
Minimal N.B. Matrix Diagonalization

Joshua Iascau, Cristien Arzate
joshuai@uoregon.edu, cristien@uoregon.edu

November 25, 2024

1 Mass Matrix Diagonalization
1.1 Methods
A helpful starting place for the mass matrix diagonalization is the lagrangian since, say for some proposed
theory in qft, we expect the lagrangian to give us the couplings of the theory. You can write L in terms
of the mass mass matrix from which, you may diagonalize.

So, let’s start with an example and go no further. Revisiting a minimal Nelson-Barr Model of [1],
our lagrangian:

−L ⊃ M0ψ̄LψR +B0iψ̄LuRi + yu
ijQ̄LiH̃uRi + yd

ijQ̄LiHdRj .

We may write the Lagrangian as a product of the basis vectors, on the left and right, and the mass
matrix (in the middle). By doing the matrix multiplication, one can see that the below is no different
from the lagrangian above.

−L ⊃
[
ūL ψ̄L

] [ v√
2y

u 0
B0 M0

]
︸ ︷︷ ︸

M0

[
uR

ψR

]
,

where
m̄ij = yd

ijVH

and
Bj = (gjS + g∗

i S
∗)Vs.

Our goal is to diagonalize this mass matrix; let us consider the traditional method first. Given some n
× n matrix A, consider a general n× n matrix A with elements aij :

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann



Theorem 1.1 An n × n matrix A can be diagonalized iff it has n linearly independent Eigen-vectors.

Also, an n× n matrix is orthogonally diagonalizable iff A is a symmetric matrix.

So, say, for some matrix A, the set of orthogonal eigenvectors, say {u1, u2, u3, . . . , un} form the matrix
P , and the diagonal matrix D has the eigenvalues λi on its diagonal entries.
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A = PDPT =


p11 p12 · · · p1n

p21 p22 · · · p2n

...
...

. . .
...

pn1 pn2 · · · pnn



λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn



p11 p21 · · · pn1
p12 p22 · · · pn2
...

...
. . .

...
p1n p2n · · · pnn


T

Hence, in order to diagonalize A, you must find the eigenvalues and the orthogonal eigenvectors of A.
Now, this may seem easy at first glance, but when you actually try to do this for the mass matrix above,
it can be very hard. Let’s try something else.

Method 1

This first method of partial diagonalization is taken from [7] & [8]. The Nelson-Barr Lagrangian looks
like

−L ⊃ M0ψ̄LψR +B0iψ̄LuRi + yu
ijQ̄LiH̃uRi + yd

ijQ̄LiHdRj .

A generic Lagrangian with couplings only between Standard Model (SM) quarks is

−L ⊃ MψLψR +BiQ̄LiH̃ψR + Y u
ij Q̄LiH̃uRiy

u
ijQ̄LiH̃uRj + Y d

ijQ̄LiHdRj .

The up quark sector of the Nelson-Barr Lagrangian takes the following matrix form:

−L ⊃
(
ūLψ̄L

)( v√
2y

u 0
B0 M0

)
︸ ︷︷ ︸

M0

(
uR

ψR

)
,

while the generic Lagrangian takes the following matrix form:

−L ⊃
(
ūLψ̄L

)( v√
2Y

u v√
2B

0 M

)
︸ ︷︷ ︸

M

(
uR

ψR

)
.

We seek a matrix WR which rotates the first form of the mass matrix M0 into the second M such that

M0WR = M

We can write the matrix WR as four blocks such that

WR =
(
K R
S T

)
.

Now, we have that ( v√
2y

u 0
B0 M0

)(
K R
S T

)
=
( v√

2Y
u v√

2B

0 M

)
.

Doing some finagling, we find four equations

Y u = yuK,

B = yuR,

S = −B0K

M0
,

M = B0R+M0T.

From the unitarity of WR, from which follows the relation, M0M†
0 = MM†, we obtain the following

sum rule:
Y uY u† +BB† = yuyu†.

Unitarity of WR also means that
M2 = HB ≡ B0B

†
0 +M2

0
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and

KK† = 1− B†
0B0

M2 .

Using Eq. 1.1.1 and its square, we see that the simplest consistent choices for R and T are

R = B†
0

M
and T = M0

M
.

Finally, using Eq.s 1.1.1 & 1.1.1, we obtain

Y uY u† = yuKK†yu†,

= yu

(
1− B†

0B0

M2

)
yu†,

v2

2 Y
uY u† = mumu† − muB†

0B0m
u†

M2

Mass Diagonilization Calculation

Let us now do the mass diagonalization for this Lagrangian.
The lagrangian

−L ⊃ µq̄q̄ + (giΦ + g̃iΦ∗) ūiq + yu
ijH̃Qiūj + yd

ijHQidj + h.c

In Quark matrix form

−L ⊃
[
qi uLi

]
M

[
q̄
uRi

]
,

where

M =
[
vyu

ij 0
Bi µ

]
=
[

¯
mu

ij 0
Bi µ

]
, Bi = (gjΦ + g∗

i Φ∗) , S = veiΘ, i, j = 1, 2, 3

Theorem 1.2 The unitary matrices U†
L, UR will diagonilize via U†

LMUR = diag (M)

U†
LMUR = Md, U†

LMUR =
[
m̃ 0
0 M̃

]
So starting with 1.2,

U†
LMUR = Md

U†
LMUR =

[
m̃ 0
0 M̃

]
Now, multiply through by

(
U†

LMUR

)†
on the RHS(

U†
LMUR

)(
U†

LMUR

)†
=
[
m̃ 0
0 M̃

](
U†

LMUR

)†

(
U†

LMUR

)(
U†

LMUR

)†
=
[
m̃ 0
0 M̃

]([
m̃ 0
0 M̃

])†

(
U†

LMUR

)(
U†

LMUR

)†
=
[
m̃ 0
0 M̃

] [
m̃ 0
0 M̃

]
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(
U†

LMUR

)(
U†

LMUR

)†
=
[
m̃2 0
0 M̃2

]

U†
LMURU

†
RM

†UL =
[
m̃2 0
0 M̃2

]
U†

LMM†UL = M2
d

Multiply both sides by UL on LHS

UL

(
U†

LMM†UL

)
= UL

(
M2

d

)
ULU

†
LMM†UL = UL

(
M2

d

)
MM†UL = UL

(
M2

d

)
This is great! Now, we have rewritten 1.2 with like terms ( M,M†, and UL ).

We know from theorem 1.1, and also from the corresponding matrices in which it will multiply th-
rough, that the size of UL must be nxn . Hence, let us now prescribe unknown variables to each element
of the matrix for which we will solve.

UL =
[
K R
S T

]
Let us put the this and the previous result together.

MM†UL = UL

(
M2

d

)
[

¯
mu

ij 0
Bi µ

] [
¯
mu

ij 0
Bi µ

]† [
K R
S T

]
=
[
K R
S T

] [
m̃2 0
0 M̃2

]
[

¯
mu

ij 0
Bi µ

] [
¯
mu†

ij B†
i

0 µ

] [
K R
S T

]
=
[
K R
S T

] [
m̃2 0
0 M̃2

]
Plow the left matrix into the right.[

¯
mu

ij ¯
mu†

ij ¯
mu

ijB
†
i

¯
mu†

ij Bi BiB
†
i + µ2

] [
K R
S T

]
=
[
K R
S T

] [
m̃2 0
0 M̃2

]
Likewise, matrix multiply the rest of the matrices.[

¯
mu

ij ¯
mu†

ij ¯
mu

ijB
†
i

¯
mu†

ij Bi BiB
†
i + µ2

] [
K R
S T

]
=
[
m̃2K M̃2R
m̃2S M̃2

]
[

¯
mu

ij ¯
mu†

ij K +
¯
mu

ijB
†
iS ¯

mu
ij ¯
mu†

ij R+
¯
mu

ijB
†
i T

¯
mu†

ij BiK +
(
BiB

†
i + µ2

)
S

¯
mu†

ij BiR+
(
BiB

†
i + µ2

)
T

]
=
[
m̃2K M̃2R
m̃2S M̃2T

]
Now, we’ve been left to solve a system of linear equations (of sorts). We understand that each re-

spective element for the left and right matrices must be equal. Hence, we can set them equal and solve.

(i)
¯
mu

ij ¯
mu†

ij K +
¯
mu

ijB
†
iS = m̃2K

(ii)
¯
mu

ij ¯
mu†

ij R+
¯
mu

ijB
†
i T = M̃2R

(iii)
¯
mu†

ij BiK +
(
BiB

†
i + µ2

)
S = m̃2S
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(iv)
¯
mu†

ij BiR+
(
BiB

†
i + µ2

)
T = M̃2T

Using equation (iii), we find:

S = ¯
mu†

ij BiK

BiB
†
i − m̃2 − µ2

Plugging this into the original equation:

¯
mu

ij ¯
mu†

ij K −
¯
mu

ij ¯
mu†

ij

(
¯
mu†

ij BiK

BiB
†
i − m̃2 − µ2

)
= m̃2K

Let
K−1m̃2K = mu

ijm
u†
ij +

¯
mu†

ij Bi

(
m2

uBi

u2 − m̃2

)
where

m̃2 = mu
ijm

u†
ij +m∗

uBim
u†
ij Bi

(
1
u2

(
m̃2 − 1

)−1
)

Assuming vector-like masses, we have mu (Λ) ≫ muε.
Then,

m̃u
ijm̃

u†
ij =

(
mu

ijm
u†
ij −mu

ijBiB
†
im

u†
ij

)(
µ2 +BiB

†
i

)−1
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