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Feynman Propagator

Our goal is to uncover a mathematically consistent Feynman Path Integral
of the fermions. The desired result:

<0| TW(Xl)W(XQ)...\U(Xn)W(Xn — 1)’0) — en’rA—ln

Richard Feynman did face significant challenges in incorporating fermions
into the path integral formulation

The solution is very simple, but it introduced new mathematics:
Grassmann Variables.
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Grassmann Variables - Basics

Grassmann Variables are anti-commuting with themselves

@ Given two distinct Grassmann Variables  and 6
{0,n} =0
@ Thus
On=—nh, 6°=0 n°=0
@ We often consider exponential function:
fO)=e’=1+0+20%+...

=1+6
@ In general form:

1Var: f(0) =fh+ fle‘
2Var: f(61,02) = fo + f161 + H02 + f126016,
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Grassmann Variables - Basics

Let’s quickly build some results for these Grassmann functions.

Differentiation:
—

LHS: & £(61,0,) = fi + fi20>
(_
RHS: L f(01,60,) = f — fiob>
Integration Rules:

o (i) Linearity

[ do(f(0)a+g(0)b) = ([ f(0))a+ ([g(0))b

o (ii) Integral Derivative

[doZf(0)=0
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Grassmann Variables - Basics

o (iii) Integral of f
[dofi =f [do=0

o (iv) Fix [dbo =1
[ dOF(6) — i = 5£(0)

Let us now consider two Grassmann Integrals.

/ d01d0F (01, 0,) = / d01d0>(fy + s + B> + FiaB162)

- [a]
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Grassmann Variables - Basics

For n number of integrations across n number of grassman variables (6,)

/del...denf(el,...,en) = /d91...d«9,,(fo+ o Fnbr..0,)

=L
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Gaussian Integrals

Let us now consider the gaussian integral instead of f(6) = e’

@ For two Grassmann Variables, the functional form:
f(g) — e~ thanb:

/d91d92f(01,92) = /d91d92e—9131292

=[]

e For a more general form (i, j = (1,..,n)):
f(0) = e b2

[ 1020t (0) = [ d...d03ne

=|/det(a)
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Complex Gaussian Integrals

We're almost there. Let's quickly define some aspects of the complex
Grassmann numbers.

@ For a complex Grassmann, we can define:

0= \%(91 + I'92)

0" = L(01 - i2)

Hence, we can define a complex Grassmann function of variables 6 and 6*.

2Var: £(0,0) = co + c10 + G0* + 11600

Note: [ dfd6*(6*6) =1
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Complex Gaussian Integral generalized

For n number of integrations across n number of grassman variables (6,)

n
/ T](d0: d6;)e "} A5% = [det(A)
j=1
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Complex Variables of a vector type

Now, we can consider column vectors of the Grassmann variables:

61 m
O=1": SR
0n Mn

As with the case of the Guassian integral, this is the exact same:

/ T1(d6;d6;)e A% = [det(A)
j=1

Consider the case in which we just add a linear term:

I(Thﬁ) — /H(dafdaj)eG}LAU91+77T9+9T7) — det(A)('I’]TA_lT])
j=1
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Complex Variables of a vector type

Just as an exercise, what is /(0,0)?

Now, consider our last formula:

— 00 /Hd0d9 ) 0,0 e A%

19 0 / . —0 Aj0;+nTo+ot
=<2 A doide;)e "t K
1 Ong Oy 1:[1( ;9%)

10 0

=~ |(n,n*
I o o, (n,m%)
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Fermion Path Integral

Now, with all the Grassmann technology I've built, we can easily generalize
to the fermion path integral.

The Dirac spinor field is a field with 4-components
L1

v=1":
Wy

The Dirac object W, (x): takes values as Grassmann numbers. These
anti-commute! Because fermions anti-commute. {V,(x), Wg(x)} =0

(0] TV (x1 )V (x2)...W(x,)W(x, — 1)]0) = / DU DW Xe!(s(¥.¥))
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Fermion Path Integral

— / DV DW XeiSo+/ d*x(v+¥n)

This is general. But, for Fermions, we consider the Dirac theory:

Dirac:
o= 1 [ dxd'y () Aas(x — 1)¥5()

_ / DU DY Xel (7 J 4y W (x)Aas (x—y)W 5 (1)) + [ dx(mv+n)

= |det(A)e"A '

(0] TW(x1)W(x2)... W(xa) W (5 — 1)]0) = |det(A)e™
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