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1 One Loop Corrections
One Loop calculation

Let us do the one-loop correction for the minimal Nelson bar model of [1]

Following [4], we see that in order for one-loop corrections to have an effect on the value of ϑ̄ they
have to either produce two nonzero entries in the off-diagonals of the mass mixing matrix, or simply
introduce a single phase dependence in the diagonals of the mass mixing matrix such that there are
nonzero complexity and determinant. This means that in the simplest scenario, we have that in the
diagonalized mass basis,

−L = ū′
Lα(mα + δmα)u′

Rα + h.c.,

where uLα = Vαβu′
Lβ , uRα = Uαβu′

Rβ , mα are the diagonal entries of the mass matrix, δmα are the
corrections to the diagonal entries of the mass matrix, and α = 1, . . . , 4. We work in the Weyl basis,
such that

γ5 =
(

−1 0
0 1

)
.

We define the vectors uα =
(

uLα

uRα

)
and ūα =

(
ūLα ūRα

)
. These let us write a combined expression:

−L = ū′
α(mα + Σα)u′

α,

where Σα = Re (() δmα) + iγ5 Im (δmα). The quantity ϑ̄ is then given as

ϑ̄ = arg[det(mα + Σα)] ≃ arg[Tr
(
1+ m−1

α Σα

)
] = arg[1 + Tr

(
m−1

α Σα

)
] ≃ Tr

[
m−1

α Im (Σα)
]
.

The one-loop self-energy is calculated as,

Σα = −i
∑
A,β

Ra
ARb

AΓ̃
′a
αβIA,α,β

(
/p
)

Γ̃
′b
βα,

u′
α u′

αp p − k

u′
β

p

k

φ′
A

Figura 1. The diagram for the one-loop correction to
the mass matrix.
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where the primes denote the mass basis, Ra
A is a real orthogonal matrix,

Γh
αβ = 1√

2

(
yij 0
0 0

)
, Γs

αβ = 1√
2

(
0 0

gie
iϑ + g′

ie
−iϑ 0

)
, Γσ

αβ = 1√
2

(
0 0

i
(
gie

iϑ − g′
ie

−iϑ
)

0

)
,

Γ′a
αβ = U†

LαγΓa
γδURδβ , Γ̃′a

αβ = Γ′a(H)
αβ + γ5Γ′a(AH)

αβ ,

where X(H) ≡
(
X + X†)

/2 and X(AH) ≡
(
X − X†)

/2 for a general matrix X

IA,α,β

(
/p
)

=
∫ d4k

(2π)4
i
(
/p − /k + mβ

)
(p − k)2 − m2

β

i

k2 − m2
A

.

Changing the variable of integration k → K, and using

1
AB

=
∫ 1

0
dx

1
[Ax + B (1 − x)]2 ,

along with
Kµ = kµ − xpµ and M2 = (1 − x) m2

A + xm2
β − x (1 − x) p2,

we obtain
IA,α,β

(
/p
)

= −
∫ d4K

(2π)4

∫ 1

0
dx

(
(1 − x) /p − /K + mβ

)
(K2 − M2)2 .

Wick rotating into Euclidean space, such that K0 = iK0
E and Ki = Ki

E , with i = 1, 2, 3, we get that

IA,α,β

(
/p
)

= −i

∫ d4KE

(2π)4

∫ 1

0
dx

(
(1 − x) /p − /KE + mβ

)
(K2

E + M2)2 .

The term in the numerator involving p does not contribute to Im (δmα), so it vanishes and we get

IA,α,β

(
/p
)

= −2iπ2
∫ dKE

(2π)4

∫ 1

0
dx

K3
E

(
(1 − x) /p − /KE + mβ

)
(K2

E + M2)2 ≈ i

16π2 mβ

∫ 1

0
dx

(
log

(
M2

Λ2

)
+ 1

)
.

Using mA >> mα, mβ , we can approximate IA,α,β

(
/p
)

as

IA,α,β

(
/p
)

≈ imβ

16π2 log
(

m2
A

Λ2

)
.

This means that ∑
α

Σα

mα
=

∑
A,α,β

1
16π2 Ra

ARb
Am−1

α Γ̃
′a
αβmβΓ̃

′b
βαJA,α,β ,

where we’ve defined
JA,α,β = log

(
m2

A

Λ2

)
.

Dropping terms that aren’t proportional to γ5, we have

ϑ̄ =
∑

A,α,β

1
16π2 Ra

ARb
Am−1

α Im
[
Γ′a(H)

αβ mβΓ′b(AH)
βα + Γ′a(AH)

αβ mβΓ′b(H)
βα

]
JA,α,β .

Now, using mα = U†
LM0UR = U†

RM†
0UL, we can get

ϑ̄ = 1
32π2

∑
A

Ra
ARb

A Im[Tr
[
M−1ΓaM†Γb

]
− Tr

[(
M†)−1 (Γa)† M

(
Γb

)†]
] log

(
m2

A

Λ2

)
.

Explicitly evaluating this, we find that only the combinations (a, b) = (h, σ) , (σ, h) contribute and we
get

ϑ̄ = 1
32π2

vS

vH

∑
i,A

(
g2

i − g′2
i

)
Rh

ARσ
A log

(
m2

A

Λ2

)
.

The quantity Rh
ARσ

A is the roughly equal to the mixing angle between h and σ, which is roughly equal
to c1 sin(2α)vH/vS . Therefore ϑ̄ is then

ϑ̄ ∼ 1
32π2 c1 sin(2α)

∑
i

(
g2

i − g′2
i

)
log

(
m2

h

m2
σ

)
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A Appendix A
Starting with

A = Γ′a(H)
αβ mβΓ′b(AH)

βα + Γ′a(AH)
αβ mβΓ′b(H)

βα ,

we can expand in Γ′a,b
αβ using Eq. 1.0.1 and get

A =

Γ′a
αβ +

(
Γ′a

αβ

)†

2

mβ

Γ′b
βα −

(
Γ′b

βα

)†

2

 +

Γ′a
αβ −

(
Γ′a

αβ

)†

2

mβ

Γ′b
βα +

(
Γ′b

βα

)†

2

,

= 1
4

[
Γ′a

αβmβΓ′b
βα − Γ′a

αβmβ

(
Γ′b

βα

)† +
(
Γ′a

αβ

)†
mβΓ′b

βα −
(
Γ′a

αβ

)†
mβ

(
Γ′b

βα

)†

+ Γ′a
αβmβΓ′b

βα + Γ′a
αβmβ

(
Γ′b

βα

)† −
(
Γ′a

αβ

)†
mβΓ′b

βα −
(
Γ′a

αβ

)†
mβ

(
Γ′b

βα

)† ]
,

= 1
2

[
Γ′a

αβmβΓ′b
βα −

(
Γ′a

αβ

)†
mβ

(
Γ′b

βα

)† ]
.

Using Eq. 1.0.1 once more, we can expand in the weak basis and get

A = 1
2

[
V †

αγΓa
γδUδβmβV †

βρΓb
ρσUσα − U†

αγ

(
Γa

γδ

)†
VδβmβU†

βρ

(
Γb

ρσ

)†
Vσα

]
,

where we used V = UL and U = UR. Using mβ = V †
βπMπτ Uτβ = U†

βπM†
πτ Vτβ , we get

A = 1
2

[
V †

αγΓa
γδUδβU†

βπM†
πτ VτβV †

βρΓb
ρσUσα − U†

αγ

(
Γa

γδ

)†
VδβV †

βπMπτ UτβU†
βρ

(
Γb

ρσ

)†
Vσα

]
,

= 1
2δδπδτρ

[
V †

αγΓa
γδM†

πτ Γb
ρσUσα − U†

αγ

(
Γa

γδ

)† Mπτ

(
Γb

ρσ

)†
Vσα

]
,

= 1
2

[
V †

αγΓa
γδM†

δρΓb
ρσUσα − U†

αγ

(
Γa

γδ

)† Mδρ

(
Γb

ρσ

)†
Vσα

]
,

Now we come to the point of this ride where we must multiply by m−1
α , take the imaginary part, and

then take the trace. Using m−1
α = U†

απM−1
πτ Vτα = V †

απ

(
M†

πτ

)−1
Uτα, we find that

Im[Tr
(
m−1

α A
)
] = Im[Tr

[
1
2m−1

α

(
V †

αγΓa
γδM†

δρΓb
ρσUσα − U†

αγ

(
Γa

γδ

)† Mδρ

(
Γb

ρσ

)†
Vσα

)]
],

= 1
2 Im[Tr

[
U†

απM−1
πτ VταV †

αγΓa
γδM†

δρΓb
ρσUσα − V †

απ

(
M†

πτ

)−1
UταU†

αγ

(
Γa

γδ

)† Mδρ

(
Γb

ρσ

)†
Vσα

]
],

= 1
2 Im[Tr

[
δτγ

(
U†

απM−1
πτ Γa

γδM†
δρΓb

ρσUσα − V †
απ

(
M†

πτ

)−1 (
Γa

γδ

)† (Mδρ)−1 (
Γb

ρσ

)†
Vσα

)]
],

= 1
2 Im[Tr

[
U†

απM−1
πγ Γa

γδM†
δρΓb

ρσUσα − V †
απ

(
M†

πγ

)−1 (
Γa

γδ

)† Mδρ

(
Γb

ρσ

)†
Vσα

]
],

= 1
2 Im[Tr

[
U†M−1ΓaM†ΓbU

]
− Tr

[
V † (

M†)−1 (Γa)† M
(
Γb

)†
V

]
],

= 1
2 Im[Tr

[
M−1ΓaM†Γb

]
− Tr

[(
M†)−1 (Γa)† M

(
Γb

)†]
].

It turns out that by explicitly evaluating the above trace and taking its imaginary part, one can see that
the combinations (a, b) = (h, σ) , (σ, h) contribute and sum together such that

Im[Tr
(
m−1

α A
)
] =

∑
i

1
2

vS

vH

(
g2

i − g
′2
i

)
.

Next, we look at the Higgs mass matrix, which is formulated from the potential. Assuming that the mass
of the Higgs is m2

h ∼ v2
H and that m2

s, m2
σ ∼ v2

S , we can approximate the mass matrix M2
Φ = RDR⊺ as

M2
Φ ≈

 ∼ v2
H vSvH(c2 + 2c1 cos 2α) −2c1vsvH sin 2α

vSvH(c2 + 2c1 cos 2α) ∼ v2
S ∼ v2

S

−2c1vsvH sin 2α ∼ v2
S ∼ v2

S

 ,
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where R are the rotation matrices and D = diag
(
m2

h, m2
s, m2

σ

)
is the mass matrix in its diagonal basis.

The upper right hand corner of the matrix RDR⊺ is roughly proportional to v2
S , meaning that the mixing

angle between h and σ, which is approximately equal to Rh
ARσ

A, is roughly equal to

Rh
ARσ

A ∼ Rh
σRσ

σ ∼ c1
vH

vS
sin 2α.
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