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B Let F(z,y) € Z[x,y] be irreducible and homogeneous of
degree > 3.
m Set n = deg(F)
m Suppose that F' has s + 1 nonzero summands: i.e.

S
F(z,y) = Zaﬁniyn*ni
i=0

m Set H = max; |a;| to be the height of F’
m Example: F(z,y) = 2% — 32%y? + 1022y* 4 10y°

mn==06
ms=3
m H=10

| Let h € Z>0



Foundational Result

Bounds on the
Number of Theorem (Thue, 1909)
Solutions to
Thue's
Inequality

|F'(z,y)| < h (known as Thue's Inequality) has finitely many
integer pair solutions

Greg Knapp



Foundational Result

Bounds on the
Number of Theorem (Thue, 1909)
Solutions to
Thue's
Inequality

|F'(z,y)| < h (known as Thue's Inequality) has finitely many
integer pair solutions

Necessity of Hypotheses

m deg(F') > 3 is necessary: if d € Z~¢ is not a square, then
F(z,y) = 2% — dy? is irreducible and homogeneous, and
|F'(z,y)| < 1 has infinitely many integer-pair solutions

Greg Knapp



Foundational Result

Bounds on the
Number of Theorem (Thue, 1909)
Solutions to
Thue's
Inequality

|F'(z,y)| < h (known as Thue's Inequality) has finitely many
integer pair solutions

Necessity of Hypotheses

m deg(F') > 3 is necessary: if d € Z~¢ is not a square, then
F(z,y) = 2% — dy? is irreducible and homogeneous, and
|F'(z,y)| < 1 has infinitely many integer-pair solutions

Greg Knapp

m F(x,y) being irreducible is also necessary: if F'(x,y) has a
linear factor, say ma — ny, then any integer multiple of
(n,m) is a solution to |F(z,y)| < h



Foundational Result

Somserot~ Il Theorem (Thue, 1909)

Solutions to

i |F(z,y)| < h (known as Thue's Inequality) has finitely many
integer pair solutions

Necessity of Hypotheses

m deg(F') > 3 is necessary: if d € Z~¢ is not a square, then
F(z,y) = 2% — dy? is irreducible and homogeneous, and
|F'(z,y)| < 1 has infinitely many integer-pair solutions

Greg Knapp

m F(x,y) being irreducible is also necessary: if F'(x,y) has a
linear factor, say ma — ny, then any integer multiple of
(n,m) is a solution to |F(z,y)| < h

m The homogeneity condition is also necessary: if
F(z,y) = 25 + 9>, then any integer pair of the form
(n, —n?) will be a solution to |F(z,y)| < h
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max(|z|, |y|) < CF,ﬂe(logh)“ — CFﬁh(logh)“—l

where Cr,; is an effectively computable constant depending
only on F(z,y) and k.

Benefits
This gives an effective algorithm for solving Thue's inequality:

m Choosea k >n
m Compute CF

m Test all pairs (z,y) € Z? satisfying
max(|z|, |y]) < Cre18M" to see if |F(z,y)| < h
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max(jz], [y]) < Cphtosh)”

How Many Solutions?

m Define N(F,h) := #{(z,y) € Z? : |F(z,y)| < h}

m Baker's theorem immediately gives

n 2 n
N(F, h) < (20Fh(logh) + 1) =p h2(logh)

Question

Is this what the growth rate of N(F,h) actually looks like?
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GRS  following table comparing h and N(F, h):

h | 1]10]10%]10% | 10* | 10° | 10% | 107
N(F,h) | 3] 5 | 15 | 27 | 51 | 121|257 | 541

A Conjecture

As h increases by a factor of 10, N(F, h) increases by a factor
of roughly 2.1. So N(F, h) should have the form

k. thgIO 2.1 ~k- h0.32

Note that h%32 grows much slower than p2(log h)°
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el V(F,h) = vol{(z,y) € R? : |F(z,y)| < h}

2 . Y
= VOI{(x y) €R ’F (hl/n hl/n)’ S 1}
= vol{(hY/"z, hY/™y) € R? : |F(z,y)| < 1}
= h¥"vol{(x,y) € R? : |F(z,y)| < 1}

= WMV (F,1)

Implication
Since N(F,h) ~ V(F,h) = h*™V(F,1), it would make sense
if N(F,h) ~ h%/™ . Cp where C is a constant depending only
on F
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i e For any F € Z[x,y] irreducible and homogeneous of degree
n > 3, there exists a constant C'(F') so that

IN(F,h) = V(F,h)| < C(F) - kw1

Corollary

h=Y"N(F,h) = V(F,1) + Op(h~7+3)
i.e. N(F,h) = Op(h*™)
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Recall our previous example:
F(z,y) = 2% — 32492 + 102%y* + 1095

eometry

Conjecture
N(F,h) = kh0-32

From Mahler's Theorem

N(F,h) ~ kh?/6
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|z° +3z%y —3°| =1  |a®+32’y—¢°| =100 |a®+3z'y—y°| = 10"

Question

What's the deal with the linear parts?
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inegtly m Consider F'(z,y) = +1 where z,y € Z

S E m This is equivalent to F(%, 1) = %
m Set f(X)=F(X,1)
m Factor f over C: f(X) =[["1(X — ;)
m (p,q) € 7Z? satisfies F(p,q) = 1 if and only if f(ﬂ) = ;E—n
m We want to find rationals 2 & where [T 1(— — ;) is small

m e %’ is a good approxmatlon of some root of f

m Immediate: if ]}, B

;| = qin, then there exists i so

1
__az ga

By symmetry, we could also count rational approximations
to roots of g(Y) = F(1,Y)
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Greg Knapp Aside

m Rational numbers % are only in one-to-one correspondence
with primitive pairs: (z,y) € Z? with ged(x,y) = 1

m All solutions to |F'(z,y)| = 1 are primitive, but not all
solutions to |F(z,y)| < h are necessarily primitive.

m We can connect primitive solution counts to total solution
counts using partial summation methods.
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m Suppose that « is a real root of f(X) = F(X,1).
X
(6%

m Suppose that (z,y) € R? lies on the line Y =
m Then F(X,Y) =0 if and only if f (%) = 0.
m But f(§) = f(a) =0, so F(z,y) = 0.
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Inequality m Rational numbers can only be good approximations to the

Greg Knapp rea/ roots of f

The Long Tendrils

m Suppose that « is a real root of f(X) = F(X,1).
X
(6%

m Suppose that (z,y) € R? lies on the line Y =
m Then F(X,Y) =0 if and only if f (%) = 0.
m But f(§) = f(a) =0, so F(z,y) = 0.

m Hence, the line Y = % is a subset of

{(z,y) e R*: |F(2,y)| < h}
m Therefore, real roots « correspond with tendrils of slope %
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Dl Let F(z,y) = 2° + 3zty —y°

WO (2) = F(2,1) = 2"+ 32 — 1
f(x) has real roots a1 ~ —2.99, as ~ —0.82, and a3 ~ 0.72.
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|2° + 3zty — y°| = 100
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Inequality Question

How many real roots can a polynomial have?

Naive Answer

If g(x) € R[z] has degree n, then g has no more than n real
roots.

Lemma (Schmidt, 1987)

Suppose g(x) € Rlz| has s + 1 nonzero terms and g(0) # 0.
Then g has no more than 2s real roots.
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Lemma (Mueller and Schmidt, 1987)

Let f(z) € C[z] have degree n, roots ay,...,a, € C, and
< s+ 1 nonzero coefficients. Then there is a set S of roots of
f with |S| < 6s + 4 so that for any real x:
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Numberof [l Question

Solutions to

o Is it enough to just consider the real roots of f? Or do rational
approximations of the complex roots contribute significantly?

Greg Knapp

Lemma (Mueller and Schmidt, 1987)

Let f(z) € C[z] have degree n, roots ay,...,a, € C, and
< s+ 1 nonzero coefficients. Then there is a set S of roots of
f with |S| < 6s + 4 so that for any real x:

. _ < B ) . o
glelg|x a| < exp(8001og® n) 1I£iléln|x o

Answer

Maybe we need to consider some complex roots, but we only
need to consider good approximations to < s roots
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Theorem (Mueller and Schmidt, 1987)

The number of integer pair solutions to |F(z,y)| < h is

< $2h%™(1 4 log h1/™)
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m i.e. < s primitive solutions to |F(z,y)| =1
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Theorem (Mueller and Schmidt, 1987)

The number of integer pair solutions to |F(z,y)| < h is

< $2h%™(1 4 log h1/™)

Conjecture (Mueller and Schmidt, 1987)

52 can be replaced by s and (1 + log hl/") is unnecessary.
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Theorem (Mueller, 1986)

The number of positive, primitive solutions of |ax™ — by™| < h
(this is the case of s = 1) when h < Hinr is < K(p).
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Theorem (Mueller, 1986)

The number of positive, primitive solutions of |ax™ — by™| < h
(this is the case of s = 1) when h < Hinr is < K(p).

Theorem (Bennett, 2001)

ax™ — by™ = 1 has at most one solution in positive integers x
and y.
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Then for any p > 0, when h < Hlfifp, the number of
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Theorem (Mueller and Schmidt, 1987)

For F' a trinomial (s = 2), the number of positive primitive
solutions of | F(z,y)| < h when h < H'= 2" is < K'(p)

Theorem (Thomas, 2000)

Forn > 39 and F' a trinomial, the number of solutions to
|F'(z,y)| = 1 is less than or equal to 48.
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Then for any p > 0, when h < Hl_%_p, the number of
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Conjecture (Mueller and Schmidt, 1987)

Let H be the maximal absolute value of the coefficients of F.
Then for any p > 0, when h < Hl_%_p, the number of
primitive solutions is < C(s, p)

Theorem (Akhtari and Bengoechea, 2020)

The number of positive, primitive solutions of |F(x,y)| < h
when h is small relative to the discriminant of F' is < slogs. If
n > s2, then the number of positive, primitive solutions is < s.



Bounds on the
Number of
Solutions to
Thue's
Inequality

Different Solution
Types

of Solutions




Types of Solutions

B d t . .
Nomberof . | Separating Solutions

Solutions to
Wit m Begin by choosing some (explicit) constants 0 < Yg < Y7,

Greg Knapp WhICh depend on F



Types of Solutions

B d t . .
Nomberof . | Separating Solutions

Solutions to
Wit m Begin by choosing some (explicit) constants 0 < Yg < Y7,

Greg Knapp WhICh depend on F
m Then we say that a solution to |F(z,y)| < his...
m ...small if min(|z], |y|) < Ys



Types of Solutions

B d t . .
Nomberof . | Separating Solutions

Solutions to
Wit m Begin by choosing some (explicit) constants 0 < Yg < Y7,

Greg Knapp WhICh depend on F
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m Then we say that a solution to |F(z,y)| < his...

m ...small if min(|z], |y|) < Ys
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B d t . .
Nomberof . | Separating Solutions

Solutions to
Wit m Begin by choosing some (explicit) constants 0 < Yg < Y7,

Greg Knapp WhICh depend on F

m Then we say that a solution to |F(z,y)| < his...
m ...small if min(|z|, |y|) < Y3
m ..medium if min(|z|,|y|) > Ys and max(|z|, |y|) < YL
m . large if max(|z|,[y|) > YL

Different Solution 17
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Theorem (Mueller and Schmidt, 1987)

The number of primitive large solutions to |F(z,y)| < h is < s

Mueller and Schmidt’s Theorem

m This is good enough that there's no need to improve this
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Theorem (Mueller and Schmidt, 1987)

The number of primitive large solutions to |F(z,y)| < h is < s

Mueller and Schmidt’s Theorem

m This is good enough that there's no need to improve this

m Technique: archimedean Newton polygons
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Medium Solution Setup

imnerot - I Lemma (Mueller and Schmidt, 1987)

Solutions to

i There is a set S of roots of f(x) = F(z,1) and a set S* of

roots of g(y) = F(1,y) both with size < s so that for any
solution to |F(z,y)| < h with |z|, |y| > Ys, there exists o € S
or o € S* so that

Greg Knapp

where K depends on F' and h

Moral

There's a set of < s algebraic numbers so that any primitive
solution to |F(x,y)| < h with 2,y > Ys gives a rational
number % or % which is close to one of those algebraic
numbers.
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X

Y

<

Greg Knapp ‘

m Recall that a (positive) medium solution has
Ys<z,y<Yp

m Fix «, enumerate the medium solutions which satisfy the
above inequality, and order them so that

Ys<y<yi <<y <Y
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Yi Yi+1

LilYit1 — Ti41Yi
YiYit+1
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- 3 3
close to each other:
K Ti  Tiyl
yf/s Yi Y+l
| TiYi+1l — Ti+1Yi
YiYi+1
1
=
Medium Solutions yzyl-i-].
|
yis

implying that y; 11 > &
m This is known as The Gap Principle
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and solve the inequality for ¢ to find...
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Lemma (K., 2021)

If n > 3s and there are t + 1 medium solutions associated to «,

then
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Moreover, this bound is sharp.
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Lemma (K., 2021)

If n > 3s and there are t +1 medium solutions associated to «,

then

n
log Y, K V/(5 -2
log [log Yo~V (5-2)

log (% — 1)

Moreover, this bound is sharp.

Something more useful

Reducing the above constants into terms of n, s, h, H, using
n > 3s,
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Medium Solutions

Counting

Lemma (K., 2021)

If n > 3s and there are t +1 medium solutions associated to «,

then .
log YV, K1/ 2
log [1ogYSK—1/<%—2>

log (% — 1)

Moreover, this bound is sharp.

Something more useful

Reducing the above constants into terms of n, s, h, H, using
n > 3s, and applying the fact that there are < s roots a that
we need to care about, we find...
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Counting Medium Solutions

Bounds on the

Number of Theorem (K, 2021)

Solutions to
Thue's

Inequality The number of primitive medium solutions to |F(z,y)| < h
Greg Knapp When n > 35 IS

< 1+1 +%
° L max(1,log H)

log h
1+1 logt¥ | —=—
< 5( Tlogs +log (max(l,logH)))

Recall:

Conjecture

If h < Hl_%_p, then the number of primitive solutions to
|F'(z,y)| < h is bounded by a function only of s and p
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Small solutions make up the bulk of the solutions and are
tough to count

Greg Knapp

Theorem (Saradha-Sharma, 2017)

When n > 4se®®, the number of primitive small solutions to
|F(z,y)| < his
< se®p?/m

“Definition”
Here, ® measures the “sparsity” of F' and satisfies
logs < e® < s
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Greg Knapp Bounds for Different Types of Solutions

Recall:

m The number of large primitive solutions is < s
m The number of medium primitive solutions is
< s (1 +log s + log™ <%>) when n > 3s.

m The number of small primitive solutions is < se®h2/™
when n > 4se??.



Summing Up

R As a consequence:

Number of

SI‘"T“E‘SS;;“’ Theorem (K., 2022)
nequality

e (R When n > 4se2®, the number of primitive solutions to
|F(x,y)| < his

log hl/logss

P + 2/n
141 — h
< e ( +log (max(l,logH)

Compare to:

Theorem (Mueller and Schmidt, 1987)

The number of integer pair solutions to |F'(x,y)| < h is

< $2h%™(1 4 log h1/™)
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Greg Knapp In the specific case where s =1, F(z,y) = az™ — by™. Then

Theorem (Mueller, 1986)

The number of positive primitive solutions to |ax™ — by"| < h
when h < H'=%~° and 0 < p < 1 is < K(p)

Theorem (Bennett, 2001)

ax™ — by™ = 1 has at most one solution in positive integers x
and y
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T

Bounds on the

Number of Recall that we showed the Gap Principle previously: when )

Solutions to
Inenslty and z—: both approximate the same root of f and v/ >y > Yg,
we had Joo1
n/s—
1Y
>
Y7k

In general, K is very large.

Theorem (Thomas, 2000)
When s = 2, K can be improved substantially and Ys can be
taken to be less than 1 (eliminating any small solutions). As a
consequence, there are explicit bounds on the number of
solutions to |F'(z,y)| = 1. If n > 39, then there are no more
than 48 solutions to |F(x,y)| = 1.
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Greg Knapp Theorem (K, 2021)

When s = 2, there are no more than C(n) solutions to
|F(z,y)| = 1 where C(n) is defined by

n |6-7] 8 |9-11]12-16 | 17-38 | 39-218 | > 219
C(n) | 128 |96 | 72 | 64 | 56 | 48 | 40

See https://arxiv.org/abs/2210.09631 for more details.

rinomials
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Trinomial Computations

S  Computations indicate that for the following degrees (vertical

Number of

rinomials

UESEl  axis) and heights (horizontal axis), the maximum number of
Inequality solutions to |F(x,y)| = 1 is given in the following table:
Greg Knapp
H 112|13(4|5|/6|7|8[9|10|11 12|13
n= 8/6(8[8(6|/6|/6[6|8|6 |6 | 6|6
n= 8/6|(8[8(6|/6|/6[6|8|6 |6 | 6|6
n = 8|16[8|8|6|6|6|6|8| 6|6 |66
n= 8168|866 |6|6|8| 6 | 6| - -
n=10|8|6|8|8|6|6|6|6|8| - - -
n=11]8|6|8|8|6|6|6|6]|8]| - - - -
n=12 8|6 | 8|86 |6 |6]|-]|-| - - - -
8/6(8[8]6|6
8/6(8[8]6|6
8168
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