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1 Mass Matrix Diagonalization

1.1 Methods

A helpful starting place for the mass matrix diagonalization is the lagrangian since, say for some proposed
theory in qft, we expect the lagrangian to give us the couplings of the theory. You can write £ in terms
of the mass mass matrix from which, you may diagonalize.

So, let’s start with an example and go no further. Revisiting a minimal Nelson-Barr Model of [1],
our lagrangian:

—L D Movrvr + Bobrur: + vy QriHur: + y;QriHdg;.

We may write the Lagrangian as a product of the basis vectors, on the left and right, and the mass
matrix (in the middle). By doing the matrix multiplication, one can see that the below is no different

from the lagrangian above.
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Our goal is to diagonalize this mass matrix; let us consider the traditional method first. Given some n
x n matrix A, consider a general n x n matrix A with elements a;;:
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Theorem 1.1 Ann X n matrix A can be diagonalized iff it has n linearly independent Eigen-vectors.
Also, an n X n matrix is orthogonally diagonalizable iff A is a symmetric matrix.

So, say, for some matrix A, the set of orthogonal eigenvectors, say {u1,us,us,...,u,} form the matrix
P, and the diagonal matrix D has the eigenvalues \; on its diagonal entries.
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Hence, in order to diagonalize A, you must find the eigenvalues and the orthogonal eigenvectors of A.
Now, this may seem easy at first glance, but when you actually try to do this for the mass matrix above,
it can be very hard. Let’s try something else.

Method 1

This first method of partial diagonalization is taken from [7] & []. The Nelson-Barr Lagrangian looks
like
—L D Myrr + Boprur: + i QriHur + yisQLiHdg;.

A generic Lagrangian with couplings only between Standard Model (SM) quarks is
—L D Mg+ BiQriHyr + YiQriHuriyQriHur; + YjQLiHdg;.
The up quark sector of the Nelson-Barr Lagrangian takes the following matrix form:
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while the generic Lagrangian takes the following matrix form:
- Ly LB\ (u
—L DO (u V2 V2 R) .
(urtr) ( i ) <¢R

We seek a matrix W which rotates the first form of the mass matrix M into the second M such that
MoWr =M

We can write the matrix Wg as four blocks such that

K R
wa= (5 5).

GO (K R\ (HY BB
By My)\S T 0 M

Doing some finagling, we find four equations

Now, we have that

V)

Y* =y"K,

B =y"R,
BoK

S=-==
My

M = ByR + MyT.

From the unitarity of Wg, from which follows the relation, Mo./\/lg) = MM, we obtain the following
sum rule:
yeywt + BB = yuyut.

Unitarity of Wg also means that
M? = Hp = ByBl + M2
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Using Eq. 1.1.1 and its square, we see that the simplest consistent choices for R and T are

KK'=1-

B! M,
R:ﬁo and T:MO

Finally, using Eq.s 1.1.1 & 1.1.1, we obtain
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Mass Diagonilization Calculation

Let us now do the mass diagonalization for this Lagrangian.
The lagrangian

—L£ D pqq + (9:% + §:®*) g + ys HQytiy + v, HQidj + hec

In Quark matrix form

—LD ¢ upi| M Ltiz] ;

where

Theorem 1.2 The unitary matrices U}E, Ugr will diagonilize via UzMUR = diag (M)

Ul MUg = My, UMUR = [m O]

0 M

So starting with 1.2,

Ul MUR = M,
w0
Ul MU, = [ 0 M}

.
Now, multiply through by (U}MUR) on the RHS

(vamu) (v = [
(v muy) (UEMUR)TZ[? JO\A ([73 J\OA

(U a00y) (Ui aavs)' = [73 J\OA rg 1\04]
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(viamen) (o) = [ 5]
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ULMURU;MTUL = [ 0 - 2]

Ul MM'UL = M2
Multiply both sides by Uy, on LHS

v (UfMMiUL) =y (M3)
ULUI MMTU,, = Uy, (M3)
MM'U, = U (M)
This is great! Now, we have rewritten 1.2 with like terms ( M, MT, and Uy, )

We know from theorem 1.1, and also from the corresponding matrices in which it will multiply th-

rough, that the size of Uy, must be nan . Hence, let us now prescribe unknown variables to each element
of the matrix for which we will solve.

K R
=[5 1)

Let us put the this and the previous result together.

MM'U, = Uy (M3)
my; 0] [my 0]'[K R] _[K R|[m* o

me 0] [mff B [K R] _[K R][m®> 0
Bi pul| 0 wullS T [S T)Jl0o M
Plow the left matrix into the right.

mimi - myB]
mZ-TBi BiB] + i?

)
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Likewise, matrix multiply the rest of the matrices.
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Now, we’ve been left to solve a system of linear equations (of sorts). We understand that each re-
spective element for the left and right matrices must be equal. Hence, we can set them equal and solve.

; u o, ut upla_ 52

(i) mijmijTK + T—nisz'TS =m°K

s U W u — 72

(i) miym, R +mi;B/T = M*R
(it)) mif BiK + (BBl + 122) S = S
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(iv) m" BiR + (BiBg n ;ﬂ) T = NI2T
Using equation (iii), we find:
miI B K
BBl —m? — 2

P~

Plugging this into the original equation:

uf .
mem T K — mtm® ( ot =m?K
=19 1) =719 '="13 T 2 2
B;B] —m* —
Let )
- m: B;
KK = o] i B ()
where

- " 1 —1
m? = mé‘jm;‘j + muBim?jTBi (u2 (m?—1) )
Assuming vector-like masses, we have m,, (A) > me.

Then,

—1
il = (myjml‘fj — m! BB myj) (;ﬂ + B;B! )
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