and
stored along with the given points and
stopes. On the line segment, the

ordinate corresponding to x is

yo = yj + si (X - Xj-) (2)

Next,
Ay, =y tyi(x=x)-y,  (3)
where Ay, is the"vert:cal distance from
the point (x, yo)toaimethrough {x Y| }

with slope y!, as shown in F:gure b
Similarly,

Ayi"ﬂ = yj+1 ty 3+1 (x - XJ+1) Y, (4)
is the vertical distance from the point
{x ygltoaline thru (x i+1:Yj +1) with slope
yjﬂ, also shown in Fagure 2. The
product Ay Ay, 1 is then calculated
and tested.

H y}-~s, then the line through
point (%}, y,) with slope y wili coincide
with 'thé line segment jommg points
(xp y) and (X +1 Yﬁ-‘])n and ij =0.
Slmuiarly, if yiiq = 8. then Ay, = 0. If

either or botﬁ Ay; and Ay, 1 are zero,

then the product Ay ﬁkyw1 G, andy
is simply

Y=Y, (3)

If ij ‘exth1 =0, but ij and Ayi+1
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are not both zero, then the interpolat-
ing curve will-have a slope discontin-
uity. For example, zfAy #Q, then the
slope for X< X < Xjag wmbe yi=g=
yj+1 But as x—x; from the left, y'-yl s
8;. This degenerate caseistheonly way
& slope discontinuity ¢an occur.

If Ay Ay}t > 0,then (asin Flgure
2) Ay and Aym have the same sign,
and

ij A&.yj+1
ij + .'f&yrH

Equation (6) always determines the
point {x,y} inside the triangle IJK of
Figure 2. The slope of the interpolating
curve matches the given slopes at the
given points. The slope changes
monotonically between the given po
ints, so the interpolating curve is
always concave toward the line seg-
ment joining the given points.

If Ay; Ayj4+y €0, then the ge-
ometry is hke anure 3, and theré must
be an inflection point between X and

Xipye In this case,

Ay; Ayuq (x
(A - Ayq) (X - x

y=y,+ {6)

T XX - X}

y

i

Y= Yo+

{7)

Equation (7) always determines the
point {x,y) inside the quadrilateral JIKL
of Figure 3, where the vertical distance
LO equals the vertical distance Ol. The
slope’ of the interpolating curve
matches the given slopes at the given
points. The interpolating curve inter-
sects line segment JK at its midpoint.

The rationale for equation {7} may
be understood by considering the case
where y is significantly greater than S
the slope of line segment JK, buty 118
nearly equal to 5}, Flgure 2 or 3.
Regardless of whether yj,qis greater or
less thdn sj, points | and L will be very
close to point J and the interpolating
curve will be very close toline segment
JK. Thus, a change of y;;.1from slightly
more than sj to slightly iess than s, will
cause only a slight change in the
interpolating curve. This example
itlustrates the third requirement given
in the Introduction,

fquations {6) and (7) fall in the
general area of rational interpolation.
However, the desirable properties of
this method of mterpolatlon stem from
the particular form of (6) and (7). In
general, rational interpolation does not
have such properties,

The curve in Figure 1(a} was
calculated by the above method of
interpolation, given the four points
shown in Figure 1(b), and with slopes
calculated by the method given in the
Appendix.

Accuracy

The accuracy of the given inter-
polation procedure may be illustrated :
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interpolation, cont'd...”
by fitting the function
y = 8in X (8)

" No attempt is made to getan optimum
fit. Rather, the values chosen for x;are
0, 45, and 90 degrees, and the coOr-
resporiding values of y; and y} are
computed exactly using equation (8).
- The resulting interpolated curve de-
viates from sin x by a maximum of
00333, at x = 24 degrees.

By contrast, the maximum errar
using linear interpolation is 0704,a168
degrees. From another standpoint, to
‘achieve a maximum error of no more
than 00333, linear interpolation re-
quires that x be given at intervals of 9
degrees. _

An example given in reference 1]
considers one full cycle of the fungtion
given in equation (8). The points X;are
selected at 45-degree intervals (thatis,
x;= 0, 45, g0,..., 360 degrees), and the
values of yj are calculated exactly by
{8). Interpolation is then done with a
fifth-degree spline. That is, piecewise
fifth-degree polynomials are found
such that the interpolating curve and
its first four derivatives are continugus.
The .interpolating curve also exactly
matches the first and third derivatives
of equation (B) at x = 0 and at x= 360
degrees. The interpolating curve
deviates from sin x by.a maximum of
0372, at 25 and at 335 degrees. .

The same 9 points as in the above
example from reference (1) were fitted
by the method of this paper, using
slopes calculated by the method given
in the Appendix, rather than exact
slopes. In this case, the interpolating
curve deviates from sin x by a maxi-
mum of .0766, at 18 and at 342 degrees.
Using exact slopes, the maximumetror
is .00333, at 24, 156, 204, and336
degrees. This shows the imporiance of
using accurate slopes at the given

points, if the siopes are known.

Conclusions

A procedure has been presented
for interpolating hetween tabulated
points. This procedure completely
avoids the problems which various
forms of polynomial interpolation,
including spline interpolation, have
near an abrupt change of slope. The
procedure is especially recommended
tor such applications as the voltage-
current curve of a semiconductor.
However, the complete assurance that
the procedure will never generate
“wild” points makes it attractive as a
general-purpose procedure.

The procedure uses only ordinary
arithmetic operations (that is, no
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In desperation, many ana-
lysts have used linear in-
terpolation, accepting the
need for a relatively large
number of points to
achieve a given accuracy.

trigonometric, exponentiai, or similar
functions need be evaluated. The
number of operations is approximately
equivalent to the evaluation of a sixth-
degree polynomiai. Memory required
for data is four words per point.

Wheri fitting a known function, the
procedure given in this paper is at least
as accurate as spline interpolation,
provided that accurate values are
available for the slopes of the function
at the given points. For a given
accuracy, the spacing of tabuiated
points may be significantly greater
than for linear interpolation.

Appendix. Calculation of Slopes

Given the points X, ¥ i =1, 2,50,
the problem addressed In this Ap-
pendix is to compute slopes, y}, con-
sistent with the requirements stated in
the introduction. It is assumed that the
interpolating procedure given in this
paper wili be used.

in Figure 4, let 1, J, and K be any
three consecutive points, Point J may
be above or below the line segment
joining 1 and K, as shown in Figures

4(a) and 4{b}, respectively. The re--

quirements of the Introduction are
satisfied if y} has a value between the
siopes of the line segments IJ and JK.
That is, for Figure 4(a), it is necessary
that

slope (i) >y} > siope (JK) {8a)
while for Figure 4(b),
slope {lJ) < y} < slope {(JK} (8b)

86

" axample, line segment I is much

Another point is that. if, for

shorter than JK, it may easily be seen
that a smoother overail interpolating
curve will result if y{ is nearty equal to
the slope of 1J. i

All of the above considerations are
satisfied by setting y;equaito the slope
at point J ofacircle through points i, J,
and K. Thus :

v vy ({xiex2 + (Y P2t
17 XXy (KX + ey ) +

(yimyy) (2 + {ypyi?)
X)) (X% + yiyi¥
Equation {10) takes care of all interior
points. The end points require special
attention. From the requirements of
the Introduction, it may be seen that
the slope atan end point must havethe
same sign as the line segment fromthe
end point to the next point. in line with
the use of equation {10), one might try
drawing a circle through the first (or
jast) three points. However, if either
point | or K of Figure 4 is an end point,
the particular arrangement of the
points causes the slope ofthecircleat!
or K to have thie wrong sign. The sign of
the siope Is not necessarily wrong at
the end point, but it may be wrond. -
The problem divides into two
cases. To simplify the notation, let M
and subscript m designate either point
| or point K, whicheverisan end point,
and let s be the slope of the line
segment joining points J and M. The
first case occurs when s is “steeper”
thanyl inthiscase, a parabola through

(10}

{a}

{b)

Figure 4
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J and M with siope y!at J has a slope at
M which meets the requirementsand is
reasonable. Stated more precisely, if
s>0ands>yl orifs<Oand s<y}, then

Ym=s+(s-y)=2s-yl (11a)

The second case gccurs if neither
condition for the first case is sati_sfied.

The procedure uses only
ordinary arithmetic opera-
tions. The number of op-
erations is approximately
equivalent to the evalua-
tion of a sixth-degree poly-
nomial. Memory required
for data is four words per
point. -

in this case, the term in parenthesis in
equation {11a) is multiplied by a factor
between zero and one which assures
that y!, is always the same sign as s.
The result is

Isi (s-y})

yia=s8+ P {11b)
it should be understood that the slopes
caiculated by equations (10} and (11)
are not independent of the scaling of
the variables. For best results, x and y
should be scaled to have roughiy equal
ranges, before calculating slopes. 0
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